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Abstract

Ricci magnetic geodesic (RMG) motion in a k#hler manifold is the analogue of
geodesic motion in the presence of a magnetic field proportional to the ricci form. It has
been conjectured to model low-energy dynamics of vortex solitons in the presence of a
Chern-Simons term, the kdhler manifold in question being the n-vortex moduli space.
This paper presents a detailed study of RMG motion in soliton moduli spaces, focusing
on the cases of hyperbolic vortices and spherical CP! lumps. It is shown that RMG
flow localizes on fixed point sets of groups of holomorphic isometries, but that the flow
on such submanifolds does not, in general, coincide with their intrinsic RMG flow. For
planar vortices, it is shown that RMG flow differs from an earlier reduced dynamics
proposed by Kim and Lee, and that the latter flow is ill-defined on the vortex coinci-
dence set. An explicit formula for the metric on the whole moduli space of hyperbolic
two-vortices is computed (extending an old result of Strachan’s), and RMG motion of
centred two-vortices is studied in detail. Turning to lumps, the moduli space of static
n-lumps is Rat,,, the space of degree n rational maps, which is known to be kahler and
geodesically incomplete. It is proved that Rat; is, somewhat surprisingly, RMG complete
(meaning that that the initial value problem for RMG motion has a global solution for all
initial data). It is also proved that the submanifold of rotationally equivariant n-lumps,
Rat;?, a topologically cylindrical surface of revolution, is intrinsically RMG incomplete
for n = 2 and all n > 5, but that the extrinsic RMG flow on Rat;? (defined by the
inclusion Rat;? < Raty) is complete.
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1 Introduction

Let (M, g, J) be a kéhler manifold with Ricci form p, that is, p(X,Y’) = Ric(JX,Y’) where Ric
denotes the Ricci tensor defined by g. A smooth curve o : I — M is Ricci magnetic geodesic
if

Vijad = A ftap, (1.1)
where V¢ is the pullback of the Levi-Civita connexion on M to o 'TM, § : T*M — TM
denotes the metric isomorphism, ¢ denotes interior product, and A € R is a constant parameter.
We shall call such a curve RMG, or RMG,, if we wish to emphasize the role of the parameter
A. This is an example of magnetic geodesic flow, that is, motion of a charged particle, of
electric charge A\, under the influence of a magnetic field, in this case, the two-form p. Note
that the flow reduces to conventional geodesic motion if A = 0, and that, in all cases, RMG
curves have constant speed, since

@@l = 2g(c(t), At tap) = 2Mp(élt), a(t)) = 0. (1.2)

Unlike geodesics, RMG curves depend on the length, and not just the direction, of their initital
velocity. Clearly, a(t) is RMG, if and only if a(t) = a(At) is RMG,,,, so we may, without
loss of generality, scale A to any convenient value, or leave A general and consider only RMG
curves of unit speed.

RMG flow was first proposed by Collie and Tong [6] as a model of the low-energy dynamics
of vortex solitons in a certain Chern-Simons variant [10] of the abelian Higgs model on R?.
In this setting, M = M, = C", the moduli space of static n-vortex solutions of the (usual)
abelian Higgs model, and g is its L? metric. In the limit A — 0, one recovers geodesic motion on
M, a well-studied problem [18] which is rigorously known to approximate low-energy vortex
dynamics in the absence of a Chern-Simons term [22]. RMG flow may thus be regarded as
a geometrically natural perturbation of the geodesic approximation of Manton [14], arising
from the inclusion of a Chern-Simons term. Low-energy vortex dynamics in this system was
previously studied by Kim and Lee [7], who, by a direct perturbative calculation, derived a
structurally similar magnetic geodesic flow on M,,. Indeed, Collie and Tong assert [6] that the
Kim-Lee flow actually s RMG flow, and that their own contribution is to generalize and give
it both a geometric interpretation, and an alternative (rather indirect) derivation. In fact, we
will see that the Kim-Lee flow on M, is not RMG flow, as claimed in [6], and, further, is not
a well-defined flow on M, at all, since it is singular on the vortex coincidence set.

In this paper we present a detailed study of RMG flow on the moduli spaces of abelian Higgs
vortices and CP! lumps. For vortices on R?, we show that the Kim-Lee flow is ill-defined on
the subset of M,, where two or more vortices coincide, and hence that this flow cannot coincide
with RMG flow which is, perforce, globally well-defined. We then consider the model on the
hyperbolic plane of critical curvature, where the vortex equations are integrable [24], and
exact n-vortex solutions can be written down. By a careful analysis of the isometric action of
SL(2,R) on My, we find an exact formula for its L? metric, generalizing results of Strachan
[21], who computed the induced metric on two different two-dimensional submanifolds of M.
We then study RMG flow on the submanifold of centred two-vortices MY in detail, showing



that, contrary to a claim of one of us in [8], this does not coincide with the intrinsic RMG
flow on MY — in fact, the two flows exhibit qualitative differences.

We go on to study RMG flow on Rat,,, the space of degree n holomorphic maps S? — S?
(or, equivalently, the moduli space of n CP! lumps on S?) equipped with its L? metric. This
geometry arises as the infinite electric charge limit of a certain semi-local vortex model [3, 12],
so the RMG flow may be relevant to the low energy dynamics of such vortices in the presence of
a Chern-Simons term. However, our main interest in it concerns the question of completeness.

Since RMG flow proceeds with constant speed, it is immediate that RMG flow on any
geodesically (or, equivalently, metrically) complete kdhler manifold is complete, that is, given
any initial data © € M, v € T, M, there is a corresponding RMG curve a : R — M (well-
defined for all times ¢t € R) with a(0) = z, &(0) = v. The converse question is nontrivial,
however. If a kdhler manifold is RMG complete, does it follow that it is geodesically complete?
The time-scaling properties of RMG flow noted above led one of us to conjecture, in [8], that
the answer is yes: if M is RMG complete then all RMG,, curves exist for all time and all A\, and
RMG flow tends to geodesic flow as A — 0 (or, equivalently, as speed tends to infinity), so it
seems plausible that geodesics should likewise exist for all time. In fact, this conjecture is false,
and Rat; provides a counterexample: it is known [20] to be kdhler and geodesically incomplete
but, as will be shown, is RMG complete. The point is that the Ricci curvature of Rat; grows
unbounded as one approaches its boundary at infinity so, even though this boundary lies at
finite distance, an unbounded “magnetic field” deflects any “charged” particle from hitting it
in finite time. We conjecture that Rat, is RMG complete for all n > 2 also, despite being
geodesically incomplete [17], and present some evidence in favour of this conjecture.

The rest of this paper is structured as follows. In section 2 we present some generalities on
RMG flow on kahler manifolds, including a useful symmetry reduction lemma. In section 3
RMG flow on vortex moduli spaces is studied, first for vortices on R?, then on the hyperbolic
plane. In section 4 RMG flow on Rat, is studied, focusing on Rat;. Finally, section 5 presents
some concluding remarks.

2 RMG flow

We have already noted that RMG flow (like any magnetic geodesic flow) conserves speed.
Since the Ricci form of a kahler manifold is closed, one can locally express p as d.A, for some
locally defined one-form A on M. Then RMG flow has a local Lagrangian formulation,

L= 6Ol ~ M6 (1), (2.)

that is, « : [a,b] — M is RMG if and only if it locally extermizes S = fab Ldt among all paths
with fixed endpoints. If H?(M) = 0, as in all cases of interest in this paper, this formulation
is actually global. We shall use this fact repeatedly.

