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Abstract: This paper concerns the construction and training of basis function networks for the
identification of nonlinear dynamical systems. A new adaptive orthogonal least squares (AOLS)
algorithm, which integrates basis function (model term) selection, model size determination and model
parameter estimation, is developed for basis function network training. The construction and training of a
new multiresolution wavelet network, together with a comparison with RBF models, is discussed in detail.
A practical three-phase modelling framework to ensure unbiased nonlinear models is obtained using the
basis function networks. Several examples are presented to demonstrate the application potential of the

new identification techniques.
Index Terms: information criteria, model term selection, model structure detection, neural network,

nonlinear system identification, orthogonal least squares, radial basis function, wavelet.

1. Introduction

Basis function networks and their variants, where the approximator (predictor) is expressed as a set of known
basis functions which are combined and organized in a prescribed way, have been extensively studied in the
literature and have been widely applied in function learning and dynamical modelling for a long period. A
variety of prototype functions, both global and local, have been adapted and employed as basis functions to
construct approximators for given nonlinear problems. Polynomials [1][2], cerebellar model articulation
controller (CMAC) [3], radial basis functions (RBFs)[4], B-splines[5], kernels [6](7] and wavelets [8][9] are
among the popular subclasses of basis function network systems. The present study will focus on the
construction and training of a new class of multiresolution wavelet models for nonlinear dynamical system
identification, coupled with a comparison with RBF models. More useful information on basis function networks
can be found in [10].

Radial basis functions were originally proposed as an interpolation method in the late 1980s [4], and were
soon connected to neural networks [11]-[13]. These kind of networks were then popularized in the community of
nonlinear dynamical modelling, identification and control based on many subsequent results including [14]-[21].
Compared with standard feedforward neural networks, most RBF networks possess in some sense a local
property and permit local tuning to track signal variation in given processes [12]. In addition, RBF networks are
easier to train due to the network structure [22]. While a wide class of nonlinear functions can be approximated
using RBF networks, a large range of severely nonlinear systems, for instance, systems with fast or sharp
variations and/or discontinuities, may not be well approximated by this kind of network, which lacks good time-

frequency properties compared with multiresolution wavelets.
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It is generally recognized that the basis functions should offer some flexibility in adapting to the complexity

of the model structure so that the model can match, as closely as possible, the underlying nonlinearity of
dynamic systems. With excellent approximation properties associated with multiresolution decompositions
[8][9], wavelets outperform many other approximation schemes and are well-suited for approximating arbitrary
nonlinear systems, even thos»‘s with chirps and discontinuities. It was the attractive features possessed by
wavelets, especially by multiresolution wavelet decompositions, that motivated the introduction of wavelets as
basis functions to form nonlinear models for complex dynamical systems[23]-[28]. It follows that the intrinsic
nonlinear dynamics related to real nonlinear systems can easily be captured by an appropriately fitted wavelet
model consisting of 2 small number of wavelet basis functions, and this makes wavelet representations more
adaptive compared with many other basis functions.

In a nonlinear model, the relationship between the model outputs and inputs is nonlinear by definition.
However, the relationship between the model outputs and the free adjustable model parameters may be either
linear or nonlinear. Identification schemes can therefore be classified into two categories, linear-in-the-
parameters and nonlinear-in-the-parameters. This study investigates basis function networks, which can be
expressed as a linear-in-the-parameters model. More thorough treatments on both linear and nonlinear-in-the-
parameters models can be found in [29]. An initial basis function network may involve a great number of
candidate model terms whatever basis functions are employed to approximate an unknown nonlinear function,
especially for high dimensional multivariable problems. Experience shows that in most cases only a small
number of significant model terms are necessary in the final model to represent given observational data. Model
subset selection, or model structure detection, is a key step in any identification procedure and consists of
detecting and selecting significant model terms from a redundant candidate model term set to determine a
parsimonious final model. A new adaptive orthogonal least squares (AOLS) scheme that can be used to select
not only the significant model terms but also the optimal number of model terms to arrive at a good balance for
the bias-variance trade-off, is introduced.

