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A fracture-controlled path-following technique for
phase-field modeling of brittle fracture

N. Singh?, C.V. Verhoosel®*, R. de Borst”, E. H. van Brummelen?®

?Department of Mechanical Engineering, Eindhoven University of Technology, 5600 MB
FEindhoven, The Netherlands
bSchool of Engineering, University of Glasgow, Glasgow G12 SLT, UK

Abstract

In the phase-field description of brittle fracture, the fracture-surface area can
be expressed as a functional of the phase field (or damage field). In this work
we study the applicability of this explicit expression as a (non-linear) path-
following constraint to robustly track the equilibrium path in quasi-static
fracture propagation simulations, which can include snap-back phenomena.
Moreover, we derive a fracture-controlled staggered solution procedure by
systematic decoupling of the path-following controlled elasticity and phase-
field problems. The fracture-controlled monolithic and staggered solution
procedures are studied for a series of numerical test cases. The numerical
results demonstrate the robustness of the new approach, and provide insight
in the advantages and disadvantages of the monolithic and staggered proce-
dures.

Keywords: Brittle fracture, Phase-field modeling, Path-following methods,
Staggered solution procedures

1. Introduction

In many problems in brittle-fracture mechanics, phenomena such as nu-
cleation, propagation, branching and merging occur. Complex crack patterns
appear as a consequence of e.g. the presence of multiple cracks, anisotropy
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and heterogeneity. Using discrete fracture models it is generally difficult to
capture such topologically complex crack patterns, which has led to the devel-
opment of smeared or continuum crack models, including phase-field models
[1, 2]. In phase-field models the crack surface is regularized by a smeared
damage (or phase-field) function, which avoids the need for the explicit track-
ing of fracture surfaces. Over the past years phase-field modeling of fracture
has been applied to a wide range of problems, including dynamic fractur-
ing [3, 4], large deformation fracturing [5], fracturing of electromechanical
materials [6], cohesive fracturing [7], and fluid-driven fracture propagation
8].

In this work we consider the quasi-static evolution of brittle fractures in
an elastic solid, where fractures are driven by gradual incrementation of the
loading conditions. Since softening and snap-back behavior are frequently en-
countered in such situations, path-following control is required to adequately
track the complete equilibrium path [9]. Path-following techniques have been
an indispensable tool in non-linear solid mechanics since the pioneering works
of Riks [10], Crisfield [11] and Ramm [12]. While these path-following tech-
niques were developed in the context of snap-back behavior caused by geo-
metrical non-linearities, over the past decades various enhancements to the
original path-following procedures have been proposed in order to increase
their versatility and computational efficiency.

A particularly interesting application of path-following techniques is their
use to track snap-back behavior as a result of material non-linearities, es-
pecially localized failure phenomena. In such situations the original path-
following constraints have proven to lack robustness by the fact that they
fail to account for the localized nature of the source of non-linearity. Various
modified techniques have been proposed to account for this localized behav-
ior, among which are a series of (semi-)automatic procedures for selecting
degrees of freedom that contribute to the nonlinear behavior of the system
[13, 14]. Our work builds on the idea that an appropriate path-following
technique can be obtained by selecting a physically-motivated constraint
equation. In this regard the crack mouth opening displacement (CMOD)
and crack mouth sliding displacement (CMSD) control equations proposed
by De Borst [15] can be considered as pioneering works. Inspired by these
control equations energy-release rate path-following control was developed
for the simulation of localized failure phenomena, including discrete crack-
ing, smeared damage and softening plasticity [16, 17]. The versatility of the
energy-release rate control has been demonstrated for a variety of applica-
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tions, including cases in which geometrical and material nonlinearities are
competing [18].

When applied in the context of discrete fracture simulations, the energy
release-rate path-following technique has the ability to indirectly control the
rate at which a fracture propagates by proper selection of the energy dissi-
pation increment. In Ref. [19] it has been shown that the energy-release rate
control can be successfully applied to phase-field simulations, where the dis-
sipation increment is related to the fracture-surface area increment through
the critical energy release rate. In the case of phase-field simulations the
relation between the path-following constraint and the fracture-surface area
increase can be made explicit, i.e. the fracture-surface area can be expressed
as a functional of the phase-field solution. This allows for direct prescription
of the surface-area increments. This explicit dependence allows for the se-
lection of the path-following parameter increment based on a criterion that
relates the crack surface growth to the size of the employed (finite element)
mesh, which provides a natural way of controlling the accuracy of the path-
following scheme. In this work we formulate and study such a fracture-based
path-following technique, which — if used in combination with a monolithic
incremental-iterative path-following procedure — allows for the parametriza-
tion of the equilibrium path by specified fracture-surface area increments.

Quasi-static phase-field simulations of brittle fracture phenomena have
mostly relied on the use of a staggered solution strategy, in which the elas-
ticity problem and phase-field problems are decoupled [2]. This staggered
solution strategy has been proven to be computationally efficient. A draw-
back of this solution strategy is that the step sizes need to be selected ap-
propriately in order to control the accuracy of the procedure. The currently
available staggered schemes are not capable of representing snap-back behav-
ior. In this work a staggered fracture-based path-following method is derived
from the monolithic scheme, which has the possibility of reducing the com-
putational effort of the monolithic scheme at the cost of only satisfying the
path-following increments in an approximate sense. This fracture-controlled
staggered scheme does, however, inherit the property of the underlying mono-
lithic scheme that the fracture propagation increments can directly be con-
trolled (albeit in an approximate sense). This simplifies the selection of the
step size compared to e.g. the displacement-based staggered scheme.

In Section 2 we introduce the phase-field formulation for brittle fracture
and its discretization using the finite element method. In Section 3 we derive
the fracture-based path-following constraint. In this section we also discuss
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Figure 1: Schematic representation of a domain € with regularized fracture surface I';_(d)
representing a fractured solid medium.

various aspects of the corresponding incremental-iterative path-following pro-
cedure. In Section 4 we systematically derive the staggered path-following
scheme, after which the monolithic scheme and staggered scheme are studied
in detail in terms of computational effort and accuracy in Section 5. In this
section we also study the nature of the snap-back behavior encountered in
phase-field simulations for brittle fracture. Finally, conclusions are drawn in
Section 6.

2. Phase-field formulation for brittle fracture

2.1. Problem formulation

We consider the evolution of a regularized fracture surface, I'; (d), in an
naim-dimensional elastic medium,  C R™i= under quasi-static loading (see
Figure 1). The outward-pointing unit normal vector to the surface of the
domain 2 is denoted by m : I' — R™im, Small deformations and deformation
gradients are assumed, and the deformation of the medium is described by the
displacement field u : 2 — R™im. The fracture surface, I'; (d), is represented
by the phase field d : © — [0, 1], which approaches 1 inside a regularized
crack and vanishes far away from the fracture surface. External tractions, t,
are applied along the Neumann boundary I'y and prescribed displacements,
u, are considered at the Dirichlet boundary I'p.

