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Abstract

We reformulate dimensional regularization as a regularization method in position
space and show that it can be used to give a closed expression for the renormalized
time-ordered products as solutions to the induction scheme of Epstein-Glaser. This
closed expression, which we call the Epstein-Glaser Forest Formula, is analogous
to Zimmermann’s Forest Formula for BPH renormalization. For scalar fields the
resulting renormalization method is always applicable, we compute several examples.
We also analyze the Hopf algebraic aspects of the combinatorics. Our starting point
is the Main Theorem of Renormalization of Stora and Popineau and the arising
renormalization group as originally defined by Stiickelberg and Petermann.
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1 Introduction

Renormalized perturbative quantum field theory describes large parts of physics, in par-
ticular particle physics, with good, and sometimes spectacular precision. It is, however,
a conceptually and technically complicated subject, and it required hard and ingenious
work to put the original treatment of Tomonaga, Schwinger, Feynman and Dyson on solid
grounds. This was achieved, by Bogoliubov, Parasiuk, Hepp, Zimmermann, Epstein,
Glaser, Steinmann and others, in a twenty years struggle, and the finally reached state
of the art is nicely documented in the proceedings of the Erice school 1975 dedicated
to renormalization [VW76]. Main highlights are the Forest Formula of Zimmermann
[Zim69] which solves the recursion relations of the Bogoliubov-Parasiuk-Hepp (BPH)
method [BP57, BS59, Hep66|, the causal method of Epstein-Glaser (EG)[EGT73|, elabo-
rating on older attempts of Stiickelberg [SR50] and Bogoliubov [BP57, BS59|, and the
method of retarded products by Steinmann [Ste71].

In spite of the fact that highly nontrivial mathematical methods were used (and
to some extent, invented), the theory of perturbative renormalization had, for several
decades, less impact on mathematics than it deserved!. This changed recently, induced by
the observation of Kreimer [Kre98| that the BPH recursion relations may be understood
in terms of Hopf algebras. It culminated in the Connes-Kreimer theory of renormalization
[CK00, CKO1] and initiated a broad interest of mathematicians in perturbative quantum
field theory.

In the present formulation (see, e.g., the book of Connes and Marcolli [CMO07]) the
theory is based on the method of dimensional regularization, and on the combinatorics
of Zimmermann’s Forest Formula. Dimensional regularization was invented simultane-
ously by Bollini and Giambiagi [BG72] and by 't Hooft and Veltman [tHV72]. It relies
on the fact that after parametrizing Feynman integrals by Schwinger or by Feynman
parameters the momentum space integrals can be performed, and it remains an integral
over the parameters whose integrand depends on the spacetime dimension. Formally, one
can replace the spacetime dimension by an arbitrary complex number d. The resulting
integral exists on a certain domain of the complex plane; moreover, it can be extended
to a meromorphic function on the whole complex plane. A finite value at the physical

1See however the work induced by Polchinski’s version [Pol84] of the Wilsonian renormalization group:
[KKS91, KK91, KK92, KK99].



dimension is obtained by subtracting the principal part of the Laurent series. It is, how-
ever, not a priori clear that this procedure is physically meaningful. A similar situation
is present in the so-called {-function renormalization where the deeper reasons for the
spectacular successes are not well understood (see, e.g. [EORT94]). In the case of di-
mensional regularization the situation was clarified by the analysis of Breitenlohner and
Maison [BM77a, BM77b, BM77¢c| who showed how the combinatorics of Zimmermann’s
Forest Formula can be adapted to dimensional regularization.

Dimensional regularization turned out to be very effective for practical calculations, in
particular due to the fact that gauge invariance is not broken during the renormalization
process. Its conceptual basis is, however, not very transparent.

Quite the contrary is true for EG renormalization. This method is based on the
observation that time-ordered products of local fields can, up to coinciding points, be
performed as operator products. The latter are well defined in the sense of operator val-
ued distributions on Fock space, as shown originally by Garding and Wightman [WG64].
Thus we know, from the very beginning, the time-ordered products everywhere up to
coinciding points. Then, using an induction process, we can prove that the time-ordered
product of n local fields is, outside the thin diagonal (where all arguments coincide),
uniquely determined in terms of lower order time-ordered products. The induction step
amounts to an extension of a distribution in the relative coordinates which is defined for
test functions which vanish in the neighborhood of the origin, to all test functions. The
latter process is ambiguous, and the ambiguities correspond to the freedom of adding
finite counter terms to the interaction Lagrangean.

The nice features of EG renormalization, which in particular allow renormalization
on generic globally hyperbolic spacetimes [BF00, HW01, HW02| are, unfortunately,
connected with the difficulty of carrying through explicit calculations. Nevertheless,
quite a number of computations have been performed within this framework (see, e.g.
[Sch89, GBL03, DF04]). There remains, however, an impression that, essentially, one
needs a new idea for every new calculation. The main purpose of this paper is to develop
a method for practical calculations which is always applicable.

A similar problem arises when one tries to analyze the combinatorics of EG renormal-
ization. There are interesting attempts in this direction, see e.g. [GBL00, Pin00, BK05,
BBKO09], but the obtained picture is not yet completely satisfactory.

The method we describe in this paper is based on the Main Theorem of Renormal-
ization. This theorem, originally formulated in an unpublished preprint by Stora and
Popineau [PS82|, was later generalized and improved, in particular by Pinter [Pin01].
Its final version, which relies heavily on a proof of Stora’s “Action Ward Identity”
[DF04, DF06], was obtained in [HWO03, DF04] and was then further analyzed in [BDF09).
The main statement is that the ambiguity of associating a perturbative quantum field
theory to an interaction Lagrangean is described in terms of a group of formal diffeomor-
phisms (tangent to the identity) on the space of interaction Lagrangeans. Such a group
also appears in the work of Connes and Kreimer, and one of the aims of the present
paper is to understand the relations between the two frameworks.

The first insight is that, due to the Main Theorem of Renormalization, the combi-



natorics of finite renormalizations derives from an iterated application of the chain rule.
In fact this combinatorics was investigated long ago by Faa di Bruno [FdB55]|, and the
relation to the combinatorics observed in perturbation theory was nicely described in
[FGBO5].

One may now, after performing the construction of the theory by the EG procedure,
introduce a regularization and ask for a renormalization group element which subtracts
the counter terms in such a way that the regularized theory converges to the given theory.
If the regularized theory depends meromorphically on the regularization parameter, it is
clear that the principal part of the Laurent series of the regularized theory must coincide
with that of the counter terms. It is now tempting to identify the counter terms with
the principal part and to define a new theory corresponding to minimal subtraction.

The arising method works in an inductive way by proceeding order by order and in-
serting the results of the lower orders into the calculations for the next order. An obvious
question is whether the result at nth order can be obtained directly, as in Zimmermann’s
Forest Formula. We will derive such a formula in the framework of Epstein-Glaser renor-
malization.

Dimensional regularization in position space amounts essentially to a change of the or-
der of the Bessel functions defining the propagators. Such a procedure was first proposed
by Bollini and Giambiagi [BG96| and was also tested in several examples by |[GKPO07].
It can be viewed as a particular ’analytic regularization’, as introduced by Speer in the
context of BPHZ-renormalization long ago [Spe71|, and applied to EG renormalization
by Hollands [Hol08]. A different approach had been taken by Rosen and Wright [RW90]:
they implement dimensional regularization in x-space by making replacements on the
level of the position space Feynmann rules. In particular, the spacetime coordinate x is
replaced by X = (z, ), where Z is a formal parameter corresponding to the “integration
over the complex dimension”. This approach, similar to the one taken by Breitenlohner
and Maison [BM77al, seems to be very formal, since it is not clear if the algebraic relations
postulated for the formal symbol can be fulfilled in any concrete model.

With the procedure of [BG96], which we adopt in this paper, the regularized the-
ory can be uniquely defined as a meromorphic function of the regularization parameter
(which is called the “dimension” in the physics literature). Its analyticity property di-
rectly follows from the analytic dependence of Bessel functions on their order. The
analytic continuation to a meromorphic function with a pole at the physical value of the
regularization parameter can be performed by exploiting homogeneity properties. This
appears very clearly in massless theories. There, the inductive Epstein-Glaser construc-
tion of time-ordered products can be traced back to the extension of homogeneously
or, for terms with divergent subdiagrams, almost homogeneously scaling distributions
t € D'(RY\ {0}) to almost homogeneously scaling distributions ¢ € D’(R!). Existence
and uniqueness of such extensions are classified in Prop. 3.3 of [DF04| (related theo-
rems, which are precursors of this proposition, can be found in [H6r03, Thm. 3.2.3] and
[HW02]):

Proposition 1.1. Let t € D'(R'\ {0}) scale almost homogeneously with degree r € C



and power N € Ny, i.e.
l

> (e, 0y, + 1)Vt =0 1)
r=1
where N is the minimal natural number with this property and mgy, is a multiplication
with the function x +— x,. (For N = 0 the scaling is homogeneous.) Then t has an
eatension £ € D'(RY) which also scales almost homogeneously with degree k and with
power N > N.

o For k& Ng+1 it holds: t is uniquely determined and it is N = N;
o for k € Ny + 1 we have: t is non-unique and N € {N, N +1}.

In the wunregularized theory we have k € Z, and usually there are terms with s €
No + [. Then, renormalization is non-unique and homogeneous scaling may be broken
by logarithmic terms. In the regularized theory, however, k & Z, hence the extension is
unique and always homogeneous.

We will show that a similar method works also for the massive case.

The calculation of principal parts can be performed in terms of integrals in the com-
plex plane. If one wants to iterate the subtraction procedure one has to do these inte-
grations independently. This requires the ability to vary the “dimensions” of propagators
independently. This is possible in the position space formulation. Moreover, also the
regularized propagators are distributions on Minkowski space. In the momentum space
formulation, the dimension of propagators has to be chosen for subgraphs, and, in the
case of overlapping divergences, these dimensions cannot independently be varied.

A nice feature of dimensional regularization is that many structural properties are
respected by the regularization which then are automatically satisfied by the minimally
subtracted theory. This holds also for our method and includes in particular Poincaré
invariance, unitarity and the validity of field equations. However, our version of di-
mensional regularization does not preserve gauge invariance, because the propagators
are modified and not the integration measure. A few thoughts, how one may possibly
overcome this drawback, are given in the ’Conclusions and Outlook’.

2 Functional approach and Epstein-Glaser Renormalization

We restrict ourselves to the theory of a real scalar field. Let £(M) denote the space
of smooth functions on the d-dimensional Minkowski space, equipped with its standard
Fréchet topology, and consider the space of smooth maps F : E(M) — C. Let us recall
the definition of smoothness used in infinite dimensional calculus (see, e.g., [Nee05]). The
derivative of F' at ¢ € E(M) in the direction of ¢ is defined as

FO ()] = lim = (Flo + 1) ~ F(9)) @)

-0t

whenever the limit exists. F is called differentiable at ¢ if F(1)(p)[¢)] exists for all
Y € E(M). It is called continuously differentiable in an open neighborhood U C &(M) if



it is differentiable at all points of U and F) : U x &(M) — R, (¢, 1) — FO(p)[¢] is a
continuous map. It is called a C'-map if it is continuous and continuously differentiable.
Higher derivatives are defined for €"-maps by

FO@) W1, ) = lim = (FOD (4 ) (1, n1) = FOD(@) (W, Yn 1))
(3)
In particular, it means that if F' is a smooth functional on &(M), then its n-th derivative
at the point ¢ € &(M) is a compactly supported distributional density F(™ (@) € &'(M™).
There is a distinguished volume form on M, so we can use it to construct densities from
functions and to provide an embedding of D(IM™) into &'(M™). Using the distinguished
volume form we can identify derivatives F(") () with distributions.
An important property of a functional is its spacetime support. It is defined as a
generalization of the distributional support, namely as the set of points z € M such that
F depends on the field configuration in any neighborhood of z.

supp F' = {z € M|V neighborhoods U of x Jp, 1 € E(M),suppy C U (4)
such that F'(p 4+ 1) # F(p)} .

Here we will discuss only compactly supported functionals. Finally we assume that
the wave front set of the distribution F(™ (), considered as a subset of the cotangent
bundle 7%(M™) = M"™ x M", does not intersect the set M™ x (VI U V) where V4
denotes the closed forward and backward light cone, respectively. Functionals fulfilling
all the conditions listed above are called microcausal, and the space of such functionals
is denoted by F. It contains a subspace Fi,, the space of local functionals, characterized
by the additivity condition

Flo+v¢+x)=F(p+v) = F() + F(¢ + x) if suppe Nsuppy = (5)

(as shown in [BDF09] this implies that the derivatives F(™) () have support on the thin
diagonal A = {(z,...,z)|x € M}). In addition, the wave front sets of derivatives of local
functionals are required to be perpendicular to the tangent bundle of A, considered as
a subset of the tangent space of M™. JFj,. contains the functionals which occur as local
interactions in the EG framework, e.g. F(¢) = [ p(z)*f(z)d%x with a test function f
with compact support. Finite sums of pointwise products of local functionals form a
subalgebra of F, which is called the algebra of multilocal functionals, and we denote it
by Fi. It was shown in [BFLR12| that local functionals in the above sense are of the
form:

F(g) = / f(@ 0(@),00(x), ... )d*z

where f depends smoothly on z and, for a fixed ¢, on finitely many derivatives? of ¢ at
x.