Unlike geodesics, RMG curves are not invariant under time reversal, and local isometries
do not necessarily map RMG curves to RMG curves. However, holomorphic local isometries
do preserve RMG curves:



Proposition 1 Letp : M — N be a holomorphic local isometry between two Kdahler manifolds
M and N and o : I — M be an RMG curve on M. Then, p o« is an RMG curve on N.

Proof: Let V and V be the Levi-Civita connexions with respect to the kiihler metrics g, and
gy on M and N, respectively. Similarly, denote by pas, py and Jy, Jy the Ricci forms and
almost complex structures on M, N. Let a: I — M be an RMG curve and a = poa: [ — N.
Since ¢ : M — N is an isometry, then [16]

d(:D(vg/dtd) = vZl.z/dta- (2.2)
Hence, for any X € I'(T'M),
98 (Vi@ deX) = gn(dp(Viud),dpX) = gar(Vi/aé. X)
= gu(Martapm, X) since o is RMG
= ARicy(dpJyd, dpX) since ¢ is an isometry

= ARicy(Jydpd, dpX) since ¢ is holomorphic
= Aonv(@ dpX) = gy (Migpn, dpX). (2.3)

But gy is nondegenerate and dy surjective, so a is RMG. O

Corollary 2 Let M be a connected component of a fized point set of a group of holomorphic
isometries of a kdhler manifold M. Then, any RMG curve o on M with initial data &(0) €
Ty M remains on M.

Proof: Let G be a group of holomorphic isometries from M to itself and let M be a connected
component of the fixed point set of G. Let also

V, ={u € T,M :dp,u=u, Vo € G}, VpelM. (2.4)

We know that M is a totally geodesic submanifold of M and T,M =V, for all p € M [4].
Now, let a : I — M be an RMG curve on M with initial data

a(0)=pe M, a(0) =v e T,M. (2.5)
By Proposition 1, for all ¢ € G, the curve (¢ o a)(t) is RMG on M. But its initial data are
(poa)(0)=¢(p)=pe M, (dpa)(0) = dpy(v) =v € T,M. (2.6)

Thus, both a(t) and (¢ o a)(t) satisfy the RMG equation on M with the same initial data,
and so by standard existence and uniqueness theory for ODEs,

(poa)(t) =alt), Vyed. (2.7)

Hence, a(t) € M for all time. O



Remark 3 One can see that the connected component M of the fixed point set of a group G
of holomorphic isometries on a kahler manifold M is a complex submanifold of M, and so is
kahler. This follows since for all w € T,M =V, and all ¢ € G,

Jpu = Jp (dppu) = dipy (Jpu), (2.8)

so, Jyu € V, = T,M for all w € T,M. It follows that there are two different RMG flows on
M: the original RMG flow on M O M, which preserves M, and the RMG flow on M defined
by its own Ricci form py;. We shall call these the extrinsic and intrinsic RMG flows on M
respectively. Since (*pg; # pas in general (where ¢ : M — M denotes inclusion), these two
flows on M do not coincide in general.

Remark 4 For two-dimensional kdhler manifolds, the RMG equation (1.1) simplifies to
0@ S .

where S denotes the scalar curvature of M. Choosing ||&|| = 1 for convenience, one sees
that RMG, curves are precisely those curves whose geodesic curvature is A times the Gauss
curvature of M.

3 RMG motion of vortices

The field theory of interest is defined on spacetime R? given a Lorentzian metric n = dt? —
Q(z,y)*(dz* + dy?). The conformal factor € will later be chosen so that the spacelike slice
t = 0 is either the euclidean plane or the hyperbolic plane, but it is convenient to leave it
arbitrary at first. The theory has, like the abelian Higgs model, a complex scalar field ¢
minimally coupled to a U(1) gauge connexion A = A,dz*. It has, in addition, a neutral (real)
scalar field N. Its lagrangian density is

1 — 1
L= 2 (D”gzﬁDW;ﬁ - §FWFW +r A0 A, + 0NN

1
- 06 ~ 1= 2687 + o ?) (3.)
where D¢ = d¢p —iA¢, F' = dA and & is a real parameter (the Chern-Simons constant) which,
at the cost of the redefinitions ¢t — —t, N — — N if necessary, we may assume is non-negative.
In order to have finite total energy

1
E = 5/ (QZ|DO¢|2+’D1¢|2+‘D2¢|2+Q_2F122+F01F01+Q280N2+82N61N

1
+ZQZ(|¢‘2 —1-2:N)? - Q% ¢ N2) dxdy (3.2)

the fields ¢, N must have boundary behaviour |¢| — 1, N — 0, or ¢ — 0, N — —(2x)"! as
r = /2% + y> — oo. We choose the first possibility, as this allows vortex solutions. Then, as

b}



usual [14], the Higgs field at spatial infinity winds some integer n times around the unit circle
in C, and the total magnetic flux of the field is quantized

/dedy = 2mn (3.3)

where the magnetic field is B = Fj5. There is a Bogomoln’yi argument [10] which shows that
among all stationary fields (meaning dyN = 0, dy¢ = 0) of winding n,

E>mn (3.4)
with equality if and only if
QZ
(Dy D) =0 B+ 7(W —1-2kN)=0 (3.5)
AyTN=0 0;0; A0 — 2 |¢|* Ag — kB = 0, (3.6)

where the upper (lower) signs apply if n is positive (negative). A formal index calculation
indicates the space of (gauge equivalence classes of) winding n solutions of (3.5),(3.6) has real
dimension 2n [11].

The top two equations (3.5) reduce to the usual Bogomol'nyi equations for vortices when
k = 0, and in this case the bottom two equations (3.6) are trivially satisfied by Ag = N = 0.
It follows that, when x = 0, the moduli space of winding n solutions of (3.5),(3.6) is precisely
M, the space of abelian Higgs n-vortices [23]. Recall that such vortices are in one-to-one
correspondence with unordered n-tuples of points in R? = C, the zeros, with multiplicity, of
the field ¢, and that their low-energy dynamics is governed by geodesic motion in M, with
respect to 7z, the L? metric [21, 18]. There is a useful semi-explicit formula for this metric
due to Strachan [21] (on the hyperbolic plane) and Samols [18] (on the euclidean plane). Let
A,, denote the subset of M,, on which two or more vortex positions (zeros of ¢) coincide. Then
on M,\A, we may use the zeroes of ¢, (21, 22,...,2,) € C" as local complex coordinates for
M,,. For a fixed set of vortex positions, we can expand log|#(2)|? in a neighbourhood of each
Zr,r=1,...,m,

log |¢(2)]* = log |z — z,.|* + a, + % {br(z —2) + b (Z — Er)} + .- (3.7)

where b, are n unknown complex functions of (z1, ..., 2,), and a, are, similarly, unknown real
functions. Then the metric on M, \A,, is

- b,
Y2 = T Z (9257"5 -+ 25) dZT dés (38)

r,s=1

Following Kim and Lee [7] and Collie and Tong [6] we assume that, for x > 0 but small,
n-vortex solutions of (3.5),(3.6) remain in bijective correspondence with unordered n-tuples
of points in C, and hence with points in M,,, and that their low energy dynamics is described
by some perturbed geodesic motion in (M,,~rz). Collie and Tong propose RMG, flow on
M, with A\ = 27k. Before examining this flow in detail, we consider Kim and Lee’s earlier
proposal.