Under the above conditions, the strong form for the displacement and
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phase field is given by:

(V.-0=0 in (1a)

Ge :
T (d—12Ad) =2(1—d)H inQ (1b)
(%) o-n=t on I'y (1c)
u=1u onI'p (1d)
(Vd-n=0 on T (le)

In this strong form, G, is the Griffith type critical energy-release rate and [, is
the length scale associated with the phase-field regularization of the fracture
surface! (i.e. the width of the cracks) [1, 2]. In order to restrict the fracturing
process to tensile stress states, the Cauchy stress tensor in the above problem
is defined as

o(e,d) =g(d)og(e) + oy (e), (2)

where g(d) = (1 —d)? is the degradation function, o and o, are the tensile
and compressive parts of the virgin (d = 0) Cauchy stress tensor [2], and
e = V*u is the infinitesimal strain tensor. From the above stress definition it
evidently follows that this degradation function must satisfy the conditions
g(0) = 1 and ¢g(1) = 0. The property that ¢’'(1) = 0 ensures that the
thermodynamic driving force for the phase-field model (i.e. the right-hand-
side of the phase-field equation) vanishes once a fracture has completely
evolved.

Irreversibility, i.e. the notion that the fracture surface can only extend
(I, > 0), is enforced in the strong form (1) by means of the history field
H : Q — R*. This history field satisfies the Kuhn-Tucker conditions for
loading and unloading, defined as

v —H <0, H >0, H(Wy —H) =0, (3)
with 1§ the tensile part of the virgin elastic energy density.

2.2. Finite element discretization

To compute an approximate solution to the strong form (1) using the
finite element method, the weak form is derived. Using the function spaces

'Here the length scale [, is defined as in Ref. [2]. We note that in literature sometimes
use is made of the alternative length scale definition € =1./2, e.g. [1].
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Ve ={u € H(Q) | u=uonTp} and V! = H'(Q) for the trial functions,
and V¥ = {u € H'(Q) | w = 0on I'p} and V? for the test functions, we
obtain:

(Find (u,d) € V* x V¥ such that:
/O'ZVS’lUdV:/ t-wdS Yw € Vg (4a)
Q

Iy

(W)

/K%JFQ’H)CZ—ZH] e+ Gl Vd-VedV =0 VYeecV? (4D)
\ JQ c

This weak form is discretized using a (Bubnov-) Galerkin finite element dis-
cretization, for which the displacement field and phase field are interpolated
by

u(z) =) Np(z)af, d(x) =)  Nj(z)af, ()

where n* and n? denote the number of displacement and phase field degrees of
freedom, respectively. The vector-valued shape functions N¥(x) : 2 — R"dim
and scalar-valued shape functions N¢ :  — R span subsets of H'(f2) and
H'(Q), respectively. The nodal displacement components and phase-field
values are respectively represented by a% € R" and a? € R™. The degrees of
freedom are assembled in a single vector of coefficients: a’ = [a“T, adT]. The
Dirichlet boundary conditions are enforced strongly by means of a constraints
matrix C, such that a = Cay + a,,, with ay the free degrees of freedom and
a, the prescribed degrees of freedom.

Using the finite element discretization (5), the weak form (4) can be
written as a non-linear system of equations

fint(a) = lext, (6)

and fZ, = [f“ g OT], see Appendix A for the expres-

T pq T
} e ext

with £7, = [fu.” f,

int — tint  lint
sions of these force vectors.

3. Fracture-controlled monolithic solution procedure

Commonly, the solution to the quasi-static nonlinear problem (6) is com-
puted through an incremental-iterative solution procedure. In such a pro-
cedure either the external loading (f%,,) or the boundary displacement (ay)

6
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is prescribed in a stepwise incremental fashion, with index k = 1,.. . ngteps-
In every step, the corresponding solution increment, Aa* = a* — a*7! is
computed using Newton-Raphson iterations. The tangent stiffness matrices
required by the Newton solution procedure can be found in Appendix A.

Evidently, force-controlled and displacement-controlled solution proce-
dures break down in the case of softening or snap-back behavior, respectively;
see e.g. [9]. Therefore, in order to track the complete equilibrium path we
need to supplement the system of equations with a path-following control.

In this contribution we restrict ourselves to the case of proportional load-
ing, i.e. we assume that the external force vector f¥, can be written as
a load level \F times a “unit” load vector f in the case of force loading,
and the boundary displacements are expressed as a’; = M\*a in the case of
displacement loading.

The monolithic path-following procedure is outlined in the pseudo-code
Algorithm 1. This standard algorithm is here presented to place some specific
algorithmic aspects of the current work in the proper perspective (see Section
3.3). Moreover, this algorithm will serve as the basis for the novel staggered
path-following procedure to be derived in the next section.

3.1. The path-following constraint

Using a path-following technique, the equilibrium path is defined as the
set of all points {(a(t), A(¢))|t € [0,T]} which are a solution to the non-linear
system of equations (6), where t representes the time parameter ranging
from 0 to the final time 7. In practice the equilibrium path is represented
by a finite sequence of equilibrium points {(a¥, \*)},>'e computed through
the above-mentioned incremental-iterative solution procedure. In order to
compute the discrete equilibrium points, the general idea of path-following
techniques is to supplement the system of equations (6) with a path-following

constraint of the form
C(ak, Aak, X}, ANE Ar) = 0, (7)

where A7 > 0 is the positive increment of the path-following parameter 7,
which can be regarded as a pseudo-time parameter. By the incremental-
iterative solution of the non-linear system of equations (6) in combination
with this constraint equation, a discrete parametrization of the equilibrium
Nsteps

path in terms of the path-following parameter 7 is obtained: {a(7%), A(7%)}, 26"
We note that the case of force control, i.e. \¥ = X\¥=1 4+ AA7, is in fact the



Input: (a% \°), H° #State vector, load level & history field
Output: (al,\!), (a2, \?), ..., (a™ters \"sters)  #Discrete eq. path

#Initialization
control = 'displacement’

#Load steps
for k =1,... Ngeps ¢

af =a" 1! A= )\1 #Initialization of Newton iterations

#Newton iterations

form=1,... My :
fii, K = assemble augmented system(af |, \* | HF1)
¢, h, ¢ = assemble control_equation(a® |, \* | control)

ak A\ = solve augmented system(K, fiy, ¢, h, ¢)
converged = check_convergence(aF , \F)
if converged : break

end

if converged :
ab =af A=)\t = #Update state vector and load level
H* = update_history_field(a*, HF1)
control = select_control_equation(a®, H*)
else:
| restart newton iterations()

end

end

Algorithm 1: Monolithic incremental-iterative path-following proce-
dure
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most simple case of path-following control possible: ¢ = AN — AAT = 0,
where A represents a prescribed loading rate.