*In [BFLR12] it was shown, with the use of the fundamental theorem of calculus, that F(p) =
[ £ (p))d x, where j°(¢) = (z,¢(z),0p(z),...) is the infinite jet of ¢ at z. Moreover, the func-
tional derivatives of F' have compact support on the thin diagonal and are therefore finite deriva-
tives of the d-distribution in the relative variables (i.e. denoting the latter by da it holds (da,h) =
[d*zh(z,...,z) , h € D(M")), with coefficients which are smooth functions of z.



Dynamics is introduced along the lines of [BDF09] by means of a generalized La-
grangian. It is defined as a map L : D(M) — F, satisfying

supp(L(f)) Csupp(f),  V[fe€DM), (6)

and the additivity condition (5) with respect to test functions. The action S(L) is
defined as an equivalence class of Lagrangians, where two Lagrangians L, Lo are called
equivalent L1 ~ Lo if

supp(L1 — L2)(f) C suppdf, (7)

in particular two Lagrangians are identified if their densities differ by a total derivative.
For the free Klein-Gordon field the generalized Lagrangian is given by:

Lo(£)(e) = 5 [ (Bupdro — m*?) fals. 0
The second functional derivative of Ly induces a linear operator, which in our case
is the Klein-Gordon operator P = [0 4+ m?. The free quantized theory is defined by
means of deformation quantization of the classical Poisson structure induced by P (see
[DF01a, DF01b, BDF09] for details). On Minkowski spacetime one can perform this
deformation using the Wightman 2-point function A, , to define a non-commutative
product
[ee] hn
(FxG)(p) = > = (F (), (A4)7" G (p)) . (9)
n=0
which is interpreted as the operator product of the free theory.
Interaction is introduced in terms of time-ordered products. Let us first consider
regular functionals, i.e. such that F((¢) € D(M™) for all ¢ € E(M), n € N. We denote
the space of such functionals by Fiee. Time-ordered products Ty, defined on Fyeg[[R]], are

equivalent to the pointwise product

by the “heat kernel”
1
T =e2P (11)

with D = (hAp, %} (A denotes the Feynman propagator), i.e.

T =T omy o (T7H®m, (12)
Using Leibniz’ rule

o "6

~— OMypy = My O 13
(here an element of the nth tensor power of Fig is considered as a functional of n
independent field configurations ¢1, ..., ®,) and the notation

52
Di; = (hAp, —— 14



we obtain T,, = m,, o 1T,,, where

[e%e] Dz]
Tn—e i<y ”—HZ I (15)

1<j l;;=0

Note that the time-ordered product is commutative and associative. In this paper we
will use consequently the calligraphic script (for example 7;,) to denote objects involving
the multiplication m,,, while roman letters (like 7},) are reserved for “bare” expressions,
where m,, is not applied.

The exponential in the formula (15) might be expanded into a formal power series.
This yields the usual graphical description for time-ordered products, since the right hand
side of (15) may be written as a sum over all graphs I' with vertices V(T') = {1,...,n}
and l;; lines e € E(I') connecting the vertices i and j. We set l;; = [;; for i > j and
lii = 0 (no tadpoles). If e connects i and j we set Je := {i,j}. Then we obtain

= > Tr, (16)

Ir'eSn
with G, the set of all graphs with vertex set V(I') = {1,...n} and

1

Tp=—"
" Sym(T)

<tF7 5F> ’ (17)
where

S521ED)]
HieV(F) [Le.icoe 60i(@e,i)

is a functional differential operator on ?Sﬁg,

or =

tr = H hAF(:Ee,i,Z' S 86) (18)
ecE(T)

and the, so called, symmetry factor Sym is the number of possible permutations of
lines joining the same two vertices, Sym(I') = [], <jlijl. We point out that in our
approach the Feynman graphs are not fundamental objects of the theory, instead they are
a bijective graphical description of the terms appearing in the exponential function (15),
from which one can read off the analytic expression (including the numerical prefactor)
of each term/graph.

Example 2.1 (Graph expansion). Regard three functionals F, G, H € F,e,. Their time-ordered
product is given by

=1
T3(F@G® H)(e ZE D1s + Das + D13)* Fp1)G(p2) H(3) (19)
k=0

P1=p2=p3=¢



Applying the multinomial theorem and inserting the definition for D;; gives

T3(F @G H)(p)

P Sy o

k=0 k1+ko+ks=k

(AR (AT (AR, P08 (1) G (o) 2 749) () )

P1=p2=p3=¢

The terms in this expression are identified as the usual Feynman graphs in the following way: we
assign to lines Feynman propagators and functional derivatives derivatives of given functionals
to vertices. Formula (20) can now be represented as:

e s
AL N3 (D e )] ow

In case the functionals are polynomial in the field and its derivatives, only a finite number of
functional derivatives are non-vanishing. Only those graphs remain where the valence at the
vertices is bounded by the degree of the associated polynomial functionals.

For regular functionals F' € Feg, the contraction (tr,dr) is well-defined since tp is
applied to a test function in the corresponding dual space. For local functionals, however,
the functional derivatives are of the form

F® (o) (a1, ...,z Z ) (Zems )07 (211 (22)

where § € [Ng(k_l), test functions f/gk)(:c) = fék)(w)(x) € D(M) are functions of the
center of mass coordinate Tems = (1 + - -+ 4+ x)/k which depend on ¢, and x.q = (21 —
Zems, - - - » Tk — Tems) denotes the relative coordinates. Hence, the functional differential
operator or applied to CT"%Z yields, at any n-tuple of field configurations (¢1,..., ), a
compactly supported distribution in the variables z.;,7 € de,e € E(I') with support on
the partial diagonal Ar = {z.; = xy,,1 € de N Of,e, f € E(I')} with a wavefront set
perpendicular to T'Ap. Such a distribution can uniquely be written as a finite sum

f=Y fs®0% (23)

where fs € D(Ar) and where 0°§ (with a multi-index ) is a partial derivative of the
d-distribution on the orthogonal complement of Ar. A concrete coordinatization of Arp
can be given by the center of mass coordinates introduced above and the coordinates on
the orthogonal complement can be chosen as the relative coordinates. To obtain (23),
one has to write all partial derivatives 8%1. in terms of partial derivatives in x¢ms and
Zrel coordinates. The former are applied on the p-dependent test function and produce
f3 and the latter are applied on the Dirac ¢ distribution.

Let Y1 denote the vector space spanned by the distributions 9%5. Y7 is graded by
the order of the derivatives. The space of Yp-valued test functions on Ar is denoted by



D(Ar, Yr). One now has to define the action of the distribution ¢ as a linear functional
on D(Ar, Yr),

(tr. f) = D {t0 fa) (24)
with numerical distributions tl’g € D'(Arp).

Example 2.2. Let F} = [dzg(z) (¢*(09)?)(z) , F» = [dzh(z) 3 (z) , g,h € D(M), tr =
h2 AF((Zle — Ilg)AF(mgl — ’1222) and (Sp = L Then,

dp1(x11)dp1(x21)dp2(z12)dp2(T22) °

[ =0r(Fi(p1)F2(p2)) = /difl g(xl)/dﬂcz h(x2) 6 pa(w2) 6(212 — 22)d(222 — 22)
(2 (8301)2(.%1) (5(1’11 - (El)(s(l'gl - xl) + 250%(‘751) 8(5(%11 - 1’1)85(1’21 - xl)
—4 (@18(,01)(:61)(6(5611 — ZE1)85(ZE21 — Il) + (1311 < $21))

and with that we obtain

(r.f) =1 [ dorglar) [ doahias) (120Ar(n — 22)) @92 (1) palaz) +
12[(0AF (x1 — 22))°] @7 (1) pa(22) + 48 [Ap(21 — 22)0A R (21 — 22)] @1 (1)1 (1) <P2(332)) :

Hence, modulo constant prefactor the appearing numerical distributions tlé are the extensions
(denoted by [ -+ ]") of (Ap(x1—22))?, (OAFR(z1—22))? and Ap(x1—22)0A (21 —22), respectively,
from D’'(M? \ Az) to D’'(M?) (where Ay is the diagonal z1 = z3).

The method of Epstein and Glaser proceeds by induction. One proves that if ¢tp is
known for all graphs I with less vertices than I', then ¢r can be uniquely defined for
all disconnected, all connected one particle reducible and all one particle irreducible one
vertex reducible graphs. For the remaining graphs (which we call EG-irreducible) one
can define it uniquely on all distributions f € D(Ar, Yr) of the form above where fg
vanishes together with all its derivatives of order < wr + || on the thin diagonal of Ar.
Here

wr = (d— 2)|BT)| - d(V(T)| - 1)

is the degree of divergence of the graph I'. We denote this subspace by D (Ar, Y1) .
Renormalization then amounts to project a generic f to this subspace by a translation
invariant projection Wr : D(Ar,Yr) — Dy (Ar, Yr). Different renormalizations differ
by different choices of the projections Wr.
The ambiguity is best described in terms of the Main Theorem of Renormalization
[PS82, Pin01, DF04, BDF09|. Let the formal S-matrix be defined as the generating
functional of time-ordered products, formally given by

§=ToexpoT !, (25)
i.e., its nth derivative at zero, T, = 8" (0), as a linear map Ty, : Fioc[[72]] 2" — F[A]] is

the (renormalized) time-ordered n-fold product. Given two S-matrices 8§ and § fulfilling

10



the Epstein-Glaser axioms, there exists a unique analytic map Z : Fioc[[A]] = Fioc[[h]]
with Z(0) = 0 such that R
§=80%2. (26)

To first order, this relation gives® (1) = id. The maps Z relating different S-matrices in
this way form the renormalization group & in the sense of Stiickelberg and Petermann.
It is a subset of the group of formal diffeomorphisms (tangent to the identity) on the
space of interactions. A direct definition of % by the properties of the maps Z is given
in [DF04, BDF09|: Z has the structure of an affine space,

% =id+ hV[[H)] , (27)

where ¥/[[1]] is a vector space of formal power series V = >">° |V, k"™, which are analytic
maps V : Fioc[[A]] = Froc][h], the main defining properties of elements of ¥ are V(0) =
0, VD(0) = 0 and locality,

V(F+G+H) =V(F+G)-V(G)+V(G+H) if suppFnsuppH =0, VVe¥ . (28)

To show that Z is indeed a group, one needs additionally the property (proved in [DF04])
that, given an S-matrix 8§ and Z € Z, the composition § := 802 satisfies also the Epstein-
Glaser axioms.

One of the great virtues of the Epstein-Glaser approach is that it does not involve any
divergences, and that it is explicitly independent of any regularization prescription. It can
therefore be used for an a priori definition of the problem of the perturbative construction
of quantum field theory which then is solved by the method of renormalization. In other
schemes usually only an a posterior: definition is possible, and the independence of the
construction from the chosen method relies on a comparison with other methods.

We have just outlined how to define the n-fold time-ordered products (i.e. multilinear
maps T,,) by the procedure of Epstein and Glaser. An interesting question is whether
the renormalized time-ordered product defined by such a sequence of multilinear maps
can be understood as an iterated binary product on a suitable domain. Recently it was
proven in [FR13| that this is indeed the case. The crucial observation is that pointwise
multiplication of local functionals is injective. More precisely, let Fy be the set of local
functionals vanishing at some distinguished field configuration (say ¢ = 0). Iterated
multiplication m is then a linear map from the symmetric Fock space over Fy onto Fy.
Then, the following assertion holds:

Proposition 2.3. The multiplication m : S*Fg — Fp1 is bijective (where Sk denotes the
symmetrised tensor product of vector spaces).

Let 8 = m~!. We now define the renormalized time-ordering operator on the space
of multilocal functionals F,, by

Tren 1= (@ ('Tn) of3 (29)

3Similarly to 8™ we write 2(™ for 2™ (0).
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This operator is a formal power series in & starting with the identity, hence it is injective.
The corresponding binary product -s is now defined on the image of Ty, by

F o5 G = Ton(ToonF - TrenG) (30)
This product is equivalent to the pointwise product and, hence, it is in particular asso-
ciative and commutative. Moreover, the n-fold iteration of the binary product -+ applied
to local functionals coincides with the linear map T, defined by the Epstein-Glaser pro-
cedure.

We may now use the Stiickelberg-Petermann group £ in order to establish a relation
between the renormalized and the regularized S-matrix. Let Aé} be a regularized Feyn-
man propagator, and let the upper index A indicate that in the formal construction the
regularized propagator was used. A regularization should satisfy the condition that all
the expressions for time-ordered products become meaningful for local functionals (still
in the sense of formal power series in /), and that the regularized propagators converge
in the sense of the Hérmander topology on distributions on R%\ {0} with the appropriate
wave front sets and microlocal scaling degrees. The former condition is surely satisfied
if A% is a smooth function of rapid decrease.

3 Analytic regularization, Minimal Subtraction and Forest
Formula

Let 8* be the regularized S-matrix constructed from A%, more precisely $* is the formal
power series

52

’ 5<Pz'530j> '

o)
1
SA::1+id+Zﬁmnoexp Z Df\j, Df\j3:<hA?«“
n=2""

1<i<j<n

To relate the construction of the S-matrix 8 of Epstein-Glaser to the method of divergent
counter terms, we search a family of renormalization group elements Z* € % such that

$= lim §hozh. (31)
— A0

If 8 is given, then such a family (ZA) exists and this family is uniquely determined up to
a sequence which converges to the identity (see the Appendix A and [BDF09, Sect. 5.2]).