3.1 Kim-Lee flow on M,

Motivated by a direct perturbative calculation, Kim and Lee [7] propose that low-energy vortex
dynamics on the euclidean plane, for small x, is described by motion on M,, governed by the
Lagrangian

L= %W(a, &) + A1 (6) + As() (3.9)

where A1, Ay are two one-forms on M,,, proportional to x. This, then, is magnetic geodesic
motion on M, in the effective magnetic field B = dA; + dA4s. On M,\A,, the one forms
A, Ay are, in terms of the (unknown) functions b,,

TR — dZT dgr
A= i {Z(brdzr —bdz,) —2 ) (Z it z)} (3.10)

T r,SFET
Ay = z% (H,dz, — H,dz,) (3.11)
ob, . _  0b
where H, = —b.+ Z {(zr - Zs)@zs + (Zr — ZS)GZS } . (3.12)

These formulae simplify considerably in the case n = 2 (two-vortex dynamics). On M\ A, we
define the centre of mass and relative coordinates

Z = %(zl + 22), ¢ =oe? = %(zl — 27)/2 (3.13)

respectively. It is known [18] that by, by are functions of ¢ only, and that

bi(¢) = blo)e™ = =bs(C) (3.14)
where b(0) is some smooth real function on (0, c0) with the asymptotic behaviour

bo) = é - %0 +0(0?) (3.15)

as 0 — 0. Substituting (3.14) into (3.10),(3.11) one sees that

A = 27k[1 —ob(0)]db,
Ay = gm%’(a)de. (3.16)

It follows that the effective magnetic field is

B =d(A; + As) = f(o)do A odb (3.17)
where 4 .
flo)= ?% (—201)(0) + 5026'(0)) . (3.18)



This formula defines the magnetic field, and hence the flow, on M;\As. In order that the flow
be well defined on the whole of M, the two-form B should extend (at least) continuously to
Ay. We now show that B does not so extend.

Note that, by virtue of (3.15), f(0) = 2mk + O(c?) as 0 — 0, that is, as the point in
M, approaches Ay. Recall [18] that ¢ is not a globally well-defined coordinate on M; because
(Z,¢) and (Z,—() correspond to exactly the same point in M,. To extend any geometric
object on M, over the coincidence set A,, we must use the global complex coordinates Z,
w = (2. But then
B = f(jw|V?) =" dw A dw = Sk (L+O(1)) Ldw A dw (3.19)
8|w| 2 |w] 8
as |w| — 0. Hence B blows up on A,, which calls into question the self-consistency of Kim
and Lee’s pertrurbative calculation [7].

Since 772 extends smoothly over A, to give a global kdhler metric on M,, RMG flow

is globally well-defined on M,,. It follows that the Kim-Lee flow cannot, as claimed in [6],
coincide with RMG flow.

3.2 The metric on M,(H?)

If we wish to study RMG motion of two-vortices on the euclidean plane, we need the coef-
ficient function b(c) introduced in (3.14), for which no explicit formula is known (although
a conjectural large o asymptotic formula is known [13]). One must resort to numerics even
to construct the metric on Ms, therefore [18]. Matters improve considerably if we consider
vortices moving instead on the hyperbolic plane with scalar curvature —1, since the Bogmol'nyi
equations (for k = 0) are then integrable [24], and the semi-explicit formula for ;2 (3.8) can,
in some nontrivial cases, be made fully explicit [21]. In this section we will derive an explicit
formula for the metric on Ms. Rather than appealing to (3.8) directly, we will analyze the
class of kahler metrics on My with the same isometries as ;2. This space of metrics is infinite
dimensional, but the L? metric is uniquely determined by its restriction to a certain pair of
two-dimensional submanifolds of M, and these restrictions are already known [21].

Let M, denote the double cover of Msy\A,, that is, My = H2 x H2\{(z,z) z € H2}, and 5
be the pullback of v;2 to ]T/[; by the covering map. It is convenient to use the upper half plane
model for H?, that is, H* = {z +iy € C : y > 0}. with the Riemannian metric

2
g= 7 (da® + dy?). (3.20)

Then there is an isometric action of the projective real linear group PL(2,R) on H?, defined
by

z —

az+b (a b
cz+d \c d

) Oz=MOz, (3.21)

where [M] € PL(2,R). This induces an isometric action on (MQ, ),

(Zl, ZQ) — (M ® z1, M 22). (322)

8



For a generic element of Mo, the isotropy group of PL(2,R) is trivial. By the Orbit-Stabilizer
Theorem [2], it follows that each generic orbit is diffeomorphic to PL(2,R) itself. Hence,

the isometric action of PL(2,R) on MQ has cohomogeneity 1, that is, all generic orbits are
submanifolds of Mg with real codimension 1. Let s denote the distance between two vortices
in H2. Then each orbit has a unique element w, = (ie*/?,ie=*/2) € M,. Thus, this action
decomposes ]% into a one parameter family of orbits parameterized by s > 0, that is, MVQ =
(0,00) x PL(2,R).

Consider the coframe {ds, oy : k = 1, 2, 3} on M, where oy, are the left-invariant 1-forms
dual to the basis {e, : k =1,2,3} of p := Tjy,) PL(2,R) given by

SR R T R (A oz

Any PL(2,R)-invariant metric 4 on Mg is determined by a one-parameter family of symmetric
bilinear forms 7, : Vs x V; — R where V; := 0/0s@®p is the tangent space to ]\72 at the element
W;. -

In terms of the complex coordinate system (z1,29) on My, where z; = 1 + iy; and 2z =
To + i1, One can obtain that

0 0 0 0
= (1 Sy —— 1 s\ — (1 — ¢S 1 — e %) —
61 ( +6>8x1+( +€ )ax27 62 ( e)axl—{_( € )am27
0 0 o 1 0 1 0
-9 s/2 Y 9 —-s/2_ Y — s/2_ Y = —5/2_' 3.24
“ © oy tee Oy’ s 2° oy 2 © Oys (3.24)
Hence, the almost complex structure J on Mg acts as
Jey = cosh(s/2) e, Jes = —4sinh(s/2) %,
1 0 1
= T osh(s/2) v ds  4sinh(s/2) (3:25)

In addition to the PL(2,R) isometric action on Mg, there is a discrete isometry on M,
defined as P : (21, 22) — (22, 21). Hence, the group G := PL(2,R) x {Id, P}, where Id is the

identity map, acts isometrically on MQ

Proposition 5 Let ¥ be a G-invariant kdhler metric on MQ. Then, there exists a smooth
function A : (0,00) — R such that

’5/:141(5) d82+A2(8) U%—f—Ag( )0'2+A4< ) 0'3, (326)
where A1(s), ..., As(s) are related to A(s) by

(

8sinh(s/2) ds s/
As = 2smh(s/2) d (%) Ay = ﬁé)/m. (3.27)



Proof: ~ With respect to the coframe {ds,or : k = 1,2,3} on MQ, any PL(2,R)-invariant
symmetric (0,2) tensor has the form
F=Ayds* + Ay 0 + As 02 + Ay 0§—|—2A5 ds o1 + 2Ag ds 09 + 2A7 ds o3
+ 245 0109 + 2Ag 0103 + 2A1g 0903, (3.28)
where Ay, ..., Ajy are smooth functions of s only. The metric is also invariant under the

isometry P, which swaps the two points in H2. For a given non-coincident pair of points in
H?, this transposition can be accomplished by acting with an isometry in PL(2,R). For the

point w,, we must act with
0 1
(% 1), o

and hence, to swap the pair of points g - w,, where g € PL(2,R), we must act with gQg~'.
Hence, in terms of the coordinates s € (0,00), g € PL(2,R) the isometry P is

P: (s,9) — (5,9Qq '9) = (5,9Q), (3.30)
that is, right multiplication on PL(2,R) by @. The induced action of P on p, identified with
the space of left-invariant vector fields on PL(2,R), is X + dP(X) = Q71X Q, so ¢; — —ey,
ey — e9 and e3 — —es3. Hence