The choice for a particular path-following constraint is dictated by the
existence of solutions to the non-linear system of equations (6) upon the
incrementation of the path parameter 7. For example, force control will
be unable to represent softening behavior, while displacement control will
fail when snap-back occurs. In fracture mechanics problems various path-
following constraints have been found to be very effective. The CMOD (or
CMSD) control proposed in [15] has successfully been applied in many cases.
Over the past decade the use of dissipation-based control has been studied
extensively and was found to be very reliable for problems in which severe
non-linear behavior is expected [17]. The rationale behind the dissipation-
based control is that, from a physical perspective, dissipation has to be non-
negative as a consequence of the irreversibility of fracture propagation. When
fracture propagation is the dominant source of dissipation, this control is very
effective in simulating the evolution of fractures.

Inspired by the idea of dissipation-control, in this contribution we pro-
pose a path-following constraint directly based on the fracture-surface area
(or fracture length in 2D). This has become tractable only with the intro-
duction of phase-field models for brittle fracture, due to the availability of
an explicit functional expression for the fracture-surface area. We note that
in the case of Griffith’s theory of fracture, there is a direct relation between
the fracture-surface area and the amount of dissipation, and hence, under
specific assumptions, the control equation developed herein is identical to
that developed in [16] (see Appendix B for details).

3.2. Fracture-based path-following constraint

In the phase-field formulation for brittle fracture, the fracture surface
area is expressed by

1
I (d) = ﬁ/ch2+13 |Vd|* dV. (8)

In this work we prescribe the rate of fracture propagation, cm, by means of
the path-following constraint

¢ =Ty (d" — Ty, 7"

=T k k—1 - (9>
=TI, (d") =T, (d") =T A7



196

197

198

201

202

203

204

205

206

207

208

210

211

212

213

214

215

216

217

218

219

220

Note that this path-following constraint is a non-linear equation of the phase
field. Since we apply this constraint in a Newton-Raphson solution proce-
dure, it is required to compute the derivative of this constraint with respect
to the nodal displacements, and nodal phase-field coefficients, which yields:

o _ a_ 9 _1

h= > —0 S
oav da? |,

/ dN® 4+ 1,°Vd - VN¢dV (10)
Q

with N? the column vector of phase-field shape functions. In the remainder
we will consider the combined vector h = [h“T, th]. Since the constraint
(9) does not depend on the load level explicitly, it follows that

_ 9 _
==

The fracture-based path-following constraint (9) has two major benefits.
First, it is evident that the path-following parameter is non-decreasing in
time, and hence this constraint choice is anticipated to yield robust results,
also in the case of material softening and/or snapback. The second advantage
is that this choice for the constraint provides an intuitive way of selecting
the appropriate step size. By requiring that the fracture surface should not
propagate across multiple elements within in a single step, the irreverisibility
condition can be adequately imposed. We will further study the choice of
the step size in Section 5.

q 0. (11)

3.3. Algorithmic aspects

In this section we discuss three algorithmic aspects that are specific to the
current work: i) the solution of the augmented system of equations within
each Newton-Raphson iteration; i) the convergence criterion employed for
the phase-field model; and 74) the initialization and selection procedure for
the control equation and the restarting procedure for the Newton-Raphson
iterations.

3.3.1. Solving the augmented system of equations

The solution-vector increment and load level increment in step k, Aa* =
a® —af! and AN = \¥ — X\*=! are computed using Newton-Raphson iter-
ations. As a starting vector and load level for these iterations the solution
to the previous step is used: af = a*~! and A\ = N\*~!. Subsequently, the
solution vector increment is iteratively updated by Aa% = AaF _, +da¥ and

10



221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

240

241

242

243

244

ANY = AN 4+ 0)\E  where m = 1,..., Myay is the Newton-Raphson itera-
tion counter. For the computation of the update vector da* and update load
level 5AF we distinguish between the cases of force loading and displacement
loading. Note that for notational brevity we omit the step number k and
iteration number m in the following paragraphs (da* = da and JAE = §)).
All matrices and vectors are evaluated at the state (af _,, \* ) = (a,\),
i.e. the solution computed after m — 1 iterations.

Force loading. The external force vector in the discrete equilibrium equations
(6) is then given by f.., = Af and the constraints are imposed by a = Cas+a,,
where both the matrix C and the vector a, are constant throughout the
simulation. The solution update is then computed through

(5)-[Gace -] (bt )

and da = Céay. We compute the solution to this augmented system by
solving through the Sherman-Morrison procedure discussed in e.g. Ref. [17].
The two linear systems of equations encountered in this procedure are solved
using a GMRES solver with sparse ILU pre-conditioning. Since both systems
have the same left-hand-side, the pre-conditioner needs to be computed only
once per Newton iteration.

Displacement loading. In this case the external force vector in equation (6)
is equal to zero, and the constraints depend on the load level: a = Ca; +
a, + Aa. Note that the vector a, accounts for Dirichlet constraints that are
not dependent on the load level A. The solution update is then obtained by

() - [SEae SxeR (<)

and da = Cday + 6 a. As for the case of force loading we apply a Sherman-
Morrison procedure to solve this augmented system of equations.

3.3.2. The convergence criterion

After each Newton-Raphson iteration, convergence is checked based on
the residual of the displacement field solution and phase-field solution, i.e.
the solution is accepted when

@) < e @] and @] < @], (14)

11
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where €% and €? are tolerances for the displacement residual r* and phase-
field residual r?, respectively.

3.3.3. The control selection procedure and restarting procedure
Consider the sensitivity of the load level to the path-following parameter:

N da\ ' . [, dat\ "'
D py (e 22) o (w2 19

From this expression it is evident that the path-following constraint will fail if
the vector h in equation (10) is orthogonal to the sensitivity of the solution
vector. Omne particular situation in which this occurs is when there is no
damage present at all, and hence ||h|| = 0. This is, however, not the only
situation in which problems occur. Also in the case that the phase field is
rather insensitive to the load level (||0a?/0A|| & 0), the constraint equation
fails. This situation is encountered in the case that elastic behavior occurs,
which happens particularly in the cases of initial loading and unloading. For
this reason, initially displacement control is used. The switch to the fracture-
surface area constraint is made after a significant amount of fracture-surface
area has been formed.