A special role is played by analytic regularization schemes where 8? is a meromorphic
function of A € C with a pole at the limit point Ag. In these cases there exists a
distinguished choice Syg of the S-matrix (minimal subtraction) and the corresponding
family of renormalization group elements Zf\x/ls € #%. 'To construct these objects we
start with the family (2*) of meromorphic functions and we prove the so called Birkhoff
decomposition (see [CK99, CKO00|, where such notion was first introduced in the context
of renormalization):

2A = 28q 0 24,

12



where Z}\ is regular and Z’{\\/IS corresponds to subtracting the principal part. We prove
)

this by induction. Let us consider the n-th functional derivative ZA(n and we assume

that for k£ < n we have already constructed Z?(k) and Z{\X/Is(k) in such a way that, for
[ < n, the chain rule (Faa di Bruno formula)

l
A= @) e ®EHID holds.
PePart({1,...,1}) IepP

The function

A _ S @) e Qi

PePart({1,..., n}) IeP
1<|P|<n

is meromorphic, so we can decompose it as a sum of the principal part, which we call
Z{\‘/Is(n), and the rest term Z}\(n). This way we construct the n-th order derivative of Zf\\/ls
and we can proceed by induction. Using that Zx € Z one easily sees that Zﬁs satisfies
(28) for G = 0. This implies the general case since all the quantities are formal power
series (see Appendix B of [BDF09]). It follows that 244 and Z? obtained by the above
construction are elements of the Stiickelberg-Petermann group Z.

By construction, Z? has a well defined limit as A approaches Ag and, since it is
invertible, we can define Sf/ls =80 020 Z?il =8%o Z.{\\/[S and this expression also has
a well defined limit, A

Sms 1= Algﬁo S\ -

It can be expressed as Syig = 8 o Z.]Tl, where Z; := Ali_)nxo Z? and, because Zy is an

element of Z, Syg is an S-matrix fulfilling the Epstein-Glaser axioms. It is the generating
functional for minimally subtracted time-ordered products (M .S scheme).

We will now derive a useful recursive formula for Zf\\m- Consider the functional
derivative

Bae)™ = Zae) ™+ >0 Y <®<z&s>1) : (32)
n})

PePart({1,..., IepP
1<|P|

Since (S&S)(") converges for A — Ay, the principal parts of the summands above must
add up to 0, so we obtain a recursion

o) = 3 67 (@) ) e
|P|>1 IepP
together with (24;5) = id.

One may now solve the recursive definition of the minimally subtracted S-matrix in
terms of an analogue of Zimmermann’s Forest Formula. We define an Epstein-Glaser

13



forest F' = {I4,..., I} € §n to be a set of subsets I; C i := {1,...,n} which contain at
least two elements, |I;| > 2, and which satisfy

Iiﬂfj:® or IiCIj or IjCIi Vi<j.

The empty set of subsets is referred to as the empty forest. We assume that we can vary
the regularization parameters A;; independently for every pair of indices 1 <7 < j <n
such that the regularized time-ordered product is a well defined meromorphic function
in all these variables 4. More precisely, we assume that in the graph expansion every
distribution tl’g (see (24)) is, after evaluation on a test function, an analytic function
on a suitable domain which can be extended to a meromorphic function on a domain
containing {A;; = Ap,1 <i < j < n}. Now, given a forest F' € §5, we reduce the number
of parameters A;; as follows: for each I € F' we set A;; = Aj for all 4,5 € I. Let Ry
be (-1) times the projection onto the principal part with respect to the variable A;. We
then obtain the EG Forest Formula

Theorem 3.1.
51(\74% = AILH,{ My, © (Z H RI) exp Z DS (A= (Aijh<ici<n) (34)

Fegn I€F 1<i<j<n

where as in Zimmermann’s formula Ry has to be applied before Ry if I C J. The
expression exp Zl§i<j§n D{} has to be understood as a meromorphic function obtained,
term by term, by analytic continuation from the region where it exists due to sufficient
reqularity of the modified Feynman propagators.

Proof. We omit the index A belonging to each Z and each differential operator D, since
it is unessential to the proof. Let us define a full forest as a forest containing the set
{1,...,n}, and let FEU denote the set of full forests. We set Z(1) :=id and

2™ =m0 ( S 1 RI) expY D, (35)

Fegill TeF i<j

and we verify that it satisfies the recursion relation (33), i.e. Z(™ = Mg In order to
include the case n = 1 into the formula (35) we define Sf{‘il}l, = {{1}} and we adopt the
convention that Ry = id if I contains only one element.

We proceed by induction. For n = 2 the only full forest is {{1,2}}, hence

22 =myo Ry 2y exp D2 (36)

in agreement with the definition of minimal subtraction (33) in second order. For k > 2

we now assume that 2™ = Z( ) forall n < k. Let F' € Sf““ be a full forest. Then there
exists a partition P of k such that

F={{1,....k}u |J Fv (37)

LeP

“For the definition of the meromorphic function of several variables, see for example [Lan99).
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with full forests Fp, € S%IH, and P and F7, are uniquely determined. Vice versa, given a
partition P and full forests F,, L € P, equation (37) defines a full forest. Using Leibniz’
rule and the associativity of the pointwise product, we find for a partition P of k

™M) p| © exp Z Dy ®m|L‘oexp Z D;; :mkoepoDij (38)

I<JeP LeP 1<jeL 1<j

where I < J € P means that I,J € P and the smallest element of I is smaller than the
smallest element of J. This formula, applied to local functionals Fi,..., F}, holds on a
suitable domain in the deformation parameters and, by analytic continuation, everywhere
as an identity for meromorphic functions.

We now insert the decomposition of a full forest (37) into equation (35) and use the
identity (38). We find

Z(k) _ R{l,...,k} Z m|p| © exp Z Dy ®M|L| o ( Z H RM) exp Z DZ]

|P|>1 I<JjeP LepP Feghl MeF i<jeL

(39)

where we used the fact that the operation R,; of taking the principal part involves only

the variables A;; with 4,5 € M. But (39) is just the recursion relation which defines the
minimal subtraction.

In the last step we insert the formula (35) into the Faa di Bruno formula (32) and

repeat the calculation with the modifications that Ry jy and the restriction |P| > 1

are omitted. As a result we obtain (34). O

Example 3.2 (Forest Formula for a particular graph). The Forest Formula (34) can be broken
down to the renormalization of individual graphs. As an example we want to regard the following
overlapping divergence in ¢*-theory in 4 dimensions,

¢ -ET> ()

It is a contribution to the selfenergy in fourth order of causal perturbation theory. Introducing
an irrelevant numbering of vertices the corresponding differential operator for the graph is:

my4 o [D12D13D14D33 D54 D34 (41)

Next we write down the basic subsets, from which the EG forests for any four point graph are
built:

{1,2},{1,3},{1,4},{2,3},{2,4},{3,4},{1,2,3},{1,3,4},{1,2,4},{2,3,4},{1,2,3,4}.  (42)
Only some of these subsets correspond to divergent subgraphs of G:
{2,3},{1,2,3},{2,3,4},{1, 2, 3,4}. (43)
Thus, the relevant forests are

{} {23}, {123}, {234}, {23,123}, {23,234},
{1234}, {23,1234}, {123,1234}, {234,1234}, {23,123,1234}, {23,234,1234},
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where we wrote the normal forests in the first, and the corresponding full forests in the second
line. The Forest Formula thus yields

Gwms = my o [1 4+ Ras + Rig3 + Rosa + Ri23Ros + RazaRos + Ri234 + Ri23aRos
+ Ri234R123 + R1234Ra34 + R123aR123Ro3 + Ri23aRozaRos| G
=my o (1+ Ri234)(1 + Rias + Roza)(1 + Raz) [D12D13D14D33D24 D34] .

The second equality, i.e. that . [[;cp Rr can be written as [[(1 + ) Ry), is a peculiarity of
this example, which is due to the fact that each divergent subgraph (43) is a subgraph of all
divergent (sub)graphs of higher orders.

Simpler examples, for which we will compute the projections Ry, are 4.15 and 4.16.

4 Dimensional regularization in position space

To perform the analytic regularization required for minimal subtraction and the EG
Forest Formula we have to find a distribution valued analytic function ¢ — A% with
the following properties: for ( = 0 the distribution should coincide with the Feynman
propagator, the wave front set of A% should always be contained in the wave front set

of Ap, and the scaling degree (45) of A%, modulo smooth functions, should tend to —oo
as the real part of ¢ approaches infinity. Under these conditions each term in the graph
expansion of the unrenormalized S-matrix is a well defined analytic function for suitable
values of (. One then has to perform an analytic extension to a meromorphic function
with a pole at ( = 0. For the Forest Formula we also require that this extension can
be done individually for every propagator associated to a pair of vertices. Under these
conditions minimal subtraction is well defined and the EG Forest Formula yields a closed
expression. Depending on the choice of the analytic regularization the minimally sub-
tracted S-matrix may automatically satisfy further conditions (e.g. Lorentz invariance,
unitarity etc.).

In the following we concentrate on dimensional regularization. According to Bollini
and Giambiaggi [BG96| dimensional regularization in position space essentially amounts,
in the massive case, to a change in the index of the Bessel function appearing in the
formula for the Feynman propagator. We have in d dimensions

Ap(z) = 21\1% wl(2? — ie)

where
wl(2?) = (2m)~ Emily/— 2z Kd _(my—22)
with the modified Bessel function of the second kind K, with index v = d/2 — 1. The

massless case is obtained as the limit m | 0. The dimensionally regularized Feynman
propagator is obtained by replacing d by d —2¢ and, in order to keep the mass dimension
constant, by multiplication with a factor ©?¢ with a mass parameter p > 0,

AS () = p2¢ p* limy w2 (2 — ie) . (44)
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Since 27V K, (z) is analytic in the cut plane C\R? irrespective of the value of v € C, the

function w2 is analytic on the complement of the positive real axis. Therefore A%(x)
is, for all values of (, the boundary value of an analytic function on the complexified
Minkowski space with domain {x + iy|(x + iy)? ¢ R_}, as for timelike x the imaginary
part y approaches zero from the backward light cone if z° > 0 and from the forward light
cone if 2% < 0. By [H6r03, Thm. 8.1.6] the analyticity domain of a function determines
the wave front set of its boundary values, hence WF (A%) C WF(Ap). Moreover, the

scaling degree of A% is max{d — 2 — 2Re (, 0}, as may be seen from the behavior of the
Bessel function at the origin.

We now define the terms of the regularized S-matrix for suitable values of (. Using the
information on the scaling degrees as well as on the wave front sets we can proceed in the
usual way for the Epstein-Glaser induction and find, at every step, a unique expression
which has the correct wave front sets and analyticity properties. It remains to construct
the analytic continuations.

For this purpose we use the fact that A% can be written as a sum of homogeneous
distributions and a rest term with sufficiently small scaling degree where every term
is analytic in . Every contribution in the expansion is then a product of homogeneous
distributions and sufficiently well behaved functions. But for non-integer degree of homo-
geneity, homogeneous distributions have unique homogeneous extensions. This extension
is analytic in ¢, hence the whole expression is analytic for non-integer values of (. In case
one uses different values of ¢ the degree of homogeneity differs from its value for ¢;; =0
by a certain linear combination j l;7C;j of the (-variables, and one may find poles at
points where these degrees are integers.

The choice of dimensional regularization has further nice properties. First of all, since
the regularized propagators are Lorentz invariant, one automatically obtains a Lorentz

invariant S-matrix. Moreover, due to A%(:c) = Ai (x) (where AiF is the regularized
anti-Feynman propagator which is obtained from (44) by reversing the sign of €), the
S-matrix is unitary. Finally, the condition that the field equation holds, is due to the
fact that A% is analytic at ¢ = 0.

Before we enter in the details of the regularization of the two point functions (sect. 4.2)
and of the construction of a pertinent sequence (‘J'%) of regularized time-ordered products
(sect. 4.3), we study regularization and minimal subtraction on the level of numerical
distributions in the Epstein-Glaser framework.

4.1 Regularization of numerical distributions

In a translation invariant framework, perturbative renormalization can be understood in
z-space as the extension of distributions ¢+ € D'(R™ \ {0}) to distributions € D'(R")
[Sto93]. This mathematical problem is treated, for example, in [BF00, DF04|. The
existence and uniqueness of extensions ¢ can be answered in terms of Steinmann’s scaling
degree [SteT1],

sd(t) = inf{w € R| limp” t(pr) =0}, ¢ € D(R") or t€D(R"\{0}). (43)
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For the complete existence and uniqueness theorem we refer to [BF00], we only mention
the following partial result.

Theorem 4.1 ([Ste71, BF00]). For A € R let
DA(R™) == {f € D(R")[(8°/)(0) = 0 V]a| < A} (46)

(in particular Dy(R™) = D(R™) if A < 0) and let D\(R™) be the corresponding space
of distributions. A distribution t € D'(R™ \ {0}) with scaling degree sd(t) has a unique
extension t € D)\ (R™), X = sd(t) — n, which satisfies the condition sd(t) = sd(t).

We will call £ the direct extension. With the requirement sd(#) = sd(t), the extension
is unique for sd(t) < n and given by the direct extension®. For sd(¢) > n, the condition
does not fix the extension. To treat this case we introduce a regularization.