Motivated by the successful applications of wavelet decompositions, this study aims to develop a new class
of basis function networks, accompanied by a new model term selection algorithm, for nonlinear dynamical
system identification. The remainder of the paper is organized as follows. In Section 2, the NARMAX
representation is briefly summarized. In Section 3, a new AOLS algorithm, which can be used to train general
basis function networks of the linear-in-the-parameters form, is developed and discussed in detail. In Section 4, a
new class of basis function networks, the multiresolution wavelet networks, are presented. In Section 5, a three-
phase modelling framework is proposed to implement the general NARMAX model using basis function
networks. Several examples are provided in Section 6. Some suggestions and comments on RBF and

multiresolution wavelet models are given in Section 7, and finally the work is concluded in Section 8.

2. Problem Representation

A wide class of input-output nonlinear dynamical systems can be represented by the general nonlinear
difference equation model, known as the NARMAX (Nonlinear AutoRegressive Moving Average with
eXogenous inputs) model[30][31]. Under some mild conditions a discrete-time multivariable nonlinear system

with m outputs and r inputs can be described by the following NARMAX model
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are the system input, output and noise vectors, # , 1, and n, are the maximum lags in input, output and noise,
rcépective]y, and f is some vector-valued and in general unknown nonlinear mapping. In practice it is usually
assumed that e(¢) is an independent noise sequence. Model (1) relates the inputs and outputs and takes into
account the combined effects of measurement noise, modelling errors and unmeasured disturbances represented
by the noise variable e(t) .One of the reasons that the moving average terms are included in the NARMAX

model (1) is to ensure unbiased estimates.
Model (1) will be used for representing both SISO and MIMO nonlinear systems in the present study.

Decomposing Eq. (1) into component form gives the formulation of the ith output
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The nonlinear functions f;(-) (=1,2, .., m) are generally unknown. In order to simplify the notation it is

sometimes assumed that the maximum lags for the different elements of the output y(¢) are the same, that is,

n;k) =n, for i=1,2, ..., m and k=1,2, ..., m. Similarly, n () =n, fori=12, .., 1 and k=1,2, ..., m and

n® =n, fori=1,2,...,mand k=12, ....m
One of the most popular representations for the NARMAX model (1) is the polynomial model which takes
the function f(-) as a polynomial with respect to the lagged input, output and noise sequences. An important
property of the polynomial NARMAX model is that these models are linear-in-the-parameters so that the model
structure and the parameters can be detected and estimated using standard structure detection schemes[32]-[34].

Moreover, as a natural extension of the ARMAX model, the polynomial NARMAX models can be physically

interpreted under certain conditions in both the time and the frequency domain.
Taking the SISO case as an example, the power-form polynomial NARMAX model of the degree £ can be

described as
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where6,, . are parameters, d=n,+n,+n, and
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y(t—k) 1<k<n,
x, (8)=3u(t—(k-n,)) n,+1<k<n,+n, (5)
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The degree of a multivariate polynomial is defined as the highest order among all the terms. For example, the
degree of the polynomial A(x,,X;,%;) = ax; +a,x,x; + a,x.x,x; is £ =2+1+2=5. Similarly, a polynomial

NARMAX model with nonlinear degree £ means that the order of each term in the model is not higher than £ . It

can easily be proved that the number of potential model terms in the polynomial NARMAX model (3) of degree
0is M =(n+£)!/[nlf!], where n=n, +n, +n,. Clearly, the NARMAX model (1) can describe a large

range of nonlinear systems and includes several existing representations including the Volterra series, AR(X),
ARMA(X), NAR(X), NARMA and bilinear models as special cases [35].
In practice, the unknown nonlinear function f in model (1) often consists of two parts: the deterministic

(noise independent) and the stochastic (noise correlated) submodels shown as below
-L - -1, i _
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where the vector Z' 7 is defined as PR [ZT (-1, Lz (- th)]:r . Note that each term of the
submodel f,, is dependent on noise sequence e(f — 1),e(t—2),---,e(t —n,) . For a linear-in-the-parameters basis

function network, model (6) can be expressed as
y(5)=@,,(100,, +@,,.(00,, +e) (7

where @, (f)and @, (f) are regression matrices, and®, and ©,,, are unknown parameter vectors.