P*g‘l = —01, P*0'2 = 09, P*O'3 = —03, and P*ds = ds. (331)

Now P*y =7, so we conclude that A5 = A; = Ag = A1 = 0.
Now, since 7 is Hermitian, 7;(u, v) = s(Ju, Jv) for all u,v € Vi, whence, using (3.25),

As
As = 16sinh?(s/2)A;, Ay=——2 Ay = Ag = 0. 3.32
3 sinh®(s/2)A; 4 cosh®(s/2) 9 6 (3.32)
The kahler form w(-,-) =4(J-,-) on M is, therefore,
: A
w:4smh(s/2)A1 dS/\O'Q—FW(Z/z) 0'1/\0'3. (333)
Hence,
dw = —|8sinh(s/2)A; — A4 ds A\ og A (3.34)
B ' ds \ cosh(s/2) 72T '
where we have used the fact that, for our chosen frame/coframe for PL(2,R),
doi(ej, ex) = ejloi(er)] — exloi(e;)] — oillej, ex]) = 0 — 0 — oi(le;, ex]lp)- (3.35)
whence
d0'1:20'2/\0'3, d0'2:20'1/\0'3, d0'3:20'1/\0'2. (336)
Since 7 is kahler, dw = 0, so
d A,
— | ———= | — 8sinh(s/2)A; = 0. 3.37
ds (Cosh(s/2)) sinh(s/2) Ay (3:37)
So A, As, Ay are uniquely determined by the single function A(X) = A2(A), by (3.37), (3.32)
as claimed. O

10



Remark 6 We can equally well think of (3.26) as a formula for a general PL(2,R) invari-
ant kahler metric on M;. This space decomposes into a one-parameter family of orbits,
parametrized by s € [0,00). Generic orbits are diffeomorphic to PL(2,R)/K where K de-
notes the subgroup {I, Q}, and there is an exceptional orbit at s = 0 diffeomorphic to H?
(the submanifold of coincident vortices). In this picture, one should interpret o, 02,02 as
Ad(K)-invariant symmetric bilinear forms on p = Tj,)(PL(2,R)/K) (note that oy and o3 are
not Ad(K)-invariant, so are not well-defined one-forms on PL(2,R)/K).

Now, consider the holomorphic isometry of (Mg, ) defined by

~ 1 1
K :(z1,22) — (—Z—Z, _2_1) (3.38)
The fixed point set in Mg of this isometry is
— 1 —
M ={(¢.—3) i # € € H} C M (3.39)

3

Clearly, ]\720 is a non-compact 1-dimensional complex submanifold of J\72. This is the (double
cover of the) 2-vortex relative moduli space. The induced metric on My is

70 = Ay(s) ds* 4 As(s) 02 = Aj(s) (ds® + 16 sinh?(s/2)03). (3.40)
Corollary 7 The L* metric on the moduli space My is
Fre = Ai(s) ds® + Ay(s) 07 + As(s) o5 + Ay(s) o3, (3.41)

where Ay, ..., Ay are functions of s only determined as in (3.27) by

Apa(s) = 8 (1 + cosh(s/2) + 21/cosh®(s/2) + sinh*(s/2) ). (3.42)

Proof:  The lifted L? metric on Mg is a G-invariant kahler metric, and so is covered by
Proposition 5. Hence, we only need to determine the function A(s) of the L? metric.

An explicit formula for the induced L? metric on the relative moduli space M2 has been
determined by Strachan in [21], and rederived and generalized in [8], which uses the same
conventions for the abelian Higgs model that we are using. Comparing the formula in [8] with
(3.40), we deduce that

- tanh?(s/4) [ A(1 + tanh*(s/4)) ]
Ay(s) = . - 1+ , 3.43
) (14 tanh*(s/4)) \/1 + tanh®(s/4) + 14 tanh?(s/4) -
= Ttanh®(s/2) 1+ 2(cosh’(s/2) + 1)/ sinb’(s/2) | (3.44)
\/[cosh(s/Q)/ sinh?(s/2)]2 + 1
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where we have used the hyperbolic half-angle formulae. Equation (3.37) now gives a differential
equation for A(\) = Ay, whose general solution is

Afs) = 8 ((cosh®(s/2) + 1) + 2sinh(s/2)y/[cosh(s/2)/ sinh?(s/2)]2 + 1) + ccosh(s/2),
(3.45)
where ¢ is an integration constant.
Strachan also gave an explicit formula for the induced L? metric on M, the two-dimensional

submanifold of M,, consisting of entirely coincident vortices. By symmetry, this metric must
be homothetic to the (physical) metric g on H? (3.20). In fact [21]

1
Yoo = §7m(n +2)g (3.46)

in our conventions. Consider X, the killing vector field on M; generated by e; € p. Its squared
length, with respect to 772, at the point (4,4) (that is, the coincident two-vortex positioned at
i € H?) is, by definition, A5(0). X ((i,7)) is clearly tangent to M5° and moves the coincident
two-vortex through =+ iy = ¢ with initial velocity vector 20/0y, and hence with squared speed
8 (with respect to the metric g). Hence, by (3.46),

Yeo( X, X)) = 327 (3.47)
Comparing with (3.45), we deduce that ¢ = 0, which completes the proof. O

Proposition 8 Let 7 be a G-invariant Kahler metric on ]TJ/Q, determined as in Proposition 5
by a function A(s). Then, its Ricci curvature tensor is

Ric = O1(s) ds® + Cy(s) o} + Cs(s) 03 + Cy(s) o3, (3.48)
where Cy,...,Cy are smooth functions of s only, defined as in (3.27), by a single function
C(s) given by

A1 A,
cosh?(s/2)

Proof: The Ricci curvature tensor with respect to 4 is a G-invariant symmetric (0, 2) tensor

C(s) = —4sinh(s/2) cosh(s/Z)i 10g<

s )—8 cosh?(s/2). (3.49)

on M, which is hermitian and whose associated 2-form p(+,+) = Ric(J+, "), the Ricci form, is
closed. Thus, it is covered by Proposition 5, that is, Ric has the same structure as 4 and its
coefficients C1, ..., Cy are related, as in (3.27), to the function C(s) := Cy(s) = Rics(ey, e1).
Introducing an orthonormal basis {Ex : k =0,1,2,3} of (V;,7s) as

1 0 1 1 1
. E=-—— By = By =

then, by the definition of the Ricci curvature tensor, we obtain that

Ey = es, (3.50)

Rics(eq, €1) Z% (Ei,er)er, Ey),

A1 A

= —4sinh(s/2) cosh(s/2) i log <m

)—8 cosh?(s/2), (3.51)
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where R is the Riemannian curvature tensor associated with 7. Hence, the claim is proved.
O

The Ricci form p on Ms has the same structure as the kdhler form w, that is,

p = 4sinh(s/2)Cy ds N\ oy + o1 A\ 0. (3.52)

Cy
cosh(s/2)

Since M, has trivial second cohomology, this (closed) form must be exact. Rewriting C; in

terms of C one sees that o(s)
s

=d| —7 _ ) 3.53

p (2 cosh(s/2) UQ) ( )

3.3 RMG motion on the reduced moduli space

The 2-vortex relative moduli space MY is the fixed point set in ]T/[/g of the holomorphic isometry
K, defined in (3.38). Hence, by Corollary 2, RMG curves with initial data in 7MY remain on
My for all time. So, RMG flow localizes to MJ. However, the restriction of the Ricci form p
on M, to MY does not coincide with p°, the Ricci form on MY defined by its induced metric
7°. Hence, the RMG flow on MY, thought of as a submanifold of M, does not coincide with
the RMG flow on MY, thought of as a kithler manifold in its own right. Here, we will compare
these flows on MY, which we call the extrinsic and intrinsic RMG flow, respectively.

