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MIURA-TYPE TRANSFORMATIONS FOR LATTICE EQUATIONS AND LIE GROUP
ACTIONS ASSOCIATED WITH DARBOUX-LAX REPRESENTATIONS

GEORGE BERKELEY SERGEI IGONIN

School of Mathematics, University of Leeds, LS2 9JT Leeds, UK

ABSTRACT. Miura-type transformations (MTs) are an essential tool in the theory of integrable nonlinear
partial differential and difference equations. We present a geometric method to construct MTs for differential-
difference (lattice) equations from Darboux-Lax representations (DLRs) of such equations.

The method is applicable to parameter-dependent DLRs satisfying certain conditions. We construct MTs
and modified lattice equations from invariants of some Lie group actions on manifolds associated with such
DLRs.

Using this construction, from a given suitable DLR one can obtain many MTs of different orders. The
main idea behind this method is closely related to the results of Drinfeld and Sokolov on MTs for the partial
differential KdV equation.

Considered examples include the Volterra, Narita-Itoh-Bogoyavlensky, Toda, and Adler-Postnikov lattices.
Some of the constructed MTs and modified lattice equations seem to be new.
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1. INTRODUCTION

1.1. An overview of the results. It is well known that Miura-type transformations (MTs) play an es-
sential role in the theory of integrable nonlinear partial differential and difference equations. (For partial
differential equations, MTs are also called differential substitutions.)

In particular, when one tries to classify a certain class of integrable equations, one often finds a few basic
equations such that all other equations from the considered class can be obtained from the basic ones by
means of MTs (see, e.g., [11, 20, 5, 10] and references therein). Applications of MTs to construction of
conservation laws [13, 18] and auto-Bécklund transformations are also well known.

Therefore, it is highly desirable to develop systematic methods for constructing MTs. In this paper, we
focus on MTs of differential-difference (lattice) equations.

Let «, 3 be integers such that a < 8. We study differential-difference equations of the form

(1) u = F(ua, tati,---,ug),

where u = u(n,t) is a vector-function of an integer variable n and a real or complex variable t. We use the
standard notation uy = 0;(u) and u; = u(n 4 1,t) for [ € Z. In particular, uy = u.
Equation (1) must be valid for all n € Z, so (1) encodes an infinite sequence of differential equations

8t(u(n,t)) = F(u(n+ a,t),u(n+a+1,1),.. .,u(n—i—ﬁ,t)), n € 7.

Consider another differential-difference equation of similar type

(2) vy = F(va,vat1,---,0p)

for a vector-function v = v(n, t) and some integers & < 3.
A Miura-type transformation (MT) from equation (2) to equation (1) is determined by an expression of
the form

(3) U:f(Up,Up+1,...,U7n), p7T€Z, pgra

such that if v satisfies (2) then w given by (3) satisfies (1). A more precise definition of MTs is presented in
Section 2.1.
Equation (2) is called the modified equation corresponding to the described MT.

E-mail addresses: george231086@yahoo.co.uk, s-igonin@yandex.ru.
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Let p,r € Z, p < r, be such that the function f in (3) may depend only on vp, vp41, ..., v, and depends
nontrivially on vp, v,. Then the number r — p is called the order of the MT (3).

Example 1. Let u and v be scalar functions. It is known that the formula u = vv; determines an MT from
the modified Volterra equation v; = v?(v; — v_1) to the Volterra equation u; = u(u; —u_1).
According to our notation, v = vg, so vv; = vguy. Therefore, the MT u = vvy is of order 1.

We present a method to construct equations (2) and MTs (3) of different orders for a given equation (1)
possessing a matrix Darboux-Lax representation (DLR). Note that the order of the obtained MTs may be
higher than the size of the matrices in the DLR. (The definition of DLRs is given in Remark 1 below.)

The method uses invariants of some Lie group actions on manifolds associated with DLRs and is applicable
to parameter-dependent DLRs satisfying certain conditions, see Section 1.3 and Section 2 for more details.
The main idea behind the method is closely related to the results of Drinfeld, Sokolov [3] and Igonin [6] on
MTs for evolution partial differential equations (PDEs).

The papers [3, 6] construct MTs for evolution PDEs from zero-curvature representations of evolution
PDEs. We construct MTs for differential-difference equations from Darboux-Lax representations of differential-
difference equations. Since the structure of Darboux-Lax representations of differential-difference equations
is quite different from the structure of zero-curvature representations of PDEs, translation of ideas of [3, 6]
to the case of differential-difference equations is a challenging problem.

Note that the papers [3, 6] study properly only the case of scalar equations. More precisely, the paper [3]
presents (without proof) a construction of MTs for the (scalar) partial differential KdV equation from the
standard zero-curvature representation of KdV. A similar (but more general) construction of MTs for scalar
(1 + 1)-dimensional evolution PDEs is given in [6]. The multicomponent case is not discussed at all in [3].
In addition to scalar evolution PDEs, the paper [6] considers a small class of MTs for some multicomponent
evolution PDEs, but not the general multicomponent case.

We present a method to construct MTs for differential-difference equations in the general multicomponent
case. To clarify the main idea, we first consider the scalar case in Theorem 1 in Section 2, and then the
general multicomponent case in Theorem 2. Note that we give detailed proofs of these results.

A detailed exposition of the method is given in Section 2. The main ideas are briefly outlined in Section 1.3.

To illustrate the method, in Section 2 we include a derivation of some MTs for the Volterra equation.
These MTs (up to a change of variables) can be found also in [20].

Using the described method, in Sections 3, 4, 5 we construct a number of MTs for the Narita-Itoh-
Bogoyavlensky, Toda lattices and Adler-Postnikov lattices from [1]. Some of the constructed MTs and
modified equations seem to be new.

Some abbreviations, conventions, and notation used in the paper are presented in Section 1.2.

Remark 1. Let S be the shift operator which replaces n by n+1 and wu; by w; 11 in all considered functions.
(A more detailed definition of S is given in Section 2.1.)

Let d be a positive integer. Let M = M(uy,...,A\) and U = U(uy,...,\) be d x d matrix-functions
depending on a finite number of the variables u; and a complex parameter A\. Suppose that the matrix M
is invertible, and the equation

(4) 8 (M) = SU)M — MU

holds as a consequence of (1). It is well known that such a pair (M, i) is an analogue of a zero-curvature
(Lax) representation for differential-difference equations. Also, it is known that such (M, U) often arise
from Darboux transformations of PDEs (see, e.g., [8]).

Motivated by these facts, following [8], we say that the pair (M, U) is a Darbouz-Laz representation
(DLR) for equation (1). This implies that the auxiliary linear system

S(W) = MV,
5) (W) = UV

is compatible modulo (1). Here ¥ = ¥(n,t) is an invertible d x d matrix-function. (A more precise definition
of DLRs is given in Section 2.1.)

Some authors say that a pair (M, U) (with invertible M) is a DLR for (1) if equation (4) is equivalent to
equation (1). For our purposes, it is sufficient to assume that (4) holds as a consequence of (1).
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Remark 2. A different method to construct MTs for differential-difference equations is described by
Yamilov [19]. Yamilov’s method uses the following diagram, where (F), (G), (T'), (H) are differential-
difference equations and mq, msg, ms, my are MTs.

(F) +—— (H)

(6) lmz lm4
(T) +—— (G)

For given equations (F'), (G), (T') and MTs m1, ms of order 1 satisfying certain conditions, the paper [19]
constructs another equation (H) and MTs mg, my4 of order 1 so that the diagram (6) is commutative.

Yamilov’s method is very different from ours. Indeed, we construct MTs of arbitrary order from certain
Lie group actions associated with a given DLR. Yamilov [19] constructs new MTs of order 1 from given MTs
of order 1, not using any Lie group actions. (Compositions of such MTs of order 1 can produce MTs of
higher order [19].) It would be interesting to determine if Yamilov’s MTs can be obtained from some DLRs
by our method. (But we do not study Yamilov’s MTs in the present paper.)

Remark 3. As has been said above, in this paper we study the following problem: how to construct MTs (3)
and equations (2) for a given equation (1)?

Sokolov [16] studied the inverse problem: how to construct MTs (3) and equations (1) for a given equa-
tion (2)7 (More precisely, Sokolov [16] studied this for (14 1)-dimensional evolution PDEs and more general
MTs which may change the space variable.) According to [16], the study of the inverse problem does not
require Lax representations.

1.2. Abbreviations, conventions, and notation. The following abbreviations, conventions, and nota-
tion are used in the paper. MT = Miura-type transformation, DLR = Darboux-Lax representation.

The symbols Z~ and Z>( denote the sets of positive and nonnegative integers respectively.

Each considered function is supposed to be analytic on its domain of definition. (This includes mero-
morphic functions. By our convention, the poles of a meromorphic function do not belong to its domain of
definition, so a meromorphic function is analytic on its domain of definition.)

Unless otherwise specified, all scalar variables and functions are assumed to be C-valued. The symbol n
denotes an integer variable. All considered Lie groups and Lie subgroups are supposed to be complex-
analytic.

For every d € Z-q, we denote by Maty(C) the algebra of d x d matrices with entries from C and by
GL4(C) the group of invertible d x d matrices with entries from C.

For i € Z~o and k € Z, the symbols ¢; denote complex constants, and cf = (¢;)* is the kth power of ¢;.

Also, we use the notation uﬁc = S*(u') and v,i = S¥(v'), where S¥ is the kth power of the operator S, and
u’, v* are dependent variables in differential-difference equations.

1.3. The main ideas. In this subsection we outline the main ideas of our method to construct MTs from
DLRs. Let d € Z~¢. Let (M, U) be a d x d matrix DLR for equation (1), as described in Remark 1. So the
matrix M is invertible, and system (5) is compatible modulo (1).

Our method to construct MTs is applicable to the case when the matrix M = M (u, \) depends only on
wand A. (That is, M does not depend on wu; for [ # 0.) So we consider the case when M, U are of the form

(7) M = M(u, \), U=U(uq, Ug+1, - - -, Up, )

for some integers a < b. Without loss of generality, we can assume a < 0. (Indeed, U (ug, Ug+1, - - -, Up, \)
does not have to depend on u, nontrivially, so we can always take a < 0.) Note that some DLRs of other
types can be transformed to the form (7) by a change of variables, see Remark 7 in Section 2.1.

Remark 4. In some examples of DLRs, it may happen that M (u, A) is invertible for almost all (but not all)
values of u and A. The exceptional points (u, A) where M (u, A) is not invertible are excluded from further
consideration.

Consider the algebra C[\] of polynomials in \. Fix ¢ € C and k € Z~(. We denote by ((A — ¢)¥) € C[)]
the ideal generated by the polynomial (A — ¢)¥ € C[A]. Clearly, the quotient algebra C[A]/((A — ¢)¥) is
k-dimensional.

Denote by G(d, ¢, k) the group of invertible d x d matrices with entries from C[\]/((A —¢)¥). Equivalently,
an element of G(d, ¢, k) can be described as a sum of the form

k-1
(8) > (A=), WO e GLg(C),  W',..., Wk e Maty(C).
q=0
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This shows that G(d, ¢, k) is a kd>-dimensional Lie group. When we multiply two elements of the form (8)
in the group G(d, c, k), we use the fact that in the algebra C[A]/((\ — ¢)¥) one has (A — ¢)¥ = 0.

Fori,j=1,...,dand ¢ =0,...,k — 1, we denote by wq = (W1);; the entries of the matrix W?. Then
wf] can be regarded as coordlnates on the Lie group G(d, c, k:) Set G =G(d,c, k).

Now assume that wij = wZ] (n,t) are functions of the variables n, t. This means that W7 are d x d

matrix-functions of the variables n, t. Substituting ¥ = ZZ;S()\ —¢)?W1? in (5), one obtains the system

Ed

-1 k—1
(9) (A = )IS(W?) = M (u, \) < > (A- @qwq), A—co)f =0,

q=0

e
[}
Il

<)

-1

k—1
(10) (A —)10(W9) = U(ug, . .., up, \) < > (A- @qwq), A=) =o0.

q=0

Q
I
o

To compute the right-hand sides of (9) and (10), we take the corresponding Taylor series with respect to
A and truncate these series at the term (A — ¢)*~1. (Recall that in the algebra C[\]/((A — c)¥) one has
(A — ¢)¥ =0, which we use here.)

Since ng = (W1);; are the entries of the matrix W9, equation (9) allows us to express S(w; ) in terms of

u and w% forg=0,....,k—1, 7,7=1,...,d. Similarly, equation (10) allows us to express 8,5( ij) in terms
of ug,...,up and w%. That is, system (9), (10) can be rewritten as
(11) S(wl) = AL (u,wl), O(wl) = Bl (ua, . .., up, w)

for some scalar functions AZqJ, ij.

