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Efficient Two-Dimensional Direction of Arrival
Estimation for a Mixture of Circular and
Noncircular Sources

Hua Chen, Chunping Hou, Wei Lilgenior Member, IEEEWei-Ping Zhu,Senior
Member, IEEEand M.N.S. Swamyiellow, IEEE

Abstract—In this paper, the two-dimensional (2-D) direction- to [4]; based on [13], the estimation accuracy was also
of-arrival (DOA) estimation problem for a mixture of circul ar  improved with the conjugate information of the observedadat
and non-circular sources is considered. In particular, we écus on for L-shaped ULAs in [27]. By employing non-circular signal

a 2-D array structure consisting of two parallel uniform linear . . .
arrays (ULAs) and build a general array model with mixed constellations, Roemer and Haardt proposed a DOA estimatio

circular and non-circular sources. The received array dataand algorithm for a regular-hexagonal shaped ESPAR array, with
its conjugate counterparts are combined together to form a Bw  a detailed analysis of the Cramer-Rao bound (CRB) [28].

data vector, based on which a series of 2-D DOA estimators A more general problem is that the impinging signals to
are derived. Compared to existing methods, the proposed one iha array are a mixture of circular and non-circular oneshsu

has three main advantages. Firstly, it can give a more accuta - . . .
estimation in situations where the number of sources is witm 25 @ Mixture of quadrature phase shift keying (QPSK) signals

the traditional limit of high resolution methods; secondly, it can  (Circular) and binary phase shift keying (BPSK) signalsnto
still work effectively when the number of mixed signals is lager ~ circular). This problem has been studied for DOA estimation

than that of the array elements; thirdly, the paired 2-D DOAs  of 1-D arrays and several approaches have been proposed [29—

of the proposed method can be obtained automatically withou 31]. In [29], a new data vector was formed by combining

the complicated 2-D spectrum peak search and therefore has a . . . .

much lower computational complexity. the_ original data_ anq its _co_njugate version to constrl_Jct two
estimators for direction finding of circular and non-ciul

signals, respectively. However, it can not deal with thebpgm

when the DOAs of the circular and non-circular signals are

coincident, and a small angle separation between them will

. INTRODUCTION lead to severe performance degradation. An improved algo-

HE estimation of two-dimensional (2-D) direction of ar/ithm was then proposed in [30], which estimates the DOAs of
T rival (DOA) is an important area of array signal proces&ireular and non-circular signals separately by explgitine
ing and has received much attention in past years [1, 2]. Maﬁgerence between the circularity properties of the .signa
effective methods and algorithms have been proposed based'gvertheless, when the number of data samples is small,
different array structures, such as two-parallel unifoimear [tS DOA estimation performance will degrade. In [31], the
arrays (ULAs) [3-7], L-shaped ULAs [8-13], and uniformProblem was solved using a sparse representation algqrithm
rectangular arrays (URAs) [14—16]. which employs overcomplete dictionaries subject to sparsi

In most traditional DOA estimation algorithms, only théfonstraints to jointly represent the covariance and elipt

traditional covariance matrix is considered which chardges Covariance matrices of the array output. However, to our
the circular Gaussian distribution and in recent yearspoa ~ P€st knowledge, the 2-D DOA estimation problem for mixed
estimation problem for non-circular signals has attractede Circular and non-circular impinging signals has not yetroee

and more attention, first for one-dimensional (1-D) or line@ddressed in literature. -

arrays [17-25], and then extended to the 2-D case [26-2g]!n this paper, we fill this gap and study the problem based
By exploiting this additional noncircularity informatipran O the 2-D structure consisting of two parallel ULAs. Stegti
improved performance can be achieved for both 1-D and 2ffgm the non-circular signal only formulations in [26], westi
DOA estimation. In particular, in [26], Liu. et al proposeUild @ general array model to accommodate the case with
an ERARE method for noncircular sources based on twglixed circular and non-circular signals and then propose a

parallel ULAs, with improved estimation accuracy compargdPVel method for 2-D DOA estimation. One advantage of the
proposed method is that it can give a more accurate estimatio
This work is supported by the National 863 Programs undemGfiso. in situations where the number of sources is within the

