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Abstract

We study the Cauchy problem for non-linear (semilinearptd partial di erential equations in
Hilbert spaces. The problem is severely ill-posed in thessesf Hadamard. Under a weak
priori assumption on the exact solution, we propose a new regatemzmethod for stabilising
the ill-posed problem. These new results extend some eavbeks on Cauchy problems for
nonlinear elliptic equations. Numerical results are pnése and discussed.

Keywords and phrase<Cauchy problem; Nonlinear elliptic equation; Ill-posediplem; Error
estimates.
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1. Introduction

Let H be a Hilbert space with the inner prodincti and the nornkk, andletL : D(L) H'! H
be a positive-de nite, self-adjoint operator with compauaterse onH. Let M be a positive
number, and consider nding a functian: [0; M] ! H satisfying the Cauchy problem

%uH: Lu+ f(zu(2); z2(0;M)
u0) =" (1.2)
" U, (0) = 0;

where the data is given inH and the source functiof will be de ned later. The Neumann
condition in (1.1) need not to be necessarily homogeneauprdctice, the data 2 H is noisy
and is represented by the perturbed data H satisfying

K 'k ; (1.2)

where the constant> 0 represents an upper bound on the measurement error. Saakrpris
not well-posed because its solution may not exist and, éviéexists, it does not depend con-
tinuously on the "noisy” Cauchy data. Hence, a regularization process is required in order to
obtain a stable solution.

Equation (1.1) is an abstract version which generalizesymaail-known equations. For a
simple example, it. = (negative of Laplace's operator) ari@iz; u(z)) = k?u(z) with k real
or purely imaginary, then the equation (1.1) becomes thenHeltz or modi ed Helmholtz equa-
tion, respectively, which arises in many engineering aapions related to propagating waves in
di erent environments or heat transfer in ns. More generddly,L = and f a nonlinear
function of u, equation (1.1) becomes the nonlinear Poisson equatiochwiencountered in



numerous applications in heat and mass transfer, chemsigetions, gas dynamics and uid ow
in porous media, [2].

Nevertheless, there exist many studies on the linear pmghle. f(z,u(2) = a(?u(z) +
b(z), wherea andb are some given functions (usually taken to be zero) in Eql)(kee e.g.
[3,4,5,6,7,9,10, 13, 14, 16, 17] to mention only a few. Ondtier hand, the Cauchy problem
for nonlinear elliptic equations has been much less ingastd, [11, 21], and it is the purpose of
this study to make advances into the semi-linear problefy).(1.

2. Mathematical analysis

We assume thdt admits an orthonormal eigenbasisg, ; in H; associated with the eigenvalues
such that

0< 5 3 olim o ,=1:
nil

andf satis es the global Lipschitz condition

kf(zvy) f(zw)k Kkv; wk (2.3)
for some constar independent ot, v, v, with
1 ( 1 )
0 K<M—C; C = max -p:l;l : (2.4)

More general local Lipschitz nonlinearities can also besabered, [19]. As shown in [18], the
solutionu 2 C([0; M]; H) is a weak solution of (1.1) ifi satis es the integral equation

X E p_ 2% Sinh p_n(z S) j
u@ = osh 'z '+ p— fa(U)(S)dSE n; (2.5)

— n
n=1 0

D E D E
where' , = 5, andf,(u)(s) = f(su(9); n) . Sincez> 0, we know from (2.5) that, whem

becomes large, the terms cosph_nz and sinh p_n(z s) increase rather quickly. Thus, these
terms are causes for instability. Hence, to regularize tbblpm, we have to replace these terms
by some stability terms. In the present paper, the unstaiblgien (2.5) is regularized by the
solutionU de ned as

X Zz . p—
U@=" Rosn(" 7o, + IMLon D¢y ygas
n=1 0 n
2 P=is 2
“_n( ze)+e — fo(U )(s)dst »; z2[0; M]; (2.6)

z

D E D E
where' = ' ; o, U )= f(sU (9); » and

I p— !

hIO— 1 e WM 2 "= . sinh P— 1 e M2 P—,
COoSs ( nZ) .—E m+e ,SIn ( nZ) .—E m e



Here () O plays the role as the regularization parameter which hias thosen depending on
the noise . Under thea priori assumption

ku(M)k+ ku(M)k E 2.7)

whereE > 0 is some known given positive number, we will obtain the eestimate between the
exact solutioru and the regularized solutids .