It follows from Corollary 7 and Proposition 8 that the restricted and intrinsic Ricci forms
on My are

pl = Fl(s)ds N o3, P’ = FY(s)ds A oy (3.54)
where
dr. . d A(s) ,
Fi(s) = F°(s) — - |2sinh(s/2)-log(— > )| ~ sinh(s/2 .
|(s) (s) 7o | 2sin (s/ >ds og ok (/2) sinh(s/2) (3.55)
dr. . d d A(s) 1.
Fo(s) = —|2sinn(s/2) - log (- ( ") )| = 5 sinh(s/2 .
(s) 7 |2sin (s/ )ds og (ds cosh(3/2) 5 Sin (s/2) (3.56)
In the case of the L? metric, these functions behave asymptotically like
F|~—ls3 Fowls?’ as s — 0 (3.57)
5 7 407 ’ ‘
1
F|~ —e*?, FO~ —568/2, as s — 00. (3.58)

From (3.58), one can see that even as s — oo, the restricted and intrinsic Ricci forms do not
coincide. Comparing F'| with F° in (3.58), one expects that the extrinsic and intrinsic RMG
flows coincide for large s if the RMG parameters in each are related by

1
Aextrinsic = §>\intrinsic~ (359)

Henceforth, when comparing the two flows we choose their parameters to be related in this
fashion. In this case, one expects the RMG flows in the core region of MY (i.e. for s small) to
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be qualitatively quite different, since F| is uniformly negative, while F° is positive for s small
and negative for s large. Figure 1 compares F| and 2F°.

Magnetic geodesic flow on MY with respect to a rotationally invariant effective magnetic
field B = F(s)ds A o9 is governed by the ODE system

5= Ai 5 (98 = A5+ 2F (3},
b= — Asl(s) AL (s)3 & — F(s)d], (3.60)

where 1 is an angular coordinate chosen so that diyp = g3|. Choosing F'(s) to be F|(s) or
2F9(s) we obtain the extrinsic and intrinsic RMG flows, respectively, normalized so as to
coincide asymptotically at large s. We have solved these ODE systems numerically for various
initial values. The corresponding RMG trajectories of one of the vortices on the Poincaré disk
are depicted in Figure 2. As expected, RMG trajectories which reach the core region of MY
exhibit marked differences in the two flows.

A related observation concerns orbiting vortex pairs. It is immediate from (3.60) that a
circle of constant s is a closed magnetic geodesic if and only if it is traversed at constant
angular velocity
F(s)
Az (s)
This, then, gives the frequency-separation relation for a pair of vortices orbiting one another
at fixed separation. Note that A%(s) > 0 for all s > 0. From figure 1, one sees that (for A > 0)
vortex pairs obeying the intrinsic RMG flow orbit one another anticlockwise for s < sy ~ 1.7
and clockwise for s > sy, whereas orbiting vortex pairs always circulate clockwise in the
extrinsic flow.

Unlike geodesics, the features of RMG flow on a fixed point set of a holomorphic isometry,
such as MY, cannot be deduced by knowing only the metric on the fixed point set. This
difference makes RMG flow significantly harder to study than geodesic flow and means that
studies of intrinsic RMG flow on low-dimensional submanifolds, such as those presented in [§],
are of limited value in trying to understand the true (extrinsic) RMG flow.

) =v(s) =2

(3.61)

4 RMG motion of CP! lumps

As observed in section 1, the question of completeness of RMG flow on a noncompact kahler
manifold is interesting and nontrivial. Certainly, if the manifold is complete (as a metric
space or, equivalently, its geodesic flow is complete), then it is RMG complete since RMG flow
conserves speed (so an RMG curve which escaped every compact set in bounded time would
define a divergent Cauchy sequence). Since RMG flow converges (pointwise) to geodesic flow
in the limit of large speed, it has been conjectured that the converse holds also: if a kdhler
manifold is RMG complete then it is geodesically complete [8]. In fact this is false, and in this
section we provide a counterexample of independent interest: the moduli space of unit charge
CP! lumps on S?, or, equivalently, the space Rat; of degree one rational maps S? — S?, given
its L? metric.

14



Recall that Rat, is the space of degree n holomorphic maps S? — S2. If one chooses
stereographic coordinates z, W on the domain and codomain, such maps take the form
ap + a1z + -+ a,z"
b+ b1z + - -+ + by2"

(4.1)

where ag, ..., an, by, ...,b, € C are constant. There is a natural inclusion Rat, «— CP?"+!
defined by W (z) — [ag, ..., an,bo,...,b,], which equips Rat, with a complex structure, and
a natural metric on Rat, defined by restricting the L? norm on W~!T'S? to TRat,. It is
known [20] that Rat, is kdhler with respect to this metric and complex structure. Further,
Rat; is diffeomorphic to SO(3) x R?®. One may regard O € SO(3) as parametrizing the
internal orientation of the lump and A € R? as parametrizing both its sharpness, A = ||,
and its position in physical space —A/|A| € S?. Lumps with A = 0 have sharpness 0, that
is, constant energy density, so do not have a well-defined position. Explicitly, the point
(I3, (0,0, A)) corresponds to the rational map

A+
W(z) = u(N)z, where = A—i—)\ and A=V1+ )\ (4.2)
and every other point in Rat; can be reached from a point such as this by acting with some
isometry: G = SO(3) x SO(3) acts isometrically on Rat; via

(L,R): (O,A) = (LOR™L,RA). (4.3)

This is just the restiction to Rat; of the natural action of G on all smooth maps S? — 52,
namely, (L,R): ¢+ LopoR L

G-invariance and the kahler property almost completely determine ;2. By an argument
similar to that used to prove Proposition 5, one finds [20] that

Y2 = ArdX - dX + Ay(N - dN)? + Ao -0 4+ As(N - o) + Ash - (o x dN), (4.4)

where Ay, ..., As are smooth functions of A only defined by the single function
(1! — 4p?log pu — 1]
AN) =2 4.
() = 2mu S B (4.5
as follows
AN AN 14 2)2
A=A Ay = Az = A
1 ()‘>7 2 A2 + N\ 3 ( 4 ) ()‘>7
A2
Ay = (ﬁ) A'(N), As = A(N). (4.6)

In (4.4) o = (01,09,03) is the triple of left invariant one forms on SO(3) dual to the left
invariant vector fields 6y, 6,, 03 which, at the identity I3, coincide with the usual basis for
s0(3), that is

0
0. (4.7)
0



Also, x denotes vector product in R3, and juxtaposition of one-forms denotes symmetrized
tensor product. Note that, although we are using similar notation to that of section 3.2, the
functions A; and one-forms o; in (4.4) are unrelated to the analogous quantities defined there.
It follows immediately from (4.4) that Rat; is geodesically incomplete (for example, the curve
(I3, (0,0, s)) with s € R has finite length).