Depending on the number of Newton-Raphson iterations the path-parameter

increment is adjusted [16]. To this end a target number of Newton-Raphson
iterations, Myarg, is specified. The path-parameter for the next increment is
then scaled with a factor my,/m with a maximum of A7, Evidently,
when the path-parameter increment is chosen too large, it can occur that the
Newton-Raphson iterations do not converge within my,,, iterations. In that
case the Newton-Raphson procedure for the same step is repeated with the
path-parameter increment scaled by Miarg/Mmax-

4. Fracture-controlled staggered solution procedure

Taking the monolithic path-following procedure in Algorithm 1 for the
case of displacement loading (a, = Aa) as a starting point, we derive a stag-
gered path-following procedure. The most notable difference of this stag-
gered algorithm compared to the monolithic Algorithm 1 is that no Newton-
Raphson iterations are conducted and that the associated convergence crite-
rion is omitted. A consequence of this is that an additional source of error
is introduced in the staggered scheme, which, in practice, needs to be com-
pensated for by using smaller load step sizes. By virtue of the fact that no

12
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292

(Newton) iterations are performed within a single time step, this staggered
approach is, however, considerably faster per load step than the Newton
procedure.

Input: (a% \°), H" #State vector, load level & history field
Output: (a',\!), (a?,\?), ..., (a™ters A\"sters) #Discrete eq. path

#Initialization
control = 'displacement’

#Load steps

for E=1,... Ngteps *
k-1
a, A\ = staggered_solution_update(af~!, \F=1 k-1 %_7; ’
control)
k
HF, %—7; = update_history_field(a*, H* 1)
control = select_control_equation(a®, H*)
end

Algorithm 2: Staggered path-following procedure

The staggered procedure developed herein is outlined in Algorithm 2. In
the following sections we study the staggered_solution_update procedure.
In Section 4.1 we show how the displacement-controlled staggered procedure
as proposed by Miehe et al. [2] follows as a simplification of the incremental-
iterative procedure in the previous section. This procedure is employed in
the initial stage of loading, when fracture propagation does not yet occur.
In Section 4.2 the staggered fracture-controlled path-following procedure is
derived as a simplification of the monolithic fracture-controlled procedure
outlined in the previous section.

Note that in Algorithm 2 the sensitivity of the history field with respect
to the load parameter is evaluated along with the history field itself at the
end of each load step. Evaluation of this sensitivity is required at the end of
step k for the staggered fracture-controlled procedure and is given by

k
OH (" UL e i (ek) > HE
| " . ’ (16)
0 otherwise
where € = V* (Z’Iil N}‘(m)%) is the strain field sensitivity to the load

13
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level A\, with:

Oa , Oa Oay
Ka =0 and constraint D CW

In order to simplify notation, in the following sections we drop the super-
script k£ indicating the load step. Instead, the initial state for a given load
step is indicated by a subscript 0 (following the notation for the Newton-
Raphson initial estimate) and the updated state is represented without sub-
or superscripts, i.e. a = apg + Aa and A = \g + A\,

+a. (17)

4.1. Displacement-controlled staggered procedure

A displacement-controlled simulation can be cast into the form of a path-
following procedure by using the control equation ¢ = A\ — AAT (and a, =
Aa), from which it follows that h = 0 and ¢ = 1. The monolithic augmented
system of equations (13) for the Newton-Raphson iterations is then given by

K K% 0 ja¥ —fy,
K K 0 sat | = —f |, (18)
o o" 1 P AAT

with the constraints éa” = C"da} + o \a™ and dat = Cdéa?, where the
constraints matrix C has been decomposed in a displacement part C* and a
phase-field part C.

The system (18) can serve as the starting point for the derivation of a
displacement-controlled staggered procedure. To this end, the updates after
a single iteration are accepted as the solution increments, i.e. Aa = da and
AX = 6\. An approximate solution to the system is then obtained in three
steps. In Step 1 the phase-field sub-problem is solved with the load level,
displacement field and history field resulting from the previous load step.
In Step 2 the load level is updated, and finally in Step 3 the displacement
sub-problem is solved with the phase field as computed in Step 1 and the
load level as determined in Step 2. These three sub-problems can be written
in total form as:

K" (Ho)a" = ~fi,(af, Ho) + K" (Mo)aj al=Claj +a,  (19)
K"*(ay,a’)a* = —f% (ay,a’) + K*(a¥, at)ay a* = C"a% +a; + \a*
(19¢)
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Further simplification using
£4,(0. o) = £, e, Ho) — K(o)a = ~2 [ HaN‘aV (20)
Q

and ¥, (a¥, a?) = K*¥(a¥, a?)a¥ finally results in the control =="'displacement’
conditional block in the staggered solution_update function shown in Al-
gorithm 3. We note that this algorithm is equivalent to the staggered algo-
rithm presented in Ref. [2].

4.2. Fracture-controlled staggered procedure

Using the fracture control equation (9), the monolithic augmented system
of equations (13) for the Newton-Raphson iterations can be written as

Kuu Kud 0 6a}‘ flgt
K@ K 0| [ sal | = £ |. (21)
o7 hi" 0 oA NN

with the constraints da* = C*da} + o a™ and dal = Cdéajf, and with h? as
defined in equation (10).

Following the same procedure as for the case of staggered displacement
control, the updates of the state vector and load level after a single Newton-
Raphson iteration are accepted as the solution increments, i.e. Aa = da and
AN = 0X. In contrast to the case of displacement control discussed in the
previous section, in this case there is no natural decoupling of the phase-field
and the load level. An approximate solution to the system (21) is therefore
obtained in only two steps. In Step 1 the combined phase field and load level
system is solved, with the displacement field and history field following from
the previous load step. In Step 2 the displacement sub-problem is solved
with the phase field and load level as computed in Step 1. In total form, this
results in the following sub-problems:

K (1,) —f(a, 2 axlo) ] ( > _ ( —£2,(0, Ho) — Aof(af, oxlo) )
hé(ad)” 0 A (1 — 70) + hi(ad) " ad

(22a)

K**a" = —f* + K""a (22Db)
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with a? = C%a} + af and a* = C"a’} +a% + A\a* and where the unit driving
force is defined as

fl(ad, 2L ) = —K™(ad, 2 )é“:/Q(l—do)Nd (&: 2| ) av
Q

ox 10 Oe 10 de 10
(23)
— /92(1 — do)N? G| dV.
Using the fact that thag = Zf‘lcTO this results in the control == "fracture’

conditional block in the procedure shown in Algorithm 3. The augmented
system of equations (22a) is solved using the Sherman-Morrison procedure.