To our knowledge, there has not been a regularization mdtrotbnlinear elliptic equations
which provides a convergence rate under the weak condizio.(We also mention that, previ-
ously, in order to get a stability estimate, Zhang and We] g&sumed the stronger condition on
the exact solution:

& MGy 2 EZ 22 [0:M]; 2.8)

n=1

whilst Tuanet al. [18] assumed that
|

X o L2
& WM 2 hu(2); i + %g E3, z2][0;M]: (2.9)

n=1 n

One can further remark that there are not too many functiowsich satisfy conditions (2.8)
or (2.9) and moreover, in practice, these conditions arecdit to be checked. Therefore, in
our study we develop a new regularization method to obtarethor estimate under the weaker
assumption (2.7).

Our main results are stated in the following theorem:

Theorem 2.1. The integral equatioii2.6) has a unique solution U2 C([0; M]; H). Suppose that
problem(1.1) has a weak solution u which satis €2.7). Let' 2 H be measured data such that
(1.2)holds. Choose( ) > Osuchthatim, o () =Ilim, o = 0. Then, we have the following
estimate:

U@ u@k QC;m ()% z2[0;M]; (2.10)

foranym2 0O 1, where

. 4
 KPMPC?

M l+n%C4E2+2()22
Q(;m) = : (2.11)
1 11+mKacam?

Moreover, there exists 2 (0; M) such thatim , sz = M and

I's
kuM) U (z)k Q(;m)+ sup ku,(2)k Ml (2.12)
0z M In 5
Remark 2.1. (i) If we choose ( ) = with 2 (0;1]in (2.10)then, we get
g 1+ %‘ C4E2 +2 22 ,
kU (2 u(2k v, z2][0;M]: (2.13)
7 1+ m K2C2M?
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(ii) In order to obtain the tightest upper bound (2.10) we can minimize with respect to &
0; ﬁ%z 1 the function @ ; m) de ned in(2.11) Noticing that

limQ(;m= lim Q(;m=1;

0 M e L

and solving%( ; M) = 0 we obtain the minimum pointp = K—EAC 1. Then the estimat@.10)

becomes

KU (2 u@k Q(;mun) ()*¥; z2[0;M]; (2.14)
where )
2 CE2+2 ()22
Q( s Myin) = > ;Mé) ; (2.15)

3. Proof of Theorem 2.1
First we have the following lemma which will be useful in th@epf of the theorem.

Lemma 3.1. The following inequalities hold (for> 0 small):

P 2
cosn(* () #: B R oo (3.16)
n 1
. p— .
Jsmh(pin(z 2l %()SVZ; 0 s z M (3.17)
()e P=s 2
n_ — C()¥; 0 z s M (3.18)

p
n ()+te oM

Proof. First, we can deduce the following inequality:

p— pP—
e n(M 2 e n(M 2 P—y,
= - z ()+e "V ()

()+e M (re M T (yrelm ¥

Z~

(3.19)

This implies that

n Py 1 e (M 2) — 1 Ea1 2
COos Z)= - —+e " — M+ M
( n ) 2 ()—+er 2 ( ) ( )
and
.. p— .. D—M p_M | r
jsinh( oAl 3 e P orm 1 oe TP QY
T 20 (el 277 ()+e M 2

where we have used (3.19) and that ;.

The inequality (3.17) is obtaiBed immediately by replacngth z sin the second inequality
in (3.16) and using tha€ 1=, whilst the inequality (3.18) is obtained as in (3.19) by
employing the inequality

(Je 2 (Je "2 o L
= £ — O O+e ()7

OFe ™ ()eePm ™ ()ee’m'¥




The proof of Theorem 2.1 consists of two steps.