Definition 4.2 (Regularization). Let t € D'(R™ \ {0}) be a distribution with degree of
divergence X :=sd(t) —n > 0, and let t € D)\ (R™) be the direct extension of t. A family
of distributions {tC}CGQ\{O}, t& € D'(R™), with Q C C a neighborhood of the origin, is
called a reqularization of t, if

Yge D(RY): lm(t.g) = (7). (47)

The regularization {t¢} is called analytic, if for all functions f € D(R™) the map

Q\{0} 3 ¢ (5, f) (48)

is analytic with a pole of finite order at the origin. The reqularization {t%} is called finite,
if the limit lim¢ o (tS, f) € C exists Vf € D(R™).

Note that for a finite regularization, the limit lim:_o t¢ is indeed a solution ¢ of the
extension problem, that is lim¢_,o(t¢, h) = (t,h) Vh € D(R™\ {0}) and sd(lim¢_0t%) =
sd(t) .6

Any extension ¢ € D'(R") of ¢t with the same scaling degree is of the form (, f) =
(t, W f) with some projection,

W: D — D,
fom Wh=f— > w,df0), (49)

ly|<sd(t)—n
given in terms of functions wg € D(R™) , [B| < sd(t) — n , fulfilling

Mwp(0) = 0y Yy € Ny (50)

®Note that the axioms for the (regularized) time-ordered products used in [DF04, BDF09] or in this
paper (sect. 4.3), imply the condition sd(£) = sd(t).

5To verify the latter let ¢ be an extension with sd(£) = sd(t) . Writing At := f—lim¢_¢t¢ = >, G070,
it follows from At|p, grny = 0 that Cy =0 V|y| > X and, hence, sd(lim¢_ot¢) = sd(t) .

18



[DF04, Lem. B.2|. Since t¢ € D'(R"), we can write (47) in the form

HEW =1im [ () = D (t5w,) 97f(0)| - (51)

¢—0
[v|<sd(t)—n

In general, the limits of the individual terms on the right hand side might not exist.
However, if the regularization {t¢,¢ € Q\ {0}} is analytic, each term can be expanded
in a Laurent series around ¢ = 0, and since the overall limit is finite, the principal parts
(pp) of these Laurent series must coincide,

VieDRY): pp((tS )= > pp((tSw,) 97 f(0). (52)
[v[<sd(t)—n

Note that pp({t°,w,)) is independent of the choice of w., because pp(t®) is a linear
combination of derivatives of §(x) and all information about w, that is used is (50). We
thus have proven

Lemma 4.3. The principal part of any analytic regularization {t°} of a distribution
t € D'(R™\ {0}) is a local distribution of order sd(t) — n, i.e.,

pp(t) = > Cy(Q) 8. (53)

Iy <sd(t)—n
In the derivation above we have C-(¢) = (—1)Mpp((tS,w,)).

Alternatively, the latter formula for C,(¢) can be obtained directly from (53) by
applying it to w, and using (50).

Corollary 4.4 (Minimal Subtraction). The regular part (rp = 1 — pp) of any analytic
regularization {t°} of a distribution t € D'(R™\ {0}) defines by

(M5, f) = Yy rp((t, f)) (54)

an extension of t with the same scaling degree, sd(t™MS) = sd(t). The extension tMS
defined by (54) is called 'minimal subtraction’.

In traditional terminology (—1)pp(t°) is a 'local counter term’.

Proof. Tt follows directly from (51)-(52) that any extension f of ¢+ with the same scaling
degree can be written as

(G f) = EWh) =tim () = 2 [pp(tSwy) + (s wn)| 97£(0)

¢—0
[y|<sd(t)—n

_ /4MS : ¢

=S )= lm o > () 975(0).
[v|<sd(t)—n

Obviously tMS differs from ¢ by a local distribution of lower or equal scaling degree. [J
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Corollary 4.5. For finite { the projection to the regular part of any analytic regulariza-
tion {t°} can be realized as a W-projection up to a term of order (, i.e., there exists a
projection WMS : D(R™) — Dy(R™), A = sd(t) — n, such that

VfeDR"): 1p(te, f) =t WM F) +0(0). (55)

Proof. According to Corollary 4.4 there is a projection WMS : D(R™) — Dy (R") such
that
(M5, f) = (& W) (56)

It follows for the regular part for all f € D(R"),

it f) = <t< Cpp(). WS Y wiﬁsf‘”(o)>
[v|<sd(t)—n

=@ WM+ Y s, wh®) D(0),
[v|<sd(t)—n

since pp(tS, WMS£) = 0 by (53). The left hand side as well as the first term on the right
hand side tend to (tMS, f) as ¢ — 0, cf. (54) and (47), (56). Hence the remaining sum
on the right hand side needs to vanish in this limit, and since it is the regular part of a
Laurent series it is at least of order (. O

By means of the results above, the statements made at the beginning of section 3 can
be illustrated on the level of the numerical distributions ¢ = tlg introduced in (24). We
first note that ¢S — —pp(t¢) is just the action in terms of the numerical distributions of
the projectors Ry, I = V(I') in the Forest Formula (34), because 8¢ (™) depends on ¢ only
through #¢ (see sect. 4.3). The fact that tM3 is a renormalization of ¢ admitted by the
Epstein-Glaser axioms (Corollary 4.4), reflects that Syig is a solution of these axioms.

Moreover, since in (8¢ o Zi/[s)(") the action of z%/[s is the addition of the divergent
counter terms for all contributing diagrams and for all their subdiagrams, and since,
in terms of the pertinent numerical distributions ¢¢, these counter terms are given by
(—1)pp(t%), and since pp(t) is a local distribution with sd(pp(t¢)) < sd(t) (Lemma 4.3),
we understand on the level of numerical distributions why ZIC\/IS € Z (see (28)).

4.2 Dimensionally Regularized Two Point Function

As in the unregularized case, the regularized Wightman two point function Ai differs
from A% (44) only by a change of the boundary value prescription:

Ai (z) == p? h\I‘I(l] w26 (22 — iex?) . (57)

As for A%, we conclude that WF(Ai) C WF(A4). Due to

¢ AS (@) if z¢ V.
AF(x){Ai(—x) it org V] (58)



causality of the regularized time-ordered products ‘J'g can be postulated in the Bogoliubov-
Shirkov way [BS59] and with that the family (T§) can be constructed inductively by a
version of the Epstein-Glaser method; this is done in the next subsection.

Under a simultaneous scaling of x and m, Ai and A% are homogeneous,

pITETEAS L (o) = AS (), =+, F (59)

since w%%¢(22) has this property.
We now use the relation between Bessel functions

s

K, I, —-1] (veC\Z) (60)

- 2sin(vm)
and the fact that I, is of the form
I(2) = 2" F,(2%) (61)

with the entire function

. oo 1 22 k
F,(z%) =2 ;/-MM<4> . (62)

Inserting these relations into the formula for the 2-point function we obtain the decom-
position

A = H}" +C, (63)
where 2
o (M
C5 (@) = —e(d = 20m* (£)7 Fy_,_ (~m%a?) (64)
m _4d
HY(x) = e(d = 20 ((~a?)'754) Fi_y,, (-m??) (65)

with ¢(d — 2¢) = (QTF)C_%m. The index j = +,F denotes as above the
appropriate boundary values. Note that the zeroes of the sine function at multiples of 7
produce poles at ( = % +n,n € Z in the above decomposition which cancel in the sum
(63).

We observe that H]m’C is a smooth function of the mass m and C™¢ is a smooth

function of the position z. Both terms satisfy the homogeneous scaling (59). HIT’C is the
Feynman type propagator corresponding to the Hadamard function which was already
used in [BDF09] (see also [Kell0]).

The interpretation of Ai as the dimensionally regularized 2-point function (in spite
of the fact that it is a distribution in d dimensions) may be justified by the fact that
it solves an appropriately deformed version of the Klein-Gordon equation. This may
be useful for the discussion of symmetries (as current conservation or gauge invariance
cf. [BDO8, FR13]) for the dimensionally regularized amplitudes.
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Lemma 4.6. Let d; :==d —2( , t =2, r = Z?:_ll(xi)2 and let the (-dependent
functions fc and G¢ be related by

fe(z) = 7%/ Ge(mz) . (66)
For r # 0 we introduce the 'wave operator in d¢-dimensions’:

de —2

1
05 := 92 — 9% — Or — 5 Dgaz . (67)

with the Laplacian Aga—2 on the (d — 2)-sphere.

(a) Forz* =t>—r? <0 it holds: F¢(x) := f:(v/—2) solves the "Klein-Gordon equation
in d¢-dimensions’, i.e.
(0 +m?) Fe(a) =0, (65)

if and only if G¢(u) is a solution of the modified Bessel equation of order d¢/2 —1,

G (u) (de/2 — 1)2> o

Gl(u) + == + Ge(w) (1 + (69)

(b) Ai(:c) solves the ’Klein-Gordon equation in d¢-dimensions’ (68) for all x with
r # 0.

Proof. (a) and (b): The statement (a) is obtained straightforwardly by inserting the
definitions and computing the derivatives. Since

Ai(x) = leii(r)l Je(Vr?2 —t2 +ite) (70)

with a pertinent function G¢ solving (69), part (a) immediately yields (D§+m2) Ai (x) =
0 for 22 < 0. For 22 > 0 the calculation in the proof of (a) has to be supplemented by
the ie-terms, the final limit € | 0 is harmless. O

4.3 Dimensionally Regularized Time-ordered products

In contrast to the situation described in ([BDF09, Sect. 5.2|) and (|[Diit12, Sect. 4]), the
regularized Feynman propagator A% € D'(M) is not a smooth function. Actually, we are
not aware of any analytic regularization which yields smooth propagators. Hence, the
construction of the regularized time-ordered products involves non-direct extensions of
distributions.
The aim of this section is to construct a unique family of linear maps
R (71)

loc

perturbatively by Epstein-Glaser induction (to simplify the notations we write Fjo. and
F for Fioc[[R]] and F[[A]] resp.). The construction has to be done in such a way that
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each ‘J}f in the perturbative expansion is a meromorphic function of N := (g) complex

parameters (;;, i.e. each order in A is meromorphic. We choose different parameters ¢;;
for each bidifferential operator in the formal expression

Cij Gi Gi 2
T(,unren := exp Z D i Dijj — <hAFJ, 630?530J> (72)

1<i<j<n

which we now want to make precise with the use of homogeneous extensions of distri-
butions ('unren’ stands for 'unrenormalized’). We can expand the exponential in (72) in
terms of graphs by means of (16), so we can construct Tﬁ as a sum of TFC, with I € G,
(the set of all graphs with vertices {1,...n}). Each expression TFC can be obtained by
recursively extending tp given by the formula (18) to a distribution defined on the space
D(Ar, Yr) introduced in Section 2 . The family ¢ contains one regularization parameter
for each pair of vertices. We write ¢ := (ij)1<i<j<n € CV. The regularized time-ordered
products T are given by m,, o TS. We will show in this section that the latter can be
constructed in such a way that certain properties, similar to Epstein-Glaser axioms are
satisfied. These properties can be specified equivalently on the level of Tg or TIS and we
will make use of both possibilities, dependent on notational convenience. The axioms
which we assume are the following (compare with [DF04| and [BDF09]):

e Starting element. Tf =id,

e Causality. Let Fy ..., F, be local functionals such that Fi,..., Fj have supports
later than the supports of Fyy1,..., F,. Let us denote by I the index set {1,...,k}
and by ¢; the family of parameters (;;, where ¢,j € I. Similarly, elements of (.
will have 4,5 € I¢ and elements of (;;. satisfy: ¢ € I, j € I°. Together they
form the set of parameters ¢ = ({7, e, Crre). The condition of causality is the
requirement that

TS(Fi, ..., Fp) = exp(Y_ DEI™) TN (F, . F) @ TS (Fign, - Fr) . (73)

i<k
i>k

e o-Locality. We require that T, is, in L-th order of A, a functional differential
operator on (M) of order 2L (see [BDF09] for details).

e Field Independence. Forevery k = 1,...,n we require that ( TC(F]L7 oo B )

TS(Fy, ..., (85, ),..., ), with Fl,...,Fne?loC,wES( ).

As explained in [BDF09], ¢-Locality and Field Independence imply that T,¢ (F®™)
can be expanded in the fields as follows:

TS (FE) (01, 0n) = D (&7, 51 (01) @ - f57 (n)) (74)
op
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where the test functions fa"( ) are defined in (22) and the numerical distribution

5% = =>r tc’ﬁ is a time-ordered product of balanced fields” at ¢ = 0, where the
sum runs over all graphs with vertex set V(I') = {1,...,n} and «; lines at the
vertex 7,1 =1,...,7n.

This formula is a generalization of the causal Wick expansion given in [EGT3|.
We point out that the r.h.s. of (74) depends on ¢ only through the numerical
distributions tg’ﬂ )

Translation Invariance. This axiom can be expressed by the requirement that
the numerical distributions tgjﬁ appearing in the field expansion (74) depend only
on the relative coordinates (r1 — @y, ..., Tn—1 — Tp).