Since Rat; has trivial second cohomology, its Ricci form p is necessarily exact. An explicit
formula for p was derived in [20], from which it quickly follows that

A

p=dA, A= 5[10\) (A-o), (4.8)
where i L d 2
() = —55 7 log(A2(3) BOY), (19)
and
B(\) := A3(\) + )\2A4()\) = L +42)\ A(N) + %A’(/\) = %%(AAA()\)). (4.10)

Hence RMG flow on Rat; is governed by the Lagrangian
1 o . . _
L=[A(A- ) + Ax(A- A4 Az(Q-Q) + AN - Q)2+ A (2 xA) — AAN-Q)] (4.11)
for a curve x(t) = (O(t), A(t)) on Rat; whose angular velocity 2 € R® is defined such that
Ot)'O(t) = Q-E € s50(3). Note that, to avoid confusion with the radial coordinate A = || A[|,

we have used the scaling property of RMG flow to set the effective electric charge (denoted A
in section 1) to unity. This flow conserves total energy

o %[Al()\ A+ A A + A Q)£ AN - Q2+ AN (@ x A (412)

Furthermore, we have

Proposition 9 RMG flow on Raty conserves the angular momenta {Py,Qr : k = 1,2,3}

gien by
1 . 1, -
7=1,2,3
1, 1 1. 1 -

Proof: The RMG Lagrangian, given in (4.11), has G = SO(3) x SO(3) symmetry. Hence,
there is a set of six conserved angular momenta, one for each generator of G. Given Y €
g = 50(3) @ s0(3), denote by Y the killing vector field on Rat; which it induces. Then the
conserved Noether charge associated with the infinitesimal symmetry Y is [14]

Jy = Y2 (Y, X) — .A(Y) + ay, (4.15)
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where ay is a real function on Rat; such that day = Ly A. Since A is G-invariant, Ly A = 0
for all Y, so we may take ay = 0 for all Y.
The six killing vector fields on Rat; = SO(3) x R? generated by the usual basis for g are

9]
0
&y  Zrn=0n+ %.:EMO_A/ k=1,2,3 (4.16)

where 6; are, as before, the left invariant vector fields on SO(3) dual to o;, and &; are the right
invariant vector fields on SO(3) with &;(I3) = 6;(I3), explicitly,

& = Z Oji 0;. (4.17)
J

Setting Y = & in (4.15) yields the conserved charge Jy = Py claimed, and similarly setting
Y = Z,, yields the charge Q. O

It is convenient to collect the angular momenta {P; : k = 1,2,3} and {Qy : k = 1,2,3}
into a pair of 3-vectors

Q= (A~ JXADR+ (At AR A - JA(R X ) — LAAN (419)

Having determined the conserved quantities £, P and Q associated with the RMG flow on
Rat;, one can eliminate €2 from E to obtain

1 . : 1 A? . AA
E == A AP+ As(A- A2+ — || P|2 — 2L 24 2.
5 (AR + 43 X2+ PP = ZEIA <A+ 5@
A 1y oy APAZA?
&w@»+?MH-% . (4.20)

Consider the mapping ¢ : TRat; — R x R3 x R? which assigns to each tangent vector the
triple (F, P, Q). By Proposition 9, every RMG curve in Rat; is confined to some level set of
q. That RMG flow is complete will follow quickly from the following:

Theorem 10 Every level set of ¢ : TRat; — R x R3 x R? is compact.

Proof: Choose and fix (E, P,Q) € R” and let X = ¢ }(F, P,Q) C TRat;. Now TRat; =
TSO(3) x TR?, and TSO(3) = SO(3) x R? via the identification O +— Q. We may realize
SO(3) as a submanifold of R by mapping O to its list of matrix elements. In this way, we
may regard TRat; as a 12-dimensional submanifold of R x R3 x R? x R?. The mapping ¢ is
smooth, hence certainly continuous, so X is closed. Hence, by Heine-Borel, it suffices to show
that X C R'® is bounded in euclidean norm.

Assume, towards a contradiction, that there is some sequence x, = (O, Q,, Ay, )\n) e X
which is unbounded in euclidean norm. By the definition of SO(3), ||O,|lre = v/3 for all n, so
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(at least) one of A, }\n, 2,, must be unbounded. We will now eliminate these possibilities in

turn.

Assume A, is unbounded. Then it has a subsequence, which we still denote \,,, with

|An|| — co. For all A # 0 let A= A/[|A|| and

2 AMA]

H(AX) = AJJAI? + XA, (A - X) IA < Al

4Ay
GO Q) = Fi() (@A + BN (@A) + F(),
where
N A, AAA N A, A2A2 A2
A== BN =2 (1200 Ry =

Then, the conserved energy F, given in (4.20), can be written as
1 . 1
E=S{HXNXN+|PII*+G(A Q) ).
2 As
Since the cross and dot products on R? are related by
IV ¢ AP = IA]7 = (A - A2,
then,

A2A 2 4 3\2 A'(N)

L Co i
H(}"A)_1+2)\2 | A[]Z 4+ A ((1+2>\2)A2A+ ;) )(A A

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

Here, we have used the definition of A, As and As, as in (4.6). Since B(A), given in (4.10), is

positive,
A'(N) 1+ 22

X T oea

from which it follows that
2
H(X\A) > Ax AP >0.
A2 s A KA 2

Since both H(X,A) and Az are non-negative, it follows from (4.24) that

2FE > G\, Q).

From (4.5), one obtains the following limit
. log A
lim

4 3 2
lm 226 Q) = ~[(Q-A) +2*

But [|A,|| — oo, so (4.30) contradicts (4.29) unless ||Q]| = 2.
Hence ||Q|| = 2. Let 6 be the angle between A and @, namely,

Q- A= Q| cosf =2cosb.
Then, it follows from (4.22) that
G(X, Q) = 4F 1 (N\) cos® 0 + 2Fy(\) cos 0 + F3(\) =: Z(\, 0).

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

We shall appeal to the following technical lemma whose proof we postpone to an appendix.

18



Lemma 11 On (Raty,v12), there exist co, A\g > 0 such that for all X > \o, Z(A,0), given in

(4.82), satisfies

Co )\4

(log A)3’

Using the above lemma, it follows from (4.29), (4.32) and (4.33) that, for all n sufficiently
large,

Z(A\,0) > Vo eR. (4.33)

ol An]*

2E > G, Q) > —————,
A @) > g TP

(4.34)

a contradiction. Hence \,, is bounded.

Assume now that X, is unbounded. We have shown that ||A,| is confined to a closed
bounded interval, so A;(||A,]|), B(||A:]|) are positive, bounded and bounded away from zero,
and A(||A\,]]) is bounded, by continuity. Hence, from (4.20) we see that

HAnH?Al(HAnH)> - 2 Al
() ) Il T WE

25> (Il (1 IRl + e (439)
for some constant ¢ € R. But this contradicts unboundedness of )\n .
Finally, assume that ||€2,]| is unbounded. We have already shown that ||A,|| and ||\, || are
bounded, and by continuity, A;(||A,||) are positive, bounded and bounded away from 0. But
this immediately contradicts (4.12). O

Corollary 12 (Raty,v;2) is RMG complete.

Proof:  For each K > 0, let X = {(O,Q,A, A € TRat; : ||| + | Al + [|A]) < K}. By
a standard application of Picard’s method, there exists Tx > 0, depending only on K, such
that, for all o € X there exists a unique RMG curve z : [Tk, Tk| — Xox with z(0) = x.
Now choose and fix o € TRaty, and let X = ¢~'(g(x)), the level set of ¢ containing zy. By
Theorem 10, there exists K > 0 such that X C Xg. Hence there is a unique RMG curve
x: [Tk, Tk] — Xox with 2(0) = xy. But, by Proposition 9, z(£7x) € X C Xk, so this
solution can be extended, both forward and backward in time, to [-3Tk, 3Tk|, and x(£3Tk) €
X C Xk also. Proceeding inductively, the RMG curve has an extension x : R — Xg. Since
xo was arbitrary, it follows that RMG flow is complete. |

Remark 13 Theorem 10 is strictly stronger than Corollary 12, since it implies that every
RMG curve in (Raty, y72) is confined to a compact subset of Rat; and hence is bounded away
from the boundary of Rat; at infinity. This is not true of complete RMG flows in general
(consider for example the trivial RMG flow on C").