2015AA01A706) and China Scholarship Council (CSC). traditional limit of high resolution methods in [3]; secdpdt
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gineering, Tianjin University, China, 300072. (e-mailctienhua@tju.edu.cn.) can still work eﬁeCt'Vely when the number_ of mixed S'Qnads !
Wei Liu is with the Department of Electronic and Electricahdiheering, larger than that of the array elements; thirdly, the pairdd 2

University of Sheffield, Sheffield S1 3JD, UK. (e-mail: w@sheffield.ac.uk). DOAs of the proposed method can be obtained automatically
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Canada. (e-mail: weiping@ece.concordia.ca; swamy@aueocdia.ca). simulation results will be provided to show the performance
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the kth signal We assume,, ;.(t) is a strictly noncircular (rectilinear) sig-

g nal [32,33]. Then it can be expressedsas, (t) = by k5n.x (1),
wheres,, «(t) is a real signal, and,, ,, = e/%=(k =1, ..., K,,)
is an arbitrary phase shift for the signal.

IIl. THE PROPOSEDMETHOD

In this section, the 2-D DOA estimation algorithm for a
general mixture of circular and non-circular signals inging
on the two parallel ULAs is derived in detail, based on the
observed data coupled with its conjugate counterparts.

Fig. 1. Geometry of the array model.

of our proposed method.

Throughout the papet;)*, (-)7, (-)~! and ()" represent _
conjugation, transpose, inverse and conjugate transpese, BY concatenating the observed data vectdy andy(?),
spectively.E(-) is the expectation operatiodiag (-) stands for We define a new data vecta(t) as follows
the diagonalization operatioh; denotes the x p dimensional X(t) A(6)
identity matrix; deft| is the determinant of a matrix. = [ y(t) } = [

A. General array model

A@wm]%@+{$8] 6)

Il. PROBLEM FORMULATION =C(0,8)Bs(t) + n(t).

As shown in Fig.1, suppose that there &fe= K, + K, un-  FOr simplifie_d not_ation, the pa_ir of angles, 3) tog_ether
correlated far-field sources impinging upon the array it with ¢ are omitted in the following when not causing any

noncircular sources,, ;(¢) and K, circular sourcess. x(t), confusion. _ _ _
from directions(6y, 8x),k = 1,2, ..., K. The array consists In (6), C(¢, 5) is named as the extended steering vector with

of two parallel ULAs with each one havin/ elements. The €ach column denoted a0, ) , which can be expressed as
@stance between t_he two ULAs 2, Qenoted ad,, and t_he C=1[ Ci(0n:Bn) Ca(be,5.) ] @)
inter-element spacing, for each ULA is alsa\/2, where\ is

the wavelength of the incident waves. The additive noises \where

the two ULAs are circular Gaussian with zero mean and vari- . [ a(6,,1) a0, x,)

anceo?, which are uncorrelated with the impinging signals. ~* = | a(0,1)v(8n1)  aln.x,)v(Bn.k,)

The output data vectors(t) = [x1(t), z2(¢),...,xm(t)] and | ana an. K,

y(t) = [y1(t),y2(t),...,ym(t)] of the two ULAs at sample T @uaten @k, Unk,

can be modeled as 00 0orc) (8)

- o a c,1 . a c, K.

X(t) = AS(t) + n. (1) 1) C2= 1 a0 )0(Ben) a0 5. )v(Be.x.) }
y(t) = ABS(t) +n,(t) () — | e U

where A is the steering matrix with each column denoted Be,10e,1 Ber Ve, e 9)

by a(6), givezqdby a(Q;;) = [ao(Ok), - -- s am—1(0x)]" with  are20/ x K,, and2M x K. matrices, respectively.
a;() = e IXdWeosbi B(B) is termed as the steering  Then, another new data vectzris defined by combining

element matrix given b = diag[v(51),v(B2), .-, v(B)], the vectorz and its conjugate counterpart as follows
with v(B) = e X dweosbe n, (t) = [np1(t),...,nem®)]? .