Smoothness in m?. To formulate the requirement of the smoothness in mass

we make use of the decomposition of the Feynman propagator A?’C into H?’C
and C™¢. Let DC (RC™Cis ﬁ;w) We can “factor out” the powers of C™¢
from the regulamzed time-ordered products by applying the following equivalence
relation:

TS (P, Fo) i=exp (= S DG) o TH(RL, .. Fr) (75)
1<J

Let us now explain what this operation means in terms of Feynman graphs. First
we decompose a given graph into a sum of graphs that have H}"’C or C™< assigned
to lines. For example, the setting sun graph can be written as

@ :@ +3@ +3@ +@

Next, we write each such graph as a product of two graphs with only one kind of

lines, for example:
c c
& =
— . o——e

Similarly to [BDF09], we require the maps 7' fl to be smooth in m? € R. Since one

can switch between Tfl and TC using the map exp » . this requirement is

1<J z]?
a condition that affects also T55. The contribution to T' fl ,, coming from a graph I

will be denoted by T 1.

Scaling. Both the regularized Feynman propagator A?’g and H;n’g satisfy the
scaling property (59), so it is natural to require a corresponding scaling behavior

"Balanced fields are local field polynomials A(z) = P(01,...,0.)¢(x1) - o(zn)] . Here

T1==Tp=T

P is a polynomial, with the peculiarity that P depends only on the differences of variables (9; — 9;)
(“relative derivatives”). Balanced fields, originally introduced in [BORO02], were used in [DF04] in order to
fulfill Stora’s Action Ward Identity (AWI). The latter guarantees that the time-ordered product depends
only on local interaction functionals F', and not on the choice of a corresponding Lagrangian.
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from T¢ ~and T#. Following [DF04, BDF09], we define a map o, : F — F, which
acts as the scaling transformation:

0 (F)9) = F(p'7 0p),  pplx) = p(p ).

For Fy ... F, € ¥ with disjoint supports

0,0 T 00y (Fl,...,Fn):eXp( > pZCijDZm)(Fl,...,Fn) (76)

1<i<j<n

holds, where we exhibited the dependence on the mass m. To formulate the scaling
condition, it is convenient to work on the level of graphs. In the expression (76)
we get a factor p?¢ for each line joining vertices ¢ and j. We want the extended
" ¢ and T}{nf to behave in the same way, so we require that

op0 T}?”FC o 051 = p2¢ Tl’ﬁi’c , (77)

and the same for T}"" ¢ In the formula above, [;; is the number of lines connecting
vertices ¢ and j and I¢ is the scalar product 1{ := Zi,jeV(F) l;jGij. The formula
above may be illustrated by the following example:

Example 4.7.

0,0 D1y D5z 0 0, (7 (x), 5 (y), 93 (2))

(
= 812 p2(472) A2 (p(z — ) AT (p(y — 2)) 0, (0" %1 () 03(p2))
2((12+(23)me Ciz2 me,C23(<p%($C),g0§( ) <P3< ) (78)

We will now show that the given axioms determine the family (7, s ) uniquely, for an
appropriate choice of the parameters ¢. First we construct the family (Tfln) by the
Epstein-Glaser induction. Using the causal factorization and the field expansion, in each
order n, we reduce the problem to the extension of a numerical distribution defined
everywhere outside of the thin diagonal. The crucial property that allows us to do this
is the fact that the propagators H?’C are symmetric for spacelike points and therefore
the definition of (Tfl,n) doesn’t depend on the way in which we split Fi, ..., F), into an
earlier and later supported set on the r.h.s. of (73). The scaling behavior of the numerical
distributions is obtained from the formula (77), after inserting the field expansions (74)
of functionals. See [DF04| for details of this construction. For a given graph I', the
scaling degree of a numerical coefficient tC 6 is given by

kS8 ZZlij(d—Q—QCij)-i-’ﬂ’. (79)

1<j

We choose the parameters ¢;; in such a way, that k% ¢ No+d(|V(I')]—1) and Re(k%#) <
K9P +1, where k0 := > icjlij(d—2) +[B|. The reason for the former condition will be
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seen in (91). The latter condition guarantees that the regularization doesn’t make t%ﬁ T

too singular. If these conditions are fulfilled, we obtain a unique homogeneous extension
with the same degree x$%, which is smooth in m?2. The uniqueness follows immediately
from the fact that two homogeneous extensions would differ by a sum of derivatives
of the d-function multiplied by non-integer powers of m, thus violating the smoothness
condition. The explicit construction of such an extension will be given in section 4.4.
In section 4.6 we illustrate the inductive procedure presented here on the level of single
diagrams.

Having constructed the family (Tfln) as a unique solution to our extension problem,
we can obtain (%) by applying (75). The maps T} constructed here have some additional
useful properties:®

e Lorentz Covariance. Since Ai and ACF are of the form Ai(w) = wS(2? — iex?)
and A%(m) = wS (2% — i€) resp., they are Lorentz invariant. This is the origin of
Lorentz Covariance of T, ,?:

BL(TS(Fr, ..., F)) = TS(BL(F), ..., Br(F)  VLexLl, (80)

where [ is the natural automorphic action of the Lorentz group Ll on J.

e Unitarity. In the exact theory (¢ = 0) one wants the relation S(—F) = (S(F))~*

to hold true, where S(F) := S(F). In our formalism for the regularized time-
ordered products, the corresponding property can be formulated as

(-)" T =T, (81)

where TS(F®") := Tg(F‘@”) and
. e <
= (Vew( 3 DE)TE T (82
P=(I1,...,I,)€Part({1,....n}) i€ Iy, jEI, with k<l

with Di'; = (hAij , wf;@j ). Similarly to the exact theory (cf. [EG73, Sch89])?, T
satisfies anti-causal factorization, i.e. the T¢-factors on the r.h.s. of (73) appear in

reversed order.

This property holds also for TS , because the underlying propagator is the anti-
Feynmann propagator, that is

¢, L AF AF o Cz 52
Tg unren . _ exp Z Dij , Dij = <hAAJF, W% 5 (83)
1<i<j<n

81n the exact theory (i.e. for ¢ = 0), these properties play the role of renormalization conditions, they
are part of the axioms [EG73, DF04, BDF09|.

9The fact that we work with different (’s does not complicate the calculations, because the propagators
depend on (i,7) already via their argument (z; — x;).
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where

A p(z) == 0(20) A% (—z) + O(—2)AS (2)

= (22 +ie) = al(2? — ie) = A% (). (84)

From the anti-causal factorization of both, Tﬁ and T,§ , we conclude that in the
inductive Epstein-Glaser construction unitarity (81) can possibly be violated only
in the extension to the thin diagonal. However, since both sides of (81) are uniquely
extended by homogeneity, also the extensions must agree.

e Field Equation. Let G = [ dx p(z) h(x) (where h € D(M)). By the field equation
we mean the relation

TG, Fi,...,Fy ) =GRTS (Fi,...,Fy1)

n—1
+Z/dxh(x)/dyA%f(x—y)Tn¢I(Fl,...,éi{;),...,pn1) . (89)
i=1

The validity of the Field Equation is most easily shown by using the uniqueness of
TS. The right hand side of (85) gives an alternative inductive definition of TS on
the restricted domain {G ® [} ® ...F,_1|G = [¢h , F; € Fioc}, which fulfills all

the axioms. Therefore, the alternative definition (85) of 7, ,?(G ®F ®...F,_1) must
agree with the original one.

e Meromorphicity. The maps TnC are meromorphic in ¢.

4.4 Extension of homogeneously scaling distributions with non-integer
degree

In this section we derive a general formula for differential renormalization of homogeneous
distributions with a non-integer degree. In order to include the case of nonzero masses,
we consider smooth distribution valued functions of m?,

t:R— D'(R\ {0})

(i.e. for every test function f € D(R!\ {0}), the function m? ~ (t(m?), f) is smooth).
We assume that ¢ is homogeneous under simultaneous scaling of m? and the underlying
coordinates x,,r =1,...,[, i.e.

l
O Qr0r — mOy)t = —kt (86)
r=1

with k € | + Ng, where Q, is the operator of multiplication with the function z — x,.
Due to smoothness in m?, the scaling degree of t(m?) is equal to Re .
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It is convenient to introduce a uniform notation and write Qg for the operator O,,.
Furthermore, we denote P, := 0, 7 = 1,...,l and P, is the multiplication by —m. Using
this notation we define a sequence of operators E, by

Ey =1
!
Enyr = Z P.E,Q; .
r=0
We can think of E,, as generalized Euler operators, hence the notation.
Lemma 4.8. The scaling relation (86) implies the formula

1
t = Ent, VneN. (87)

=0 +j— k)

Proof. We prove this by induction on n. The case n = 1 is the scaling relation (86)
written in the form

zl:PT(Qrt> —(l—r)t. (88)
0

r=

Assuming (87) to hold true for n < k, we take into account that Q,¢ is homogeneous
with degree (k — 1) (i.e. it satisfies (88) correspondingly modified) and obtain

Epiqt = Z Proy-- Py (Qm e Qe t) =

71 Tk+1

=3 P P Po@o (QuQunt)) =

_ (l— (k= k)Y Pryy oo Py (Qm Qs t) -

k—1

:(l+k—n)(H(l+j—n)>t,

j=0
which is (87) for n =k + 1. O

We will now use this lemma for defining extensions of distributions. Obviously, mul-
tiplication by x, reduces the scaling degree by 1. Since t is a smooth function of mass,
fulfilling (86), the scaling degree is also reduced by 1 if we apply 9,,. Let w € Z be the
minimal integer fulfilling

w>Re(k)—1—-1. (89)

Now, choosing n = w + 1 in (87) we have

sd(Qry ... Qroi t) =Re(r) — (w+1) <. (90)
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Hence, @y, ... Q. t can be uniquely extended (by the direct extension, see Thm. 4.1)
to a homogeneous distribution

Qr - Qro, t€D'(RY.

Using differential renormalization, the unique homogeneous extension # € D'(R!) of ¢ is

given by
1

i= H;):()(l +5— /4,) Z Prw-&-l oo By (m) . (91)

It is now clear, why the assumption x ¢ [ + Ng is needed. The massless case is easily
obtained by setting Q)g and Py to 0.

T1..Tw+1

Remark 4.9 (Almost homogeneous scaling distributions). ¥ For almost homogeneous
scaling distributions t € D'(R'\ {0}) with w = 0, the scaling relation (which is now (1))
can also be used to derive a formula for differential renormalization. More precisely we
assume that ¢ fulfills (1) with degree k = [+ z, where 0 # z € C and Re(z) < 1. Now we
write (1) in the form

0=(P-Q+2)"NTt
N+1

S (N/j 1) AN P (Quo (P ) (92)
k=1 s

where P - Q := Zi:l P, 0 Q,. Since sd(Qs o (P - Q)1 t) = Re(k) — 1 < [ the unique,

almost homogeneous extension can be written as

-3 ()= S (@ (P QFTt) e DR (93)
s=1

k=1

4.5 Minimal subtraction and the Forest Formula

We start with a 1-dimensional toy example, which is taken from [Hor03, sect. I11.3.2|, but
treated here in the somewhat different light of extension of (homogeneous) distributions
from D'(R\ {0}) to D'(R), cf. [NST14] and [GBLO03|.

Example 4.10 (Toy model). The distribution
t°() =O(2) 2™ € D'(R\{0}), keN, ¢eC,[¢[<1, (94)

(©(x) denotes the Heaviside function) scales homogeneously with degree k = k — . We are
searching almost homogeneous extensions to D’(R), in particular for ¢ = 0. For ¢ # 0 the unique
homogeneous extension £ € D’(R) can be obtained by our formula (91): the definition (89) gives
w =k — 1 and with that we obtain

k o)
T O e = 3 )¢ (95)

1=—1

i< (x) =

10This remark is not relevant for our construction, but it may be useful in other instances.
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This is an analytic regularization of t° = ©(z) 2" in the sense of definition 4.2, since one verifies
straightforwardly that

lin(#.g) = [drO(@)sF @), VgeDR)
—

by using that such a function g is of the form g(z) = z* j(x) with § € D(R). For ¢ = 0 the
extension is non-unique, almost homogeneous scaling is compatible with the addition of a term
C 6%~V (z) , where C € C arbitrary. However, the M S-prescription (54) yields a unique result:
tMS(z) = fo(x) (the coefficient [ = 0 in the expansion (95)). Using

O(z) 2t = O(z) + (O(z) In z + 0(¢?) (96)
and - .
(C—1)~-(1C—k+1) - ((;1—)1)! (1+C;1/J’+O(C2>) (97)
we obtain
MS (=Dt dt L s
() = e (w(e(x) Inz) + (; 1/5) &€ )(z)> . (98)

Note that tMS scales almost homogeneously with degree k and power 1.

We now apply the formula (91) to the distributions tC 6 € D'(RU"=1D\ {0}), arising
as numerical coefficients in the expansions (74) of THF. For such objects k = k&P is
given by equation (79) and the domain for ¢ € CV is restricted by Re(k$?) < k0 + 1
and k¢? ¢ d(n — 1) + Ny to the region

Qf = {¢ = (Gy)rzicjen | 21C € (0,1, k% —d(n = 1)} A Re2l¢ > -1}, (99)
The minimal w € Z satisfying (89) for all ¢ fulfilling these restrictions is

w=r"—dn-1). (100)

Since for w < 0 the direct extension (Thm. 4.1) is applicable, we only study the case
w > 0. The unique homogeneous extension (91) can be written as

iC8 ¢.B
i S PP (Qrr - Qron 857 - 101
HTI — ||k 0 214- k na Tw+1"* 1( 1 w+1 H,F) ( 0 )

We explicitly see that t'c’ﬁ has possible poles at 21¢ € {0, 1, ...,w}. Before we can perform

the minimal subtractlon we have to pass from TC to TC On the level of graphs,
this corresponds to multiplying extended regularlzed expressmns constructed above with
powers of C¢. Since C¢ is regular in z, these powers and multiplications are well defined
and no extension is needed. Let us fix a graph I' and consider subgraphs -, ~¢ with the
same vertex set such the edges of I' are either edges of v or 4¢, i.e. E(y) C E(I') and
E(y¢) = E(')\ E(7°). According to (75), Tlg can be constructed as

¢ o
TFC:ZTV Tor.
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where ¢ = (¢, () and TéW =ILijevy (CQJ‘)HJ (ﬂc denotes the number of (ij)-lines
in ~4¢). Using the field expansion (74) We can write the corresponding formula also on
the level of numerical distributions:

_[:_IC_‘,B — Z tﬁ—}y’:}/ﬁl Cry 75 ﬁl (102)
7.81<B

Note that 1, contrary to 3, is not restricted by the condition that it involves only the
relative coordinates at each vertex.

