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A simple numerical procedure is presented for the inversion of a
system S(A,B,C) satisfying the constraints CAl_l B=20,1Tsgiekb=T,
and mAk"l B # O for some k 3 1. The results generalize the work of

Kouvaritakis for the case of k = 1.




=1 =
The inversion of the m-input-m-output strictly proper, linear, time-
invariant system S(A,B,C) of state dimension n is of great theoretical and

(1,2)

practical interest . Although general techniques are available(3’4),

great simplification in computational procedures are possible in special
cases(s) of practical ‘interest. The purpose of this note is to extend
these results to the case of a mxm square system of uniform rank k (see,
for example, ref. 2). That is a system satisfying the relations,
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for some integer k 3 1. 1In this case it iswtrivially verified that the
inverse of the system transfer function matrix G(s) = C(sl’n = A)_l B
takes the form

G—l(s) = skAo + sk—lAl + cew + 8 Ak—l + Ak + AOH(s) (2)
where H(s) is strictly proper and IAOI # 0. The calculation of the inverse
system hence reduces to the calculation of Ao’Al’ Ca iy Ak and H(s).
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Without loss of gener311t§ guppose that S(A,B,C) has the special form
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by choice of state of the form xT(t) = [yT(t), v o(t), (E). z?t)]-

It is easily verified that, in this basis,
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Following recent results s 1t 1s convenient to define the full rank
matrices

( ) k-1
C = | ¢ ; B, = [B, 8B, ..., A" "B] (8
G M
CA T
c Ak—l
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In particular, in the defined basis, these matrices take the form

Gy (L. 0] , B = ¢, B, (9)

and hence, by combination with (6) and (7), the relation

(A Ay - 28] =~ a5yt ¢ AkBk (CkBk)_l (10)

together with (7) defines the matrices Ao’Al""’Ak uniquely. In fact, the
right-hand side of (10) and CAk-l B are independent of basis and hence can
be used directly without the need to transform to the special form

defined by (3).
(6)

Consider now the construction of full rank nx(n-km) and (n-km)xn

annihilators Mk and Nk respectively, satisfying the relations

S0 x B BSE S N S G
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In the defined basis, we can always choose (eqn. (5)) Mt = [0 In—knJ Nk

when a simple calculation yields the relations

1 -1

C =-CAkMk , B, =N A°B (c a1 p)

2 2 ke
A2 = Nk A Mk | (12)

and hence, using (4),
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His) = ~ ¢ A" M leil . oK & Mk) N A* mc At gyt

B) (13)

Again this relation is basis independent and independent of the precise -

choice of N, and M, satisfying equation’ (11) as can be verified by noting
that transformations of the form A - Tm1 AT, B~ T_l B, C+ CT 'induce '

the 'transformations' N + L N T,Mﬁ#T Mk L where the matrix L is
nonsingular.

In summary, we have proved the following basis independent result

Theorem

Let S(A,B,C) have uniform rank k and define full rank matrices Ck

and Bk_byequation (8). The system inverse transfer function matrix then

takes the form given in equation (2) with
kel 1

-(C A B) (14)
(Ao A 1seees 4] =-(c AL g7l ¢ Ak B, (C, B ) (15)

and
His) % = A" M =N AM) N 38 o a Tl e

where the annihilators Nk’ Mk-are any solutions of the relations

G4 =0 , N B =0 , NM=L_ (17)

(5)

This result reduces to previous work in the case of k=1, It also

has the same overall structure of previous work with the simple operations

‘involved being easily implemented on a digital computer.
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