The objective of this study is to implement the NARMAX model (1) using basis function networks including
RBF and the newly introduced multiresolution wavelet models. A new orthogonal least squares learning

algorithm is developed for basis function network training,

3. Basis Function Networks and Training

3.1 Basis function networks

A single hidden-layer feedforward basis function network with d independent variables can be expressed by

g(x)=29j(0j(x;aj,bi) ‘ (8)

iel

where (I) indicates the number of total clements in the set [, X &€ RY. b, e R%and a, € R* (d-dimensional
positive value vector). The{/) neurons (basis functions) in the sum are linearly connected with (I) weights
6,,"-,8;;y,- Each neuron maps a d-variable input X into a scalar value via a nonlinear mapping ¢;, which is
dependent on both the scale (or dilation, kernel width) parametersa, and the location (or position, translation,
kernel centre) parameters b, .The nonlinear functions ; are called the basis functions (or traditionally the

activation functions). In most cases, the basis functions ¢, for i=1,2, ..., {I) are chosen as the same mother




basis function @ . Radial basis functions are a popular choice to construct networks, and a typical choice for basis

functions in the network are the radial basis kemnels, for example the Gaussian type kemnels @ ‘R—R,

3

g, (x;a;,b,)=9; (a?r o(x=b,)) , where the operator ° © between  two  vectors

u =[u|,-~,ud]T and vV = [v,,---,vd]T indicates some specified operation, say uev=—(1/ Z)VTZ:V with
B = diaglu,,---,u 4l Another popular choice for the basis functions is wavelets including multiresolution

wavelets, which involve a mother wavelet and a corresponding scale function.

In a linear-in-the-parameters basis function network, the scale and location parameters a; andb; can often be
pre-determined to simplify the training procedure. Let I'={(a;,b;):i€l} and @y 1) (x) =p;(x;2,,b;)
for(a;b;)el" . A dictionary used for the network training for a given identification problem can then be
defined as D = {@(s.p,) * (a,,b,)eT,iel}. Clearly, the dictionary D contains a total of M =(I) elements.

In practice, the number M of the total elements in the dictionary D may be very large, and most candidate
model terms are either redundant or make very little contribution to the system output and can therefore be

removed from the model. Thus, for a given identification problem, where the observed training data is of the
form {(x(£),y(1)):x € RY,yeR",t=12,---,N}, the objective is to select a subset of M, (M, <M ) model

terms to fit the given observations by training the network, to lead to a parsimonious approximator

M,
y() = g(x(0) =D 6, @, (x(tha, b)) ©)
m=1

An efficient model structure determination approach has been developed based on the forward orthogonal
least squares (OLS) algorithm and the error reduction ratio (ERR) criterion, which was originally introduced to
determine which terms should be included in a model [32]-[34]. The OLS-ERR algorithm has been extensively
studied and widely applied in nonlinear system identification [19],[36]-[39]. The OLS-ERR algorithm provides a
powerful tool to effectively select significant model terms step by step, one at a time, by orthogonalizing the
associated regressors in a forward stepwise way based on the ERR criterion, an index indicating the significance
of each model term. Most existing OLS algorithms, however, do not provide information on how many
significant model terms should be selected and included in the final model. An additional separate procedure 1s
there fore often needed to aid the determination of the optimal number of significant model terms. This study,
however, will provide an adaptive OLS algorithm that incorporates model term selection and model size

determination in one procedure.

3.2 Model term selection and the orthogonal transformation
For convenience of description, consider the case that involves only one output. Lety = [y(l),---,y(N)]T be
a vector of measured outputs at N time instants, andax, = [irm(l),-‘-,zrm(N)]T be a vector associated with the

mth candidate model term, where 7, € D for m=12, ..., M, and D is a dictionary produced by lagged outputs,
inputs and noise terms. From the viewpoint of practical modelling and identification, the finite dimensional set

S={a,, - ay} is often redundant. The model term selection problem is equivalent to finding a full




dimensional subset S, = {8, 8.} =1, RN ) = S,where f, =q; , i, € {1,2,-,M} and m=1,2, ..., n,
so that y can be satisfactorily approximated using a linear combination of f3,--+, 3, asbelow

y=88 ++0,B, +¢c (10)
or in a compact matrix form

y=Pl+e (1)
where the matrix P =[f,,-++, 8,] is of full column rank, & = [91,---,9"]T is a parameter vector, ande is an
approximation error. From matrix theory, the full rank matrix P can be orthogonally decomposed as

P=0R (12)

where R is an mX7 unit upper triangular matrix and Q is an nXn matrix with orthogonal . columns

q1>92> "5 Substituting (12) into (11), yields
y=(PR")(RO)+e=0g+e (13)

where g =[g1,"" "> &n 1" = R@ is an auxiliary parameter vector. Using the orthogonal property of O, g; can be
directly calculated from y and Qas g; = (yrqi )/(q?q,-) for i=1,2, ..., n. The unknown parameter vector
0 can then be easily calculated from g and R by substitution using the special structure ofR.
Assume that the error €in model (13) is uncorrelated with vectors ; for j=1,2, ..., n, the total sum of
squares of the output from the origin can then be expressed as
yTy=ig?¢1?qf +e'e (14)
i=1