To perform the minimal subtraction scheme we set all (;; to be equal to a fixed value
¢ and determine the coefficient of (¥ in the Laurent series (102). In the massless case the
minimal subtraction scheme simplifies significantly, since we don’t have to separate the
regularized time-ordered products into T 151 r and the powers of C.

We illustrate the massless case for a,graph I" with no subdivergences. Then the
non-extended distribution t%’ﬁ = ¢ is analytic in ¢,

t=to+ (t1 +0((?) (103)

Thus the extension £¢ (101) has a pole of order 1 at ¢ = 0, i.e. ¢ = Z;i_l t;¢7 5 the
coefficient ¢( is the M S-solution tMS. By expanding also the prefactor T 1 with

x(2cC—k)
=2 i;lij =|E(T)|, we obtain

1 - w
Z 81"1 rw+1 (?C Qh s Qrerl t1 + Z
k=

1

) Q- Grons to) . (104)

w\»—n

The second term on the right hand side is a finite renormalization term, i.e. it is of
the form Z|a|:w C, 0% with Cy € C, since it vanishes for z # 0 due to 0, ., o

@ror (@ry - Qr, o) =0 (cf. (88)).
The first term in (104) contains generically logarithmic terms which come from the
expansion of a product of massless Feynman propagators:

[ 1+ —io) + o)
(—@? — i) < [,(- (2 —ie)) |

(105)

The dimensional regularization which we introduce doesn’t yield 75 (72) (i.e. the
Feynman rules) finite, in the sense that the formal expressions for a graph I" and a multi-
index B characterizing the derivatives are a priori meaningful only for values of the
regularization parameters ¢ with Re(;; sufficiently large.!! The analytic extension to
Q? can be constructed by the use of the homogeneous scaling with non-integer degree in
terms of formula (101). In the presence of divergent subdiagrams, one first has to perform
the analytic extension for the subdiagrams. This amounts to solving the EG induction

11 This corresponds to the fact that in the dimensional regularization in Euclidean momentum space
the “Feynman integrals in d — 2¢ dimensions” are only defined for Re ( sufficiently large and have to be
extended by analytic continuation.
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scheme for the deformed theory. The result is unique. Then, the limit ¢ — 0 is performed
by applying the EG Forest Formula (34). A disadvantage is that in intermediate steps of
the construction of the analytic extension partitions of unity are used (see Example 4.16)
which make the method less explicit. An alternative is the so-called splitting method
originally used by Epstein and Glaser which avoids partitions of unity on the price of a
more complicated combinatorics.

Remark 4.11 (Quick computation in the massive case). If t5, = t%’ﬁ is a product
of derivated regularized Feynman propagators (i.e. all preceding inductive steps of the
EG-construction of t$, are done by the direct extension), the unique #, and the unique
t%s can be computed by the following procedure, which is usually much faster than the
method explained above. In this case it suffices to work with one (.

(1) Insert the expansion
oo d o
A%m(x) _ Z th FLQC m2! (—(.’172 i ie))l+lf§+C + chc NQC md—2+21-2¢ (—CEZ)I
=0 —
(106)

(with coefficients hf, clC which do not depend on (z,m), see (64)-(65)) into t5, =
[10°A% .

(2) Let ¢ € Q? Write ¢, as the summands with scaling degree > d(|V/(I')| — 1) — 1

and a remainder rfn:

P
= Z Z mP =2 7-570(3:) + 75 (z) (107)
p=0 c
where ¢ is the total number of ¢-lines (i.e. the propagator is a clg—term).

(3) Apply the direct extension to 75,. Since Té ¢(x) is homogeneous in x with a non-

integer degree, it can be extended by the differential renormalization formula (101)
with Qo = 0 = Fy. Summing up we obtain

P _
=3 w2 (@) + () (108)
p=0 ¢
Obviously, the so constructed i€, is the unique solution of our axioms.

(4) Minimal subtraction acts only on the expressions (m=2¢ 75, C) ie.
e zmp 3l o)+ Te) = i (109)

because 5, is analytic in (. The latter can be seen as follows: for z # 0 we conclude
from the analyticity of A% m that #5, and the sums S mT T,ic are analytic,

hence, rgn is analytic and this property is maintained in the direct extension.
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4.6 Examples

In this section we use the shorthand notations

rp=ap—x, X i=—(22—ie), Xy:i=—(x3—ie), X-Y:=—((z—y)*—ie.

(110)

To simplify the formulas we work with a slight modification of the regularized Feyn-
man propagator: writing the prefactor ¢(d — 2¢) (used in (64)-(65)) as

cld—20) = S rd 1 gre -4

(by means of Euler’s reflection formula), we replace 7¢ I‘(g —1-¢) by I‘(g —1). This
amounts to a finite renormalization of tMS, which is analogous to the step from the M S-
to the M S-prescription in conventional dimensional regularization.

Example 4.12 (Second order of a massless model in d = 4 dimensions). 12 The k-th
power of the dimensionally regularized massless Feynman propagator,

RN ¢ p*
exists in D’(R*) (by the direct extension, Thm. 4.1) for
sd(t°) <4 thatis for Re(()>1—2. (112)

Analytic continuation to a function meromorphic in Q := {¢ € C|Re(¢) > —+} can be
done by differential renormalization. Instead of using (101) we proceed in the following
way:1? on D(R*\ {0}) the distribution X is well-defined for a € C and one easily verifies

= —da(a+ B
O0X* = —4 1) xe! 113
(cf. [GBLO3]). Hence, in D’(R*\ {0}) ¢ agrees with

(_l)kfl MZkC
(4m2)k 4F-1 k¢ (k¢ — k4 1) TI5Z7 (k¢ — 5)?

i°(z) = k=1 x —1+k¢ (114)

for almost all ( € C, where Hf;f(k( — )2 :=1for k=2
As distributions on D(R*) we have t¢ = £¢ for Re(¢) > 1— 2 only; however, £¢ is well-

defined as meromorphic function on Q by direct extension of X 15 since sd(X ~1T+¢) =
2(1 — Re(k¢)) < 4 = d for ¢ € Q. Hence, ¢ is the unique analytic continuation of .

12In [GBLO3] this example is treated by essentially the same method under the name ’analytical
regularization’.

BFor k = 2 (fish diagram) the two procedures give essentially the same formula, due to OX< =
—2a 9, (z" X*71); but for higher powers of DS, the method (114) yields shorter formulas.
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The M S-solution can be computed as explained in (103)-(105):

(D! (/I X)+ec
tMS( ) (47T2)k 4k—1 ( k‘) Hﬁ:f j2 Ok 1) (MT)
—1)Ft In(p® X , B
- TR 2 (P00 () + eiant 00D, (119

where ¢:= (k- 1)7'+2Y %7 j= and Y V27 i =0 for k= 2.

Example 4.13 (Massive setting sun diagram in d = 4 dimensions). We use the quick
computation of remark 4.11: we write 5, := (A< )2 as

t5,(2) = 7 0(@) + (20 (150(@) + (2) X 75, () + 75, (@) (116)
with
To0(@) =(ho)* ' X735 7 () = B (ho)® P H00 X725
7§ 1(2) =8 (ho)? 2+ X242 (a17)
where
_ ¢ _ ') 1 g1 .
hﬂ_m’ h1_167r2r(1+C)_167T2 (C+O(C )),
(. ATQO _ —1 1
OTTI6mT(2-¢) 1677 (g*o(g ) - (118)

We point out that the singularities of h17 CO for ¢ — 0 cancel out in the combination
t5 = (o + ()% m50);

i 15(0) = 3 (ho)? 2 X2 i (1S (12 X)5—c§ (2) %) = g a2 X2 (In(2) 2 (1)1
(=0 (—0 s rr
(119)
in D'(R3\ {0}), as it must be since (AC )3 is analytic in (.
We have to compute the coefficient tMS = ¢, of {¢ = Stk ¢k for t¢ = 7'0470 ,
= TQC’O and t¢ = m~% T§1 . For the former the result is the particular case k = 3 of

(115):

350 gk (D) s i) e

The extensions of 7'2(70 and 7'2C71 are obtained analogously to (114):

oy OB RS (ho)?
7-2,0(x) - 4(173C)3C

2403 ¢85 (hp)?
Ox- 43¢ 6 () =1 2% V0] my—142¢ (199
) 7-2,1(:1:) 4(1724-) 2C ( )
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Note that the cancellation of the leading negative power of  in the sum tg (119) does
not work for the pertinent extensions:

¢ rmy—2¢
m 3 (ho)? —/ hs (u2X)¢ ()
i = (o + (2) 2 #,) = O a2 - . (122)

4¢ (1-30)3 (1-2¢0)2
since [...] = le’( (3 — 1)+ 0(¢°). Expanding
3hi (ho)® (T
iR L@ tg o).
3¢ (ho)>  [s—2 s-1

the MS-solutions read

ro+r-13 m(p?X) +r_3 (ln(/ﬂX))Q)

T%S(LL’) = ,u*Q lim rp(r’io)(a:) = D( e

Y

2
~MS _9 my\—2¢ +C _ Sg + S— 121n( )—i—s 22(111( ))
AP ) = 0 ()7 #5,)(@) = O < )
(124)
Joining together the various terms we end up with
05 (@) = @)+ m? (B @) + BB @) + ) - (125)

Notice that 7, can be computed directly, without using any regularization: inserting
the m2-expansion of the Feynman propagator,

Ap(z) = % +m? Z(ql (m2X)! In(m*X) + Q (mQX)l) . a4, QER, (126)
=0

into (Afp)3, 7, is the direct extension (Thm. 4.1) of the sum of all terms which are
m*+2 (In(m2X))* with [ € Ny (and k = 0,1,2,3).

Example 4.14 (Massless triangle diagram in d = 6 dimensions). The dimensionally
regularized massless Feynman propagator in d = 6 dimensions reads

>
Di(x) = T3 X2=C (127)
The triangle diagram
t(2,y) = Dip(z) D5y (y) Dio(w —y) € D'RZ\{0}), (€ C\{0}, (128)

is homogeneous with degree k¢ = 12— 6¢, i.e. we have w = 0 (89). With that (101) yields

6¢ m
i (z,y) = Bro6¢ oy (Xzfg Y2 (X - y)27<) ’ (129)
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where we write 0, ., (2, y)* t(x,y)) for Oy p(z#t(x,y)) + Oy (y t(x,y)) to simplify the
notation.
For ¢ — 0 the M S-prescription (104) yields

£MS( 1 In(p® XY (X — Y)))

z, y) = m a(x,y),u ((.T, y)u X2Yy2 (X _ Y)2 (130)

Example 4.15 (Massless triangle diagram with subdivergences in d = 4 dimensions).
We want to renormalize

ta,y) = (D8 @)?2)  ((DF)?)

with C = (<17C27C3) € (I:g ’ |C‘ small enough> Cl 7& 0, CZ 7& 0, (241 + 2C2 + C3) # 0 and
where D% is given by (111). By 'ren’ we mean that the pertinent (divergent) subdiagram
is renormalized. Doing this by using (114) we have

(DR —y) e DR\{0),  (13D)

ren I

t(2,y) = ¢(C1) () T (2, y) (132)
where B N
) = Grrsea—m) = 2 ! (133)
and .
(2, y) = Z? (DxX*H%) (DyY’HZCQ) (X —Y) 1*6 (134)

We explicitly see that t¢ scales homogeneously with degree k¢ = 10 — 2(2(; + 2( + (3).
Hence, the differential renormalization formula (101) can be applied with w = 2:

¢ _cG)elC) /o8
where
¢ _ 1 T yar —
to(w,y) : 2(1 — 4¢1 — 4Co — 2C3) (2 — 4C1 — 4Ca — 2G3) (ax,uax,uax,A(xul' LT (l‘,y))

+3 axvuamvvay«\ (W) +3 8m,uay,uay,)\ (m)
+ 0y 1 0yv Oy \ (W)) (136)

is analytic in ¢ for |¢| sufficiently small.
Turning to the limit ¢ — 0 we apply the EG Forest Formula (34) (Thm. 3.1): first
we subtract the principle parts of the divergent subdiagrams

(1 + RCl + RC2) £ (377 y) = ) elz) §C1:¢2:s) (37: Y)

C2G 426+

_ 1) s065) __1elQ) 60
GRG+G) N T (z,y) (137)
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(where we write Ry, instead of Ry). Using (0, X ! = —id4n? §(x) we explicitly see that
£0:€2:68) (2, ) = £€2:0:63) (3, ) has support on the partial diagonal x = 0:

065z, ) e ()
7 k) :U’ — x
Vo1 =16 — 2G) (2 — 4G, — 25)
+ Oy, 1Oy v 0y \ <y“y”y)‘ (DyY_HQCQ) Y_H'Cf‘) i (138)
To obtain
M5 (z, y) = lim (14 Ro)lc——¢—¢: (1 + Re, + Ry ) ¢ “(a,9) (139)
((1 + R¢) removes the remaining “overall divergence”) we set ( := {4 = (o = (3 in

(1+ Re¢, + Re,) (2, y) (137) and compute from the resulting Laurent series in ¢ (which
has a pole of order 3) the term ~ ¢°. Using the expansions

7660 ( Zthy 7060 Ztkmy (140)
we end up with
1 C_1
tMS(l’,y) = g Z Cq Cr ts(xvy) - ? Z Cr (t;(xay) + t;(y,x)) ) (141)
g+r+s=1 r+s=2

where ¢, > —1 and s > 0.