5. Numerical simulations

In this section the performance of the numerical algorithms outlined in
the previous sections is studied. We will investigate the proposed numeri-
cal algorithms using two standard benchmark simulations: the single edge
notched tension test (Section 5.1) and the single edge notched pure shear
test (Section 5.2). Moreover, we will study the performance of the mono-
lithic and staggered schemes for a tension test with multiple pre-existing
fractures (Section 5.3). In contrast to the two benchmark tests, this simula-
tion demonstrates the performance of the algorithms in the case of fracture
interactions.

For all simulations we assume plane strain conditions. The first Lamé
parameter is taken as A = 121.15 kN /mm?, while the second Lamé parameter

(or shear modulus) is g = 80.77kN/mm?. The critical energy release rate
equals G. = 2.7 - 1073 kN /mm.

5.1. Single edge notched tension test

We consider a two-dimensional square specimen of size 1 x 1 mm? with
a horizontal notch starting at the left boundary and ending in the middle
of the specimen (Figure 2a). The bottom boundary is constrained in the
vertical direction and is free to move in the horizontal direction. In order to
eliminate rigid body motions, the bottom-left corner point is also constrained
in horizontal direction. The top boundary is stretched in vertical direction,
and free to move horizontally. For all simulations in this section the phase-
field length scale is taken as [, = 0.015mm. Linear triangular meshes for
both the displacement field and phase field have been used, with local mesh

16



def staggered _solution update (ag, Ao, Ho, %—7; control ):

o
#Update the phase field and load level
K% fl = assemble phasefield system(0, H,)

) Hin

if control == 'displacement’ :
#Solve the phase-field system
K%a% = —fl, ~ with a’=C%f + a’
#Update the load level
A=A+ AAT
else if control == "fracture’ :
£d _ - d OH
f¢ = assemble_drivingforce( af, m|0)
#Solve the fracture-controlled phase-field system
K% —fd | [ ad W
= : with a¢ = C%al +a?
[ h'" 0 A L. (m0+7) P
end

#Update the displacement field
K"* = assemble elasticity system(a¥, a?)

#Solve the elasticity system
K“*a* =0 with a"=C"a%+ a; + \a“

return a, \
end

Algorithm 3: Staggered solution update procedure
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(a) Problem setup (b) Finite element mesh

Figure 2: Problem setup and finite element mesh for the single edge notched tension test.

refinement along the anticipated crack path. The number of elements for the
various meshes is reported in Figure 2b, where h is the characteristic element
size in the refinement region.

Below we will study the performance of three solution algorithms for
this test case: the displacement-controlled staggered scheme as employed in
e.g. Ref. [2], the fracture-controlled Newton-Raphson scheme as outlined in
Section 3, and the fracture-controlled staggered scheme proposed in Section 4.

5.1.1. Displacement-controlled staggered scheme

In this subsection we consider the solution obtained by the displacement-
based staggered solution procedure as proposed by Miehe et al. [2]. The mo-
tivation for considering this solution procedure is to study the dependence of
the solution on the selected displacement increment size and to enable direct
comparison with fracture-controlled schemes. This study provides insight in
the performance of staggered solution procedures compared to the monolithic
scheme considered in this work.

In Figure 3 we study the influence of the mesh size by consideration of
meshes with characteristic element sizes of h = [./2, I./4, I./6 and [./8 in
the region where the crack is anticipated to propagate. For all simulations
a relatively large step size of A, = 1-107°mm is used. Figures 3a and
3b depict the dependence of the response on the selected mesh size. As
observed, the measured response converges upon mesh refinement. Based on
these observations, in the remainder of this section we will employ a fixed
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Figure 3: Mesh convergence study for the single edge notched tension test solved with the
displacement-controlled staggered solution algorithm.

mesh size with a characteristic element size of h = [./6 in the refinement
region.

In Figure 4 we study the dependence of the response on the selected step
size, Au,. From the force-displacement curves we observe that the overall
dissipation is overestimated when using too large step sizes. On one hand
this is explained by the fact that a too large step size delays the instance
of propagation, i.e. the phase field reaches a value of 1 at a later moment
than for a smaller step size (Figure 4c). On the other hand we observe that
the overall crack length is considerably overestimated for too large step sizes
(Figure 4b). In Figure 5 we illustrate the primary reason for this overes-
timation by considering the phase field at I';, ~ 0.4mm for step sizes of
At, = 4-10"°mm and Au, = 0.5-107°mm. As can be seen, the delay in
the update of the phase field due to the use of the staggered solution pro-
cedure causes the crack to widen, and hence the total fracture length (I,
at 4, = 0.009 mm) to be overestimated. In Table 1 we report the computed
peak force values (Fpeax) and its corresponding displacement (i, peax), as well
as the crack length at @, = 0.009mm (I'y;). From the results in Table 1 it
can be inferred that all reported quantities converge linearly under step size
refinement.

Evidently, using uniform step sizes is not optimal in terms of computa-
tional effort versus step size error. For example, relatively large step sizes can
be used in the elastic regime. As we will see in Section 5.1.3, the fracture-
based scheme provides a natural adaptive refinement strategy.
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Figure 4: Step size study for the single edge notched tension test solved with the
displacement-controlled staggered solution algorithm.

Aty [mm] | Fpeax [N] U peax [mm] 'y [mm]
4.107° 758.0 0.00628 0.848
2.107° 741.3 0.00608 0.780
1-107° 731.4 0.00597 0.742
0.5-107° 725.6 0.00589 0.723

Table 1: Dependence of various solution characteristics on the step size for the single edge
notched tension test with the displacement-controlled staggered scheme.
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Figure 5: Phase field at fracture length I';, =~ 0.4 mm for the single edge notched tension
test. Note that the plotted grid is merely a visual aid, and is not related to the finite
element mesh.

5.1.2. Fracture-controlled monolithic scheme

In this section we study the monolithic fracture-controlled scheme (Al-
gorithm 1) with and without adaptive crack size increments. As outlined in
Section 3.3.3, we use displacement control to initiate the solution procedure.
In this case A, = 1-10"*mm is used. When the crack length increment
exceeds Al'gwiten = 1 - 107° mm, the switch is made to fracture control. This
choice for Al'gyiten 18 based on the fact that it should be considerably larger
than the machine precision, and considerably smaller than the representa-
tive element size h, since the switch to fracture control should be made well
before the fracture starts to propagate. The obtained solution was observed
to be insensitive to variations in this switching value.