Recall that wij are coordinates on the Lie group G = G(d, ¢, k). In what follows, by a function on G we
mean an analytic function defined on an open dense subset of G.

Let z = z(w];) be a function on G. Using formulas (11) and the property S(u;) = w41, one can compute
O(z) and S'(z ) for any i € Z~q. Here and below S’ denotes the ith power of the operator S.

To clarify the main idea of the method to construct MTs, suppose that u is a scalar function. In the
scalar case, our goal is to find a function z = z(w; j) such that there is r € Z-( satisfying the following

conditions.
S”(z) can be expressed in terms of z, S(z), S%(z), ..., 8" X(2), u
(12) so that the obtained expression 8"(z) = F(z,8(z),S*(z ) L8 H(2),u)
depends nontrivially on wu.
O(z) can be expressed in terms of z, S(z), S%(2), ..., ST 2), Uq, ..., up,

(13) s0 0y(2) = Q(2,8(2),8%(2),...,8H(2),uq, - . ., up) for some function Q.

Using a function z satisfying (12), (13), one obtains an MT for equation (1) as follows. Set 29 = 2 and
zi =8"z) for i =1,...,r. Then the above formulas
S"(z) = F(z,S(z),Sz(z), .. ,ST_l(z), u),
Oh(2) = Q(2,8(2),8%(2),.... 8" (2), uqs .., wp)

become
(14) zr = F(20,21,22, -+ 2r—1, W),
(15) () = Q(20, 21,22, - - -, Zr—1, Ua, - - -, Up) -

Since, according to (12), the function F' depends nontrivially on u, locally from equation (14) one can express
u in terms of zg, 21, ..., 2,

(16) u:f(zo,zl,...,zr).

We introduce new variables v; for [ € Z. Using the function f(zg,z21,...,2,) from (16), for each j €
Z one can consider the function f(vj,vj41,...,0j4r). Let P(vg,...,vp4,) be the function obtained from
Q(20,- -+ 2%r—1,Ua, - - ., up) by replacing z; with v; and u; with f(vj,vj11,...,vj4,). That is,

P(UCL,"'an-i-T) :Q(,U(Ja"-vUTflaf(fUaa"'7Ua+7“)7"'7f(vb7"'7vb+’r))-

We introduce the formula

(17) ve = P(vg, ..., Vpsr)
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and regard (17) as a differential-difference equation for v. Then the formula
(18) u= f(vo,v1,...,0p)

determines an MT from equation (17) to equation (1). As usual, we can use the identification vg = v. Then
(18) becomes u = f(v,v1,...,vy).

So we have shown that a function z = z(ng) satisfying (12), (13) gives an MT. Now let us explain how
to construct such z. It turns out that one can construct such functions z as invariants with respect to the
left and right actions of certain subgroups of G. (Subgroups of G act on G by left and right multiplication,
which induces actions on the algebra of functions on G.)

In Section 2.2, for a given DLR (7) we define a sequence of groups

Ho CHy CH;y C...

For each p € Z>¢, the group H, consists of certain invertible d x d matrix-functions of A\. The groups H,
are defined by induction on p as follows.

We set Hg = 1, where 1 is the identity matrix of size d. The group H; is generated by the matrix-functions
M (i, \) - M (u, \)~* for all values of u, .

For each p € Z~g, the group H, 41 is generated by the elements h, € H,, and the elements

M(u,\) - hy - M(u,\) 7!

for all h, € H,, and all values of u.

Since the elements of H,, are invertible d x d matrix-functions of A, the group H, acts on the group G =
G(d, ¢, k) by left multiplication. (Performing this multiplication, we work modulo the relation (A — ¢)¥ = 0,
as has been said above.) A function f on G is called H,-left-invariant if f is invariant with respect to this
left action of Hi,.

Let H C G be a subgroup of G. A function f on G is called H-right-invariant if f is invariant with respect
to the action of H on G by right multiplication. (See Section 2.2 for a detailed definition of left-invariant
and right-invariant functions.)

For an arbitrary function » = 2(w];) on G, the functions §7(z) for v € Zx¢ may depend on wy; and w;.
In Section 2 we prove the following statements.

If a function z on G is H,-left-invariant for some p € Z~q then the functions

(19) S(z), S8%z2), ..., SP(z)

do not depend on w; for any I € Z. So S(z), S?(2), ..., SP(z) depend only on w

functions on G. This implies that SP*!(2) may depend only on w{; and u = ug.
Furthermore, for any closed connected Lie subgroup H C G, if a function z on G is H-right-invariant and

is H,-left-invariant for some p € Z~ then the functions (19) are H-right-invariant as well.

These statements (along with some other considerations) allow us to prove the following. Suppose that a
function z on G satisfies the following conditions:

4

i and can be regarded as

there is a closed connected Lie subgroup H C G of codimension r > 0

(20) such that z is H-right-invariant and H,._;-left-invariant,
(21) the differentials of the functions z, S(z), S%(2), ..., S"7!(2)

are linearly independent on an open dense subset of G,
(22) the function S8"(z) depends nontrivially on u.

Then z obeys (12), (13).

So (12), (13) follow from (20), (21), (22). As has been shown above, a function z obeying (12), (13) gives
an MT.

Note that (21), (22) can be regarded as non-degeneracy conditions. In all examples known to us, if a
nonconstant function z satisfies (20) then (21), (22) are also satisfied. Therefore, to construct an MT, one
needs to find a nonconstant function z obeying (20). This can often be done as follows.

Note that H-right-invariant functions on G can be identified with functions on the quotient manifold G/H.
For any p € Z>g, the above-mentioned left action of H,, on G induces a left action of H, on G/H.

Therefore, we need to choose a positive integer r and a closed connected Lie subgroup H C G of codi-
mension 7 > 0 such that the left action of H,_; on G/H possesses a nonconstant invariant z. (That is, z is a
nonconstant H,_;-left-invariant function on G/H.) Then z can be viewed as an H-right-invariant function
on G and obeys (20).

A detailed description of this theory is given in Section 2. Actually, in Section 2 we consider a more general
Lie group G which is equal to the product of several groups of the form G(d, ¢, k). (See formula (42).) Because
of this, some notation in Section 2 is different from the notation in the present section.
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In the above discussion we have assumed that u is a scalar function. In Section 2 we develop this theory
in the case when u = (u!'(n,t),...,u"(n,t)) is an N-component vector-function for arbitrary N > 1. To
construct an MT in the case N > 1, we use several invariants with respect to the left actions of the groups
H,, and the right action of a Lie subgroup H C G, which must satisfy certain conditions (see Theorem 2 for
details).

Remark 5. Let g(\) be a GL4(C)-valued function of A. Using the DLR (7), consider the matrix-functions
(23) M =g(X) M- g(N)7, U=g\) U g

Then (23) is a DLR as well, which is said to be gauge equivalent to (7). Replacing (7) by (23), one can
sometimes simplify the form of the groups H,,. Examples of this procedure are presented in Section 3.

Remark 6. As has been discussed above, if a function z on G is Hj-left-invariant for some p € Z~( then
the functions (19) do not depend on w; for any [ € Z.
Recall that by a function on G we mean an analytic function defined on an open dense subset of G. So
z is defined on an open dense subset U C G. Then the definition of the operator S implies that for each
I =1,...,p the function S'(z) is defined on an open dense subset U’ C G, and it may happen that U’ # U.
Since U, Ul, ..., UP are open dense subsets of G, the intersection UN ﬂle U is also open and dense in G.
Then we can regard (19) as functions on UN(_, UL

2. GENERAL THEORY

2.1. Differential-difference equations and Darboux-Lax representations. Fix N € Z~¢ and o, 3 €
Z such that o < 3. Consider a differential-difference equation of the form

(24) u = F(ua, tati, .- ug)

for an N-component vector-function v = (u'(n,t),...,u’¥(n,t)) of an integer variable n and a real or
complex variable ¢. We use the standard notation u; = 9y(u) and w; = u(n + {,t) for [ € Z. In particular,
ug = u.

In other words, equation (24) encodes an infinite sequence of differential equations

8t(u(n,t)) = F(u(n +a,t),u(n+a+1,t),...,u(n+ B,t)), n € 7.

Here F is also an N-component vector-function F = (F1!,... ,FN ). So in components equation (24) reads
(25) uizFl(ul,ulH,...,ug), i=1,...,N.

As usual in the formal theory of differential-difference equations, one regards

ul:(ull,...,ufv), le?,

as independent quantities (which are sometimes called dynamical variables in the literature). When we
write f = f(u,...), we mean that f may depend on any finite number of the variables u; for I € Z and
vy=1,...,N.

When we write f = f(up,...,uq) or f = f(up,upy1,...,uq) for some integers p < ¢, we mean that f may

depend on u) for l=p,...,qand y=1,...,N.

Let S be the shift operator with respect to the integer variable n. That is, for any function g = g(n, 1)
one has S(g) = g(n + 1,1).

Since u; corresponds to u(n + 1,t), the operator S and its powers S* for k € Z act on functions of u; as
follows

(26) Sw)=wy1,  SHw) =wgw,  S(flu,...)) = f(SF(w),...).

That is, applying S* to a function f = f(u,...), we replace u; by u],, in f for all 1,7,
The total derivative operator Dy corresponding to (24) is given by the formula

(27) Dy(f) =3 S(F). (f;:

Ly

Let d € Z~g. Let M = M(uy,...,\) and U = U(uy,...,\) be d x d matrix-functions depending on the
variables u; and a complex parameter A. Suppose that M is invertible and

(28) Dy(M) = SU)M — MU,
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where Dy is given by (27). Then the pair (M, U) is called a (matriz) Darbouz-Lax representation (DLR)
for equation (24). This implies that the auxiliary linear system

S(¥) =MV,

(V) =UT

is compatible modulo (24). Here ¥ = ¥(n,t) is an invertible d x d matrix-function.
Our method to construct MTs is applicable to the case when

M= Mu,\) =M, ... u™,N\)

depends only on v = (u',...,u") and A\. (That is, M does not depend on u; for I # 0.)
So we will mainly consider the case when M, U are of the form

(30) M = M(u, \), U=U(tug, Ugt1,- - Up, A)

for some integers a < b. Without loss of generality, we can assume a < 0.
We will use also Remark 4 on invertibility of the matrix M (u, \).

(29)

Remark 7. If M = M(ull17 .. ,uljyv, A) depends on A and “1117 .. ,ul]yv for some fixed integers Iy, ..., Iy, then
one can relabel

ut = ulll, o, WY = uﬁfv,
which reduces M (ulll, . ulN, A) to M(u',...,u™,\). An example of such relabelling is used in Section 4.

Similarly to (24), consider a differential-difference equation
(31) Ut = f‘(vd,vd+1,...,v[~3)

for an N-component vector-function v = (vl(n, t),...,vN(n, t)) Here &, 8 € Z, & < 3, and v; = v(in+1,t)
for [ € Z. In particular, vy = v.

Similarly to (26), (27), the operators S and D; act on functions of the variables v; = (v},...,v}) as
follows

S(’UZ) = Vi+1, Sk(vl) = Vl4-k, Sk(f(vl,)) = f(Sk(Ul),...), ke Z,

Dy (f(vis--.) Zs’ (w,

where F7 are the components of the vector-function F = (F!,...,FV) from (31).

Definition 1. A Miura-type transformation (MT) from equation (31) to equation (24) is determined by an
expression of the form

(32) u=f(u,...)
(where f may depend on any finite number of the variables v; = (vll,...,le), [ € Z,) such that if v
satisfies (31) then u given by (32) satisfies (24).

More precisely, this means the following. In components formula (32) reads

(33) u' = fiv],. ), i=1,...,N,
where f? are the components of the vector-function f = (fY, ..., fN). If we substitute the right-hand side
of (33) in place of u’ in (25), we get

Dy(fi(v],...)) = F(S*(f7), S (f7),....SP (1)), i=1,...,N,

which must be an identity in the variables v}

Remark 8. Consider an MT u = f(v,...) from equation (31) to equation (24). Suppose that equation (24)
possesses a Darboux-Lax representation (DLR) of the form (30) such that the equation Dy(M) = S(U)M —
MU is equivalent to (24).

Let M = M(v,...,A) and U = U(uv, ..., \) be the matrix-functions obtained from (30) by substituting
f(u,...) in place of u. So M = M(f(vl, co), )\), and U is obtained from U(ug, ..., up, A) by substituting
S*(f(vs,...)) in place of u; for all i € Z.