and n,(t) = [ny1(t),...,nym(t)]T represent the circu- y { Z* } _ [ Cst* } i [ n* } —Cs+n  (10)
lar Gaussian noise vectors of the two arrays, respectively, z C'B s n

and é(t) = [Sn,l (t), ey S K, (t), Se,1 (t), vy Se K, (t)]T is the

mixed source signal vector which has the following form whereC is a4M x (K, + 2K.) matrix, i.e.,

. é - [én,la"'aén,KnvéC,lv"'7éC,KC] (11)
§(t) = Bs(t 3
| (t) = Bslt) ®
In (3), B is given by
b Ay, k
. o ok Ay, kUn,k
B=diag |bn1, .., bnsc,, 1,1 Cok = a:‘; ’ (12)
—— 4 b* Kk
) Ke ) ok a, kU k
= [ Bol ; } being a4M x 1 vector ¢ =1,2,...,K,), and
2
where B, = diag[bn.1,..,bnx,], B2 = |k, and s(t) is .k 8MX1
defined as éc,k _ acc),kvc,k é\éXl (13)
M x1 ek

S() = (51 (£)s oo B (8), 5018y o Se.ic, (O] (5) Onr a7,

(&
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being a4dM x 2 matrix k = 1,2, ..., K.), rewritten as
é: [Sn,la---7877,,Kn780,17szla"'aSc,KcaS:KC]T (14) — Efénk
. [ by« an k
isa(K, +2K,.) x 1 vector, and e n, B U
" * a:.,k
o n bn k * *
n= { o ] (15) L 7\ @ kUnk
b k( anr  Onrxi > < 1 )
™ 0 Up,
is a4M x 1 vector. =E/ o A *
. a,r  Omxa 1
Based on the above general array model, the proposed by k ' * *
. N . : Onrxa &,y Unk
method is derived in the following section. T a, ’ 11 s
Sk n,k
_EH An.k bn kVn, k
o a, k by k
B. Main method i x| L bnavnk
™ . ix of is diven b [ ank 17 1 0
e covariance matrix of is given by e a, Vo 0 bk
. P T &, 0 1 | [ b,
R = E[z2"] = CR,C + o’I4y (16) I a, |l 0 v,
' (20)
whereR, = E[&"] is the covariance matrix af Defining a4 M x 4 matrix €2(6) which is only related td@
Remark 1: In practice, only a finite number of observed a(0)
data is available. Thus? is estimated by a(0)
Q) = . (21)
L a*(0) o
%) - o v H a.>k 9
R~ 2> 202 (0), (17)
=1 and
p.(0) = Q" (0)E.E, (0) (22)

where L denotes the number of snapshots. With less observed
data, there will be a larger error in the estimated covasange obtain the following estimator ovet corresponding to
matrix, which will lead to a degradation in performav\nce. noncircular signals as

Since the signals are not correlated with each ofRglis a
full rank matrix. Then the eigen-value decomposition (EVD)/n(0) = [det(p,,(0))] ! = [det(Q" (0)E,E;/Q2(0))] " (23)
of Ris If searched over the confined region withe [0, 7], the

R = ESZSEf + EnEnEff (18) DOAs ¥, i, of noncircular sources can be obtained from peaks
in f,.
where thetM x (K, +2K.) matrix E; and the4 M x (4M — We then substitute the estimatédof noncircular sources

K, — 2K.) matrix E,, are the signal subspace and nois:uato (20) an_d have t_he following estimator ovéicorrespond-
subspace, respectively. Th&,, +2K.) x (K, +2K,.) matrix ing to noncircular signals
¥, = diag(A1, A2 - - -, A\x) and the(4M — K, —2K ) x (4M —

K, — 2Kc) matrix X, = diag()\K+1,)\K+2 ce ,)\4]\4) are the frll(ﬁ) - [det(p;(ﬁ)))] ' (24)
corresponding diagonal matrices, whexe > Ao > --- > \yhare
Ak > A1 =+ = M\ = o2 are the eigenvalues dt.