Note that the total sum of squares yTy consists of two parts, the desired output z:_! g?q?qi , which can be

explained by the selected regressors (model terms), and the part e’ e, which represents the residual sum of
squares. Thus, gf q,.Tq‘- is the increment to the desired total sum of squares of the output brought by g; . The ith

error reduction ratio (ERR) introduced by g; (or equally by including B,), is defined as

2 T T 2
BRI = $1919) 4 100% = O 9 100%, 12,01, (15)
¥y (v ¥)4gi 9:)

This ratio provides a simple but an effective index to indicate the significance of adding the ith term into the

model. The orthogonalization procedure for model term selection is usually implemented in a stepwise way, one

term at a time. The sum of error reduction ratio (SERR) and the error-to-signal ratio (ESR) due tog,,"**, 4 ; (or

equally due to f3,,-+, B, ) are defined as

SERR[ ] = iERR[:’] (16)

i=1
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2T S
g4 4 ; i
=1_217?=1-§ ERR[i] = 1- SERR[/] (9
= i=1

ESR[j]=

The selection procedure will be terminated when ESR of an identified model satisfies some specified conditions.
Several orthogonal transforms including Gram-Schmidt, modified Gram-Schmidt and Householder
transformations can be applied to implement the orthogonal decomposition [34],[35] and a detailed algorithm

will be given in the next two sections.

3.3 Model size determination

The determination of the optimal number of model terms is critical in dynamical modelling. Neither an over-
fitting nor an under-fitting model is desirable in practical identification. In practice, however, the true number of
terms is generally unknown and needs to be estimated during model identification. Several approaches have been

developed for model order and variable selection in the literature including the AIC, BIC, MDL [40]-[43] and
many variants [44] (Chap. 6). In this study, a R2.like statistic, the adjustable prediction error sum of squares
(R2 -PRESS) proposed by Allen [45], [46], is modified and will be used to solve the term selection problem.

The commonly used adjustable R? statistic is defined as

R? =1-iV—iNMSE (18)
N-p

where N is the data length, p is the aumber of model terms included in the identified model, NMSE is the

normalised-mean-squared-error defined as

N A qud
s - SSE - 2O IO .

SST 3" [y() -1
where SS'fzz:il[y(i)——f]2 denotes the total sum of squared deviations in Yy from the mean y ,

SSE = N y t')—)'i(i)]2 denotes the sum of the squared errors (residuals), {p(H}LY, is the one-step-ahead
i=1 i=1

prediction sequence from the identified model with p terms.
The prediction error sum of squares (PRESS) proposed in [45], [46] provides a useful residual scaling, which
can be used as a form of cross validation by leaving one point out at a time [47]. The prediction error sum of

squares is defined as
N N
PRESS = Y [¥(1) ~ 7 () = 2[4 (20)
i=l i=l

where y_; (i) are one-step-ahead predicted values from a model fitted using a data set consisting of N-1
obscrvational data point pairs, which are obtained by leaving the ith data point pair out, £_;(i) are the PRESS
predicted residuals evaluated at the ith point. Let £(i) be the normally defined residuals of a model fitted using

the total N data points, it can be shown that the relationship between &_; (i) and g(i) is
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where f3; and P are defined as in (10). Thus PRESS can be reduced to
N : 2
g(i)
PRESS = R T 22
;[1—%,1)] =

This shows that the PRESS statistic can be calculated by fitting only one model using the total N data points, but

N “leave-one-out” matrices are still required. It can be proved [44] that if N >> p, PRESS can be approximated

as

2
PRESS ”(I{N—J SSE 23)

Statistic (23) gives some indication of the predictive capability of the regression model. This will be used to

define the adjustable R*-PRESS statistic given below

R =1-

PRESS _, (N ) SSE o
press SST

N-p) SST

Note, however, that sometimes the data length N may be long, say N 2 2000 . In this case, the effect of n in the
denominator of (24) is minimal due to the fact that (N/(N~ p))? ~1+2p/N =1 for p << N/2.One way to
avoid the tendency that small p’s are mitigated by a large N is to replace the number p by Ap , where A is an

adjustable coefficient. Experience shows that a typical choice for A is to set A=max{l, pN} with

0.002 < p £0.01. The adjustable R?-PRESS can then be defined as

2
R =1—[ NNA J NMSE 25)
—7p

Note that the R -APRESS statistic (25) is in formulation similar to the adjustable R? _statistic given by (18). In

the next section, the R2.APRESS statistic will be combined with the criterion ESR (error-to-signal ratio) and

will then be incorporated into the orthogonal least squares algorithm.