Step 1. The existence and the uniqueness of a solution to (2.6).
Let us de ne the following norm on C([Q¥1]; H):

khihk = sup ()Wkh(2k 8h 2 C([0; M]; H):
0z M

It is easy to show thadtk; is a norm on C([OM]; H). For anyw 2 C([0; M]; H), we de ne

X VA p—
W@ = Fosh(" wgar SN2 g hgas
n=1 0 n
2M P— s Z
p_( ze)+”e( p)_nM fn(w)(s)dj o 221[0:M]:

z

We claim that, for every,, w, 2 C([0; M]; H) we have
kJ(Wl) J(Wz)k]_ KC Mk\Nl Wzkl: (320)

First, using Lemma 2.1 we have two following estimates foe& [0; M]:

Iy

X 2Pz 9)

P (fa(wi)(s)  fn(wo)(9))ds
n=1 4 n
X Zz P— 2
2 I 9Dy w9 ds
n=1 n
i X Z: 2 2 2
z C? ()W fawi)(s) fa(wo)(s) ds
n=1 Z ,
K2C2z () kwi(s) ws(9Keds
o)
( )" K2C2Z2 supn()zmskwl(s) Wo(IR = () WK2CRhw; Wkl (3.21)
0s M
and
X M ( )e p_n(s 2) !2
p— = (fa(w1)(s)  fa(w2)(9))ds
=1 n ()+e M
x M ()e P=s 2 2
(M 2 p— r—— (fa(wi)(s)  fa(w2)(s)) ds
n=1, n ( )+ e M
R z M 2s 27 2
(M 2 C? ()™ fa(wi)(s) fa(wa)(s) ds
n=1 Z

Z M
K2C2(M  2) ()5 k(s wa(9)keds

()FKICHM  2%kwy Wk (3.22)
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Then, for 0< z< M, using the inequalityg+ b)> (1+ p)a+ 1+ %) b? for any real numbers
aandb andp > 0, we have

W)@ IW)()K ()%K2q2(1+p)z2m1 W,k
+ ()W K2C? 1+ (|v| 2%y Wok:

By choosingp = *-%, we obtain

OFKIW)@)  IW)(DKR  KXC?M%kw, wWoke; 822 (0; M): (3.23)
On other hand, letting= M in (3.21), we have
2OkIW)(M)  IW)(M)KR  K2C2MZAawy Wk (3.24)
and lettingz = 0 in (3.22), we have
kJ(w)(0) JWo)(0)K  K2C2MZkwy WLk (3.25)

Combining (3.23) - (3.25), we obtain
()ﬁkJ(wl)(z) JWo)(2k KCMkw; wyki; 8z2[0;M]

which leads to (3.20). SindéCM < 1, it means thad is a contraction. It follows that the equa-
tion J(w) = w has a unique solutiow 2 C([0; M]; H).

Step 2.Estimate the errdkU (20 u(2k
Di erentiating (2.5) with respect & adding the result obtained to (2.5) and taking the inner
product with ,,, we get
, " D
I Z e p—ns MP—D E UZ(M), nE# ™M p_S
nt  —p—ru)(g)ds=e nou(M); , +—p— —p—f (u)(s)ds
n
0 z
This implies that
D E p— Z 2sinh P— nZ
U2 ;= uz; » =cosh z"',+ —p—f(u)(s)ds

smh( n(z 9)

= cosh(p_nz)' ¥ f.(U)(9)ds

0 n

. 7 . P— p
h _ i z@sinh nZ
0

n

slnh(p n(z 9)

p_
=cosh( 2+

fa(u)(s)ds
0 n
( )ep_”Z zt e s E
SO O = (9
= cosh(" T2, + S'”h( ”(Z D w(9ds
" D "
( )ep_n(Z M) DU(M)' E+ U(M); nE# 21 ()e P 2 s
R e T Lo P T

z
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Using that
D E |

D E  u(M); , D E D E
uM); n +—p—=—— C uM); n + U(M); ,
n
expression (2.6) and Lemma 2.1 we obtain

Uy(@  un(29)
D E

h(p——) ()epT@“M D(M) E  u/(M); »
cos n2)'n Tt p— UM);, n + —p——
2(()+e M n
s Co @ Mg 5y o ds
0 n
Z m p_n(s 2
B T U R ds
z 2 5 ()+te oM
) 1 D E D E'
() T+ 35C7 (OFF M) o+ uM);
c% c?
5 ()% fo(U )(9)  fa(u)(s) ds+ > ()% fa(U )9  fa(u)(s) ds
i z 1 ‘b E D E'
() T +5C (OFF M) o+ uM);
CZM
5 ()% f(U)®  fu(u)(9ds
0

From the inequality
! !