Considering that botiC and E, span the signal subspace, P, (8) = ©"(8)2" (0)E,E[l2(0)0(8) (25)

which are orthogonal to the noise subspace spanned by the
matrix E,,, we derive the following estimators to obtain th

. . . - 1 0
2-D DOAs of noncircular and circular signals using the rank- v(8) 0
reduction method. Op)= 0 1 (26)
1) 2-D DOA estimation for noncircular source®ased on 0 v (B)
the orthogonality betweeR,, andc,, j, the following equation
holds for any direction front6,, 1, n %) 2) 2-D DOA estimation for circular sourcesthe orthogo-
' ' nality betweenE,, andC. ; still holds, i.e.
Hg
En ka =0 (19) ac,k OM><1
. EHG  _gH | 8cklek Opx1 | 0 27
In order to avoid the 2-D spectrum peak search related to n ek = En Onrx1 a . - (27)

(0n.k, Bn,k) In @ grid area, together with (13), (19) can be Onrs1 @ o,
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From (27), we have where
A,k T - () H a(0)
I A ey [ a(0)o(p) } EnEn { a(0)v(5) ] 37)
" 0y
Oxii Note that the estimator in (33) is quite similar to the one
in (23) except thak,, 1, half of the noise subspace mati,
and - - is used in (33). However, the way to achieveof noncircular
81‘“1 and circular signals is different. The estimator in (24)auge
E,’j’ 1{“ =0 (29) rank-reduction MUSIC method, while the estimator (36) uses
a*ac{;k* the conventional MUSIC method.
L “c,k%c,k ]

Partitioning the matrixE,, into E,, = [E[},E},]7, where C. Circular and Noncircular Signals Identification

E,; and E,» are two submatrices of the same siz&/ x

In order to discriminate the 2-D DOAs of circular signal
(UM — K, — 2K.), (28) and (29) can be changed to n order to discriminate the s of circular signals

from that of noncircular signals, we consider equation (27)

0 again,
H v
_ { ac,i ] £ E [ ack } 0=E”C,,
ac7kv_c7§ aﬁ,kvc,k ack Oarx1
- { 1 { A,k ] E.EX [ A,k ] { 1 } _EH | Bcklek Oarx1
Vek | ack n ac. k Ve, k on Onrx1 azk
(30) 0 a o
and Mx1 c,kYc,k
ac,k 1
[ A,k o H ac,k : gH Ak Ve, k
0= _( %7k0c7kr> :| (EnZEn2) |:( ac,kvc,k ) :| - =n a;k 1
ar v*
ac i * w \H ac.k e,k e,k
=0= ' E’,(E '
|: ac,kvc,k :| n2( n2) |: ac,kvc,k :| ] (38)
= v
a. k a E B Ak Due to ok 1 # 0, the following equations hold
n [ Ac kVc,k } (BnaBs) Ac K Ve, k ] vl
1 17 ac.k H o\ for circular signals too
= Ve k , a. (EnQEn2)
ai 1 [det(R7 (6 1) ELEXQ(6,4)) 1 =0 (39)
) [ A,k } { Ve,k and
(31)
As shown in Appendix, (30) and (31) are equivalent to each [det(® (8..1) Q2 (0. 1)E.EXQ(0..1)O(B..1))] " = 0.
other. (40)
Here, based on (30), the estimator odecorresponding to It is concluded that the 2-D DOAs of both noncircular and
circular signals is as follows. circular signals can be obtained from (23) and (24), while
Since the estimators (33) and (36) only identify the 2-D DOAs
{ 1 } £0 (32) of circular signals. Therefore, the identification of ciau
Ve, k and noncircular incident signals from their mixtures can be
we have achieved.
fe(0) = [det(p.(6))] (33)
where D. Summary of the proposed algorithm
p.(0) = A" (0)E,..EZ, A(6) (34) The proposed algorithm is summarized as follows:
and 1) Calculate the covariance matrik from the collected
| ack data. B
A0) = { ack } (35) 2) Obtain the noise subspat, by performing EVD to
R

Similarly, the DOAS,. ;, of circular sources can be obtained
from peaks inf. by searching over the confined region only
related tod.

With the estimatedd of circular sources, we substitute
them into (30) and have the following estimator ovér
corresponding to circular signals

3) Use (23) and (24) to estimate tlie 2-D DOAs of the
mixed signals.