Example 4.16 (Massless double triangle diagram with overlapping divergences in d = 6
dimensions). We introduce the notation D%(az) =: d(¢) X~2*¢ for the Feynman propa-
gator (127), note that ¢ — d(¢) is analytic. Compared with the preceding examples, the
additional complication of the double triangle diagram,

tunren (714, T24, T34) = D%Q (x12) D%B (z13) D%?’(x%) D%M (x24) D%”‘l (w34) , (142)

is an “overlapping divergence”. The subdiagram 123 (i.e. with vertices x1, x2,x3) is com-
puted in Example 4.14; with different (x;’s the regularized amplitude (129) reads

fé<12’C13’<23)($12,$ ) ((21122)+(21§)+(§22§)) t(C12 C13;C23)(l,12 l‘lg) cD ([RIQ) (143)

where

(21, 215)" ) (144)

7g(C127C137C23)(x1271.13) P (
(z12,213)p Xlg—Cm Xlg—Cm ng_C%

is analytic in ({12, (13, C23). The second divergent subdiagram, which is 234, is obtained
from 123 by replacing 1 by 4.

The whole diagram 1234 has w = 2; we use the notations x := (x12,213,214) and
¢ = (C12, (13, (23, (24, C34). To write down t¢(x) € D'(R'®\ {0}) we need to introduce a
partition of unity: for x € R'®\ {0} let

1= f1(%) + fo(x) with fi, fo € C2(R™\ {0}) (145)
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and

supp fi C R®\ {x|224 =0 =234}, suppfo C R¥®\{x|z12=0=1m13}. (146)
With that we can write

¢
¢ix) — Hd(Ckl) < t123|4(x) < (1 s 4) /18
t5(x) = B (fl( )—C12+C13+423+f2( )—C24+C34+C23) e D'(R'¥\{0}), (147)
where

+

123|4(X) = E(C12’<13’C23)(:L'127:p13) X222+<24 X3;2+<34 (148)

is analytic in ¢. Here and in the following we mean by [] and }_ the product or sum
over (k,1) =(1,2), (1,3), (2,3), (2,4), (3,4).
We point out that ¢S (147) is independent of the choice of fi, fa, because on

(supp J1 Nsupp f2> - ({x | 223 0 U{x|z23 =0 A 212 #0 # 3;’34}) (149)
the distribution i§<12’<13’C23) (x12,213) (143) is equal to its non-extended version and, hence,
¢
t

123\4 —2+Ck1
X 150
2(Ci2 + Ci3 + C23 H (150)

is invariant under (1 <> 4).
The differential renormalization formula (101) (with w = 2) yields the extension

¢ (x) = [Td(C)
t>(x) (XG4 -2 Ga)(2 -2 Cu) OxuOxv Ox\
t§23|4(x) (1 4) L

(151)

where similarly to (129) a shorthand notation is used (the detailed version is analogous
o (136)).
We use the EG Forest Formula (34) (Thm. 3.1) to compute tMS:

M (x) = %13(1) (14 Ri234)(1 + Rio3 + Roza) 19(x) . (152)
We point out that Rio3 gives a non-vanishing contribution only on the fi-term; because,

setting ¢ := (12 = (13 = (93, the fo-term is analytic in a neighbourhood of { = 0. Taking
this into account the counter term of the 123-subdiagram reads

R d(¢)3 d(Coq) d(C34)
©C 12 (3C+ Coa + Gaa) (1 — 2(3C + Coa + G30))(2 — 2(3C + Coa + Caa))

DD (3% f1(3) 15,5549 (x) )

Ri31%(x) =

_ d(0)? d(Cas) d(34) 7°
C-12 - (Coa + G3a) (1 — 2(Cos + (34))(2 — 2(Co4 + (34))
8,{#8,(1,8,()\ (X“XVX)‘ 5($12, .Tlg) X 24 2+ X 72+<34) , (153)
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where we use the result for the scaling anomaly of the 123-subdiagram, {(0,0,0)($12’ x13) =
78 8(x12,713) (derived e.g. in [BDF09, sect. 7.1]), and that we may replace fi(x) by 1
(due to 0 = fo(x) d(z12,213) = (1 — f1(x)) (212, 713)). With that we explicitly see that
the 123-counter term is independent of the choice of f1, fo.

Finally t™5(x) is the coefficient ~ ¢° of the Laurent series (14 Ria3+Ra34) 1€ (%) c=(¢.c.c.c.0)»
i.e. it is the coefficient ~ ¢? of the power series

d(¢)’° y c
60 (1 — 10¢)(2 — 10¢) Drcp O O (X“X x (fl(x) t(é;ﬁf “Ux) + f(x) (16 4)))
d(0)* d(¢)? =°

ax,u,axzxax)\ (X'MXVX)\ (5(33125 3713) ‘X24_2+C )(34_24_C + (1 A 4))) .
(154)

S 24(1-40)(2-40)

Due to (150), this result is independent of the choice of fi, fo. However, to compute tMS
an explicit choice of fi and fy is needed. This can be done as follows: Let x be a smooth
approximation of the Heaviside-function ©(z) with supp x’ C [—¢,¢€] for a sufficiently
small € > 0. For € R® we mean by |z| the Euclidean norm. We set

121 ? ) if 0
O e e I , (155)
1 if 214=0 A X#0

with a sufficiently small a > 0. Note that go € C>®(R!®\ {0}). Let

91(x) == g2(T24, T34, T14) - (156)
The sets
Kj={x#0]gj(x)=0}, j=1,2, (157)

are narrow cones around the diagonal z1o = x13 = x14 (for g;) and the x14-axis (for gs).
Since K1 N Ko = 0, we have g1(x) + g2(x) > 0 for all x # 0 and, hence, we may set

) e 9i(%) L
fix) = g1(x) + g2(x) J=he (158)

Obviously the pair (f1, f2) satisfies the required properties (145) and (146), and it also
fulfills the (1 <> 4)-symmetry and scales homogeneously with degree 0:

f1(x) = fo(—z24, =34, —714) ,  fi(Ax) = fi(x) VA#O. (159)

The computation of tMS needs explicit formulas for fi, fo only in the first line of (154);
to compute the latter smoothness of fi, fo is not necessary — x can be replaced by ©.

The computational difficulty that, in case of overlapping divergences, our method
needs explicit formulas for a partition of unity, can be avoided by using the distribution-
splitting method of Epstein-Glaser [EG73] or Steinmann’s direct construction of retarded
products [Ste71, DF04| (instead of Stora’s extension of distributions [St093]). In the
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splitting method, a map @% cFO 5 F corresponds to ‘J'g restricted to the complement

loc

of the thin diagonal A, := {(z1,...,2,) |21 = --- = x,}. This DS is a sum of products
of time-ordered products ‘J’g of lower orders k < n, its construction does not need any

partition of unity. D% has causal support, that is the pertinent numerical distributions
d(xy — xp,...) = dgﬁ(xl, ..., Tpn) (defined analogously to 5”7 in (74)) have support in
(V=1 g (V)<= The distribution splitting,

d=a—r, with suppa C (V+)X(”_1) A suppr C (f/_)x(n—l)
and sd(a) <sd(d) A sd(r) <sd(d), (160)

corresponds to the extension of tg{'B(ajl — Zp,...) from D'(R'\ {0}) to D'(R") (where
[ =d(n—1)), i.e. it can be understood as renormalization. Our results about minimal
subtraction (Sect. 4.1) and the differential renormalization formula (101) hold, suitably
reformulated, also for the splitting problem (160). This is worked out in Appendix B. A
main disadvantage of the splitting method is that usually the computation of DS requires
quite a lot of work (see the examples in [Sch89]), so in absence of overlapping divergences
the extension method is mostly much more efficient.

5 Hopf Algebra and Renormalization

In pioneering work [CK00, CKO01], Connes and Kreimer uncovered interesting algebraic
structures underlying the combinatorics of perturbative renormalization. In particular,
one obtains the diffeomorphism group on the space of coupling constants, tangent to the
identity, which is nothing else than the renormalization group in the sense of Stiickelberg
and Petermann and was independently derived in form of the Main Theorem of Renor-
malization in [PS82, Pin01, DF04, BDF09]. Other structures refer to computational
methods and can best be formulated in terms of Hopf algebras of graphs.

In this section we will describe the main combinatorial structure arising in our frame-
work and relate it to a certain Hopf algebra. We also argue how this structure can be
related to the one used by Connes and Kreimer. Let % denote the Stiickelberg Peter-
mann renormalization group. The Main Theorem of renormalization describes the set of
scattering matrices . as a right group module (right action),

p: S% — L

S®RZ +— 8§:=80% (161)

Consider the formal symbols 6", n € N. Using the prescription

6™(8) =8 (0): FE" - F and "(Z) := 2 (0) : FE* - Fioc (162)

loc loc

we associate "’s with maps from . and Z to the C-linear space of linear maps Lin(&"%?, F)

and Lin(?ﬁ?g, Floc), respectively. Using this identification we can define on symbols 6"

two distinguished products. We start with the tensor product §” ® 9™ of linear mappings,
which is defined to be a map form 2 to Lin(FE"™ F22) Apart from ® it is also natural

loc loc
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to consider another product, the non-commutative composition product (9 defined for
symbols 6", %1 ® - .- ® 6*m by
§Mo (k) @...@zkm)y | if m=n,

0 , else,

@ ot (5.2) = {

where 8 € ., R € #Z. Note that $§V(0) = 2Z1(0) = id, i.e. §' = 1 is the unit with
respect to (©. We can now write the termwise version of the main theorem (i.e. the Faa
di Bruno formula for (8 0 Z)(™, cf. (32)) and the group law of Z as,

§"(80z)=> (8@ )d")(s, 2), (163)

P IeP
5 (210 22) = 367 © R 811 (21, 22). (164)
P IeP

Now we want to reinterpret these formulas in the Hopf algebraic language. To construct
the Hopf algebra dual to % we consider first the algebra O of functions on % with values
in R. We want to encode the group law in the coproduct structure, i.e. we want to define
A:0O = O®O0 such that .

Af(Z1,22) = f(Z102Z2). (165)

This is in general not possible, since Z is not finite. One can fix the problem by replacing
the algebraic tensor product with some completed tensor product (see for example [Far00|
for the case of Hopf algebras of smooth functions) or restrict oneself to the algebra of
representative functions!®. Fortunately the situation simplifies significantly if we take
into account the fact that, as shown in [DF04, BDF09], % acts on the space of actions'.
Moreover, in a renormalizable theory the orbit of the interaction can be described by
a finite set of parameters (coupling constants), so there exists a group morphism map
from % to a subspace Z of Diff(RY), the group of formal diffeomorphisms with N €
N. From the physical point of view, all the relevant information about the theory is
contained in %, so we can now focus our attention on this group. We consider now
the algebra H spanned by symbols 6% where §%/(Z) = 0,2(0)!, Z € %, Z' is the
i-th component of Z and o € N} is a multiindex. The group law in Diff(V) is the
composition of diffeomorphisms of V and it is easy to check that the functions §** are
representative. We assumed that Z(0) = 0, 2M(0) =1id, for Z € Z, so 6% is trivial and
o 0 Z — 0;2°(0) is identically 1 for j = i and 0 otherwise. Therefore we identify all
8% i =1,..., N with the unit 1 element and define the counit by setting: e(6%%) := 0,
for a # i and €(1) = 1. The coproduct of H is defined by (165) and the explicit formula is
just the Faa di Bruno formula for maps RY — RY. Next we introduce on H the grading
deg(0*") = |a| — 1. With this definition, H is an No-graded connected bialgebra and
from the result of [Kas00| follows that H has an antipode and, hence, is a Hopf algebra.
This way we have constructed the Hopf algebra induced by action of the renormalization
group Z on the space of coupling constants of a given renormalizable theory.

14We recall that a function is representative if its orbit under the left translation is a finite dimensional
subspace of O. In particular, matrix elements of finite dimensional representations are such functions.
For more details see the review paper [FGB05] and lecture notes [Fra07].

5By actions we mean equivalence classes of generalized Lagrangians, in the sense of (7) and the
discussion above it.
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Example 5.1 (Faa di Bruno Hopf algebra). Let us consider the case where the space of coupling
constants is one dimensional. This happens for example in case of ¢3 in 6 dimensions, after
performing the wave function and mass renormalization (see example 7.1 in [BDF09] for details).
Z is mapped to #Z C Diff(R) and we consider the algebra F generated by functions 6", where
6"(2) = 2(0), 2 € Z. The product is just the pointwise product of functions. The action of
the Stiickelberg-Petermann renormalization group on itself (formula (164)) induces a coproduct

A:F—-F®F by
A=Y 5o T oM, (166)
P IeP

and one can write (164) in the form
5”(2,1 o Z;g) =mo A(S"(Zl, Zg) .