Since (M, U) is a DLR for (24) and u = f(vy,...) is an MT from (31) to (24), the obtained matrices M,
U form a DLR for equation (31) in the sense that the equation Dy(M) = S(U)M — MU is equivalent to a
consequence of (31).

Then for any invertible d x d matrix g = g(v;,..., ) the matrices

(34) M=S(g) M-g*, U=Dyg) g ' +g-U-g*



MIURA-TYPE TRANSFORMATIONS AND LIE GROUP ACTIONS 8

form a DLR for (31) as well. The DLR (M, ) is gauge equivalent to the DLR (M, U) with respect to the
gauge transformation g.

Very often, one can find a matrix g = g(vy, ..., ) such that the equation Dy(M) = S(U)M — MU with
M, U given by (34) is equivalent to (31). (So Dy(M) = S(U)M — MU is equivalent to equation (31) itself,
while Dy (M) = S(U)M — MU is equivalent to a consequence of (31).)

For instance, consider the MT u = vwv; from the modified Volterra equation vy = v2(v1 —v_1) to the
Volterra equation u; = u(u; —u—1). As we discuss in Example 2 below, the matrices (40) form a DLR for
the Volterra equation. Substituting vv; in place of w in (40), one obtains the matrices

~ (0 vy ~ (v AVU_1v
(35) M= <—1 A > ! U= (—)\ )\2+v_1v> '
The equation Dy(M) = S(U)M — MU is equivalent to (vvy); = vva(v1)? — viv_1v%, which is a consequence

of vy = v?(vy —v_1).

1(/)11 (1)) Computing (34) for (35), we get

o 0 v v [vv— )\U_1
(36) M = (—v )\> ’ U= <—)\U A2+ vv_1> )

The equation Dy(M) = S(U)M — MU is equivalent to v; = v>(v; — v_1). The DLR (36) is well known.

Consider the gauge transformation g = (

2.2. Some algebraic and geometric structures associated with Darboux-Lax representations.
Fix d € Z~¢. Consider a DLR of the form (30), where M, U are d x d matrix-functions satisfying (28), and
M is invertible.

Let G be the group of GL4(C)-valued functions of A. Since M (u, A) in (30) is supposed to be invertible,
for every fixed value of u we have M (u, \) € G.

Remark 9. The group G consists of GLg(C)-valued functions of A defined on some connected open subset
of C. Essentially, the only requirement is that M (u, \) € G for every fixed value of u, where u runs through
some connected open subset of CV. To simplify notation, we do not mention these open subsets explicitly.

As has been said in Section 1.2, each considered function is supposed to be analytic on its domain of
definition.

We define a sequence of subgroups
Ho cHy CHy, C---CG,

associated with the DLR (30) as follows.
We set Hy = 1, where 1 € G is the identity element. The subgroup H; C G is generated by the elements

(37) M, \) - M(u,\)"te G

for all values of u, .
Now we define Hy C G by induction on k € Z~( as follows. For each k € Z~g, the subgroup Hy+1 C G
is generated by the elements hy € Hj and the elements

(38) M(u,\) - hy - M(u,\)"t € G
for all h; € Hy, and all values of .

Example 2. For the Volterra equation

(39) up = u(uy — u_1),
one has N = 1, and we can take

(0 u [ u Au_q
(40) M(u,\) = (_1 )\> , U(u—g,u,\) = (_)\ \2 +u_1> .

0 wu
-1 X

In this example we have d = 2, so G consists of GLa(C)-valued functions of A. The subgroup H; C G is
generated by the elements

M@, A) - M(u, A) ™' = <_01 K) ‘ @ _01> B ((Z) (1)>

0 . .
%1 1>, where a1 € C is an arbitrary nonzero constant.

Note that M (u,\) = ( ) is not invertible for « = 0. In agreement with Remark 4, we assume u # 0.

Hence H; consists of the constant matrix-functions <
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a10

The subgroup Hy C G is generated by the elements h; = ( 0 1

) € H; and the elements

_ 1 0
M(ua )‘) “hy - M(uv A) b= <(1a1))\ >

a

for all nonzero a1,u € C. Therefore, Hy consists of the matrix-functions <aa1)\ C?) for all aq,a9,a3 € C,
3 2
aj 7é 0, a9 7é 0.

Consider the algebra C[)] of polynomials in A. For every ¢ € C and k € Z~, we denote by ((A—c)*) C C[)]
the ideal generated by the polynomial (A — ¢)¥ € C[\]. Clearly, the quotient algebra C[A]/((A — ¢)¥) is k-
dimensional.

Denote by G(d, ¢, k) the group of invertible d x d matrices with entries from C[\]/((A—¢)¥). Equivalently,
an element of G(d, ¢, k) can be described as a sum of the form

k—1
(41) > (A=), WO e GLy(C), W', ...,WF e Maty(C).
q=0

This shows that G(d, c, k) is a kd*>-dimensional Lie group. When we multiply two elements of the form (41)
in the group G(d, ¢, k), we use the fact that in the algebra C[A]/((A — ¢)¥) one has (A — ¢)* = 0.
Fix
m € Z~g, C1,...,¢cm € C, ki,...,km € Z~g.

Remark 10. According to Remark 9, the group G consists of GL4(C)-valued functions of A defined on
some connected open subset of C. We assume that c¢q, ..., ¢, belong to this open subset.

Consider the following Lie group
(42) G:Q(d,cl,kl) X oo X g(d,cm,km).

An element g € G is an m-tuple g = (¢',...,¢™), where g* € G(d,cp, kp), p=1,...,m, can be described as
a sum of the form

kp—1
9= (A=) TWPe, WrPO e GLy(C), WP ... WPk~1 ¢ Maty(C).
q=0
Fori,j =1,...,d, we denote by wi = (WP4);; the entries of the matrix W?4. Then wqu can be regarded

as coordinates on the Lie group G.

Consider functions of the form f(wj,u;,...) which may depend on the coordinates w;; and a finite
number of the variables u; = (uf,...,u!), | € Z. Using the DLR (30), we extend the operators S, D; to
such functions as follows.

To define S(w}}) and Dy(wj}), we use the formulas

kp—1 kp—1
(43) > (A= ¢p)IS(WP) = M(u, /\)( > (- cp)quvq>, A=,k =0,
q=0 q=0
kp—1 kp—1
(44) Z (A — cp)th(vaq) =U(ug, - .., up, A)( Z (A — Cp)qu,q>7 (A — cp)k,, -0
q=0 q=0

To compute the right-hand sides of (43) and (44), we take the corresponding Taylor series with respect to
A and truncate these series at the term (A — ¢,)* 1. (Recall that in the algebra C[A]/((A — ¢,)¥?) one has
(A — ¢p)kr = 0, which we use here.)

Since S(w?’ q) and Dt( ) appear on the left-hand 51des of (43) and (44) respectively, formulas (43), (44)

define S(w pq) and Dy(w? ) Now for a function f(w? l], ug, ... ) we set
S(f(wf’;",ul,...)) = f(S(wf;]),S(ul),...),
of
Di(flw,...)) =Y a pq W)+ 5 5 Du(u]),
Ly l

D5q58,J

where we use the fact that S (wf;]), S(uy), Dy(w? ) Dy(u]') have already been defined.
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The presented definition of the operator S implies that the inverse S~! is given by
kp—1 kp—1
(45) E:QX—%WS%WWﬂ):Aim_hA)1<§Z(A—0MWVW0, (A—cp)fr =0,
q=0 q=0
STHF Wi ug, . )) = (S Hwif), 87 Hw), ... ),
where S71(u;) = w;_1 and S~ (w? w;!) is determined by (45).
Lemma 1. One has So Dy = D; o S.

Proof. 1t is sufficient to prove S 1o D; oS8 = D;. Note that D; is a derivation of the algebra of functions
of the form f = f(w? ” .U, ... ), and S is an automorphism of this algebra. Hence S™! o D; o0 S is also a
derivation of this algebra.

Since Dy and S~ ! o D; o S are derivations, to prove that S~' o D; 0 S = Dy, it is sufficient to show

(46) (87" o Dy o 8)(w) = Dy(w) Vi,

(47) (87" o DyoS)(wf}) = Dy(wiy) Vp,q,i, .

Equation (46) follows immediately from the definition of S and D;. Equation (47) is equivalent to

(48) (Dy o S)(wif) = (S o Dy)(wy}) Vp,q,i,j.

Applying D; to (43) and S to (44), and using (28), we obtain (48). O
For any h € G, we define the operator R on functions of the form f (wf;],ul, ...) as follows. We set

Rp(u;) = for all [ € Z. For a function y on an open subset U C G, the function R (y) is defined on the
open subset Uh~! C G by the formula

Ru(y)(9) =y(gh), g€ UL
Since wp] are functions on G, we see that Rh(wfj ) is well defined. Then for any function f = f(w? l] JULy )

we set Rh(f) = f(Rh( W ),ul, . )
Note that the operator Ry, is invertible, and one has R;l =Rp-1.

Lemma 2. We have So Ry =Rp oS8 and Ry, o Dy = Dy o Ry, for all h € G.

Proof. To prove So Ry, = Ry 08, it is sufficient to show that (S o Rp)(w?! ) (RpoS)(wh ) which follows
easily from (43) and the definition of Rj;. The main idea is the followmg According to (43), the action of
S is given by the left multiplication by M (u, ). The action of R}, is given by the right multiplication by h.
Since the left and right multiplications commute, we have S o Ry, = Rj o S.

Let us prove Ry, 0o Dy = Dy o Ry, which is equivalent to Rgl oDy o Ry, = D;. Note that D; is a derivation
of the algebra of functions of the form f = f(w? w; 7 7wy, ...), and Ry is an automorphism of this algebra.
Therefore, Rh o Dy o Ry, is also a derivation of this algebra.

Since D; and Rgl o Dy o Ry, are derivations, to prove that Rgl o Dy o Ry, = Dy, it is sufficient to show

(49) (RF_LI oD;o Rh)(ul) = Dt(ul) Vi,
(50) (R, " o Dy o Ry)(wi) = Di(wl}) VD, 4.4, .
Equation (49) is obvious, because Rp,(u;) = u; for all [. Equation (50) is equivalent to
(DtORh)( ) (Rhth)( ) vpa‘]aiaja
which follows easily from (44) and the definition of Ry, O

Example 3. Consider the case d = 2, m = 1, k; = 2 and the DLR (40) of the Volterra equation (39). Then
G =G(2,¢1,2), and formulas (43), (44) become

10 10 11 11
o1 s (Ul ul)+oa-eos (U ) -
Wap Wao Wa1 Wag

G (4 ) 2
= + A= , A—c1)° =0,
(G ) (Gl ) ro-a (Gl 25)) oe

w
[ u Au_q
- - )\2 + u—1

10 10 11 11
w w w w
(hh w)+o-eo (Wl v2)). -ar-o
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Let H C G be asubgroup of G and U C G be an open subset. A function f on U is called H-right-invariant
if for any g; € H and g2 € U such that gog; € U we have f(g291) = f(g2).
Similarly, f is called H-left-invariant if for any g1 € H and go € U such that g1g2 € U we have f(g192) =

f(g2)-
Let H C G be a closed connected Lie subgroup of G. Consider the manifold G/H and the natural

projection
m: G — G/H, m(9) = gH € G/H, geq.
Here we use the fact that the points of G/H correspond to the left cosets gH of H in G.
Remark 11. Let Y C G/H be an open subset. For each function f on Y, one defines the function 7*(f)
on the open subset 771(Y) C G as follows
™ (f)(g) = f((g)) vgen (Y).

A function y on 77 1(Y) is of the form y = 7*(f) for some function f on Y iff y is H-right-invariant.
Therefore, functions on Y C G/H can be regarded as H-right-invariant functions on 7=1(Y) C G.
Note that a function y on 771(Y") is H-right-invariant iff Ry, (y) = y for all h € H.

Let H C G be a closed connected Lie subgroup of codimension r > 0. Then dimG/H =r. Let y',... y"
be functions defined on an open dense subset of the manifold G/H. We say that y*,...,y" form a system of

local coordinates almost everywhere on G /H if there is an open dense subset ) C G/H such that y!,... y"
form a system of local coordinates on a neighborhood of each point of V.
This is equivalent to the fact that the differentials of the functions y',...,y" are linearly independent

almost everywhere on G/H.

Remark 12. In this remark, by a function on G/H we mean a function defined on an open subset of G/H,
and similarly for functions on G. Suppose that y',...,y" form a system of local coordinates almost every-
where on G/H. Then any H-right-invariant function ¢ on G can locally be expressed as ¢ = 1 (y',...,y")
for some function . (Such an expression for ¢ exists locally almost everywhere, i.e., on neighborhoods of
the points where 3!, ... 3" form a system of local coordinates.)