4) ObtainE,,; by partitioning the matrixg,,.

5) Use (33) and (36) to estimate tlh&. 2-D DOAs of the
circular signals.

6) Compare the spatial spectrum achieved by 3) and 5) to

f1(B) = (l(p)* (36) identify the K,, 2-D DOAs of the noncircular signals.
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Remark 2: Now we give a complexity analysis in
terms of the number of complex-valued multiplications
of the proposed method including the construction Rof
performing EVD of R and spectral searching. To calculate
R, a computational complexity o® ﬂ(4M)2L) is needed.
Define the scanning interval of € [0, 7] with a stepsize
NG, and 8 € [0,7] with a stepsize/\s, respectively. The
proposed method employs several 1-D spatial spectr
search procedures to obtain the 2-D DOAs of noncircualr and
circular signals, which has a computational complexity o
0 (ﬁ(4M)2 + K25 (AM) + 25 2M) + K. 7 (2M)2), i

lgl% 2. The I/Q diagram of a UQPSK signal with a noncirculatbefficient

N

while two direct 2-D spatial spectrﬁm search
procedures entail a computational complexity of
O (2575 (4AM)” + Z5 25 (2M)?).

Remark 3: When the incident signals are all noncircular
ones, the proposed method will be equivalent to the methc o __
in [26] except that the way to construct the new data veztor -1+ QPSK estimator
is different. B 20 60 e(deg?ge) 100 20 0

Remark 4: It should be mentioned that the number of
columns ofE,, should be no less than 4. Therefode/ —
K, — 2K. > 4 must be satisfied to use (23) and (24). Foi
M elements in each ULA, Xia’s method in [3] can detéct
noncircular ands,. circular signals up td<,,+ K. = 2(M —1),
while our proposed method can estima&t&’,, noncircular
signals for the samé,. of circular signals and therefore, the
total number of incident signals i&,, + 2K, = 4(M — 1);

Spatial Spectrum (dB)

-100

(@0

Spatial Spectrum (dB)

Liu's method in [26] can only distinguish(M —1) noncircular Sof e B
signals. il  Qekesimaer |
Remark 5: In contrast to existing methods, the proposec % w0 s e 7 (D © W0 W @

one has three main advantages. Firstly, it can perform a more ) 5
accurate estimation in situations where the number of gsurc
is within the traditional limit of high resolution methodsec- Fig. 3. Spatial spectrum of the estimators for BPSK and QPigHats with
ondly, it can still work effectively when the number of mixed®NR fixed at 20dB and the number of snapshots being 1500.
signals is larger than that of the sensor elements; thitdgy,
propos_ed method has a_much 'OYV‘” computational .CompIeX'tgrformance compared to the traditional ones due to the
to achieve the automatically paired 2-D DOAs without the | ... e . : :

. ; dditional second order statistics information being eitet
complicated 2-D spectrum peak search. As with other D

L . . ..~ 7In the formulation, the improvement will not be observable
estimation algorithms, when angle separation of the imping

. ) L . or relatively high signal-to-noise ratio (SNR) scenario®
_S|gnals is small, 't. W.'” suffer frpm a high RMSE v_alue anJstrictly noncircular signals present), as already poirdetlin
its performance will improve with a larger separation ang|

as demonstrated in Subsection IV.D. Moreover, although ZTE)S]' One example for such arbitrary non-circular signaftie

spectrum search can be avoided with the proposed aIgorithurﬂbalanceoi quadrature phase shifting keying (UQPSK) bigna

. . N whose complex components in the 1/Q diagram have different
!ts computqnonal complexity is still high and further retion powers, as shown in Fig.2 with a noncircularity coefficieht o
is needed in the future.

0.6. In the next section, we will provide a simulation with a

Remark 6: It should be pointed out that the conclusion . :
about the additional number of source signals which Cgp]|xture of BPSK, UQPSK and QPSK signals,

be resolved by the proposed algorithm is only valid in the
presence of strictly noncircular signals. However, theppsed
algorithm is also applicable to arbitrary non-circularrsts In this section, simulations are performed to illustrate th
with at least one strictly noncircular signal. In this cake t performance of the proposed algorithm. For all simulations
algorithm will treat the arbitrary noncircular signals ¢xding each of the two parallel ULAs has four elements except for
the strictly non-circular one) in the same way as the circuléhe simulationsA.2, D andE, which have five elements. Both
signals. When there is no strictly non-circular signals, i.d, andd, are half wavelength.