H is N-graded by the order of the derivatives,
deg(6"):=n—1, F=EPF". (167)
n=0

The unit of F is 1 = §' and from Z(1)(0) = 1, Z € Z follows that F is connected. F also has
a counit € : F — C by €(0™ - ...-0™) 1= 01pn, - ... - 01p, (0;; means the Kronecker delta) and an
antipode A : F — F, which is obtained by recursion from its definition as

Al1):=1 and 0= (id*A)(0"):=mo(Id®A)oA(0") for n>1 (168)
(where A(Q;cp 0l1) := O cp A(6!1)), which gives the recursive relation

A"y == > oI T A@") for n>1. (169)

|P|>1 Iep

The resulting Hopf algebra (F,-, A, 1,¢,A) is a well known structure called the Faa di Bruno
Hopf algebra [JR82] (see also [FGB05] in the context of renormalization).

To relate our Hopf-algebraic to the Connes-Kreimer approach one has to use the
expansion of S into graphs, given by relations (16) and (17). Let us start on the
abstract level of multilinear maps between spaces of functionals. According to (17), with
a graph I', we associate a functional differential operator Tt from ?%Z/(I‘) to (3’®V(F))1OC

The notation FSZ/(F) means that the factors of the tensor product are numbered by the
indices of ', i.e. for each vertex ¢ we have a variable ¢;. At the end we set all the ¢; to
be equal (by applying m,,), but for now it is important to keep track of the information,
which functional derivatives are applied at which vertex. The space (i}"‘g"/(r))loC contains
functional which are local as functions of the multiplet (¢;;¢ € V(I')), i.e. depending
on field configurations only through the jet (x,¢;(x),dp;(x),...;i € V(T')). The main
theorem of renormalization theory can be now formulated on the level of graphs:

(SoZ)r= >  Tr, @), (170)

PePart(V(I)) Iep

where Zp, : gV (F®V (1)), . and T'p is the graph with vertex set V(I'p) = V(T),

loc
with all lines connecting different index sets of the partition P, and I'; is the graph with
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vertex set V(I'y) = I and all lines of I" which connect two vertices in I. To find the Hopf
algebra structure underlying (170), we have to go to the concrete renormalizable theory,
where Z is mapped to %Z. More details can be found in [Pin00, BFM09, GBLO00]. In
non-renormalizable theories, one has to use a generalization of Hopf algebras, which uses
completed tensor products.

Conclusions and Outlook

Causal perturbation theory is known to provide rigorous results on structural properties
of renormalized perturbative quantum field theory in a transparent and elegant way.
However, for models containing massless fields, the central solution'® does not exist and
a generally applicable method for explicit calculations is missing so far.

In this paper we develop such a method, by using dimensional regularisation in po-
sition space, proposed by Bollini and Giambiagi [BG96| some years ago. More precisely,
the regularization parameter is the index %l — 1 of the Bessel function appearing in the
Feynman propagator (d denotes the spacetime dimension). Since, in the limit ¢ — 0
(which removes the regularization) of the regularized time-ordered product ‘J’%, there
appears not only the overall divergence (localized on the thin diagonal A,), but also
subdivergences localized on partial diagonals, our method needs a position space version
of Zimmermann’s Forest Formula, which adds suitable local counter terms in correct
succession, such that the limit { — 0 exists. We prove such a formula (“Epstein-Glaser
Forest Formula”, Thm. 3.1). It is based on families of subsets of the set of vertices and
not, as in Zimmermann’s formula, on families of subgraphs.

Generally, Epstein-Glaser renormalization is non-unique. However, our regularized
time-ordered products ‘J'TCL are unique and, using the minimal subtraction prescription for
the limit ( — 0, we get a unique result for the renormalized time-ordered products.

A main reason for the usefulness of conventional dimensional regularization is that
the regularized time-ordered products are gauge invariant (in particular this holds true
for the term ~ (Y which is the minimal subtracted time-ordered product). To obtain
gauge invariance of our ‘J'%, a crucial necessary condition is that for all kinds of fields
the regularized Feynman propagator A% (z) is, for & # 0, a solution of the pertinent free
field equation. But, as we see from lemma 4.6, in case of a real scalar field, this holds
only if we deform the Klein-Gordon operator into d¢ = d — 2¢ dimensions. Hence, it
seems that a (-dependent deformation of the free Lagrangian is needed. In [FR13] gauge
theories are incorporated into the Epstein-Glaser framework with the use of the so called
Batalin-Vilkovisky formalism. This allows to keep track of gauge symmetry also in the
regularized theory by means of the regularized quantum master equation (QME). We
hope to apply these ideas also in the case of dimensional regularization.

18For a purely massive model the infrared behaviour is harmless and, hence, one may choose Wy = % in
the W-projection (49). This is the central solution of Epstein and Glaser [EG73|, which maintains several
symmetries (in particular Lorentz covariance), and is explicitly computable. For the distribution splitting
method (160) in Minkowski space, it can easily be computed by a dispersion integral in momentum space
[EGT3, Sch89].
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The combinatorial structure we found can be described in Hopf algebraic terms. The
structure is similar to the structure found in the approach by Connes and Kreimer. There
are, however, also differences. In particular, it turned out to be appropriate to distinguish
carefully between the tensor product appearing in the decomposition of disconnected
graphs and the composition of linear maps arising from finite renormalizations. In the
one dimensional case these two products coincide, but in order to exploit this fact one
had to choose a basis and work with matrix elements.

A Regularization in the Epstein-Glaser framework

The Epstein-Glaser method does neither involve any regularization nor divergent counter
terms. Nevertheless, one may introduce a regularization and determine the necessary
counter terms. This was already discussed in the original paper of Epstein and Glaser
where Pauli-Villars regularization was used. With the help of the concept of the Stiickelberg-
Petermann renormalization group, this fact was formulated in [BDF09| in the way that
given a solution S of the EG-axioms and a smooth approximation of the Feynman prop-
agator A% — Ap such that the formal S-matrices Sy can be directly defined, then there
exists a sequence of renormalization group elements Z, such that SyoZx — S. The proof
proceeds in the same way as the proof of the main theorem of renormalization [DF04|
and was not included in [BDF09|. We therefore present it here in a slightly stronger
form.

Theorem A.1. Let 8§ be a solution of the EG-azxioms and let the Feynman propagator
be approximated by a sequence of symmetric distributions A% which converges in the
Hérmander topology with a scaling degree bounded by that of the Feynman propagator.
Let S5 be a formal S-matrix associated to A%. Then there ezists a sequence Zn € % such
that

SA o Z,A —38.

Proof. 1t is convenient to expand the formal S-matrix as a sum over graphs as explained
in Section 2. We are going to show that for each graph I there exists a sequence of linear
maps Zr A : ??;Z(F) — (F®VI),,. such that

Tr = li/{n Z Trpa© ® 21, A

PePart(V(I)) IepP

Here T'p is the graph with vertex set V(I'p) = V(T'), with all lines connecting different
index sets of the partition P, and I'; is the graph with vertex set V(I'y) = I and all
lines of I which connect two vertices in I. Zr p is recursively defined by Zr p = id for
graphs with one vertex (and no lines, since only graphs without tadpoles are admitted),
Zr A = 0 for EG-reducible graphs and by

Zr a = (tr.a, (id — Wr)dr)
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for EG-irreducible graphs. Here ¢r contains already the contributions from subgraphs,

ie.
(tra,00) = > Trpao @) Zra -

|P|>1 IeP

Due to the fact that W coincides with the identity on elements of D(Ar, Yr) which
vanish at the thin diagonal, Zr A satisfies the locality condition

Zar(F + G)PIVION = z, p(FEVIO 4 7, p(c2IV D)

for local functionals F, G with disjoint support. Z, is then defined by

|
“alf) =2 Sym(T) T IV@I© Zra(FEIVIO)
I

where the sum extends over all graphs without tadpoles and with vertex sets V(') =

{1,...,n} for some n € N. Z then satisfies the locality condition and is thus an element
of Z.
O

B Minimal subtraction for the distribution-splitting method

We assume that the reader is familiar with the distribution-splitting method (see [EGT73,
Sch89]). We recall:

Theorem B.1. A distribution d € D'(R!) | 1:=d(n— 1), with causal support, supp d C
(Vi) *(=1 (Vo) (=D " has a unique solution a € D) (RY), X := sd(d) —1 of the splitting
problem (160), that is the pointwise product

a(x) :=0(v-z)d(x) (171)

erists in D’/\([Rl). Here, © has to be understood as the weak limit © := lim.o Xe, where
(Xe)e>0 18 a family of smooth approximations of the Heaviside function with suppy’' C
[0,€], and
n—1
v'x::Zvj-:cj, v; eVy Vj. (172)
j=1
Due to the causal support of d, the definition (171) of @ is independent of the choice
of v1,...,vp—1 € V4.
With this Theorem, a solution a = ay € D'(R!) of the splitting problem (160) can
be obtained by means of a W-projection (49):

(aw, f):=(@,Wf), VfeDR). (173)

Given a splitting solution a € D’(R!), a solution ¢ € D'(R!) of the corresponding!”
extension problem D'(R!\ {0}) > t — ¢ € D'(R!) is obtained by  := a — a/. Note

17“Corresponding” means that comparing the field expansions (74) of D% and (-Tycl|outsideAn7 the numer-
ical distributions d and ¢ are the coefficients of the same field combination f5!'(¢)(z1)...f5" (¢)(zn).
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that sd(t) = sd(d). The distribution o’ € D'(R!) is inductively given by the time-
ordered products of lower orders, see [EG73, Sch89]. Restricting to Dy (R), we conclude
that the unique splitting solution @ (Theorem B.1) and the unique extension solution ¢
(Theorem 4.1) are related by t :=a — a'.

Given functions (ws)p<x (Where still A := sd(d) — 1) determing a projection W
(49) and the pertinent splitting- and extension-solution ay (173) and ty = ¢t o W,
respectively, we define a map F' from the set S of solutions of the splitting problem,

S=f{a=aw+ Y C6|C,eC}, (174)
lbl<X

to the set F of solutions of the extension problem,

E={t=tw+ > C,0|C,eC}, (175)
Ibl<A
by
F(a):=a—a' + > {a,w)(-1)" 5% . (176)
[b] <A
Since
Flaw +Y_Cy0°8) =iw +»_C, 0% , (177)
b b

the map F'is a bijection. To verify the latter equation, we use that Ww, =0 V[b| < A,
hence (ay,wy) = 0 and ({1, wp) = 0. Since F(ay,) (176) is an extension solution, it can
be written as F(a,) = tw + 2o pp1< Ko 0°6 and with that we obtain

(DK, = (Flaw), we) = —(d/,we) + > {a’,wp) (~1)1" (8°6,w¢) = 0, (178)
bl <A

hence F(aw) = tw, and this implies (177).

Since for any { € E there is a projection W (49) with ¢ = fy, we conclude that any
a € S is of the form a = ay for some projection W (49).

Using these facts, our results about minimal subtraction (Sect. 4.1) and the differen-
tial renormalization formula (101) can be transformed to the splitting problem as follows:

Definition B.2 (Regularization). With the above notations, a family {QC}CGQ\{O}7 as €
D'(RY), is a(n) (analytic / finite) reqularization of d, if (a* — a’)cea\{oy s a(n) (analytic
/ finite) regularization of the corresponding t € D'(RL\ {0}).

More explicitly, in the definition 4.2 the condition (47) is replaced by
lim(a,g) = (a,g) , Vg € DA(R'). (179)
¢—0

Analogously to (51), we can write (aw, f) as

aw, f) = (@ W) = lim | (a, f) = > (awp) °F(0)| . FEDR).  (180)
[B] <A
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Again, for an analytic regularization the principal parts of the two terms on the r.h.s. must
cancel. Therefore, pp(a¢) is a local distribution,

)= 3" Gy(¢) 9%, with  Cy(¢) = (=1)"pp((al, wy)) | (181)

[BI<A

and

(@', f) = %i_I}(l)rp((aC, ) (182)

is a distinguished solution of the splitting problem (160) (the MS-solution’).
Differential renormalization works also for the splitting problem [Diit96, Sect. 2.2]:
let
d(z) = O, .0, d1(T) , w € Np, (183)

where d; has also causal support and sd(d;) = sd(d) — (w+ 1) < I. Then, d; can be
splitted directly (Theorem B.1):

ar(z) :=0O(v-2)di(z) € D'(R) . (184)
With that a splitting solution a of d is obtained by
a(z) = 0p,..0r, ., (O(v-z)di(2)) . (185)

Assuming that d¢ scales homogeneously in z with a non-integer degree ¢, it follows
that d¢ satisfies (87) (with Py = 0 = Qp). Hence, we can apply (185) to split dS:
ol (@) = > OB (O @) gy i, d(2)) . (136)

1. Twt1

[T OQIC k)

Obviously, a¢ scales also homogeneously with degree x¢; it is the only splitting solution
with this property. (The latter follows from the fact that £ (175) contains precisely one
homogeneous element and that S = E + a/, taking into account that a’ is homogeneous
with the same degree.)
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