3.4 The adaptive orthogonal least squares (AOLS) learning algorithm
At first sight, the calculation of the R?_APRESS statistic defined by (25) requires an initial calculation of the

value of NMSE, which involves the calculation of the one-step-ahead prediction, y . From the definition of ESR

in (17), however, the calculation of NMSE is not necessary. In fact, from (17) and (25), the R2-APRESS for an

identified model with p model terms can be calculated as

2
2 N
R == NMSE
nprcss[p] (N*-‘/lp] [p]




1_[SSTD) N Y[ e

SST \N-4p) \ ST, ) ,,
ssT,Y N Y

=1-| === ESR[p] (26)
SST \ N -Ap

N
where SST, = yTy = ZH y2 (i) is the total sum of squared deviations iny from the origin, and SST is defined

in (14), and the index or subscript [p] indicates that the associated items are calculated from an identified model

with p terms. Note that ESR[p] (p=1,2, ...) in (26) are available as a by-product of the orthogonalization
procedure.

Assume that there exists a number p, , at which the function R:’Pmss[ p] with respect to p is a maximum. At

the maximum of R:mss [p], the following relationships hold
Razpr:ss [p()] > prress [p(} -1] (27a)

R2 [ Do) 2 Ripes [P +1] (27b)

A little rearrangement of (27a) and (27b) gives

2

ESR(py) N - Ap,
ESR (2, - 1) {N—A(po —1)} (E5
ESR(po +1) [N -Apo+DY _—

ESR(p,) | N-4p,

Define two functions
_ESR(p+))
X (p)= ESR(p) (29)
2
N-A(p+1

2:(p) :[Tf%l] (30)

From (28a) and (28b), %, and %, have the following property: %,(p)< x,(p) for p<pg , and
2,(p) 2 1,(p) for p= p,. The two functions defined by (29) and (30) will be used as an indicator to find the
optimal model term number pg , where the two indicating functions intersect. In fact, the optimal number p,
can be chosen as the point where ¥, enters into a small confidence interval of y, for the first time, say the

interval 7, £ & , where § is a small positive number.

10




The new adaptive orthogonal least squares algorithm (AOLS) can now be described below, where @), +, &y,

are the vectors associated with the M candidate model terms.

The ALOS algorithm:

Step 1: Set Il 2{1,2;"',M}5 So :YT}’E Sy :(Y_Y)T(Y"Y)Q

fori=1 to M

ﬁ(l) =

T ()42
s y 87) ) a . W
errO[i]= ——=5—; {if (B ) B =0, set errV[i]=0};
so(BY B

a; =1;

end for

£, = argmﬁx{err(l) [i1}; err[l]= err[2,1;
iel;

serr[l] = err(1]; esr{l]=1~— serr(1];

7
Y4
ﬁ(l)) g1: T ! :
q 4
Step j, J=2:
For j=2 to M
Ij- =Ij_1\{fj_l};
foriEIj
T T
; = a; g
ﬁ,-(j) - ﬁiu D __;}_J__ jf_l;
q;149 -1
G0N

err (J)[l]

So(ﬁ(n) ﬂ(i) g
end for ( end loop for i)

7, ={arg(BOY B <o) I =1\ s
iel;
£, =arg m?x{err(j)[i]}; err[j]=err[€,]1;
Calculate: {SERR/], ESRI], Ripress /1, 2L/, and 2,071}
ﬂU), 5 el q’- a; =1,
q;4,
for k=1 toj-1

a;‘j e
q;’qu
end for (end loop for k)

akj =

end for (end loop for j )

{if (ﬁ,-U))T B <8, set errP[i1=0};

E2))

(32)

(33)

Remark 1: The AOLS algorithm provides an effective tool for selecting significant model terms in an iterative

stepwise way. Terms arc selected step by step, one term at a time. Most numerical ill conditioning can be

avoided by eliminating the candidate regressors for which (,6‘,-(”)? ,B,.m are less than a predetermined

threshold & , say & =107 with 7 210 (see Egs. (27), (28)). In the case where both the dictionary and the data

length are large, other faster OLS algorithms can be adapted into the AOLS to lessen the calculation load and

11




spare computation time. For example, the MPOLS (pursuit matching orthogonal least squares) al gorithm
proposed in [39] is very fast compared with most existing OLS algorithms, and can be used to handle large scale
data with a high SNR, but this is achieved at the expense of producing over-parameterised models compared to
OLS.