1 1
(an+a+ag)? 2 1+E az+2 l+ﬁ a+ (1+ m)a3

for any real numbera,, a,, a; andm > 0, we obtain

% :
U@ uR=" U@ w
"X D n_lE D E>

X
i Ct ()2 F UMY o+ (M)

l. i 1 1
21+E ()M n n

n=1

A

X "V %

LT (pE (Of U e ds
| n=1 0

2142 () K20 142 CH (2 k(MR + k(MK

M
T ()2 E (O Kf(sU (9) (s u(9)Kds
0

LA+m
4
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where we have applied the Holder inequality

" B 2 2
()% L5,(U )9 fa(u)(9) ds ds  ()F 2f,(U )9 f.(u)9 ds
0 0 0
2

S

=M OF 26U )9 U ds

This leads to
I [

2z

()m kU (Z) U(Z)k2 2 1+% ()22+ 1+%.C4E2

Zv
2C2M ()% &KU (9 u(9)keds (3.26)

0

(1+m)
- K
4

2z

Setl(2) := ()% 2kU (20 u(2)k?for all z2 [0; M]. SinceU ; u 2 C([0; M]; H), the functionl is
continuous on [PM] and attains over there its maximupmat some poing, 2 [0; M]. Therefore,
(3.26) yields
! !
OF 20 () U@k 2 1+n£1 ()22+ 1+n£1 C4E2+—(1zm)KZCZM2P

Choosingz = z; on the left-hand side of this inequality, we get
| !

1 1 1+m
P 21+= ()?2%+ 1+= cgz+ LM oc2y2p
m m 4
or,
" # ! ! !
1+ 1 1 1
1 B Myecoyzp a0t (y22s 10 L oers 10 D ciE2e2 () 2 Y,
4 m m m
Sincem 2 0; m 1 it follows that the left hand-side bracket is positive. Thgplies that

for all z2 [0; M] we have
OF U (9 u@k P QX ;m):

Thus (2.10) holds.
Finally, in order to get the estimate (2.12)zat M, we use that
!

M) U @Kk KuM) u@k+ ki@ U @Dk supku@k (M 2+ Q(im) ()
0z M

For every > 0, there exists a unique 2 (0; M) suchthatM z = () : Thizaimplies that

InM z) _ In(()). : : : 1 ; M . :
5~ = —u. Using the inequality liy > v for everyy > 0, we obtailM  z < In(%).ThIS

leads to (2.12). Theorem 1.1 has been proved.




4. Numerical experiments

Let = (a;b) (c;d) R?be arectangle and l&l > 0 be a constant. Consider the following
Cauchy problem for the three-dimensional sine-Gordopt&tliequation:
u=f(xy;zu) = %Sin(U) +RXY;2; (xy;92  (O;M); (4.27)
uxy;0)="(xy); xy)2 ; (4.28)
U(xy,0)=0; (xy)2 ; (4.29)
uxy;2=0; (xy;22@ (0;M): (4.30)
where is the three-dimensional Laplace operator. We Ry, 2) = (X;y;2) 3sin( (XY;2),

where n _

[

singZ(x ab Xy c)d vy)
(X X+ ¥o)*+1

plays the role of the exact solution of the above problemafiyrcontantsg, yo andg. In addition,
we can check that,(x;y;0) = 0 and that (x;y) = (X;y;0) = 0 is the exact Cauchy data of the
problem.

Using a uniform rectangular grid with a resolutionlof J in the xy-plane, which is de ned
by nodal interior pointsx; y;) as

(xy,2 = (4.31)

. b a . —
. = + - - . et . . . .
Xi=1y+a L i=11; 12N; (4.32)
— . —_— d C. - . . .
we de ne the data input
Y= (6y;0)+ rand;y) = rand;yy); (4.34)

which is disturbed by the pseudo-random rangifunction determined uniformly on [L; 1] and
0 denotes the amplitude of noise.
Then, for the rectangle= (a;b) (c;d) and homogeneous Dirichlet boundary conditions
(4.30) on@ , the regularized integral equation (2.6) can be rewritsefolows:
X X D E Z,. p
u@=" " cosh w29
m=1 n=1 0 mn

VAR p—
e (52 mn D E
p— r— f(su(9); mn dj mn (4.35)
+ e M mn

mn

mn)D E
f(ssu (9); mn ds

where = ()and
| |
m(x a . n(y © o om 2 n 2
T sin 1 o m”_ba+dc' (4.36)

Denote the Fourier coecients of a functiorv(x; y) by

i = VUpn= 2 2 fot

MmO b ad 9 . .