K,, =0, we can directly use (27) or (39) and (40) to estimate The mixed circular and non-circular incoming signals have
the directions of arbitrary non-circular signals or a migtef equal power. The power of additive white Gaussian noise
both circular and arbitrary non-circular signals. One niste is o2. The SNR is defined aSNR = 10log,(c?/02).

in theory, although we will be able to achieve an improved/e use root mean square error (RMSE) to evaluate the

IV. SIMULATION RESULTS



IEEE SENSORS JOURNAL 6

o ‘ ‘ ‘ ‘ ‘ ‘ number to 5 with the other parameters the same as in the first

-10- T g 7 . simulation. The results in Fig. 4 (a) and (b) clearly showt tha
. F SRR o ] the proposed method can still work with a mixture of BPSK,
Ejg N F 1 UQPSK and QPSK signals as discussed®amark 6, where
gfso, ‘ i the “UQPSK+QPSK estimator” used equations (39) and (40).
£ -60 b
& 70l 1 B. Performance versus SNR

-8or _— estimator b i I 1 i

oo e etmator 1 In_thls set of simulations, we study the performance with a

2 a0 60 100 120 140 varying SNR from 0dB to 30dB. There are four uncorrelated

80
0 (degree)

signals from directions(60°,50°), (80°,70°), (100°,85°)
and (125°,105°). We consider four cases where one, two,
three and four BPSK signals are considered, respectivaly. T
number of snapshots is 1200. As shown in Fig. 5 (a) and (b),
the proposed method outperforms Xia's method in all cases
because the noise subspace dimension increases by exploiti
the conjugate information of the received data. Moreoves, t
2-D DOA estimation performance of the proposed method
: ; improves from case 1 to case 4, and the reason for this
0} Oe—ges ;Sgigsmas‘gesﬁmm e is that the noise subspace has been extended by increasing
T e e 70 8 %0 1w Lo o 130 the number of BPSK signals. Especially, for case 4 where

P (degree) the incoming signals are all BPSK, the proposed method is

(b) 5 reduced to Liu’s method except that the way to construct the
Fig. 4. Spatial spectrum of the estimators for BPSK, UQPSK @psk NeW data vector is different. Therefore, in this case both
signals with SNR fixed at 20dB and the number of snapshotsyHE00. methods have the same performance.

(@0

Spatial Spectrum (dB)

L L ! C. Performance versus number of snapshots
estimation performance, which is defined as RMSE

K Mo The performance of the proposed method is studied in this
Y [(qu - gk)z] where M, = 100 is the number of part with the number of snapshots varying from 50 to 750.
k=1q¢=1 The SNR is fixed at 15 dB and the other parameters are the

Monte Carlo simulations/ is the number of signals;,» same as in sectioB. The RMSE results for the three methods
is the estimated resuldf or ;) in the qth Monte Carlo are shown in Fig. 6 (a) and (b), and we can draw similar
simulation, and(, is the real value for eithef, or 5. of conclusions as in sectioB.

the kth signal. Besides, Xia's method in [3] and Liu’s method

in [26] are included for comparison. D. Performance versus angle separation
Now the performance of the proposed method is investigated
A. Spatial spectrum of the estimators with the angle separatioA of 2-D DOAs varying from5° to

1) A mixture of BPSK and QPSK signal§o demon- 23°- The SNRs fixed at 20dB and the snapshot number is 800.