Remark 2: The assumption that the initial candidate regression vector set S ={a,, ey} is of full
dimensionality is unnecessary in the iterative forward AOLS algorithm. In fact, if the M vectors P are linearly
dependent, and assuming that the dimension of S is n (<M) , the algorithm will stop at the n-th step.

Remark 3: 1f required, the selection procedure can be terminated at step M (generally M, << M ), the optimal
number of model terms, at which point the function R:pwss [m] with respect to m will be a maximum that satisfies

(M) 2 (M o) - The system output can be expressed as a linear combination of the M, selected

significant regressrs
Y=g+ "+ &u,Iu, T & (34)

which is equivalent to

My
NOEDNEMORLIO (35)
i=1

where 7r,; € D (the associated dictionary), the parameters GUAoL) =[€3|,Bgz,~-,93M 1" are calculated from the
0

triangular equation Ag=9(AOL‘S) with g -——[gl,gz,---,gMo]T and

1 ay; o i 1
0 1 e gy,
A=
g 1 Apg 1,
0 0 “es 1

The entries a; (1 <7< j < M,) are calculated during the orthogonalization procedure.

4. Multiresolution Wavelet Networks

4.1 Multiresolution wavelet decompositions
From wavelet theory [8],[9], any function f € L*(R) can be expressed as the following multiresolution

wavelet decomposition

£ =Y a0 () + 2, 2 s () (36)
k k

Jziy
where l,z/j'k(x) = ZJIZ!,U(ij —-k), @, (x)= 2’”2¢(2jx — k), and the integer numbers and k are the scale and

location parameters, and jo is an arbitrary integer representing the lowest resolution or scale level.

Using the concept of tensor products, the multiresolution decomposition (36) can be immediately generalised

to the muti-dimensional case, where a multiresolution wavelet decomposition can be defined by taking the tensor

12




product of the one-dimensional scale and wavelet functions [9]. Let fE i (Rd ), then f can be represented by
the multiresolution wavelet decomposition as

291
Fl g ) Zaju,kq)jo,k ()50 Xg) F ZZZ/SJ(-?;‘PE:):(JC““':XJ) (37
k K 1=l

J2Jo

where k=(k1,k2,---,kd)€Zd and

d
q)ju,k(xla"'axd):zjndf2H¢(2ju X "kf) (38)
i=1
d
WO (x,,000, %) =27 [0 @' % ~k) (39)

i=1
with 7’,'{” = ¢ or y (scalar scale function or the mother wavelet) but at least one n =y . For some

appropriate J, the approximation representation (37) can be approximated using only the scale function ¢ ,

d
Fli, omn) = B g (e Xy ) = > @y, 277 [02 %~ KD (40)
k

Kyareky i=1

4.2 B-splines and associated mother wavelets

Although many functions can be chosen as scale and/or wavelet functions, most of these are not suitable for
system identification applications, especially in the case of multidimensional and multiresolution expansions. An
implementation, which has been tested with very good results, involves B-splines and associated mother wavelet
for multiresolution wavelet dgcompositions[ZG],[ZS]. For a comprehensive discussion on B-splines, see Chui [8].

The B-spline function of mth order is defined by the following recursive formula:

m—x

N, (1) =—2=Np () +—N, (x-1), m>2 (41)
m—1 m-1
with
1 if xe[0,1)
N, (x) = = 42
{(X) = Zpoy (x) {0 otherise (42)
Define ¢(x) =N, (x), and
Im-2
w(x)= Y d;N,(2x k) (44)
k=0
with the coefficients given by
k i
d, =( Bl Z[m 2m(k—j+1),.k:0,1,---,311{1—~2 (45)
2 Jj=0 .]
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TABLE |
THE B-SPLINES OF ORDER 1 TO 4