Next part explains the numerical procedures for solvind4£85).
9

mn(X;y) = sin

hv;

V(X Y) mn(Xy) dxdy.



4.1. Calculation procedures

In order to solve Eq.(4.35) numerically, we shall adopt tieafl iteration. For a given dis-
crete datd’ ;;,gfrom Eq.(4.34), to obtain the left-hand-side of Eq. (4.3%,need to approximate
both of the Fourier coecients, the double summation and the integrals includeéenright-
hand-side. The main idea is to use trigonometric polynasnisge [8], Chapter 2, which then
leads us to bene t of using the Fast Fourier Transform teqpii(FFT). First, we model a data
function from its discrete values so that the calculatiothefFourier coe cients and double sum-
mation can be performed using the FFT, and then we numsrieadlluate the integrals involved.

Firstly, using the trigonometric polynomial approximati@}.36) the data (x;y) is modeled
fromf' ;;gas follows:

| |

. .. m(x a . n(y o©
"Xy = . sin ——— sin ———— ; 4.37
(9= Cesin ST e (4.37)

where
2 2 XX m i nj — —

m= — 'osin sin - m=21LI;n=1J 4.38
mn |+1\J+1i:1j:l IjI |+l | J+l, y by H ( )

is the so-called two-dimensional sine transform, withritgerse transformation given by
X X

ij = mn
m=1 n=1

" sin m | sin nj .
[+ 1 J+1 °

(4.39)

The relationships between,. and' i given in Egs. (4.38) and (4.39) can also be found in
[12], Chapter 12. So far, Egs. (4.37) - (4.39) givéx;;y;) = " ;; (the double summation) and

H ; mi = ", (the Fourier coe cients) precisely. In addition, one has the discrete form of
Parseval's identity

X X 5 9 XX

mn i]
+ +
m=1 n=1 I 1J+1 i=1 j=1

2 .

Combining the latter identity with the triangle inequalibne can obtain, see [8], Chapter 2,
K 'k o (4.40)

. q
where ¢ = IO(b a)d o+ Ciy i+ J) k@ K+k@ K andC, is some positive constant
independent of, ,and ,.
The calculations in Egs. (4.38) and (4.39) are performednataral way. For instance, the
sine transfornf’ 97! " mi9(EQ. (4.38)) can be computed in two steps:

Step 1: Loop foii = 1;1,

2 X j —
Whi :=J+1 'ijsm T+ 1 n=1;J: (4.41)
j=1
Step 2: Loop fon = 1;J,
. 2 X .omi —
' mn — m Wy SIN m_ o m=1;1I: (442)



Here, the subroutinsintlf of FFTPACKS, [15], is adopted for these calculations. Thelto
computational burden in bothandn-loops (Egs. (4.41) and (4.42)) is of order

| O&]Iog‘iﬁﬂ O{Qlogp O(1J log(13));
i-loop n-loop

which is equal to the number of operations on a one-dimemaiticector withl  J components.
Similarly, calculation of the inverse transforifi,, g 7! f ijg(Eq.(4.39)) is performed using the
subroutinesintlb in the same manner.

Secondly, as mentioned before, a numerical solution to4E2p] can be found by a xed-
point convergent iteration. To calculataiapro le, we need to compute the integrals inside the
RHS of Eq. (4.35) from a priou -pro le. Therefore, the computation is performed on a xed
mesh inz-direction, namely,

M _
=k 14 .= k=LK K2N: (4.43)
Using Fubini's theorem, theZintegrals can be*fzormed as
+
h; md ds= ds mn
for eachm = 1;1, n = 1;J andz 2 [0; M], where the function =  (x;y;z s;m;n) has only

discrete values for variablegsands. Forzsimplicity, we are going to approximate the integral
Sp
(s)ds (4.44)
St
fromthe valuesof | = (39),1 = 1_p Notethat s= 5.1 § = ,andintervalin (4.44) belongs
to two casess; = 0, s, = z Or s; = %, S, = M, for eachz 2 [0; M] given in Eq. (4.43). Now
using Newton-Cotes formulas (closed-typed), we have