Let y be a function on G/H. According to Remark 11, we can regard y as an H-right-invariant function
on G, so y = y(wj;') depends on the coordinates w;; of G. Then, according to the definition of the operators
S and Dy,

53 S(y) may depend on w?? and
(53) y) may dep ,

ij
(54) Dy(y) may depend on w}; and ug, .. ., up.

Since y is H-right-invariant and So Ry = Rp oS, Ry o Dy = Dy o Ry, for all h € H, the following property
holds.
If we fix the values of the variables u; for all I (including the variable u = wug), then S(y), D;(y) become

H-right-invariant functions on G' and can locally be expressed as functions of y',...,y". Combining this
observation with (53) and (54), we see that locally S(y), D¢(y) can be written in the form
Sly) = py's. .y w), Di(y) = €(y's oy tay - )

for some functions pu, &.

Recall that G is the group of GL4(C)-valued functions of A, and the group G is defined by (42). Consider
the natural homomorphism p: G — G given by

(55) p(g):(gl,’gm) S g(d7clvk1)xXg(dvcﬂ’wkm):G: gEG

Here g = g()\) is a GLy(C)-valued function of A, and for each p = 1,...,m the element
kp—1

(56)  g"=> (A-¢)g"" € G(d,cp,ky),  g"" € GLE(C), g, g1 € Maty(C),
q=0

is determined by the Taylor expansion of g(A) at the point A = ¢,.

Let H C G be a closed connected Lie subgroup. For any subgroup H C G, we have defined the notion of
‘H-left-invariant functions on open subsets of G. Since G acts by left multiplication on the manifold G/H,
one can define similarly the notion of H-left-invariant functions on open subsets of G/H.

Recall that Hy C G for each k € Z>o. Using the embedding p(Hj) C G, we can speak about Hy-left-

invariant functions on open subsets of G and G/H. So, by definition, a function is Hy-left-invariant if it is
p(Hy)-left-invariant.
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Lemma 3. Let y = y(wqu) be a function on an open dense subset of G. According to (43), the function
Sly) = y(S(wf]q)) may depend on wf;],
depend on u and is Hy_q-left-invariant.

w. If y is Hg-left-invariant for some k > 0, then S(y) does not

Proof. In what follows, we use the symbols g and § as arguments of some functions defined on open dense
subsets of G. When we write g € G (or § € G), we mean that g (or §) belongs to an open subset where the
considered function is defined.

For example, since y is defined on an open dense subset of G, for any fixed values of @, u there is an
open dense subset U C G such that y(9) and y(p(M(a@,\) - M(u,\)"')g) are defined for all g € U. In
equation (58) below we assume that g belongs to such an open dense subset, so that the left-hand side and
right-hand side of (58) are well defined. Similar considerations apply also to other equations in this proof.

Since S(y) = y(S(w}})) may depend on wj} and u, for each fixed value of u we can regard S(y) as a
function on an open dense subset of G. Formula (43) implies that this interpretation of S(y) can be written
as

(57) S)(9) = y(p(M(u, X))g), geG.

Recall that H; is generated by the elements (37), and we have H; C Hy for & > 0. Therefore, the
elements (37) belong to Hy. Since y is defined on an open dense subset of G and is Hy-left-invariant, for
any fixed values of @, u we have

(58) y(p(M (@, A) - M(u, ) ~1)g) = y(3), geq.
Taking g = p(M (u,A\)~1)g, from (58) we obtain
(59) y(p(M(a,N)g) = y(p(M(u,\))g), geG.

Combining (59) with (57), we see that S(y) does not depend on wu.

Let us show that S(y) is Hy_1-left-invariant. Recall that for any h € Hi_; and any fixed value of u one
has M (u,\) - h- M(u,\)~! € Hy. Since y is defined on an open dense subset of G and is Hy-left-invariant,
we have

(60) y(p(M(u, A) - b M(u, \)71)g) = y(), geaq.
Taking g = p(M (u,\)~1)g, from (60) we get
(61) y(p(M(u,A) - h)g) = y(p(M(u, \))g), geG.

Combining (61) with (57), one obtains

SW)(p(h)g) =SW)(9), 9€G,  heHi,
which says that S(y) is Hy_1-left-invariant. O

Lemma 4. Let H C G be a closed connected Lie subgroup of G. Let z be a function on an open dense subset
of G/H. According to Remark 11, the function z can also be regarded as an H -right-invariant function on
an open dense subset of G. Therefore, we can consider the functions S¥(z2), k € Zwqg, which may depend
on wf;] and uy.

Suppose that z is H-left-invariant for some o € Z~qy. Then the functions

(62) Sk(2), k=1,...,a,

do not depend on u; for any l € Z. Furthermore, the functions (62) are H-right-invariant and can be viewed
as functions on an open dense subset of G/H.

Proof. Applying Lemma 3 to y = z, we see that S(z) does not depend on wu; for any | € Z and is H,_;-left-
invariant. If o > 2, then, applying Lemma 3 to y = S(z), one obtains that the function §%(z) = S(S(2))
does not depend on wu; for any [ € Z and is H,_o-left-invariant.

Similarly, using Lemma 3, by induction on k = 1,..., a we prove that the function S*(z) does not depend
on u; for any [ € Z and is H,_g-left-invariant.

Since z is H-right-invariant and is defined on an open dense subset of G/H, we have also the same
property for the functions (62), because So Ry, = Rp oS for all h € H. O
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2.3. The method to construct MTs. Recall that the Lie group G is given by (42). We are going to
describe how to construct MTs from some functions on open subsets of G/H, where H C G is a closed
connected Lie subgroup.

Recall that u; = (ull, . ,u{v ) is an N-component vector for each | € Z. To clarify the main idea, we
consider first the case N = 1. (The case of arbitrary N € Z~ will be described in Theorem 2.)

Note that Theorems 1, 2 do not mention the DLR (30) explicitly, but the matrices M, U from (30) appear
in the definition (43), (44) of the operators S, D;, which are used in Theorems 1, 2.

In the case N = 1 the vector w; has only one component ull, which we denote by the same symbol ;.
According to our notation, u = uyg.

Theorem 1. Suppose that N = 1. Recall that the Lie group G is defined by (42). Let H C G be a
closed connected Lie subgroup of codimension v > 0. Let z be an H,_1-left-invariant function on an open
dense subset of the manifold G/H. (According to Remark 11, the function z can also be regarded as an
H -right-invariant and H,_;-left-invariant function on an open dense subset of G.)
By Lemma 4, the functions S¥(z), k = 1,...,r — 1, do not depend on w;, and we can view S*(z),
kE=1,...,r—1, as functions on an open dense subset of G/H. Suppose that
the functions z, S(z), S%(z), ..., S"71(2) form
(63) a system of local coordinates almost everywhere on G/H
(i.e., the differentials of the functions are linearly independent almost everywhere),

0
4 on —
(64) the function 5

Set zo = z and z, = S¥(2) for k = 1,...,r. Condition (63) says that zg, z1,. .., 2-_1 form a system of
local coordinates almost everywhere on G/H. Applying Remark 12 to this system of local coordinates, we
see that locally one has

(65) zr =8"(2) =S(zr-1) = F(20, 21, - -y 2r—1, 1),
Dt(z) = Q(Z(), <oy 2r—1,Uqs - - - ,Ub)

for some functions F and Q. By the implicit function theorem, condition (64) implies that locally from
equation (65) we can express u in terms of 29, 21, - - -, 2r

(66) U:f(ZO,Zl,...,ZT)-

(We can do this on a neighborhood of a point where ;u(ST(z)) #0.)

Then one obtains an MT for equation (24) as follows. We introduce new variables v for | € Z. Using

(8"(2)) is not identically zero.

the function f(zo,21,...,2r) from (66), for each j € Z we can consider the function f(vj,vjy1,...,Vj4r).
Let P(vq, ..., vpty) be the function obtained from Q(zo,...,2r—1,Uq, ..., up) by replacing z; with v; and u;
with f(vj,Vj41,...,Vj4r). That is,
(67) P(UCH SRR Ub-i—T’) = Q(U()a <oy Ur—1, f(/Uaa s 7Ua+7‘)7 ) f(vbv s 7Ub+’r))'
We introduce the formula
(68) v = P(vg, ..., Vpsr)
and regard (68) as a differential-difference equation for the variable v. Then the formula
(69) u= f(vo,v1,...,0r)
determines an MT from equation (68) to equation (24).
As usual, we can use the identification vo = v. Then (69) becomes u = f(v,v1,...,v,).

P
ij
is a function of the coordinates wf;] on G. Set z, = S¥(2) for all k € Z. The functions z;, may depend on

Pq
i and u;.

Proof. As has been said above, we can regard z as a function on an open dense subset of G, so z = z(w

w
Lemma 5. The functions z, k € Z, are functionally independent.

Proof. Suppose that zi, k € Z, are not functionally independent. This means that there are p,q € Z, p < ¢,
and a nontrivial relation of the form

(70) R(zp, 2pt1, - - -, 2q) = 0.
Applying SP to equation (70) and using the identities S/ (2x) = 254 for j € Z, we obtain

R(z0,21,...,2q—p) =0,
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which implies that

(71) 20, 1y e-s  Zg—p
are not functionally independent. The functions zy,...,z.—1 form a system of local coordinates almost
everywhere on G/H, hence zy, ..., z,—1 are functionally independent. Therefore, g —p > r.

For any j € Z, applying &’ to equations (65), (66) and using the identities S7(zx) = 2zg+;, S’ (u) = uj,
one gets

(72) Zrij = F(25, 2541, - -+ Zjr—1, Uj),

(73) uj = f(25, 2j41, - Zjtr) VjeZ.

Equations (72), (73) imply that the functions (71) can be expressed in terms of

(74) 20, Ry eees Fr—1, U, UL, ..., Ug—p—p,

and the functions (74) can be expressed in terms of (71). Since (74) are functionally independent, we obtain

that (71) are functionally independent as well. O
For any j, 41,...,4 € Z and any function of the form h = h(v;,,...,v;), we set

ST (h) = h(viy 1, -+ Vigtj)-
According to Definition 1 of MTs, to prove the theorem, we need to show that

(15) 3 2 (Fwvn,e ) - S (Pl ) =
i=0 "

= F(f(?)a, s 7va+7”)a f(/va+1a s avaJrlJrT)? ceey f(vfh s 7vﬂ+7"))'
Applying D; to equation (66) and using the identity D;(u) = F(ua, ua+1,--.,ug), one obtains

i,
(76) F(ua7u¢1+17 s ,Uﬂ) = Z @(f(zoa By .- 7Z7‘)) ’ Dt(zi)’
i=0 "
Since S o D; = D; o S, we have
(77) Dy(z) = Dy(S'(2)) = SU(Dy(2)) = SUQ(20, - -+ Zr—1,Uas - - - Up))-

Substituting (73) and (77) in (76), we obtain

(78) F(f(zav s aza+1“)a f(za+17 ) Za+1+7")7 s 7f(zﬂa s azﬂ-l—r)) =

= Z((g(f(zo,zl,...,zr)) 'Si(Q(zo,...,zr_l,f(za,...,zaJrr),...,f(zb,...,zbJrT))).
i=0 "

Since zj, j € Z, are functionally independent, the identity (78) will remain valid if we replace z; by v; for
all j. Replacing z; by v; in (78) and using (67), we get (75). O

Remark 13. Informally speaking, (63) and (64) can be regarded as non-degeneracy conditions. Condi-
tion (63) says that the differentials of the functions z, S(z), S?(2),...,S""!(z) are linearly independent
almost everywhere on the r-dimensional manifold G/H. Condition (64) says that the function S"(z) =
F(z0,21,-..,2r—1,u) depends nontrivially on u.

In constructing an MT by the method described in Theorem 1, the most important step is to find a
nonconstant H, _i-left-invariant function z on an open dense subset of G/H. For such a function z, one can
expect that conditions (63), (64) are usually satisfied. This is the case in all examples known to us.

