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Figure 2. Logarithmic densities showing the entire nebula and filaments at r 2~ 1060 yr with increasing resolution. The models shown here are A0 (top left),
Al (top right), A2 (bottom left) and A3 (bottom right). Each next model has twice the resolution of the previous one. We outline the PWN termination shock
as red contour.
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Figure 3. Zoomed-in views of logarithmic densities showing the southern
shell and filaments with increasing resolution to illustrate the ‘filament trees’.
Simulations A0, A1, A2 and A3 (top to bottom) are shown at r >~ 1060 yr.
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At t =~ 950yr, the mixing region ranges from 6 x 10
to ~7.5 x 10'® cm and the radial distribution agrees particularly
well in the inner part. Further outside, the distribution becomes
increasingly peaked for higher resolution, in agreement with the
increasingly circular appearance of the nebula. In front of the PWN
shock, the SNR evolves according to the self-similar expansion law
PsNR X 173 in good agreement with the simulations.

Visual inspection of the animated data (see the online material)
suggests that the inverse cascade is also present in the simulations
— occasionally smaller scale ripples merge and create a larger one.
When this occurs, one can see several RT fingers emerging from the
same base. The plot for the A3 model in Fig. 3 shows an example of
such a structure (its base coordinates are r = 3.4, z = —8.0). Fig. 8
provides more information on the structure of simpler configura-
tions, where only one or two fingers are found at the junction of two
shock ripples. Interestingly, the total pressure measured at the base
of some fingers is significantly higher than that in the surrounding
plasma, with a sharp rise, characteristic of a shock wave. In order
to check the shock interpretation, we studied the velocity field in
the frame moving with the velocity measured at the base of the left
finger, indicated in the figure by a cross. This velocity is subtracted
from the velocity field measured in the original lab frame and the
result is presented in Fig. 8.% This allows us to see clearly the flow
converging towards the finger base. The Mach number is above unity
upstream of the base and drops below unity downstream, inside of
the high-pressure region. Thus, the results are consistent with the
shocked ejecta plasma sliding with slightly supersonic speed along
the ripples towards their junction point, where it passes through two
stationary shocks before entering the finger. Vortical motion in the
space between the neighbouring fingers may also contribute to the
finger overpressure.

The plasma beta at the filament base varies greatly (lower-right
panel), with minimal values larger than ~10 and maximal values —in
regions where mixing is advanced — ranging up to 10*. In simulation
B1 with 100 x stronger wind magnetization, with the exception of
the spurious jet region where 0.1 < 8 < 1, we still observe similar
values of the interface plasma beta, due to annihilation of flux loops
with opposite polarity in the nebula. Thus, we do not expect strong
suppression of field-aligned modes, as the critical angular scale
becomes 6. /7t < 1/40 (see equation 6) in the bulk of the nebula.

4 DISCUSSION

The convergence study of the RTI described in the previous section
indicates that with higher resolution, the filamentary structure pro-
duced in the simulations becomes less similar to the one observed
in the Crab nebula, with the deficit of large-scale structure being
the most pronounced discrepancy. In this section, we discuss the
possible explanations of this result and speculate on the origin of
the Crab’s large-scale filaments.

As we have already commented on in the introduction, the radial
expansion of the RT interface in our problem introduces a number
of interesting modifications to the classical results obtained in plane
geometry. Here, we derive them via adjusting in a rather crude but
very simple way the non-relativistic results in planar symmetry.
More accurate analysis of the linear theory can be found elsewhere
(Binnie & Taunt 1953; Gupta & Lawande 1986; Chevalier & Frans-
son 1992; Goedbloed, Keppens & Poedts 2010). We start with the

6 Since the velocities at the PWN boundary are ~2000 km s7! « ¢, this
Galilei transformation is sufficient.
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Figure 4. Angular spectra of the surface density with increasing resolution. The data for models A0, A1, A2 and A3 (left to right, top to bottom) are shown
for t >~ 1060 yr.
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Figure 5. Temporal evolution of the filaments for simulation A3 in the self-similar frame. We show the quantity logjor?p for the simulation times ¢ € {100,
300, 500, 800}. The non-linear evolution starting at 7 ~ 100 is governed by the merging of established filaments to form larger scales as well as fragmentation
of bubbles and filaments, constantly re-filling fast-growing small-scale structure. The thickness of the mixing layer saturates at ~20 per cent of the nebula
radius.

non-magnetic case and discuss the potential role of magnetic field amplitude of perturbations, /4, is no longer the most suitable param-
later. eter to describe their strength and should be replaced with x = h/A.