N, (x) N, (x) 2N, (x) 6N,(x)
0<x<l 1 x x2 x°
1<x<2 0 2% —2x2 +6x-3 -3x* +12x* —12x+4
The 2EELE 0 0 (x -3)? 3x° —24x" +60x — 44
3<x<4 0 0 0 —x* +12x* —48x+ 64
elsewhere 0 0 0 0

functions ¢ and iy can then generate multiresolution wavelet decompositions [8]. Clearly, the support of the

mth order B-spline and the associated wavelet are

{ supp ¢ = suppN,, =[0,m] (46)

supp  =[0,2m —1]

The most attractive and distinctive properties of B-splines and the associated mother wavelets compared with
other wavelets are that they are compactly supported and can be analytically formulated in an explicit form.
Most importantly, they form multiresloution wavelet decompositions. To the best of our knowledge, B-splines
and the associated mother wavelets are unique because they simultaneously possess the three remarkable
properties, namely compactly supported, analytically formulated and multiresolution analysis oriented, among
all known wavelets. These splendid properties make B-splines and associated mother wavelets remarkably
appropriate for nonlinear dynamical system modelling. The most commonly used B-splines are those of orders 1

to 4, which are shown in Table 1.

4.3 Multiresolution wavelet networks

It has been proved in [48] that for a high dimensional problem, the multiresolution decomposition (37) and
(40) may involve a large number of wavelet basis functions. A dimensional-reduced wavelet network based on a
functional expansion was then proposed [48], to overcome the difficulty of the curse-of-dimensionality. For 2
given d-dimensional function approximation problem, the functional expansion advocated by [5], [27], [49], [50]

is given below
f(xth!'“:xd)
d
=fo(xi)*‘ Zfi,j(xi’xj)"" Zﬂ,j,k(xraxjsxk)+"'+ Zf;‘,,iz.---.im(xil=x£2:"':xim) 47
i=l

1si<j<d 1si<j<k<d Liy <<y Sl
where m<d, i, € 11,2,---,d} and the function fl:,() (=12, ...d ) does not contain terms that can be

written as functional components with an order smaller than j. For more detailed discussion on the functional
expansion (47), see [48]-[50].

In practice, many types of functions have been chosen to express the functional components Sr200 () in

model (47). In the present study, however, multiresolution wavelet decompositions will be used to approximate

each of these functional components in the dimension-reduced functional expansion (47). For example, the
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decomposition (36) will be applied to express the one-dimensional component f; for =12, ..., d; the
decomposition (40) will be applied to the higher dimensional components f:,: with m<d and

i, €{,2,,d}. B-splines and associated wavelets will be used as the basis functions in these multiresolution

decompositions. The resultant model is referred to as the truncated multiresolution wavelet network.

4.4 The determination of the scale and location parameters in the wavelet networks

Assume that a function f ELZ(Rd) of interest is defined in the hypercube [a,b]d . Without loss of

generality, consider the case where a=0 and b=1. For the sake of convenience, the one-dimensional (d=1) case
will be considered as an example to illustrate the determination of scale and location parameters in the B-spline
and associated wavelet based multiresolution networks.

It is known that both B-splines and associated wavelets are compactly supported and the support for the s-th

order B-spline and associated mother wavelet are [0, s] and [0, 25-1], respectively. At any given scale j in the
decomposition (36), only the scale basis functions satisfying 0 <2/ x—k < s are needed, where 0 < x <1. This
implies that the location parameter k satisfies 1 — s <k <27 —1. Similarly, only the wavelet basis functions

satisfying 2—2s <k < 27 —1 are needed at scale j. Therefore, the choice of the location parameter k at scale j
in the decomposition is determined by the associated scale parameter j. The scale parameter is thus a key factor
in multiresolution wavelet networks. In the following, the scale parameter determination problem will be

addressed from two aspects: static function learning and dynamical modelling.

4.4.] Static function learning

F‘or a static function approximation problem, where the independent variable ¢ is ‘time’, the initial scale j, in
the multiresolution wavelet decomposition (36) is often set to zero, and the finest scale j,, can be chosen as
Jmax =I0t[1085(B fyax)], Where [ is the maximum natural frequency of the signal involved, £ is a positive
number, and int[-] denotes taking the integer value of the corresponding number. Results on numerous

simulation experiments show that for most signals 3 can be chosen between 2 and 16. To illustrate the

relationship between the scale parameter j and the natural frequency of a signal, consider the two examples given

below.