Example 4. Consider the case d =2, m = 1, k; = 2 and the DLR (40) of the Volterra equation (39). The
group G = G(2,c1,2) can be described as follows

79 G_g 2 2) = w%? w%g A wH w%% 10, .10 10,,.10 0
(79) =G(2,c1,2) = wld  wll +(A—c1) wil Wil Wy Way — Woywiy # 0 ¢,

where ¢; € C is a fixed constant, and wi, wiy, wil, wiY, wil, wil, wil wil are coordinates on G. Since

k1 = 2, we work modulo the relation (A — ¢;)? = 0.
Consider the subgroup

1 wlO ’11}11 wll
m={(5 u)+0-eo (Ul uh) [ w20} ca

22 21 22
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which is of codimension 7 = 2. As has been shown in Example 2, for the DLR (40), the group H; consists
al 0

0 1

For any h € H and hy € Hy, in the product

wiy)  wiy wii Wi
hy - 10 . 16) T A—c)( 11 1T “h
Wa1  Wag Wy W33

the wa? component does not change. Therefore, the function z = wi{ is H-right-invariant and H;-left-
invariant.
Using formula (51) and the notation z = S¥(z) for k € Z, we obtain

of the constant matrix-functions

(80) w=z=wl, 2= 8() = Sw) = ik — wll,
(81) 2= 82(2) = S(21) = 1S (wh) — S(wif) = (& — uwh — crwil.

Recall that in this example we have r = 2. Since the differentials of the functions z and S(z) are linearly
independent, condition (63) is valid. Equation (81) shows that condition (64) is valid as well.

Therefore, using Theorem 1, we obtain an MT as follows. Equations (80), (81) imply z2 = ¢121 — uzo,
which yields

Cl121 — 22
82 = —.
(52 e
Using (52), (80), (81), we get
(83) Dy(z) = Dy(wd?) = Ewd? — cywl? + u_ 1wl = 121 +u_1 2.

Equation (82) implies u_1 = S71((c121 — 22)/20) = (c120 — 21)/7_1. Substituting this in (83), one obtains

2 —
(84) Dt(z) _ c1z2y +c1z-121 zlzo'
Z1
According to Theorem 1, to obtain an MT, we need to replace z; by v for all k € Z in (82), (84). (And we
can use the identification vy = v.)

Thus we get the following result. For any ¢; € C, the formula
C1U1 — Vg
85 = —
(55) u= L
determines an MT from the equation

011)2 + civ_1v1 — V1V

86 =
(86) vt -
to the Volterra equation (39). As we show in Remark 14, this MT can be found in [20], after some change
of variables.

Note that the same MT can be obtained also in the case d = 2, m = 1, k; = 1. In this case, the group (42)
is equal to

wl0 410 0 10
G(2,¢1,1) = {( 10 %%) wiwyy — wyiwiy # 0}
War Wi
1 w%g .
0 wl 1940 C G(2,¢1,1). The function z = wl? is H-right-
29

invariant and Hj-left-invariant, and it gives the same MT.

Consider the subgroup H = {(

Remark 14. After the change of variables v = exp®, t = —1, equation (86) becomes
(87) 0:(9) = (exp(th — 0) — 1) (exp(d — _1) — ¢1) — i
Equation (87) is a particular case of equation (V6) from the list of Volterra-type equations in [20]. The

paper [20] presents also an MT reducing this equation to the Volterra equation. The MT (85) coincides
with the MT from [20], up to the above change of variables.

Example 5. Let d =2, m = 1, k; = 2. Consider the group G = G(2,¢1,2) given by (79), the subgroup
10 .10 1,11
_ Wiy Wi _ Wiy w12

and the DLR (40) of the Volterra equation (39). Clearly, the subgroup H C G is of codimension r = 2.
It is straightforward to check that the functions

10 10,,,11 10,,,11
1 Wiy 2 _ WorWip — Wi1Wa
(89) y Y=
~ wlo’ (wlo)
21 21
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are H-right-invariant. Therefore, any function of the form a(y!,y?) is also H-right-invariant.
According to Example 2, for the DLR (40), the group H; consists of the constant matrix-functions
(al (1)> To apply Theorem 1, we need to find a function z = a(y!,4?) such that z is Hj-left-invariant.

0
The group Hj acts on G by left multiplication as follows

ar O ) w%? w%g . wH w%% —
(o 1) ((@? wig) Tl Wl ) ) =

10 10 11 11
arwiy 1w a1wyy 1w
= +(A—c )
(ol i)+ 0o (uff! "uif)
which implies that z = y!/y? is Hj-left-invariant. From (51), (89) it follows that
i) = Sl ol el
2y _ Swal)S(wii) = S(wi)S(wsi) _ u(wifwii — wijwyy — wytws) _ uy® 1)
(91) S(y) = 102 = 0, 1012 R PEwEvE
S(way)? (crwyy — wiy)? (c1 —yh)
Using (90), (91) and the notation z, = S¥(z) for k € Z, we obtain
1 1
y S -y
92 20 =2= >, z1 =8(z ,
(92) 2 () =Sum = =1
— Syt - -
(93) 29 = 82(2) _ 5(21) _ a (y ) (y Cl)(cl(cl ) u)

S -1 (a—y") - —1)u
Recall that in this example we have r = 2. Since the differentials of the functions z and S(z) are linearly

independent, condition (63) is valid. Equation (93) shows that condition (64) is valid as well.
From (92), (93) one gets

zo(c1 + 21) o Ca+ 2z
94 127 A7 _ 7
(94) Y zo+ 21 Y z0 + 21
23 (c1 — 20)(c1 + 22)

(20 + 21)(21 + 22)

(95) u=

Since z = y'/y?, we have
Di(y")y? — Di(y*)y’
(¥2)?
To compute D¢(y') and Dy(y?) in (96), one can use formulas (89), (52). This gives

(96) Dy(z) =

(97) Dt<2) _ U_1(01y2 — yl) _((521))22(61 (y2 - 2) + yl) )
22(c1 — 20)(e1 + 22)> _ 28(e1 — 2-1)(c1 + 21)
(z0 + 21)(21 + 22) (z—1 + 20)(20 + 21)

. Substituting this and (94)

Equation (95) impliesu_; = S~ ! (
n (97), we obtain
25(2-1 — 21) (20 — ¢1)(20 + ¢1)
(20 + 2-1)(20 + 21)

According to Theorem 1, to obtain an MT, we need to replace zj, by vy, for all k € Z in (95), (98). Thus
we get the following result. For any ¢; € C, the formula
_ vi(er =) (e + v2)

(v + v1)(v1 + v2)

(98) Dy(2) =

(99)

determines an MT from the equation

v (v_1 —v)(v—c1)(v+c1)

(100) T o )0+ o)

to the Volterra equation (39).

Equation (100) is a particular case of equation (V2) from the list of Volterra-type equations in [20]. On
page 599 of [20] Yamilov presents an MT connecting equation (V2) with the Volterra equation. Formula (99)
is a particular case of the MT from [20] (up to a shift of u).
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Now consider the case of arbitrary N € Z~(. Recall that u; = (ull, ey u{v ) for each [ € Z and u/ = u})
foreach j=1,...,N.
Theorem 2. Recall that the Lie group G is defined by (42). Let H C G be a closed connected Lie subgroup
of codimension r > 0. Suppose that there are nonnegative integers di, ..., dyx and functions z',..., 2" on
an open dense subset of G/H such that dy +---+dy + N = r, the function 2% is Hg,-left-invariant for each
i=1,...,N, and the following conditions hold

the functions S¥(2"), i =1,...,N, k=0,...,d;, form
(101) a system of local coordinates almost everywhere on G/H
(i.e., the differentials of the functions are linearly independent almost everywhere),

the determinant of the N x N matriz-function <8 (SdiJrl(zi)))

(102) dui

1s not identically zero.

(Note that, by Lemma 4, since 2* is Hg,-left-invariant, the functions S¥(2%), i =1,...,N, k=0,...,d;, do
not depend on u and'are well deﬁned on an open dense subset of G/H, so condition (101) makes sense.)‘
Set 2y = 2' and z;, = Sk fori =1,...,N and k = 1,...,d; + 1. Condition (101) says that 2L,
i=1,...,N, k = 0,...,d;, form a system of local coordinates almost everywhere on G/H. Applying
Remark 12 to this system of local coordinates, we see that locally one has
(103) Z/:iz"l‘l :Sdl+1(zz) :S(szl) :FZ(Z]/LCII’uz/)’ 1/71/,: 17"'?N7 kl:o?"'7dil7
Dt(zi):Qi(zlgquz,v""ug)v Z.>Z.,:17"'7N7 k,:O>"'7di’7

for some functions F' and Q'. By the implicit function theorem, condition (102) implies that locally from

equations (103) we can express ul, .. uN in terms of z’%, 1=1,...,N, k= 0,...,dy +1,
(104) u' = f (), i'=1,...,N.
(We can do this on a neighborhood of a point where det <8ij(5di+1(zi))> #0.)
Then one obtains an MT for equation (24) as follows. We introduqe new variables v,’; fori=1,...,N
and k € Z. For each j € Z, we define the operator S7 on functions h(v},) by the usual rule
ST (h(v) = h(S’ (v), S (VR) = Visj-

That is, applying S7 to a function h = h(v,i), we replace U]i by v,iﬂ. i h for all i,k.
Using the function fi/(z]%) from (104), we can consider the function f"/(v%). Let P’(v;) be the function

obtained from Qi(z,il,, ufl,, cel ug) by replacing z,i/, with vz, and u? with S7 (fi/ (U;:C)) That is,

(105) P'(v}) = Q" (vp, S*(f (02)), ..., S"(f7 (v}))),  i=1,...,N.
We introduce the formula

(106) v = P'(v}), i=1,...,N,

and regard (106) as a differential-difference equation for the variables v',. .. v¥.

Then the formulas u* = f* (v%), i’ =1,...,N, determine an MT from equation (106) to equation (25),
where (25) is the component form of (24).

Proof. According to Remark 11, one can regard 2!, ..., 2"V as functions on an open dense subset of G. Since
for any k € Z we can apply the operator S* to such functions, we can consider z}c = S¥(2) for all k € Z.
The functions z}i may depend on the coordinates of G and the variables u? Similarly to Lemma 5, one
shows that z,i, keZ,i=1,...,N, are functionally independent.
According to Definition 1 of MTs, to prove the theorem, we need to show that

(107) > 0 (fi’(vg))-s'%(ﬂ(ug)):Fi’(sa(fv(vg)),saﬂ(ﬂ(vg)),...,sﬂ(fv(vg))),
ik

7
avk

Applying D; to equation (104) and using the identity Dy(u’) = F¥ (ug, ul, - ,ug), one obtains

i’ 0 -/ ~ 5 R
(108) FY (ul,ud g, ul) =Y o (f7(21)) - Di(zp), i'=1,...,N.
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Since S o Dy = Dy o S, we have

(109) Dy(21) = Dy(S*(2")) = SF(Dy(2")) = S*(Q" (2 il ... ).
For any j € Z, applying S7 to equation (104), one gets
(110) ub = S7(f7 (1)), i=1,...,N, jeL.

Substituting (110) and (109) in (108), we obtain
(111) F(S*(f7(2L)), S*M(f7(2h)), ..., 8P (£(21))) =
=> a; (f"(zD) - SM(Q (24, S* (' (D)), ... SP(F7 (D)), ' =1,...,N.

Since z,i, keZ,i=1,...,N, are functionally independent, the identity (111) will remain valid if we replace
i by v} for all i, k. Replacing 2} by v} in (111) and using (105), we get (107). O

Examples of MTs in the case N = 2 are constructed in Sections 4, 5.

Remark 15. In Remark 13 we have discussed why (63), (64) can be regarded as non-degeneracy conditions.
The same applies to (101), (102).

Remark 16. Let C?\ {0} be the space C? without 0. Recall that the (d—1)-dimensional complex projective
space CP?! can be identified with the set of one-dimensional subspaces in C?. The standard action of the
group GL4(C) on C%\ {0} is transitive, which gives a transitive action of GL4(C) on CP?~1.

For i = 1,...,m, let M; be either C%\ {0} or CP?!'. As has been shown above, one has the standard
transitive action of GL4(C) on M;. Set Ml = My X -+ X My,.

Recall that G is defined by (42). Consider the case k1 = --- =k, = 1, so

(112) G=G(d,c1,1) x -+ x G(d,cm, 1).

Using the isomorphism G(d, ¢;, 1) = GL4(C) and the transitive action of GL4(C) on M; for i =1,...,m, we
obtain a transitive action of G on M = My X - -+ X M,,.
Let x € M. Let H C GG be the stabilizer subgroup of the point x. That is,

(113) H={geG|gr=ux}
Then we have the analytic diffeomorphism
G/H — M= My X -+ X My, gH — gz, VgeQqG.

Note that codim H = dimG/H = dim M; + --- + dim M,,,, because G/H is diffeomorphic to M = M; x
Lo X Mm

Therefore, when we apply Theorems 1 or 2 to such G and H, we can replace G/H by M and consider
functions on open dense subsets of M. Examples of MTs arising from such G and H are given in the next
sections.