We denote as 6, = A/r, the angular scale of RT perturbations. Assuming that & grows at the same rate as in the plane case with
Here r,, 1%, where 6 = 6 /5, is the mean radius of the nebula at the A =1, we find
phase of self-similar expansion. As the nebula expands radially, A
increases proportionally to r,, but 8;,, remains constant. This linear . h X

. . . . . . X=X —_——— :[{7’ (11)

stretching of the perturbations is most important. First, the linear ho t
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Figure 6. Mode number of the most massive scale as a function of simula-
tion time in run A3.
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Figure 7. Radial distribution of SNR material at # >~ 950 yr for simulation
runs {Al, A2, A3}.

where

2188 — )\ V2
k=o-b=("—p—) -8&

This shows that the amplitude growth is a power law, x o 7, and
suggests the critical angular scale
6 = 2n(6 — 1)

8
above which the perturbations do not grow. For § = 6/5, corre-
sponding to a uniform ejecta and constant wind power, 6, = /3.
More accurate analysis of RTI in spherical geometry yields the
growth rate

l
o8
rl’l

; 12)

where [ is the degree of the associated Legendre polynomial
P/"(cosf) (Binnie & Taunt 1953; Gupta & Lawande 1986). In
the limit of high /, we should recover the plane geometry which
leads to the identification of the wavenumber k with [ via k =1 /r,.
Using this we find the critical degree /; = 6 which corresponds to
6, = 1t/3. This is very close to the critical degree /[, = 5 found in
the thin-shell approximation (Chevalier & Fransson 1992), showing
that the dumping of the RTT at large scales is a robust result. Based
on this, we tentatively conclude that there is an upper limit of ~50°
for the angular size of perturbations above which they do not grow.

The solution to equation (11), x(¢) = xo(¢/1)*, implies that a
perturbation of any amplitude imposed at the time #, will be able
to reach the non-linear regime provided ¢, is sufficiently small. For
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the Crab nebula, this means that we should be dealing with the
fully non-linear regime on all scales. However, in our simulations
where ¢/t is not particularly high, some large-scale perturbations
may still be growing in the linear regime. For example, according
to this result, the largest angular scale to grow by a factor of e
during our simulation time is 7t/4.4. Moreover, one may reasonably
expect their final amplitude to depend on the strength of large-
scale motion inside the PWN bubble as it is responsible for the
initial amplitude of these perturbations. The reduction of the final
amplitude with resolution, observed in our simulations, may well
reflect the parallel weakening of this large-scale motion.

Since in the real Crab nebula the perturbations of all scales which
are linearly unstable are expected to have reached the non-linear
regime, this regime is much more relevant for interpreting the ob-
servations. To this end, consider the growth of RT bubbles in the
non-linear regime. Substituting g = i, = §(8 — 1)(r,/t%) into equa-
tion (3) and integrating, we find that the bubble height is

h 1 /6u(—1)\"?
n=a (M) -

Thus, the relative height of bubbles, i /r,, ‘freezes out’ in the non-
linear phase. This conclusion fits nicely the picture of self-similar
expansion. The critical scale 6, of the linear regime sets the upper
limit on h/r,. For § = 6/5 this limit is (/ry)max == 0.2, which is
about the size for the largest bubbles of the Crab nebula ‘skin’
(Hester 2008). The fact that in our simulations we do not observe
high-amplitude bubbles on these scales may indicate they have not
had enough time to reach the non-linear regime yet. The inverse
cascade may contribute to the production of large-scale bubbles,
but it is unlikely to overturn the freezing-out effect.