Z Xp
(s)ds' Hoi i (4.45)
S1 i=1
where (see [1], p. 886) the coeientsH,,; are given by in Table 1 fop = 2;8,i = 1; p. For
p> 8, we als% have that Eq. (4.45) can be written as
v (s)ds’ 1—7 +5—9 +£3 +4—9 + £+ o+
. 248 ' 48 % 48 ° 48 * ° P4
49 43 59 17
+— + — + — + — : 4.46
48 P° 48 P? 48 P' 48 P (4.46)
with the leading error proportional fo §*.
We also approximate the functidnby its own trigonometric polynomials, thus,
_ 4 Rx .omi . nj
hf(z;u(2)); md = (FDE+D) . FUOG Y 2)i %3y 2) sin == sin ==

Note that the double summation in Eq. (4.35) is now nite.

Equation (4.40) indicates that the quality of data functiormodeled by the trigonometric
polynomials is dependent on both the noise amplityaeesh resolution ¢ and ), and smooth-
ness of the approximated function(i.e. k@ k and k@' K). The following test cases illustrate
such dependencies.

11



Table 1: The coe cientsHp; for p=2;8,i = 1, p.

p I Error
1 [ 23] 4]5]6] 7] 8
@0, -
1 1 @) 3
Sy By
1 4 1 i5
3| 3 3 3 % )J S
3 9 9 3 3 i qP
4 8 8 8 8 g0 ) 9
5 14 64 24 64 14 8 ©(). 7
45 45 45 45 45 g5 ) 3
6| 9 | 375 | 250 | 250 | 375 | 95 275 ©0); o7
288 288 288 288 288 288 12006 J
7| 4L | 216 | 27 | 272 [ 27 | 216 | 4L 9 90); 4o
140 140 140 140 140 140 140 400 J
g | 5257 | 25039 | 9261 | 20923 | 20923 | 9261 | 25039 | 5257 8183 ¥(): L9
17280 | 17280 | 17280 | 17280 | 17280 | 17280 | 17280 | 17280 518400 ) 3

4.2. Test cases
We introduce two examples based on the test function (4.31).

Example 1: Choosea=c=0,b=d=5 M =11,% =Yy, = 25,g= 0:1. The graph of

the exact solution is shown in Fig. 1(a).
Example 2: Choosea=c=0,b=d=5 M = 11, x = yp = 3,9 = 0:2. The graph of the
exact solution is shown in Fig. 1(b).

(b) Example 2

(a) Example 1

Figure 1: The analytical test functiongx; y; M) (Eq.(4.31)) for Examples 1 and 2.

12



The aim of the numerical experiments is to observe the velatiror given by

M P, P 2
o R UOGYEM) UGGy M)
(M) = PP > : (4.47)
=1 j=1 YOGy M)
as tends to zero, in two following cases:
1. =0:f ﬂgrepresents exact data.
2. > 0:f" ;grepresents measured data with random noise.
Here the computation domain  [0; M] is meshed with resolutions= J = K = 2 1 for

| =6;9.

In the numerical practice of our study, the process of Pidamtion was terminated when
the relative errors between two sequent solutions werehess10°. Based on this, the number
of iterations was around 8 for all of test cases. The numleslation of the integral equation
(4.35) in three-dimensions is time consuming, particyléwlobtain a desired accuracy, we need
to re ne the three-dimensional mesh up to billions of gridms. Therefore, the numerical code
has been parallelized by OpenMP [20] in Fortran90.

Tables 2 and 3 show the relative error (M) (Eq. (4.47)) for Examples 1 and 2, respec-
tively. The computations were performed on a three-dinwradi mesh with four resolutions
| =J=K=2"1forl = 6,9, for exact data with = 0 and for noisy data with > 0. As
shown in these tables, the magnitude of the relative errdiM) depends on both of the mesh
resolutions and the noise amplitude

In case = 0, convergence of numerical solution is improved with neesh as decreases
untii = 10 °. However, for = 10 © the error could not be decreased further with the nest
mesh ( = J = K = 511), hence, a higher mesh resolution should be adoptedwaméto obtain
a higher accuracy. In addition, Figure 2 shows the graphs ©f y; M) for Examples 1 and 2
with the exact dat#l ﬂgfor the coarse mesh resolutibon J K = 632, For too small such as

10 6, the instability phenomenon is manifested by the strongbjltating contour lines.