Since G(d, ¢;, 1) = GL4(C), the structure of the group (112) does not depend on ¢, ..., ¢,,. However, the
homomorphism p: G — G given by (55), (56) depends on ¢y, ..., ¢y,. Hence the subgroups p(Hy) C G for
k € Z>o and the set of Hp-left-invariant functions depend on ¢y, ..., ¢y, as well.

3. MTs FOR THE NARITA-ITOH-BOGOYAVLENSKY LATTICE

For each p € Z~¢, the Narita-Itoh-Bogoyavlensky lattice [2, 7, 14] is the following differential-difference
equation

(114) U = u(

=
-
3

»
Uk — Z U_k) .
k=1
It possesses the operator Lax pair [2, §]
L=8S+uS?, A= (L(;DH))ZO7

where > 0 means taking the terms with nonnegative power of S in L1, The corresponding Lax equation
0(L) = [A, L] is equivalent to (114).
This implies that equation (114) is equivalent to the compatibility of the linear system
(115) Lo = Ao,
(116) ¢ = Ao,

where ¢ = ¢(n,t) is a scalar function and X is a parameter.
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3.1. The case p=2. For p = 2 equation (114) reads

(117) up = u(ug +up —u—1 —u_3).
In this case L = S + uS~2, hence
(118) A= (L¥s0 = ((S*+ (u1 + u)S™! + uu_sS™)(S + uS*Q))ZO =S* +u+u +us.

To apply the theory described in Section 2, we need to find a DLR of the form (30), (28). Recall
that equation (117) is equivalent to the compatibility of system (115), (116). To obtain a DLR of the
form (30), (28), we are going to rewrite system (115), (116) in the form (29) for some vector ¥ and matrices
M, U.

For L = S + uS~2 equation (115) reads

(119) S(¢) +uS7?(¢) = Ao
Set
(120) v =87(9), v =5"19), v =¢.
Then equation (119) is equivalent to
P! 0 1 0\ [v!
(121) Slvr]l=(0 o0 1| [v?
3 —u 0 ) \y?
Set
V! 0 10
U= |2, Mu,\)=| 0 0 1
3 —u 0 A

Then (121) reads S(¥) = M (u, \)¥. Applying S~ to this equation, we obtain
U =81 (Mu,\)S (V) = M(u_1,\)S(¥),
which implies S~H(¥) = M (u_1,\)"1¥, that is,

1 0 A~ [
(122) Sty |l=11 o0 0 (o)
V3 0 1 0 3
According to (118), we have A = S + u + uj + ug, so equation (116) reads
(123) b = §7(9) + (u+ w1 +uz)9.
Using (120), (121), we can rewrite (123) as
(124) ¥ =S W) + (u 4wy + up)y® = = Nup' — Mg + (N + u+ ug 0P,

where we have used (121) to compute S3(3). According to (120), one has ¥? = S~1(¥3) and ! = S~1(¢?).
Combining this with (122) and (124), we get

Ui = STHYE) = = Nu_1 ST = AuST W) + (AP +usy +u)STH (@) =
= —dup’ + (uoy + u)yp® + N7,
P =97 WF) = —du 1SN + (w2 +u1) ST () + XS T (YY) =
= (u—1 +u_)P" + M.
Equations (124), (125), (126) can be written in matrix form as follows

(125)

(126)

1/)1 U9+ U1 0 A ¢1
(127) o | v? | = —Au U_1 +u A2 2
3 —\2u “Aup A 4w tu 3

Since the compatibility of system (121), (127) is equivalent to equation (117), we obtain the following
DLR for (117)

0 1 0 U_9 + U_1 0 A
(128) M(u,\N)={( 0 0 1], U= —Au U_1+u 22
—u 0 A —\2u “du; M 4w +u

Note that M (u, \) is not invertible for «w = 0. In agreement with Remark 4, we assume u # 0.
Let us compute the groups Hj, Hs, Hs for this DLR. In the course of computation, we will see that it is
convenient to replace (128) by a gauge-equivalent DLR, in agreement with Remark 5.
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According to (37), the group Hj is generated by the matrix-functions

1 0 0
(129) M(a,\) - M(u, )"t =0 1 0
0 A1-3) &

Note that the right-hand side of (129) can be simplified by the following conjugation

-1

1 0 0 1 0 0 1 0 0 1 00
0 1 0O 0 1 0 0 1 0 =0 1 0
0 —x 1 0 )\(1—%) o 0 —x 1 00 4
1 0 0
Therefore, it makes sense to consider the matrix g!(A\) = [0 1 0] and the following gauge-equivalent
0 —x 1
DLR
R 0 1 0 R
M(u,\) =g' (V) - M(u,A)-g'\)'=[ 0 X 1], U=g'\N)-U-g' ()"
—u 0 0

For this DLR, the group H; is generated by the matrix-functions

M (@, \) - M(u,\) "t =

o O =
O = O
2l O O

1 0
so H; consists of the constant matrix-functions | 0 0 |, where a; € C is an arbitrary nonzero constant.
0

o = O

ai

0
According to (38), the group H is generated by hy = 0 | €e H; and

S O =
O = O

a

1 0 0
(130) M(u,A)-hy - Mu, )P = | AX1-ay) a1 0
0 0 1
for all nonzero a; € C. The right-hand side of (130) can be simplified by the following conjugation

-1

1 00 1 0 0 1 00 1 0 0
-A 10 AMl—a1) a1 0O -A 10 =10 a O
0 01 0 0 1 0 01 0 0 1
1 00
Hence, it makes sense to consider the matrix g?(A\) = | =\ 1 0 | and the following gauge-equivalent DLR
0 01
; ) A 10
(131) M(u,A) = g*(N) - M(u,\)-g?(N) = 0 0 1],
—u 0 0
§ R A+ ug+u_g A2 A
(132) U=g*\)-U-g*\)' = —\u_g u_1+u 0
—N2u_ —Au_1 u-+ug
For this DLR, the groups Hj, Hs are as follows
10 0
(133) H; = 01 O a1 €C, a1 7é 0,,
0 0 ai
1 0 0
(134) Hy = 0 ax O a,a € C, ai, ag 75 0
0 0 aj
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0
a2
0 al

ay 0 (a2—1)A
M(u,A)-he - Mu,\) ' =10 a1 0
0 O 1
for all nonzero aj,as,u € C. Therefore, the group Hs for the DLR (131), (132) consists of the matrix-
as 0 a4)\
functions | 0 ags O for all a1, as,as3,a4 € C, a1,a92,as # 0.
0 0 al

Let us construct some MTs for equation (117), using Theorem 1 and Remark 16. To clarify the construc-
tion, we begin with simple examples (Examples 6 and 7), which give some known MTs. Example 8 is more
interesting and gives an MT which seems to be new.

Following Remark 16, in Examples 6, 7, 8 we consider a group G of the form (112) and a transitive action
of G on a manifold M. We take H C G to be the stabilizer subgroup of a point x € M, so H is given
by (113). Then G/H = M. Since the results do not depend on the choice of = € M, in Examples 6, 7, 8 we
do not mention x explicitly.

0
According to (38), the group Hs is generated by ho = 0 | € Hy and

S O =

U

Example 6. Using the notation from Section 2.2, consider the case d =3, m =1, k1 = 1, ¢; € C. Then
G =G(3,c1,1) =2 GL3(C).
Consider the space C? with coordinates o
G = GL3(C) on the manifold M = C3\ {0}.
According to Remark 16, to apply Theorem 1, we need to find an Hs-left-invariant function z on an open
dense subset of C?\ {0} such that conditions (63), (64) hold for G/H = C3\ {0} and r = dim G/H = 3.
Since we are using the DLR (131), (132) and the standard action of G = GL3(C) on C3\ {0}, one has
the formulas

1 a? o and the standard transitive action of the group

a cg 10 al
(135) Sla?] =10 0 1] (%],
ol —u 0 0 a3
al C‘Z’ +U_9+u_1 C% cl al
(136) D, [a?] = —C1U_2 U_1+u 0 a?
o —cAu_q —ciu_1 u+u; ) \a

In the right-hand side of (135) we use the matrix M (u, \) given by (131), but we substitute ¢; in place of
), for the following reason. In the general definition (43) of S we work over the algebra C[A]/((A — ¢,)*»),
where one has (A — ¢,)f» =
A— Cc1 = 0.

The right-hand side of (136) is obtained in the same way from the matrix U/ given by (132).

As the group H is of the form (134), the function z = o' is Hy-left-invariant. Using formula (135) and
the notation 2z, = S¥(2) for k € Z, we obtain

0. In the present example we have k; = 1, so we need to impose the relation

(137) 20 =z=a, 21 =8(2) = S(al) = c1a! +a?,
(138) 29 = S(21) = a1S(al) + S(a?) = da' + c1a® + o?,
(139) 23 = 8%(2) = S(22) = AS(a!) + c1S8(a?) + S(a?) = (¢} —u)at + Za? + c1a®.

Recall that in this example we have r = 3. From (137), (138) we see that the functions z, S(z), S?(z)
form a system of coordinates on the manifold C3\ {0}, so condition (63) is valid. Equation (139) shows that
condition (64) is valid as well.

Therefore, using Theorem 1, we obtain an MT as follows. Equations (137), (138), (139) imply z3 =
—uzg + €122, which yields
(140) u=22"%

20

Using (136), (137), (138), we get
(141) Dy(2) = Dy(at) = (¢} +u_g +u_1)at + Ga? + c1a® = (u_g +u_1)20 + c120.
Equation (140) implies

—1{ C1%k2 — 23 C1z1 — 22 —2 [ €172 — 23 C1z0 — 21
u_1=8"" = , U_g =82 = .
20 Z_1 20 Z_9
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Substituting this in (141), one obtains

(142) Dy(z) = (

According to Theorem 1, to obtain an MT, we need to replace z;, by vy for all £ € Z in (140), (142). Here
and below we use also the identification vy = v.
Thus we get the following result. For any ¢; € C, the formula

Cl120 — 21 C121 — 22
+ ) 20 + c129.
Z_o Z_1

(143) y= 1279
v

determines an MT from the equation

(144)

ClV — V] ClU] — V9
Vs = < +

U+ C1V9.
V-9 V-1

to equation (117). As is shown in Remark 17 below, this MT can also be obtained immediately from
system (115), (116). We have included this simple example, in order to demonstrate how the method
described in Theorem 1 and Remark 16 works.

Remark 17. The MT (143) can be obtained immediately from system (115), (116) as follows. Recall that
in this subsection we consider the case p = 2. Since for p = 2 we have L = S 4+ uS ™2, the equation L¢ = A
is equivalent to

L _Ao=S(9)
5700

Setting v = S~2(¢) and replacing A by c; in (145), one gets (143). Substituting (143) and ¢ = S?(v) in (116)
for p = 2, one obtains an equation equivalent to (144).

(145)

Example 7. Consider the case
d=3, m=1, k =1, G:g(?),cl,l)%GLg(C), c1 € C,

and the standard transitive action of the group G = GL3(C) on the 2-dimensional complex projective space
CP?. So M = CP? in this example.
According to Remark 16, to apply Theorem 1, one needs to find an Hj-left-invariant function z on an

open dense subset of CP? such that conditions (63), (64) hold for G/H = CP? and r = dim G/H = 2.

Recall that in Example 6 we have considered the space C? with coordinates a', o?, o®. Now we regard

al, o2, o® as homogeneous coordinates for the projective space CP2.

Then y' = a?/al, y? = a?/al are affine coordinates on the open dense subset
V={(a':a’:a®) e CP?*| a' #0} C CP

As the group Hj is of the form (133), the function z = y! = o?/a! is Hj-left-invariant. Using formula (135)
and the notation z, = S¥(2) for k € Z, we obtain

2 2 3 2
Q@ Q@ Q@ y
146 e e ]':A—f ::S ::S(A—) = — ,
( ) 20 z Yy 21 (Z) ol 01041 + a2 e+ yl

(147) 2 =8%(2) = 8(2) = S(a?) _ —ual B —u
2 = — o= aS(al) +8(a2)  elcial +a?)+ a3 (e +20)(er +21)

Recall that in this example we have r = 2. Since the differentials of the functions z and S(z) are linearly
independent, condition (63) is valid. Equation (147) shows that condition (64) is valid as well. Therefore,
using Theorem 1, we obtain an MT as follows. From (147) one gets

(148) u = —z(c1 + 20)(c1 + 21).
Using (136) and (146), we obtain

a’ ((a?)al — a?Dy(al
b =) - DR DI

( —cru_sat + (u_q + u)a2)a1 — aQ((ci” +u_g+u_q1)al +c2a? + cla3)

(ah)?

=wuzp — u—2(c1 + 20) — zoc1(c1 + 20)(c1 + 21).