In Figure 6a we show the force-displacement curves for the case in which
the fracture surface increment Al is kept fixed. We observe that for all sim-
ulations the Newton-Raphson procedure with a tolerance of 1 x 107° fails to
converge at some point in the incrementation process after softening and/or
snapback has occured. This is caused by the fact that the initial estimate
for the Newton procedure is outside the radius of convergence of the Newton
procedure. In line with this is the observation that decreasing the step size
increases — albeit moderately — the extend to which the equilibrium path

21



403

404

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

800 T 800
AT =h/5

700

L]

600

500

Force [N]
S
o
o
Force [N]
S
S
o

300

200+

100 100

0.0000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0?000 0.001 0.002 0.003 0.004 0.605 0.006 0.007
Displacement [mm] Displacement [mm]
(a) Fixed step size (b) Adaptive step size

Figure 6: Fracture-controlled Newton-Raphson solutions for the single edge notched ten-
sion test.

can be computed. A notable difference between these monolithic results and
the staggered results presented above is that the errors due to the staggered
steps are completely eliminated, i.e. virtually the same result is obtained
independent of the selected crack length increment.

In order to track the complete equilibrium path we have employed the
adaptive scheme as discussed in Section 3.3.3 with My = 4. The results
are presented in Figure 6b. With this adaptive step size increment, the same
equilibrium path is recovered regardless of the maximum allowable increment.
In fact, the maximum step size increment is ineffective as a result of the
limitation imposed by the target number of Newton iterations. We observe
that the monolithic solution procedure is very effective in capturing the peak
load. The computed value of Fyeax = 715.26 N is free of the step size errors
introduced by the staggered procedure in Section 5.1.1, and can be obtained
in relatively few steps. In addition, the fracture-controlled Newton scheme
is capable of tracking the snap-back part of the equilibrium path.

The origin of this snap-back behavior is that at the crack tip a phase
field needs to nucleate. In the case that we enrich the tip of the pre-existing
fracture with a phase field (see Appendix C) — thereby regularizing the stress
field around the tip — this snap-back feature vanishes (Figure 7).

5.1.3. Fracture-controlled staggered scheme

As for the monolithic scheme discussed above, for the fracture-controlled
staggered scheme we use an initial displacement step size of A#,, = 1-10~* mm
and switch to the fracture-controlled scheme when the crack length increment
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Figure 7: Comparison of the equilibrium path computed using the monolithic fracture-
controlled scheme with and without tip enrichment.

exceeds Algwiten = 1-107° mm. In Figure 8 the results are shown for various
crack length increments, and some solution characteristics are collected in
Table 2.

It is observed that as for the displacement-controlled staggered solution
procedure, an error is introduced by this staggered scheme. For the quan-
tities in Table 2 this error is observed to decrease at least linearly with the
selected step size. Compared to the displacement-based scheme, the fracture-
controlled staggered scheme has two advantages. First, under step-size re-
finement it converges to the Newton-Raphson solution, including snap-back
behavior. Such convergence is not observed for the displacement-based stag-
gered scheme of Section 5.1.1. A second advantage is that the step size for
the fracture controlled simulation can be selected conveniently by relating
it to the representative element size (h). This permits us to allow for the
gradual motion of a crack through the mesh, i.e. the crack is not permitted
to propagate through multiple elements in a single step when AI is limited
by the element size. As indicated above, the fracture-controlled procedure
serves as an automatic displacement step size adjuster. This is shown in Fig-
ure 9 where the displacement step size is plotted versus the step size number.
As can be seen, the staggered scheme automatically accounts for a smaller
(or even negative) displacement increment when crack propagation occurs.

In Table 2 we also compare the monolithic scheme with adaptive step size
with the staggered scheme for various step sizes. We observe that the mono-
lithic scheme on average has a step size, AI', comparable to the staggered
scheme with AI' = %h. Also the number of steps to track the shown equilib-
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Figure 8: Fracture-controlled staggered solutions for the single edge notched tension spec-
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Scheme AT (Xh) Nsteps Niter Nsolve Fpeak [N} ﬂn,peak [IDIH] ﬂn,snap [mnl} I1ult [mm]
Monolithic | 0.52 (0.64) 488 2.48 (1.56) 1210 716.8 0.00579 0.00525 0.639
Staggered 2 150 1 150 782.3 0.00651 0.00654 0.717
Staggered 1 275 1 275 754.9 0.00618 0.00597 0.676
Staggered % 529 1 529 738.0 0.00599 0.00565 0.657
Staggered ﬁ 1235 1 1235 728.8 0.00590 0.00530 0.647

Table 2: Comparision of the monolithic and staggered path-following schemes for the
tension simulation. For the monolithic scheme the mean value and standard deviation (in
brackets) are given when applicable.

rium path is similar (488 for the monolithic scheme vs. 529 for the staggered
scheme), but evidently the number of linear system solves for the monolithic
scheme is considerably higher (1210 for the monolithic scheme wvs. 529 for
the staggered scheme) and in addition each system solve in the monolithic
scheme is computationally more expensive. The error related to the stag-
gered procedure remains limited to a few percent for both the peak load and
the overall crack length. When comparing with the displacement-controlled
staggered scheme with A, = 2-107° mm (Table 1), for which a similar num-
ber of system solves is required (500), we observe that the fracture-controlled
staggered scheme provides a better approximation of the peak load and total
crack length than the displacement-controlled scheme. For the peak load the
obtained improvement is moderate, and can be attributed to the fact that the
fracture-controlled scheme automatically provides displacement step size ad-
justements. A significant improvement is obtained for the total crack length,
which is a consequence of the fact that the displacement-controlled scheme
fails to account for the snap-back behavior. For the staggered scheme with
Al = %h a similar number of system solves is required as for the monolithic
scheme. In this case errors of less than 2% in the peak load and crack length
are obtained.

5.2. Single edge notched pure shear test

In this section we investigate the setup represented in Figure 10a. The
geometry is identical to that considered for the tension simulation discussed
above, but pure shear boundary conditions are used. This means that the
vertical displacement component is constrained on all four sides of the do-
main. Moreover, the bottom boundary is constrained horizontally, and a
prescribed horizontal displacement, s, is applied to the top boundary. The
same material parameters are used as for the tension simulation. The frac-
ture length scale is equal to [, = 0.015mm. In order to accurately capture
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Figure 10: Problem setup and finite element mesh for the single edge notched pure shear
test.

the phase-field evolution, the mesh is refined along the anticipated crack
path (Figure 10b). The characteristic element size in this refinement region
is h =1./4 = 0.00375 mm, which results in a mesh with 26472 elements.