5,(¢) = sin(8m) + sin(1677) + sin(64m) (48)
5
sy(t) = Y, A sin(c, A7) (49)
k=1
where A =2.5, a=1.1, ¢, =5 (k=1,23), ¢, =4, and¢s = 2. The maximum frequency of the signals s, (£)
and 5, (f)is 32Hz and 31.1 Hz, respectively. Both the signals were sampled with a sampling interval 0.002sec

over [0,1], and 500 data points were recoded for each of the signals. Based on the recorded data points, the two

signals were reconstructed using a multiresolution decomposition below
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keA J=0 keB;
where J=10, ¢ and i are the 4-th order B-spline and the associated mother wavelet, the index sets 4 and B

can easily be determined at any given scale j using the method mentioned above. Define the wavelet energy as

Eg = Z]ao.k|2 + Z|d0,k‘2 (51a)
ked keB,

E; = Z|dj-klz’ jzl, (51b)
fEEBJ

The wavelet energy of the signals §,(¢) and 5,(f) are shown in Fig. 1, which shows that the wavelet energy for
§,(£)and §,(¢) are distributed at scaling levels 0 to 6, and 0 to 5, respectively. In other words, the signal §, () is
totally determined by the decomposition with scales 0 to 6, and the signal §,(t) is totally determined by the

decomposition with scales 0 to 5. Note that the wavelet energy E52 for signal §,(#) at scale 5 in Fig. 1(b) is

0.0006, which is very small,

4.4.2 Dynamical modelling
In typical discrete time-invariant dynamical modelling, for instance, the NARX modelling, the direct
independent input variables are usually the lagged inputs and outputs of the system under study, but not the time

‘" as in a static function. Consider a simple example given below.
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x(t) = =[xt = 1)] +0.2[2u(t 1)~ 177 +7(2) ' (52a)
y(t) =1.5+x(t) +n(t) (52b)
where7)(¢) was a Gaussian white noise sequence with mean zero and standard deviation 0.01. The input u(f) was

assumed to be bounded in the interval [0,1]. The objective here is to find an equivalent representation, using the

NARX representation y(t) = f(y(¢ —1),u(t -1)) +e(t), for the original model (52). Consider the first order

functional expansion

F-1,u-1) = f,@E-D)+f,(-1) (53)
The unknown nonlinear functions f; and f, can then be approximated using a multiresolution decomposition
below
J
FoG) = D o x o KON+, D d 44 (x(0)) (54)
keA Jj=0 keB;

where J =8, x(#) = y(t —1) or x(t) =u(t-1), and the index sets A and B are defined as in (50). Setting the

input #(#) in the model (52) as an random sequence uniformly distributed in [0,1], 400 input and output data
points were collected and were then used to select the wavelet basis and to estimate the unknown parameters.
Although a total of 614 wavelet basis functions were involved in the initial network, only 7 basis functions were

selected using the AOLS algorithm. It has been shown that the model formed by the 7 selected basis
functions, ¢n,—1(J’(t -1, %o (r(-1), ¢’ﬂ,0 (u(z-1), ¢o,-1 (u(t-1)), Wn,-1(”(f 1)), vy (u(t- 1)), and
, _¢(u(t=1)), provided an excellent approximation for the original model (52) and produced excellent model
predicted outputs. Clearly, the scales for these basis functions are concentrated on 0 and 1. Numerous simulation
experiments show that when B-spline-wavelet networks are applied to identify nonlinear dynamical systems, the
initial scale j, in the multiresolution wavelet decomposition (36) can be set to zero, and the finest scale j,,, can

often be chosen as an integer that is not larger than 3.

5. A Three-Phase Modelling Procedure to Implement the NARMAX Model

As mentioned in Section 2, a typical NARMAX model often consists of two parts: the deterministic (noise
independent) and the stochastic (noise correlated) submodels as shown by (6). In the present study, a three-phase
modelling approach is proposed to construct basis function networks to implement the NARMAX model. The
main idea of the three-phase modelling scheme is as follows:

e Initially, construct a NARX model using basis function nctworks.

o The effects of correlated noise and unmeasured disturbances must be accommodated using the model

residuals (errors) from the identified NARX model. Viewing the modelling error £(f) as the output and
treating the lagged system outputs y(f—i) and inputs u(t-j) , coupled with the lagged error

variables &(¢ — k), as the inputs, fit a polynomial model for the error (1) .
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