MIURA-TYPE TRANSFORMATIONS AND LIE GROUP ACTIONS 23
Equation (148) yields u—y = S™2( — 2z2(c1 + 20)(c1 + 21)) = —z0(e1 + 2—2)(c1 + 2-1). Substituting this
and (148) in (149), we get
(150) Dy(2) = z0(c1 + 20) ((e1 4 2—2)(c1 + 2—1) — (c1 + 21) (€1 + 22)).

According to Theorem 1, to obtain an MT, we need to replace z by vy for all k € Z in (148), (150). Thus
we get the following result. For any ¢; € C, the formula

(151) u=—vz(c1 +v)(c1 +v1)
determines an MT from the equation
(152) vy =v(er +v)((e1 +v=2)(c1 +v-1) — (e1 + v1)(c1 +v2))

to equation (117). This MT is equivalent to a known MT. Indeed, set © = v+¢;. Then formulas (151), (152)
can be written as

(153) u = —(Ug — ¢1)001,

(154) O = (0 — ¢1)0(0_20_1 — 0102).

As Yu. B. Suris told us, equation (154) and the MT (153) are well known.

Example 8. Now consider the case
d=3, m=2, ki=k =1 G= g(3,01, 1) X g(B,CQ, 1) = GLS((C) X GLg(C), c1,co € C.

Using the standard transitive action of GL3(C) on CP?, we obtain a transitive action of the group G =
GL3(C) x GL3(C) on M = CP? x CP?.
According to Remark 16, to apply Theorem 1, we need to find an Hs-left-invariant function z on an open
dense subset of CP? x CP? such that conditions (63), (64) hold for G/H = CP? x CP? and r = dim G/H = 4.
As has been said in Example 7, we regard o', o, a® as homogeneous coordinates for the 2-dimensional
projective space CP?. We introduce also homogeneous coordinates 8!, 32, 8% for another copy of CP2.
Similarly to (135), (136), one has the formulas

g a 1 0\ /B!
(155) S(p2]l=10 0 1| (8],
33 —u 0 0) \g8
Bl A tuotu, c? a1 Bl
(156) D | %] = —ClU_9 U_1+u 0 B2
33 —cu_q —clu_1 u+ug 33

Recall that, according to Section 2.2, the group G consists of GL4(C)-valued functions of A, and in the
present example we have d = 3.
As has been computed above, the subgroup Hs C G for the DLR (131), (132) consists of the matrix-

as 0 a4)\
functions | 0 as 0 | € G for all a1, as,a3,a4 € C, a1,a2,a3 # 0.
0 0 al

When we speak about Hs-left-invariant functions on open subsets of CP? x CP?, we need to consider
the action of Hz on CP? x CP? that is determined by the embedding p(H3) C G and the action of G on
CP? x CP?, where the homomorphism p: G — G is defined by (55), (56).

According to (55), (56), one has

as 0 a4/\ as 0 a4C1 as 0 a4Co
P 0 as 0 = 0 a9 0 ,1 0 ag 0 € GLg(C) X GLg((C) ~G.
0 0 al 0 0 al 0 0 al
Therefore, the action of Hs on CP? x CP? is as follows
az 0  agA al Bl asal + agcia’ azft + agca B3
0 ax 0 |- a? |, | p? = aze® . as3?
0 0 a ad 33 arad a1 8?
2233

This formula implies that the function z = 5 is H-left-invariant.

a3
Consider the affine coordinates

1 2 1 2
1@ 2 @ 4_5 Az_ﬁ
(157) q R q o3 q —@7 q —@
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on the open dense subset W C CP? x CP? where o3, 3% # 0.
2 3 2
Q@
Using (135), (155), (157), and the formula z = 3g2 = %, one can express the functions S¥(z), k =
« q
0,1,2,3, in terms of ¢*, ¢, ¢', ¢>. These expressions show that condition (63) is valid.

Set 2, = S¥(2) for k € Z. Similarly to the previous examples, one obtains a formula of the form z;, =
S*(z) = F(zg, 21, 22, 23, u) with some rational function F', which depends nontrivially on u, so condition (64)
is valid as well. From the equation z4 = F(zo, 21, 22, 23, u) one can express u in terms of zg, 21, 22, 23, 24 as
follows

_ m23(c124 — ¢2)(c22021 — c1)(c22122 — 1)
(202122 — 1)(212223 — 1) (222324 — 1)

(158)

Similarly to the computation of D;(z) in Example 7, using formulas (136), (156), (158), one can obtain
the following

222021 — 2129)(C2 — C120)(C2202—1 — C1)(C2Z2021 — C1
Diz) = 20t ) ) ) )

159
( ) (Zoz_gz_l — 1)(2’02’_12’1 — 1)(2’02122 — 1)

According to Theorem 1, to obtain an MT, we need to replace z; by vy for all k € Z in (158), (159),
which gives the following result. For any ci, cs € C, the formula

_ vov3(c1vg — 2)(covvy — 1) (covivy — 1)

(160) (UU1U2 — 1)(1)1112213 — 1)(U2U3U4 - 1)

determines an MT from the equation

v(v_gv_1 — v10V2)(c2 — c1v)(covv_1 — ¢1)(c2vV1 — €1)
(vv_gv_1 — 1)(vv_qv1 — 1)(vvrve — 1)

(161) v =

to equation (117).

Equation (161) and the MT (160) with arbitrary c1,co € C seem to be new.

In the case ¢c; = 0 equation (161) is equivalent (via scaling) to a particular case of equation (17.8.24)
from [18, Section 17] and to equation (43a) from [12, Section 4]. The MT (160) for c2 = 0 can be extracted
from the results of [18, Section 17] and [12, Section 4] as well.

In the case ¢; = ¢ # 0 equation (161) can be transformed (by scaling of ¢ and a linear-fractional
transformation of v) to equation (3.4) from the arxiv version of [15]. Note that equation (3.3b) from the
journal version of [15] is supposed to be the same as equation (3.4) from the arxiv version of [15], but there
is a misprint in equation (3.3b) in the journal version of [15].

Recall that the MT (160) has been constructed from the DLR (128). Note that the order of the MT (160)
is higher than the size of the matrices in the DLR (128). Indeed, the MT (160) is of order 4, while the
matrices (128) are of size 3.

Recall that in this example we consider the case p = 2. See Section 3.2 for a discussion of an analogue
of (161), (160) for arbitrary p € Zs( and its relations with some formulas of Yu. B. Suris.

3.2. The case of arbitrary p. Recall that we have obtained the 3 x 3 matrix DLR (128) for equation (117)
from system (115), (116) for p = 2. Analogously, one can obtain a (p + 1) x (p + 1) matrix DLR for
equation (114) from system (115), (116) for arbitrary p € Zsy.

Then one can construct MTs for equation (114), using this DLR, Theorem 1, and Remark 16. An MT
constructed in this way is discussed below.

In Example 8 we have studied the case

p:2, d:?), m:2, k1:k2:1,
G =G(3,c1,1) x G(3,¢2,1) =2 GL3(C) x GL3(C), ci,c2 € C.

Using the standard transitive action of G = GL3(C) x GL3(C) on CP? x CP?, in Example 8 we have obtained
the MT (160), (161).

Let us generalize this to the case of arbitrary p € Z~g. Since the corresponding computations are very
similar to those in Section 3.1, we present only the final result. Let

p € Lo, d=p+1, m =2, k1 =ko =1,
G = Q(p—i— 1, cq, 1) X g(p—i— 1, ca, 1) = GLp+1((C) X GLp+1((C), c1,co € C.
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Similarly to Example 8, using the standard transitive action of G = GLp41(C) x GLp4+1(C) on CP? x CP?,
one can obtain the following. For any c¢1,co € C, the formula

(crvap — e2) (TT175, " vi) TTEZo <62(H§3§71 vj) — Cl)
o (—1+ H;Z v))

(162) u=

determines an MT from the equation
vlez = e0) (TT-y v-s = Ty ) TG (e2(ITiirips) — 1)

?:0 ( -1+ H;:ifp vj)
to equation (114). Formulas (162), (163) are a generalization of (160), (161) to the case of arbitrary
p € Zso. The fact that (162) is indeed an MT from (163) to (114) can also be checked by a straightforward
computation.

Equation (163) and the MT (162) with arbitrary c¢;,c2 € C seem to be new. In the case co = 0 equa-
tion (163) is equivalent to equation (17.8.24) from [18, Section 17] via scaling of the variables.

We showed (162), (163) to Yu. B. Suris, and he told us that this MT can be written in a more symmetric
form as follows. Let «, 8 be complex parameters. Consider the following differential-difference equations for
scalar functions w = w(n,t) and v = v(n,t)

(163) v =

p p

(164) wy = w(a+ 5w)<Hwi — Hw_i>,
i=1 i=1

r - I (1 + ol vj-)
(165) vy = v(o+ Bv)( v; — U—i) J=1 = )
E E j=o(l = BTz vji)
Equation (164) is connected with (114) by the MT
p—1

(166) u=(a+ pwp) [ [ wi
=0

It is easy to check that equations (164), (165) are connected by the MT
1 b v
w :U—+aH2:1’U Z.
1-p5 Hf:o V—j
In the case 8 # 0, equation (165) is equivalent to (163) via scaling, and the composition of the MT's (166), (167)
is equivalent (up to a shift and scaling) to the MT (162).
As Yu. B. Suris told us, equation (164) and the MT (166) are well known. Formulas (165), (167) with

arbitrary a,f € C seem to be new. In the cases («,5) = (1,0) and (o, 8) = (0,1) formulas equivalent
to (165), (167) can be found in [18, Section 17].

(167)

Remark 18. Svinin [17] constructed the equation

u 1
(168) ve=]]

U—j = U—jtp+1

j=1
and the MT

2p 1
(169) uw=]]

Ly — v jpt
j=p 0TI Jj+p+

connecting (168) with (114). It would be interesting to find out whether the MT (169) can be constructed
by the method of the present paper.

4. MTS FOR THE TODA LATTICE IN THE FLASCHKA-MANAKOV COORDINATES
The Toda lattice equation for a scalar function g = ¢(n, t)

(170) gir = exp(q1 — q) — exp(q — ¢-1); a=qn+11t), ga1=qn-11),
can be rewritten in the evolution form (24) for a two-component vector-function u = (u!, u?) as follows [4, 9].
Set u! = exp(q1 — ¢) and u? = ¢;. Then (170) implies

(171) uf = ut(u? — u?), ul =ut —uty.

System (171) is called the Toda lattice in the Flaschka-Manakov coordinates.
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It is known (see, e.g., [8]) that the following matrices form a DLR for (171)

Atu? ot 0 —ul
(172) M_< ‘S O), u_<1 Hu2>.
The equation 9(M) = S(U)M — MU is equivalent to (171).

To construct MTs by means of the method described in Section 2, we need a DLR M, U such that M
depends only on u’ and A. The matrix M in (172) is not of this type, because it depends on u2. But this
can be easily overcome as follows.

We relabel u? := u? and u' := u'. After this change of variables, system (171) and the DLR (172) become

(173) up = u' (u? —u?y), up = uy —u',
)\ + U2 Ul O —ul
1.2 4y _ B
(174) M(u,u,)\)_< o O)’ u_(l At )
According to (37), for the DLR (174), the group H; is generated by the matrix-functions
-1 =12 9 -1
(17s) Mt i) Mot a7 = (5 A

Note that the right-hand side of (175) can be simplified by the following conjugation

il _ i -1 il -
L (B BEaeaG o0 (1) (5 -,
01 0 1 0 1 0 1

Therefore, it makes sense to consider the following gauge-equivalent DLR

-1
~ (1 A 1 9 1 A (u? ub =P
-1
~ (1A 1 A o awE —dd
(177) U= (0 1> u- (0 1> - <1 u?, >
For this DLR, the group H; consists of the constant matrix-functions %1 af for all ai,as € C, ay # 0.

Let us construct some MTs for (173), using Theorem 2. Recall that G is given by (42). Using the notation
from Section 2.2, consider the case d =2, m =1, k1 =1, ¢; € C. Then

w%? w%g 10,10 10, .10 ~
(178) G=0G2,c,1)= 10,00 ) | wiiwey — wajwis # 0 = GLo(C).