Since the finite thickness of the RT unstable layer and the for-
ward shock do not feature in the analyses leading to equation (13),
this result should not be considered as an accurate prediction yet.
However, it gives us a basis to speculate about the origin of the
largest ‘filaments’ seen in the Crab nebula. These features can be
as long as the nebula radius and they do not appear to be stream-
ing radially towards its centre (see fig. 1 in Hester 2008 as well as
fig. 2 in Clark et al. 1983) as one would expect for the RT fingers.
Instead, they seem to outline a network of very large cells filled
with synchrotron-emitting plasma. We propose that these cells are
actually the largest RT ripples (bubbles) on the surface of the Crab
nebula and these filaments designate ‘valleys’, where these ripples
come into contact with each other. The plasma of shocked ejecta
may slide along the surface of the ripples into these valleys, in
very much the same fashion as we have discussed in connection
with Fig. 8. These filaments may form a base from which proper
RT fingers will stream radially towards the centre of the nebula. In
fact, this is indeed what is seen in the Crab nebula, most clearly in
its NE section, where a number of smaller scale filaments seem to
originate from a large one at the angle of almost 90°. Remarkably,
the observed cell size is in a very good agreement with the largest
angular scale of shock ripples, 6; >~ 7t/3, which can be amplified by
the RTI. These large-scale ripples are not seeded internally by the
interaction with the large-scale motion inside the PWN bubble, the
only source of perturbations in our simulations. Instead, they may
originate from inhomogeneities in the supernova ejecta itself, which
we did not incorporate in our models. Given the violent nature of
supernova explosions, it seems only natural to expect strong large-
scale fluctuations in the ejecta (e.g. Couch & Ott 2013). Moreover,
Fesen, Martin & Shull (1992) argued that the conspicuous ‘bays’
in the non-thermal optical emission of the Crab nebula could be
indications of a pre-supernova disc-like ejection. The interaction of
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Figure 8. Zoom into the southern filaments of run A1 (z >~ 1060 yr). The top-left panel shows the logarithmic rest-frame density with flow field vectors and the
top-right panel shows the total pressure. Sonic Mach number with white contour on M* = 1 is shown in the lower-left panel and the ratio of gas to magnetic
pressures, 8 = Pg/ P, is given in the lower-right panel. Note that velocity vectors and Mach number M are shown relative to the rest frame of the pivot point

indicated by grey ‘+’.

a supernova ejecta with such a disc is believed to be behind the
emergence of bright rings around SN 1987A (Larsson et al. 2011).

Intrinsically asymmetric supernova ejecta could also explain the
observed elongation of the Crab nebula, with the aspect ratio of
approximately 2:3. Our 2D simulations do not reproduce such elon-
gation — instead they exhibit strong spurious polar jets in the models
with high wind magnetization. Outside of the jets, the shape of the
forward shock is more or less spherical. Such jets are not observed in
3D numerical simulations and are artefacts of axisymmetry (Porth
et al. 2014). These 3D models also do not reproduce the Crab’s
elongation, but they were run for relatively short timespan and we
cannot exclude that it may appear in longer runs.

The fact that our 2D models do not show strong nebula elonga-
tion — apart from the spurious jets — even in the case of strongly
magnetized pulsar wind deserves more attention in this discussion.
Indeed, this is in conflict with the analytical model by Begelman
& Li (1992), which explains the Crab’s elongation as a result of an
axisymmetric compression of the nebula by the hoop stress of its
azimuthal magnetic field. Their model fits the data when the pulsar
wind magnetization o ~ few x 1073, which is below even our low
magnetization cases. So one may have expected even stronger elon-

MNRAS 443, 547-558 (2014)

gation in our models, contrary to what we actually find. However,
the analytical model is based on a number of strong simplifying
assumptions. It ignores dissipation due to shocks and turbulence,
assumes that the flow is isentropic and that the streamline con-
stant B/w p, where @ 1is the cylindrical radius, is the same for all
streamlines. None of these holds true in our numerical models. In
particular, the magnetization of plasma injected into the nebula at
the termination shock is a strong function of polar angle. Near the
equatorial plane it is low due to the dissipation of magnetic stripes
of the striped wind zone. As a result, the magnetic hoop stress can-
not redirect the plasma into the polar jet and it fills the main body
of the nebula instead. There its magnetization is further reduced via
magnetic dissipation in the current sheets developed via convec-
tive mixing between the lower and upper hemispheres. The ratio of
magnetic to gas pressures is kept well below unity (see figs 7 and
8 in Porth et al. 2014) and the magnetic hoop stress remains weak
and unable to provide the strong compression required to explain
the observed Crab’s elongation. The magnetic dissipation is much
weaker inside the polar jets, where axisymmetry prevents develop-
ment of the kink instability and current sheets associated with it.
In the high-o models like B1, the high axial compression of the
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polar jets leads to much faster advance of the forward shock and
production of polar lobes, similar to those of extragalactic radio
sources. This relieves the pressure on the termination shock, which
does not show the catastrophic collapse in size, expected in the KC
model. The large size of the striped wind zone in our numerical
models leads to approximately the same amount of energy being
transported into the main body of the nebula in models A and B,
which explains why we observed approximately the same equatorial
expansion rate of the forward shock in the Al and B1 models.