Remark 14 Since (Raty,~z2) is known to be geodesically incomplete, it is a counterexample
to the conjecture [8] that every RMG complete kéhler manifold is geodesically complete.
Simpler counterexamples can be constructed. For example the surface of revolution C given
the metric g = sech |z| dzdZz is manifestly geodesically incomplete and can be shown, by an
energy/angular momentum conservation argument analogous to the one presented here for
Rat;, to be RMG complete [1].
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The L? geometry of Rat,, for n > 2, is comparatively poorly understood. It is known
to be G-invariant, kdhler and geodesically incomplete [20], and is conjectured to have finite
total volume [3]. Inside Rat,, there is a topologically cylindrical submanifold, Rat{?, the fixed
point set of the circle group of isometries W (z) +— €W (e~*z). This consists of rotationally
equivariant rational maps, of the form W (z) = cz™, where ¢ € C* = C\{0}, and is preserved
by (extrinsic) RMG flow on Rat,, by Corollary 2. The induced L? metric on Rat®? was studied
in detail in [15]. It is interesting to compare the intrinsic RMG flow on Rat{! with the extrinsic
RMG flow, defined by its inclusion in Rat,,.

Denote by 7 : C* — Rat;? the n-fold covering map a — [W : z +— (az)"]. Then the lifted
L? metric on C* is

e _ < s ds
R = Flldada,  F(p) = [

(4.36)

1 1

Now ¢ — ¢ is an isometry of Rat;?, whence it follows that a — a™" is an isometry of the

lifted metric. Furthermore, lim, .o F(p) exists for all n > 2, so 7*v;% has a C° extension to
5% = C* U {0,000} for all n > 2, which we denote 7¥,. For n sufficiently large, we can obtain
useful information about RMG flow on (Rat;!,77%) by considering its lift to (S%,7,). This
requires us to establish enhanced regularity of 7,,, as follows.

Proposition 15 For all n > 5, the extended lifted metric 5, on S? is C3.

Proof: Tt is known [15] that 7, is C? for all n > 4. Further, ¥, is manifestly smooth on
S%\{0, 00} so, in light of the isometry a + 1/a, which interchanges 0 and oo, it suffices to

prove that fi,e, fazy, foyy and fy,, exist at (0,0), where f(z,y) = F(\/2% + y?). By computing
in polar coordinates, (x,y) = p(cos @, sin ), one sees that all these third derivatives exist (and

vanish) if and only if
1 F’
lim — (F”(p) — ﬂ) =0

p=0p p
i (#70) -2 (0= 22)) = 0 (437)

For each pair of integers n > 2 and k > 0, define the function 7, : (0,00) — R,

Mi(p) = /0 ) ; i ds (4.38)

1 _|_Sn>2 (pQ —|—S)k

For 0 < k < n, its integrand is bounded above by the integrable function s"*/(1 + s")2, so,
by the Lebesgue Dominated Convergence Theorem,

o0 sn—k
limn,,(p) = [ ———d . 4.39
1 7,(p) /0 (D (4.39)
It follows from the definition of F' that
1 F'
S (F0 - E2) = tmion, ) (1.40)
p p
3 F'
Py - (F"<p> - (”>) = 12972 P s (). (4.41)
p p
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Hence the required limits (4.37) follow from (4.39) provided n > 5. O

Corollary 16 For alln > 5, the intrinsic RMG flow on (Rat}!,~;%) is incomplete.

n

Proof: Assume n > 5. Then 7, is C3, so its Ricci form is C'. Hence, by standard existence
and uniqueness theory of ODEs, the RMG flow is globally well-defined on (S52,7,). In partic-
ular, there is an RMG curve a : (—¢,¢) — S? with a(0) = 0 and a(0) = 1. Consider the image
of a : (—&,0) — S? under the projection 7 : C* — Rat’?. By definition, 7 is a holomorphic
isometry, so m o a is an RMG curve in Rat;?, which reaches the singular point a = 0 in finite
time. Hence intrinsic RMG flow in Rat;? is incomplete. O

Remark 17 By resorting to a case-by-case analysis of the flow on Rat;! itself, one can extend
the conclusion of Corollary 16 to all n > 2 [1]. The case n = 2 is considered below, see
Proposition 19.

As we have remarked, the extrinsic RMG flow on a totally geodesic complex submanifold
of a kahler manifold does not, in general, coincide with its intrinsic RMG flow, so we cannot
conclude from Corollary 16 that (Rat,,y72) is RMG incomplete for n > 5: this would follow
if the extrinsic RMG flow on Rat;? were incomplete. Remarkably, although we have little
information about the L? metric on Rat,, we have enough to prove that the extrinsic RMG
flow on Rat3? is complete. This follows from the following formula for the restriction of the
Ricci form to Rat;!.

Proposition 18 Let p| be the restriction of the Ricci form p of (Rat,,~yr2) to Rati? (that is,
pl = *p where v : Rat;? — Rat,, denotes inclusion) and p°® be the intrinsic Ricci form on
(Rat?,~7%). Then p| = dA| and p* = d.A? where

2n
IX|F7(X)
A = — (Y52 ay,
| (; 2F5(x) > v
; XF(x)
¢ — A g
A 2F,(x) v

and ,
s? ds

T2 (14 )2

R =107 |-
0
The coordinate xe™¥ on Rat®? = C* corresponds to the rational map W (z) = ye¥z".

Proof: Rat:? lies entirely within the coordinate chart on Rat,, on which

ag+ a1z + -+ apz”

Wiz) = . 4.42

(2) 1+ap124+ -+ agz” ( )

It is the surface ap = -+ = ap_1 = Gpy1 = -+ = ag, = 0, a, = ye¥ € C*. Let
G(ag,...,as,) = logdet~y: where v denotes the hermitian matrix of metric coefficients of

21



v with respect to the local complex coordinates a;. Then [5, p. 82],

p = —id0G, (4.43)
SO ) )
p| = —it*00G = —idI(G o 1) (4.44)
since the inclusion is holomorphic. Now
1 oW (oW dzdz
7 =16 4.45
E /c(1+ (W (2)[?)? Da, (3%) (1+]2[?)? @4
and o 4
o 0<j<n
daj | { —xe¥ n+1<j<2n (4.46)

where the vertical stroke denotes evaluation at the rational map ye® 2". It follows that Yk =0
if 7 # k, and that

N 3109 0<j<n
””‘{x%wm n+1<j<2n (447
Hence 5
Gouv=nlogx®+ Z log F;(x), (4.48)
=0

and the formula for p| immediately follows. To obtain the formula for p®¢ we note that the
induced metric on Rat;! is
V1% = Ynnldanda, = F,(x)dcde, (4.49)

where ¢ = ye', and use (4.43). O

Since the integrand in F} is rational, one can, in principle, evaluate each of these functions
as an explicit function of x. The expressions involved become very complicated as n grows
large, however.

Both extrinsic and intrinsic RMG flow on Rat;? are governed by a lagrangian of the form

1

L= SF00GE + 302 — a(x)y (150

where a(y) = A“(0/0Y) or a(x) = A|(9/0¢) respectively. In each case, both the momentum
conjugate to 1,

P = ’F,(x)¢ — a(x) (4.51)
and the kinetic energy
(P +a(x))?
2*Fn(X)

are conserved. This is equivalent to motion on (0, 0o) with the metric F},(x)dx? in the effective
potential

B = SR +x0) = 5F00X + (152

(P +a(x)?
2X?Fu(x) .
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Since (0, 00) has finite total length with respect to this metric [17], the flow is complete if and
only if, for each P € R, the effective potential is unbounded above as x — 0 and xy — oc.
Both the intrinsic and extrinsic RMG flows are symmetric under ¢ = ye® +— 1/c, so in fact it
suffices to consider Vp(x) in a neighbourhood of 0.