Wa1 Wag

We set also H = 1, where 1 € G is the identity element. Since in the product

1 1
(al az) (wl? w18>
0,10
0 1 Wy  Wag
the wi? and wi) components do not change, the functions 2! = wi? and 22 = wl) are Hj-left-invariant. As

the subgroup H C G is trivial, these functions are also H-right-invariant.
For the DLR (176), (177) and the group (178), formulas (43), (44) become

10 10 2 1 _ 2 10 10
wyp W u® u —u A\ [wiy] w
(179) sl wd) = (1 Y (b ). a-a-o
War  Wa3 War Wi
10 10 2 1 10 10
wiy w A Adut, —u wiy w
(150) D (ol wl) = (3 ) (G ). ama-o
Wy  Wa2 u_q W1 Wi
Using formula (179) and the notation z; = S*(z1), 22 = §*(2?) for k € Z, we obtain
(181) 2=z = wy, 21 = 8(2") = S(wy)) = crwyy —wnf,
(182) 27 = 8%(2') = 8(21) = ctwy} — crw] — wiwy] — wlwi) + crutwy],
(183) 2 = 2 = wy, 2i = 8(2%) = S(wzp) = crwy — wy,
(184) 22 = 8%(2%) = 8(2%) = Awd) — cqwi — vPwid — vrwd) + cjutwid.

Equations (181), (183) imply that 28, 21, 22, 2? form a system of coordinates for G, so condition (101) is
valid for dy = dg = 1. Formulas (182), (184) show that condition (102) is valid as well.
From (181), (182), (183), (184) one can express u', u? in terms of 2§, 21, 23, 2%, 23, 23 as follows

1,2 1,2 1,2 1,2
(185) L W > = —cy + 20%2 — #2340
- 1.2 1,2° - A 1,2 1,2°

2170 — *0”1 20”1 T R140
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Using formulas (180), (185), we can compute D;(z'), D;(z?) and get

1 1.2 1,2 2 1,2 1,2
z2oq (2527 — 212 22 (2527 — 2712

(186) Dt(zl) — —i( 02 1 . 12 0), Dt(Z2) — —i( 02 1 . 12 0)
zlq25 — zgzt, zZli25 — 2524,

According to Theorem 2, to obtain an MT, we need to replace z}c by Uz for all ¢ = 1,2 and k € Z
n (185), (186). (And we can use the identification v} = v!, v = v?%))
This gives the following result. For any ¢; € C, the formulas

1,2 1,2 1,2 1,2
o .
determine an MT from
(188) ol = vii(vl;)% 11)%21)2)7 o2 = v%i(vl;ﬂ 11)%2112)
vl v? —olv?, vl v? —olv?,
o (173). We cannot find (187), (188) in the existing literature, so this MT may be new.

According to the above notation, v! = z! = wi? and v? = 22 = wlY, where w?, wiY satisfy (179), (180).

Therefore, solutions of system (188) can be obtained from solutions of system (173) as follows. For a given
solution u!(n,t), u®(n,t) of system (173), one needs to solve the auxiliary linear system (179), (180) for the

functions wzljo(n, t), 4,7 = 1,2, and then one can take v!(n,t) = wil(n,t), v¥(n,t) = wid(n,t).

For example, consider the constant solution u!(n,t) = u?(n,t) = 1 of (173), and set A = ¢; = 1. Then,
solving (179), (180) in the case u'(n,t) = u?(n,t) = A = 1, we obtain

wil =brel,  wi) =boe!, wil = (b1t + by — nby)el,  wi) = (bot + by — nby)e!
where by, b, b3, by are arbitrary constants. Then
vl(n,t) = wid = (b1t + by — nby)e’, v2(n,t) = wag = (bat + by — nby)e!

is a solution of system (188).

5. MTs FOR ADLER-POSTNIKOV LATTICES

In what follows, difference operators are polynomials in S, S71.
Adler and Postnikov [1] studied integrable hierarchies of differential-difference equations associated with
spectral problems of the form

(189) Py = AQv,

where P, @ are difference operators and ¢ = 1)(n,t) is a scalar function.
Such hierarchies are constructed in [1] as follows. One considers the Lax type equations

(190) P, =BP — PA, Q: = BQ — QA
for some difference operators P, @, A, B. Then the equation
(191) Y= Ay

is compatible with (189) modulo (190). For certain fixed operators P and @), Adler and Postnikov [1] find an
infinite collection of operators A, B so that (190) becomes a commutative hierarchy of differential-difference
equations.

Recall that in Section 2.3 we have described a method to construct MTs for differential-difference equations
possessing DLRs of the form (30). This method is applicable to equations presented in [1]. To illustrate
this, let us consider the following operators from [1, Section 5]

(192) P=u'S*+S, Q=8+’
(193) A" =uigur ST+ g+ f o, B™ =u?u?S72 +f 4 +f,
(194) At = u1,2u1,182 +g_,+8, BT =u u1$2 +g+ g,

where f = u'udul, g=ulyul u? £ =8*f), g, =S(g) forkecZ.

Following [1], we consider equations (190), (191) in the case A = A=, B = B~ and in the case A = AT,
B = BT, In these cases, the variable ¢ is denoted by ¢~ and t* respectively.

The system P,- = B"P — PA™, Q- = B~Q — QA is equivalent to
ui = ul(foq — 1),

195
(195) ul = uP(f+fg —fo—f3—uf+u?y).
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The system P+ = BTP — PA"Y, Q. = BTQ — QAT is equivalent to

ups = u'(g+ 8 — 8 — 83 — uly +uy),

upy = u* (g — g_1)-

Let us construct matrix DLRs for the differential-difference equations (195) and (196). Set

(197) Pt =1, p? =S(v), P =S*(y).
Using (189), (192), and (197), one gets

(196)

ol 0 1 0\ /¢
(198) Sl =1 0 0 1 ©?

¢ Dy o 7 U
Using formulas (193), (197) and equation (191) for A = A~, t =t~, we obtain
(199) O (1) = - = A7 = uZyu2 | ST2() + (fo3 + £-2)),
(200) - (%) = S(thy-) = u?1u* ST () + (f2 + £1)S(v),
(201) 0-(¢°) = S*(Wy-) = wuie + (f1 + HS*(Y).

Applying the operators S7! and S72 to (198), one can express the functions S71(1)) = S7!(p!) and
S72(¢Y) = S72(p!) in terms of o', p?, 3. Substituting these expressions and ¢ = ¢! in the right-hand
sides of (199), (200), (201), we get

1,2
u_yus =1 u

o fa+fo—u? +5% LELLE XL oL
2,1
(202) O 902 = u? 4o+ f * ©*
7 2 3
® uug 0 f+£f 4 ®
The equations Py = A\Qv and .- = A7 are compatible modulo the system
P, =B P-PA", Q- =B Q-QA",

which is equivalent to (195). Since (198) and (202) have been obtained from the equations Py = \Q,
- = A7), we see that system (198), (202) is compatible modulo (195).
Therefore, the matrices

0 1 0
M=[0 0 1],
2 L
(203) M T
1,2
fat+fo—ul +4 =20 i
Z/[_ et ’U,72 _u2 + f_Q + f_l qu;,\l_l
uQ/\u% 0 f+f 4

form a DLR for (195). The equation ;- (M) = S(U~)M — MU~ is equivalent to (195).
Similarly, using the equations Py = AQv and 1+ = A1), one gets the following DLR for (196)
1,1

0 1 0 g+g 0 U 9U
(204) M={ 0 0 1], Ut = ?uly, g+g —uty ul
g -L X Mu? A(wlui—1) N —ul4g +g

Recall that the groups Hy, k € Z>¢, corresponding to a DLR (30) are determined by the matrix M. Using
M from (203), (204), one obtains the following results on the corresponding groups Hy, Hp.

1 0 0
e The group Hj consists of the matrix-functions | 0 1 0 | for all aj,a0 € C, as # 0.
ar —aA\ as
1 0 0

e The group Hy consists of the matrix-functions | ag1(A) a@22(X) ag3(A) | for some scalar functions
az1(A) az2(A) ass(A)
a;i(A), 1=2,3, j =1,2,3. (We do not need the explicit form of these functions.)
Let us construct some MTs for systems (195) and (196), using Theorem 2 and Remark 16.
Since (195) and (196) are two-component systems, we have N = 2. Using the notation from Section 2.2,
consider the case

d=3, m=2 ki=k =1 G= g(3,61, 1) X 9(3,@, 1) = GLg((C) X GLg((C), c1,c9 € C.
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The standard transitive actions of GL3(C) on the manifolds C?\ {0} and CP? give a transitive action of
G = GL3(C) x GL3(C) on M = (C?\ {0}) x CP?%. We take H C G to be the stabilizer subgroup of a
point € M, so H is given by (113). Then G/H = M.

We are going to apply Theorem 2 in the case di = 2, do = 1. According to Remark 16 and Theorem 2,
we need to find an Hy-left-invariant function z! and an Hy-left-invariant function z? on an open dense subset
of the manifold (C3\ {0}) x CP? such that conditions (101), (102) hold for G/H = (C3\ {0}) x CP? and
r=dimG/H = 5.

Let !, a2, a® be coordinates on C3\ {0} and 3!, 3%, 32 be homogeneous coordinates on the projective
space CP2. The above results on the structure of H; and Hy imply that the function z! = a' is Hy-left-
invariant and the function 22 = 5'/3? is Hj-left-invariant.

A straightforward computation shows that conditions (101), (102) are satisfied, so we can apply Theo-
rem 2. This gives the following result. For any c1,co € C, the formulas

2 2,2 (.1 1 1 2 1 1,2 2 1

1Y (czv V7] (vl — 01v2) + c1v (CQ — ’1)1)) 9 —C1Uy + v305 (C2 — vl) + v
(205) - 1 1,229 ; w = 1 1,2,2,92
C1V" — CaU3V*VIV; C1U* — CoU3V*VIV;

determine an MT from the equation

v =o' (uloulju? +ulgul yu? ) +vgul Huly,
(206) 2 —cv}(v?)?ul ju? + 02 (viul gut pu? ) — uly (2 +0f (uluf—1))) +ulyuty
- = )
vy

to (195), and from the equation

1 c1vi (u1_2u2_1 - 1) + ot (C%’LLZ_I (u1_2u2 +ubgu?, — 1) + 1) +viut,

'Ut+ = c% 7
—c2(v?)?u? + 02 (Bu? | (ulqu?, — 1) + u? (1 —ul ju?) +1
(207) o = (c3u, ( 3c§ ) + cgu ( ) +1)
vicy (u1_2u2_1 -1)+ ul (1 - CQ’UQUQ)
c2v?
2V

to (196). In formulas (206), (207), one has ui = S¥(u') and u? = S*(u?) for k € Z, where u!, u? are given
by (205). For example, according to (205),

1 1,2 2 1 1 1,,2 2 1
2 1, 2 1 _01U2+U3U2 (02_U1)+U1 —C1vy] + vyvy (CQ—U)—I—U
uy =5 (W) =S 1 1,22 2 = T T3 .22
c1v! — cavavviv c1vt ;. — covav? jv32v
3 1%2 1 2 1 1

6. CONCLUSION

In this paper, we have presented a geometric method to construct Miura-type transformations (MTs)
and modified equations for differential-difference (lattice) equations, including multicomponent ones. We
construct MTs and modified equations from invariants of certain Lie group actions on manifolds associated
with matrix Darboux-Lax representations (DLRs) of differential-difference equations.

Using this construction, from a given suitable DLR one can obtain many MTs of different orders. As has
been shown in Example 8, the order of the obtained MTs may be higher than the size of the matrices in the
DLR.

Applying this method to DLRs of the Volterra, Narita-Itoh-Bogoyavlensky, Toda lattices, and Adler-
Postnikov lattices from [1], we have constructed a number of MTs and modified lattice equations. The MTs
(160), (162), (187), (205) and modified equations (161), (163), (188), (206), (207) seem to be new.

The described method to construct MT's can help in solving classification problems for integrable differential-
difference equations. Indeed, when one tries to classify a certain class of such equations, one often finds a
few basic equations such that all other equations from the considered class can be obtained from the basic
ones by means of MTs [20]. Therefore, systematic methods to construct MTs can help in obtaining such
classification results.

In Section 2, for any given DLR of the form (30) we have defined an increasing sequence of groups Hy,
k € Z>o. As has been shown in Section 2, these groups play a crucial role in the construction of MTs. In
Sections 2, 3, 4, 5, we have computed Hj for some small values of k& for a number of DLRs, and this has
allowed us to construct the above-mentioned MTs.

It would be interesting to compute the groups Hj for higher values of k, because this may give many
new kinds of MTs. Also, it would be interesting to try to describe all MTs that can be constructed by
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the presented method for some well-known DLRs (such as the DLRs of the Narita-Itoh-Bogoyavlensky and
Toda lattices).

It is well known that auto-Bécklund transformations can often be obtained as compositions of MTs.
Therefore, it is natural to ask the following question: when can one obtain auto-Backlund transformations,
using MTs constructed by the presented method?

We leave these problems for future work.
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