Table 2: Example 1, relative error (M) de ned by Eq. (4.47). The computations were performed witbsh
resolutiond =J=K =2 1forl=6;9.

K=63 | K=127| K=255] K=511 K =511

=0 =10°] =10°] =10"] =10°] =10°
1.0E-1 || 7.3E-1 | 7.3E-1 | 7.3E-1 | 7.3E-1 | 7.4E-1 7.3E-1 7.3E-1 7.3E-1 | 7.3E-1
1.0E-2 || 1.3E-1 | 1.3E-1 1.3E-1 1.3E-1 1.1E+0 1.7E-1 1.3E-1 1.3E-1 1.3E-1
1.0E-3 || 1.7E-2 | 1.8E-2 | 1.7E-2 | 1.7E-2 | 1.1E+1 | 1.1E+0 | 1.1E-1 2.0E-2 | 1.8E-2
1.0E-4 || 6.5E-3 | 2.4E-3 1.9E-3 1.9E-3 Diverged | 1.1E+1 1.1E+0 1.1E-1 1.1E-2
1.0E-5 || 3.7E-2 | 1.0E-2 | 3.1E-3 | 1.4E-3 | Diverged| Diverged| 1.1E+1 | 1.1E+0 | 1.1E-1
1.0E-6 || 2.3E-1 | 6.3E-2 | 1.9E-2 | 7.3E-3 | Diverged| Diverged| Diverged| 1.1E+1 | 1.1E+0

In case of noisy data with> 0, to show the sensitivity of the computational accuracydis@
of the data, we repeated calculations with a variety of naisglitudes = 10 ' for | = 2;6, and
illustrated the numerical results only with the nest méshJ K = 511, so that errors from
mesh resolution do not contribute to . These results are shown in Tables 2 and 3 and Figures
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Table 3: Example 2, relative error (M) de ned by Eq. (4.47). The computations were performed witbsh
resolutiond =J=K =2 1forl =6;9.

K=63 | K=127] K=255] K=511 K =511
=0 =107 ] =10°] =10"] =10°] =10°

1.0E-1 1.7E+0 | 1.7E+0 | 1.7E+0 | 1.7E+0 | 1.7E+O 1.7E+0 1.7E+0 1.7E+0 | 1.7E+0

1.0E-2 || 6.6E-1 | 6.6E-1 | 6.6E-1 | 6.6E-1 | 1.4E+0 | 6.7E-1 6.6E-1 6.6E-1 | 6.6E-1

1.0E-3 || 1.9E-1 | 1.9E-1 |19E-1 | 19E-1 | 1.2E+1 | 1.3E+0 | 2.3E-1 19E-1 | 1.9E-1

1.0E-4 || 5.3E-2 | 43E-2 | 4.1E-2 | 40E-2 | Diverged| 1.2E+1 | 1.2E+0 | 1.3E-1 | 4.2E-2

1.0E-5 || 1.1E-1 | 3.2E-2 | 1.3E-2 | 8.7E-3 | Diverged| Diverged| 1.2E+1 | 1.2E+0 | 1.2E-1

1.0E-6 || 6.6E-1 | 1.8E-1 | 5.4E-2 | 2.1E-2 | Diverged| Diverged| Diverged| 1.2E+1 | 1.2E+0

3 and 4 for Examples 1 and 2, respectively. Agends to zero but its value is still greater than

10,

the approximated solutiom is still convergent in most cases, however, whes smaller

than 10 the numerical solutions start to diverge and become urestdlis is signaled by the
contour lines becoming non-smooth. As justi ed by Theoref #or noisy data with > 0, the
value of () should be chosen according to Remark 2.1 such that thdistasitimate (2.13) is
ensured.
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(e) Example 1, = 10 © (f) Example 2, =10

Figure 2: Graphs afl (x;y; M) for Examples 1 and 2 with exact dat%.
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(@ =0, =101 (b) =104, =101

(c0 =0, =102 (d =104 =102

(e) =0, =103 (H =104 =103

Figure 3: Graphs aofi (x;y; M) for Example 1 with dataij, 0.
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(@ =0, =101 (by =104, =101

(c) =0, =1072 (d =104 =107
(e) =0, =108 (H =104 =103
Figure 4: Graphs afi (x;y; M) for Example 2 with dataij, 0.
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