In Figure 11 we study the convergence of the displacement-based stag-
gered solution procedure under step size refinement. We observe very close
agreement with the results reported in literature [2]. Using the fracture-
controlled Newton-Raphson procedure with adaptive step size and Al'.x =
2h (Figure 12) we observe that the bump in the force-displacement curve at
crack nucleation is related to the occurrence of snap-back, a phenomenon not
captured by the displacement-based staggered scheme. By comparison with
the results with phase-field tip enrichment, we observe that this snap-back
behavior is closely related to the nucleation of the phase-field fracture at the
tip of the pre-existing fracture.

In Figure 13 we study the influence of the crack-length increment size
for the fracture-controlled staggered solution procedure. This figure conveys
that the staggered procedure converges to the monolithic result as the step
size decreases. In Table 3 we compare the monolithic and staggered scheme
for various quantities of interest. The total crack length I'y is measured
at us; = 0.016 mm. The peak load and total crack length are observed to
converge at least at a linear rate. As for the tensile test we observe that the
crack path is predicted appropriately by the staggered scheme for relatively
large step sizes. For AT' = h/2 we observe errors of a few percent, while
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Figure 13: Fracture-controlled staggered solutions for the single edge notched shear spec-
imen with various crack length increments.

SCheme AF (Xh) nsteps Niter Ngolve Fpeak [N] Fult [mm]
Monolithic | 1.17(0.58) 207  3.69(1.06) 764 557.2 0.93
Staggered 2 162 1 162 684.6 1.05
Staggered 1 281 1 281 629.6 0.98
Staggered % 522 1 522 593.6 0.94
Staggered % 1061 1 1061 575.3 0.93

Table 3: Comparison of the monolithic and staggered path-following schemes for the pure
shear simulation. For the monolithic scheme the mean value and standard deviation (in
brackets) are given when applicable.

the involved number of system solves is considerably smaller than for the
monolithic scheme.

5.3. Multiple inclusion test

We finally study the performance of the fracture-based path-following
schemes for a test case with complex fracture surface evolution. To this
end we consider a 1 x 1mm? tensile test with six, randomly distributed,
pre-existing cracks (Figure 14). The discretized displacement field is dis-
continuous over the pre-existing cracks, which is established by aligning the
elements of the bulk material with the pre-existing cracks and duplicating the
nodes on the cracks. An irregular triangular finite element mesh with 28826
equal-sized linear elements and 14700 nodes is used to discretize the bulk
material. The element length along the boundaries and pre-existing cracks is
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Figure 14: Schematic representation of a 1 x 1 mm? tensile specimen with six, randomly
generated, pre-existing cracks.

h = 0.0l mm. The same material parameters as for the test cases discussed
above have been used. The crack length scale is equal to [. = 0.025 mm.

In Figure 15 we show the solutions obtained by the monolithic scheme,
with and without tip enrichment. As for the above experiments we observe
overshoots in the response curve in the case that the pre-existing tips are
not regularized by a phase field. This effect is here more pronounced due
to the fact that the elements around the tips are relatively coarse (the same
element size is used throughout the complete domain). Evidently, due to
the iteration-based step size adjustment strategy, the monolithic scheme is
capable of tracking the snap-back paths.

In Figure 16 we show six snapshots of the fracture evolution pattern.
The labels (a)-(f) are reflected in the force-displacement diagram in Figure
15b. Initially, the specimen is loaded elastically (a), until pre-existing crack
2 propagates toward the right edge of the specimen (b). When this happens,
the specimen unloads, after which a secondary crack propagates from the
bottom tip of pre-existing crack 2 (c¢) and merges with pre-existing crack 1
(d). After another unloading stage, finally pre-existing crack 1 propagates
toward the left edge of the specimen (e) until it reaches the left edge and the
specimen lost all its load-carrying capacity (f).

In Figure 17 we show the force-displacement curves computed using the
staggered path-following scheme with AI' = h, % and %. We observe that
already with a step size of h, the correct fracture pattern is predicted. The ef-
fect that the energy dissipation is increased is also observed here. As the step
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Figure 15: Comparison of the equilibrium path for the multiple pre-existing crack case
computed using the fracture-controlled staggered scheme with and without tip enrichment.

Figure 16: Six snapshots of the phase field for the tensile test with pre-existing cracks.
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Figure 17: Force-displacement diagrams for the monolithic and staggered path-following
schemes for the specimen with multiple pre-existing cracks.

size decreases, the force-displacement curve converges toward the Newton-
Raphson case. It is important to note here that since the fractures evolve
in stages, during the fracture process there is always one dominant fracture.
This allows for the interpretation that the crack extends by approximately a
single element in the case that AI' = h is used. In the case that the evolution
of a secondary crack is non-negligible, effectively a smaller crack incrementa-
tion length (per crack) is used. In this sense, the choice of the crack length
increment is a conservative choice, which permits its usage also in the case
of complex fracture evolutions as considered here.

In Table 4 the monolithic scheme and staggered schemes with various
fracture surface increments are compared in terms of the predicted fracture
strength and total crack length. For all simulations regularized pre-existing
crack tips are considered. We observe errors of a few percent for the staggered
scheme with a step size of h/4, which is in agreement with the observations of
the benchmark simulations discussed above. In terms of the number of sys-
tem solves, this staggered simulation requires approximately half the number
of solves of the monolithic scheme.

6. Conclusions

In this contribution we studied the application of a fracture-based path-
following constraint for the simulation of phase-field cracks. The employed
constraint is closely related to the dissipation-based constraint proposed in
[16], but is formulated in terms of the phase field instead of stresses and
strains (and rates thereof). Formulation of this constraint in terms of the
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SCheme AF (Xh) nsteps Niter Ngolve Fpeak [N] 1—‘ult [mm]
Monolithic | 0.62 (0.81) 195 3.10 (1.29) 605 1122 1.532
Staggered 1 209 1 209 1178 1.656
Staggered 3 327 1 327 1156 1.594
Staggered 7 540 1 540 1143 1.563

Table 4: Comparision of the monolithic and staggered path-following schemes for the
specimen with multiple pre-existing cracks. For the monolithic scheme the mean value
and standard deviation (in brackets) are given when applicable.

phase field invokes a natural decomposition of the phase-field problem and
the elasticity problem. Based on this decomposition, we developed a fracture-
controlled staggered solution procedure. The derivation of this staggered pro-
cedure proceeds in essentially the same manner as the derivation of the com-
monly used displacement-based staggered scheme [2] from a displacement-
controlled monolithic solution procedure.