As we have noted in the introduction, the magnetic field may have
strong impact on the development of the RTI. This may seem partic-
ularly significant as pulsar winds inject highly magnetized plasma
into the PWN bubble. Even for weakly magnetized winds, the mag-
netic effects would be important provided PWN were organized in
accordance with the KC model. In this model, the initially weak
magnetic field is amplified towards equipartition between the mag-
netic and thermal energies near the contact discontinuity with the
shocked supernova ejecta. This is exactly the condition for inhibit-
ing the RTI as derived in Bucciantini et al. (2004), when considering
modes aligned with the magnetic field. In contrast, in our simula-
tions the magnetic field is always normal to the wave vector of
any type of perturbation due to their symmetry, which nullifies the
magnetic effect and which can be considered as the main limitation
of our study. However, this limitation is probably not as important
as it seems. Strong magnetic dissipation seen in our simulations,
particularly in the 3D models (Porth et al. 2013, 2014), keeps the
magnetic field well below the equipartition near the interface even
for high-o pulsar winds. Moreover, in 3D the magnetic field is not
that effective in inhibiting the RTI, as matter can slide in between
the magnetic field lines without bending them downwards (Stone &
Gardiner 2007). The combination of these factors lets us conclude
that the impact of magnetic field on the development of RTI in the
Crab nebula is likely to be rather minimal, which is consistent with
the observations.

Apart from the high magnetization employed in one run, the setup
of our simulations is very similar to that of the previous axisymmet-
ric simulations of PWN, e.g. by Komissarov & Lyubarsky (2003,
2004), Del Zanna et al. (2004), Bogovalov et al. (2005) and Camus
et al. (2009). However, none of those captured the development of
the RTI. We believe that this is due to the insufficient resolution
of previous studies at the interface between the PWN and the su-
pernova shell. This is not surprising as these studies were mainly
concerned with the inner regions around the termination shock and
used spherical coordinates which fit the purpose nicely. However,
their spatial resolution thus quickly decreases with distance from
the origin. In contrast, in the cylindrical coordinates employed here,
we obtain uniform resolution throughout the PWN. Moreover, we
utilize third-order spatial reconstruction and Runge—Kutta time-
stepping giving overall higher accuracy compared to the previous
studies.

5 CONCLUSIONS

Our high-resolution axisymmetric simulations of PWN now reveal
intricate structures of filaments growing via the RTI of the contact
discontinuity between PWN and SNR. Given the high rate of mag-
netic dissipation observed in recent 3D simulations of PWN, the
magnetic tension is likely to play only a minor role in the RTI such
that our axisymmetric simulations are in fact applicable to reality.
In application to the Crab nebula, we have simulated the last
800 years of its evolution and find the longest fingers to reach a
length of ~1/4 of the nebula radius. The inverse cascade observed
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in the planar RTI is complemented by constant replenishment of
small-scale structure due to fragmentation of old filaments and for-
mation of new fast-growing small-scale perturbations. The latter is
particularly pronounced at the large ‘bubbles’ of the nebula which,
as they expand along with the nebula, provide favourable conditions
for growth of fresh small-scale RTL.

The most massive filaments in our simulations reach a scale of
m = 15 (corresponding to 15 large fingers over the semi-circle),
independent of the numerical resolution. Our simulations cannot
yet reproduce the largest scales and overall elongation observed in
the Crab nebula and we propose that they must be seeded from
inhomogeneities in the SNR as would result from an anisotropic
supernova explosion.

In the future, we plan to investigate the influence of magnetic
tension on the filamentary network in local 3D simulations of PWN
with realistic values of the magnetization.
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