Proposition 19 Raty? is extrinsically RMG complete with respect to the L? metric, but in-
trinsically RMG incomplete.

Proof: As argued above, we must show that the effective potential Vp is unbounded above as

x — 0 for all P, in the case of extrinsic flow, and is bounded as x — 0 for at least one choice
: o 4

of P in the case of intrinsic flow. Let G;(x) = —3xF}(x)/Fj(x), and G(x) = > =0 Gi(X)-

Then the effective potentials governing the extrinsic and intrinsic RMG flows are

P+G(x)’ ~ (P +Gs(x))?
Vext — ( , th — 4.54
respectively. With the aid of Maple, for example, one can obtain the following limits:
. . Gh(x) — % 4 ) 1
}(E%XFQ(X) = 4, }CIL%W T }(UJ}J(G(X> —3)logx = T (4.55)
It follows that, for all P # —3,
, P+ 3)?
1 VE™(x) = —( 4.56
lim X VE™ (%) . (4.56)
and .
: 2y rext _ =
Hence, for all P, V£ is unbounded above as x — 0. But
lim V() = 0 (459
SO Vl%t is bounded. O

Numerical analysis of the functions Fj(x) suggests that Rat;! is likely to be extrinsically
RMG complete for all n > 2, but we have been unable to prove this so far. Since the process
of a single isolated lump collapsing to a singular spike during RMG flow is prohibited by
curvature effects in Raty, and the same is true for a pair of equivariant coincident lumps in
Rat,, it is plausible that Rat,, should be RMG complete for all n > 2, despite being geodesically
incomplete.

5 Concluding remarks

In this paper we have studied Ricci magnetic geodesic motion on the moduli spaces of abelian
Higgs vortices and CP! lumps. In so doing we have established that two assertions and one
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conjecture about this kind of soliton dynamics in the current literature are false. First, contrary
to a claim of Collie and Tong [6], RMG motion on the vortex moduli space does not coincide
with the magnetic geodesic flow proposed earlier by Kim and Lee [7] (and, furthermore, we
have shown that the Kim Lee flow is globally ill-defined). Second, we have shown that, while
RMG flow localizes to fixed point sets of groups of holomorphic isometries, the flow does not,
as claimed by one of us and Krusch [8], coincide with the intrinsic RMG flow on the fixed
point set. We have seen that on both the submanifold of centred hyperbolic two-vortices and
the space of rotationally equivariant two-lumps, the intrinsic and extrinsic RMG flows are
qualitatively different from one another. This aspect of RMG flow is conceptually troubling:
since it arises by restricting an infinite dimensional dynamical system (a field theory) to a
finite dimensional submanifold, it is somewhat strange that further symmetry reduction is not
self-consistent. Third, we have shown that, contrary to a conjecture in [8], there exist kdhler
manifolds which are geodesically incomplete but RMG complete: in fact (Raty,7z2) is one
such manifold.

Several interesting open questions remain. Can one, by adapting the methods of Stuart
for example [22], prove rigorously Collie and Tong’s conjecture that Chern-Simons vortex
dynamics is controlled by RMG motion in M, in the small £ (and small energy) limit? Or
can one rigorously derive some alternative magnetic geodesic flow on M,,? Can one develop
a point-vortex formalism for well-separated Chern-Simons vortices, analogous to the one for
standard vortices [19, 13]? This would provide formal evidence for, or against, Collie and
Tong’s conjecture. Treating RMG flow as an interesting dynamical system on kdahler manifolds,
can one establish geometric criteria which ensure that RMG completeness implies geodesic
completeness? Can one find examples of RMG complete but geodesically incomplete manifolds
with bounded scalar curvature? Or bounded Ricci curvature? Note that Rat; and the surface
of revolution described in Remark 14 both have unbounded scalar curvature.

Appendix: proof of Lemma 11

One can obtain using, for example, Maple the following asymptotic formulae for F;()), given
in (4.23), with respect to the L? metric on Rat; as A — oo:

)\4 I (05} as 1
() = 1
= [ ogn T (logA)2+O((10g)\)3)}’

Fy()\) = A P N (A.1)
2V T logh [ Tog A (log A)2 (log \)3 ) | '

AN =2 o2y @ of L
Y Jog A _1 logA  (log\)? (log\)? ) |

where

4 2 1 )

a; = —, ag = —[1 —2log?2|, a3z = —[1—4log2+ 4(log2)],
m m m
1 2 1

by =—, by = =[3 —8log?2], b3=—[2—12log2 + 16(log2)?, (A.2)
m m m
16 4 1

c=—, ey = —[1—4log?2], c3= —[1—32log2 + 64(log2)?.
T m m
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It follows from (4.32) and (A.1) that

Z(N0) = Zo(N,0) + Zepror(\, 0), (A.3)
where
Zo(\, 0) = X (4ay cos® @ + 2by cos ) + ¢;) + L(4a cos? 0 + 2by cos O + ¢3)
oA = Togn 1 1 1) g e 2 2
1
+ (log—)\)2(4a3 cos? 0 + 2bs cos O + c3) |, (A4)

and Zepor (A, 0) satisfies the following estimate: there exist c,, A, > 0 such that for all A > A,

’Zerror()\a ‘9) ’ <

VoeR. (A.5)
Hence, it suffices to prove that Zy(A, 0) satisfies an estimate of the form (4.33).
Defining 7 =1 + cos @ and x = 1/log A. Then

log A\
2\

Zo(A,0) = Py(7), (A.6)
where
P, (1) = oy (2)7* + aa(2)T + as(w), (A.7)
and the coefficients a4, as and az are given by
ay(z) = 4(ay + asx + a3x2),
o () = 2(by — dag)x + 2(bs — daz)a?, (A.8)
Oég(.T) = (4&3 — 2b3 + 03).232.

Since a1(0) > 0, then there exists z, > 0 such that for all z € (—x,,x,), P,(7) has a minimum,

occurs at 7 = 7, where dP,(7)/dr = 0, that is,
1 ao(2)
(1) =—= : A9
a) = 5o (A.9)

So, for all x € (—x,, z,), the minimum value of P,(7) is

Py(r(x)) = —4a11(x) fan(2)? — don (2)as(2)]. (A.10)

Note that P,(7.(z)) is a rational function of x, and hence is analytic. Using (A.8), one finds

that p
Py(1.(0)) =0, — P (1.(2)) =0, (A.11)

dx x=0
and g .
@Px(n(ﬂﬁ)) T —8—a1[(b2 — 4ay)* — 16a; (4as — 2bs + c3)] > 0. (A.12)

25



Thus, there exist ¢ > 0 and 0 < z¢ < x, such that for all z € (—xo, x¢),

Py(1u(x)) > € 2. (A.13)
Hence, for all z € (0, zg),
P.(7) > ¢ 27, VTeR. (A.14)
Hence, it follows from (A.6) that for all A > e'/¥,
OEA AB) = Pu(r) >’ = S VOeR (A.15)
2\ (VA4 ) = 12\T) =2 - (log)\)2’ ) :
which implies that Zy(\, 0) satisfies the estimate (4.33). O
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Figure 1: Comparison of the restricted and intrinsic Ricci forms on the space of centred hyperbolic two
vortices: plots of F|(s) (red) and 2F(s) (blue).

(a) (b) (c)

Figure 2: Plots of vortex trajectories under the extrinsic RMG flow on MY (red) and the intrinsic RMG
flow (blue) with Aintrinsic = 2Aextrinsic and various initial values .
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