There are two advantages to the use of a fracture-controlled path-following
constraint. First, this constraint permits for the simulation of snap-back phe-
nomena. In the studied numerical examples we have observed that snap-back
is typically encountered when a phase-field crack nucleates from a sharp crack
tip. By enriching the tips of pre-existing fractures with a phase field, this
snap-back behavior vanishes. The fracture-controlled constraint opens the
doors to a systematic study of this snap-back behavior, but this study is
considered beyond the scope of this manuscript. The second advantage of
fracture-control is that it provides a natural way to select the step size incre-
ments, this in contrast to the displacement-controlled staggered procedure.
By requiring that the cracks propagate gradually through the mesh, the step
size can be related to the characteristic element size. We have demonstrated
that also in the case of multiple cracks this way of selecting the fracture step
sizes renders meaningful results.

We have studied the performance of the fracture-controlled monolithic
and staggered solution procedures. Evidently, an advantage of the mono-
lithic scheme is that in every step the non-linear system to compute the so-
lution updates is solved exactly (up to the precision of the Newton-Raphson
process). In contrast, the fracture-based staggered scheme introduces an
additional source of errors by not resolving the non-linearities in every step.
The advantage of the staggered scheme is, however, that it is computationally
cheaper per load step by virtue of the fact that only a single decoupled elas-
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ticity problem and phase-field problem is solved. In the studied numerical
examples we have found that the staggered scheme is capable of comput-
ing typical quantities of interest such as the peak load and total crack length
with errors of a few percent when step sizes of half the representative element
length scale are used. Overall it can be concluded that when a high accuracy
is required, the monolithic scheme is preferred. When minor inaccuracies
are acceptable, the staggered procedure can be expected to outperform the
monolithic scheme in terms of computational effort.

We note that herein we have considered a staggered solution procedure
with a single iteration per load step. It is possible to improve the accuracy of
this staggered procedure by using multiple sub-iterations per load step. This
will provide the opportunity to make a trade-off between computational effort
and solution accuracy. A detailed study of a staggered solution procedure
with sub-iterations is a topic of further study.
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Appendix A. Internal force vectors and tangent stiffness matrices

For the phase-field fracture formulation introduced in Section 2 the inter-
nal and external force vectors follow directly from substitution of the finite
element basis function (5) as test functions in the weak form problem (4).
For the momentum equation, this yields:

izt’l—/a:VSN}‘dV I=1,....n% (A.1a)
Q

;;M:/ t-Njyds I=1,...,n" (A.1Db)
I'n

33



6l

o

9

6

=

0

6

=

1

612

613

614

615

616

617

618

619

For the phase-field equation the following discrete equations are obtained:

;fmfz/ [(%+2H)d—2%} N¢+GI.Vd-VNdv I=1,...,n¢
Q c

(A.2a)
gxt,lzo I:1,...,nd

(A.2b)

The corresponding tangent stiffness matrices follow by differentiation of these
forces with respect to the nodal solution vectors as:

Ky — ol / VSNY: C: V°N%dV (A.3a)
aCL’lj Q
w iﬁ N SNTU
K = 87% = /Qz(d— NG (V*NY 1 o) dV (A.3Db)
ofd
K = g;jf = /Q 2(d — 1)N¢ <V5N1j : %—7:) dV (A.3c)
J

o d
K= gzgl = /Q (%+2’H) NIN? + G VN -VNIdV  (A.3d)

where C = do/0e is the material tangent, and o is the tensile part of
the virgin Cauchy stress tensor. Note that the tangent stiffness matrix is
generally not symmetric, since

oM fof H>0
— = o = (A.4)
Oe 0 H <0

Appendix B. Equivalence of fracture control with energy release-
rate control

Since in Griffith’s theory for fracture the rate of dissipation is defined
as the fracture toughness (G.) times the rate at which new fracture surface
is created, the constraint equation derived in Section 3 relies on the same
assumptions as the energy release rate path-following control in [16, 17]. In
this appendix the relation between the path-following constraint developed
in this work and the constraint of [16, 17] is examined.
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620 Assuming infinitly small path-parameter increments, A7 — 0, the con-
ez straint equation (9) can be used to obtain

: . 1 . .
I (d,d) = l—/dd+lc2Vd~VddV, (B.1)
cJQ
622 which corresponds to the time derivative of the fracture surface area (8).
623 Using the weak form (4) in combination with the Kuhn-Tucker conditions

e« (3), this expression can be rewritten as

2 . 2 . 1

.= —/(1 —d)yHddV = —/(1 — d)pgddV = ——/g%*dv, (B.2)
gc Q gc Q gc Q

s with degradation function g(d) = (1 — d)?. The rate of dissipation, defined

26 as the external power minus the rate of elastic energy, can be written as:

Iy

. . _ 1 1
D=P-W= t-udS—i{—/a:st}:—/[U:é—d:e]d\/
1 1
:—/{[C:s]:é—[gCg:s—l—C:é] e} dV:——/gaf{:edV:—/g@ngV.
2 Ja 2 Ja Q
. . (B.3)
2z Combining with equation (B.2) shows that indeed D = G.I'}..
e2s Appendix C. Phase-field tip enrichment
629 When simulating the fracture process in specimens with pre-existing cracks,

30 in principle the tip-stresses will be singular when these cracks are modeled as
a1 strong discontinuities. Evidently, in a finite element context, finite stresses
22 are obtained due to the regularizing effect of the interpolation functions.
s3  However, in principle, this regularizing effect is merely a discretization error.
s« In relation to phase-field modeling, the tip stress does influence the value of
635 the phase field at the tip [4], which causes a significant grid size dependence
s3s  Of the phase-field nucleation at the tip. In order to moderate this mesh de-
37 pendence, in this work we enrich the fracture tips of pre-existing cracks with
s3s a phase field, thereby regularizing the stress field at these tips.

In order to enrich the tips of pre-existing cracks, we compute the history
field prior to loading, H° :  — R. In order to obtain this field, we first solve
the weak form problem for the phase field d° : Q — R:

Find d° € V2 such that:

ip

/ e+ 12Vd’-VedV =0  Vee Vi, (C.1)
Q
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with Vi, = {d” € H'(Q)|d” = 1 on Ty}, with Ty, C Q the set of crack
tip points. Subsequently, we determine the corresponding history field, H :

Q— R:
Find H° € H'(Q2) such that:
/ 20.(1 - d)YH° T dV = / G (AT +12Vd°-VT)dvV VT € H'(Q)
Q Q

(C.2)

For the discretization of both weak form problems we employ linear finite
element spaces.

We note that an alternative approach to this tip-enrichment strategy is
to model the pre-existing fractures completely by phase-field fractures. An
advantage of this approach is that there is no need to create sharp discontinu-
ities in the mesh. However, the creation of such cracks is generally non-trivial
when they do not align with the finite element grid.
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