strate the resolution performance of the proposed meth&@Ur uncorrelated signals arrive from directiof@°, 40°),
we use five BPSK signals and three QPSK signals and ([ +2)°, (40 + A)°), (100°,75°) and ((100 + A)°, (75 +
total there are eight signals. The BPSK signals are frofy)°)- We consider three cases where one, two and three BPSK
directions (65°,50°), (90°,105°), (50°,60°), (125°,85°) signals are present. Naturally, When angle separation ﬁl,sm
and (30°,115°), while the QPSK signals fronf105°, 95°), all methods WI!| §uffer Wlth.a high RMSE valqe and their
(75°,40°) and (115°,70°). The SNR is 20dB. The numberpen‘orrr!anc.e will improve with a larger separation angle, as
of snapshots is 1500. Fig. 3 (a) and (b) shows the spatfown in Fig. 7 (a) and (b). Moreover, our proposed method
spectrum of the strictly noncircular and circular estinmato@dain has outperformed Xia's method for all three cases.
related tod and g by the proposed algorithm, respectively,
where the “BPSK estimator” uses equations (23) and (24), alRg Deterministic CRB [28] for strictly noncircular signals
the “QPSK estimator” uses equations (33) and (34). It can ¥8rsus SNR
seen that the eight signals are all distinguished sucdbsbfu Here, we only study the deterministic CRB with case 4
the proposed algorithm where the conditiin +2K. = 11 < mentioned in sectioB where all the incoming signals are
4(M — 1) = 12 is met. For this case, both Xia’s and Liu'sBPSK. Keeping other parameters unchanged as in simulation
methods have failed, becausg, + K. =8 > 2(M — 1) =6 B, we set the sensor number to five, and vary the SNR from -
with Xia’s method, and for Liu’s method, only BPSK signal$dB to 20dB. As shown in Fig. 8 (a) and (b), the deterministic
can be estimated. CRB for strictly noncircular signals denoted @RB,. has a

2) A mixture of BPSK, UQPSK and QPSK signalst lower RMSE value than the deterministic CRB for circular
this set of simulations, we replace the BPSK signal frosignals which is denoted @RB. at low SNRs which is in
direction(30°,115°) by a UQPSK one and increase the sensaccordance to the analysis in [28].
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Fig. 5. RMSE of versus SNR with the snapshots being 1200.

V. CONCLUSION
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Fig. 6. RMSE of versus snapshots with the SNR fixed at 15dB.
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Due toE”,, EZ,

nl1

A generalized 2-D DOA estimation algorithm for mixed41) can be rewritten in the following form

circular and non-circular signals has been proposed based o
a 2-D array structure consisting of two parallel ULAs. As
also demonstrated by extensive simulation results, coacar
existing methods, the proposed one has three main advantage
Firstly, it can give a more accurate estimation in situaion
where the number of sources is within the traditional linfit
high resolution methods; secondly, it can still work effesly
when the number of mixed signals is larger than that of the [ En. En } {

0

Cy
Ci

*
C
Oanrx k.,

Oonrx k.,
Co

(e e
obtain

C
Ci

Co
O2nrx K.,

Oanrx k.,
%k
G

array elements; thirdly, the paired 2-D DOAs of the proposed

method can be obtained automatically without the compitat
2-D spectrum peak search and therefore has a much low

computational complexity.

APPENDIX
Here, we prove that (30) and (31) are equivalent.

Proof: The orthogonality betweeiZ, and C can be eX- npojse subspace. From the uniqueness of the projectionxmatri

panded as

Ci
Cy

C,
Oamrx K,

[ EJ, EN ] Oé]\fXKC =0
2

(41)

JpefineE, = [ El, Ep }H
matrix. Then (43) can be rewritten as

E7¢ =0

n

Ci, C}, Cy andCj are block matrices,

} =0 (42)
Applying the conjugate operation on both sides of (42), we
} =0 (43)
which is an orthonormal

(44)

SinceC is a full-column-rank matrixg,, will also span the

onto a subspace, one can readily conclude that

P=E,Ef = E,E"

(45)
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Fig. 7. RMSE versus angle separation with with SNR fixed at38dd the
number of snapshots being 800.

where

E.EY = { Ens

e e e )

E..EL }
E.oEX

46
Enl ETIL_I]. ( )

En2 Efl

(47)

1
E’VIQE%Q)* (ETLQET}LII)*
EniEn2)” (EmEn)”
Therefore, we have the following equation
EnEry = (En2Erh)"

which completes the proof.

(48)
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