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ABSTRACT

A tubular structure of coupled non-linear oscillators provides a
natural extension of hypothesized models for the electrical slow-wave
activity of the mammalian intestines. 1In this paper fifth-power van der
Pol dynamics are used for the oscillator units providing a zero stable
state, which may be important in terms of the human large-intestine
where periods of electrical silence may occur. The matrix Krylov-—
Bogolioubov linearisation method is used to provide mode analysis of this
structure. Although more extended than for the conventional third-power
case the theoretical analysis reveals a rich mode behavioqr. After
development of the mxn general cases, two particular examples of 3x4
and 4x4 structures are given. The theoretical results for the 3x4 case
compare favourably with an experimental investigation using electronic

implementation of van der Pol type oscillators.
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1. Introduction

Coupled non-linear oscillaéors are being investigated increasingly
both from a theoretical stand-point and for applicative modelling purposes.

In the analysis presented in this paper the motivation is the electrical
slow-wave activity of the mammalian gastro-intestinal tract. Since the
initial conception of a mutually coupled non-linear oscillator model for
slow-wave rhythms suggested by Nelsen and Becker in 1968 a number of
modelling studies have been performed. Thus, a 1-dimensional chain of
coupled van der Pol oscillators has been investigated for the small-
intestine (Sarna et al, 1971), anﬁ a 2-<dimensional array proposed for a
gastric model (Sarna et al, 1972). For the human large-intestine, periods
of electrical silence have prompted the hypothesis of an oscillator unit
dynamic based on a fifth-power van der Pol equation (Linkens et al, 1976).
In a recent paper a tubular structure for small—intestinal modelling, was
analysed (Alian and Linkens, 1982), while the equivalent fifth-power tubular
structure is studied in this paper.

On the theoretical side,the mode analysis of mutually coupled oscillators
has also been steédily advancing. Of particular interest are computer-aided
harmonic balancing methods and a matrix Krylov-Bovolioubov linearisation
technique. The former method has been used on third-power chains and arrays.
The latter method has been used with fifth-power dynamics for the two-
oscillator case (Datardina and Linkens, 1978) and for a 1-dimensional chain
(Endo and Ohta, . ). It is this matrix Krylov-Bogolioubov method which is
used in this paper to extend mode analysis to a tubular structure of fifth-
power oscillators with reference to human large-intestinal electrical behaviour.

In Section 2 the fundamental mode equations are developed using the matrix
decoupling and linearisation approach. In Section 3 the method of averaging
is used to calculate the stationary amplitude values. Mode stability is

then investigated in Section 4 for three cases viz., zero state, single modes,
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double nonresonant modes. Two particular examples are considered in
Section 5, one of which is experimentally investigated via electronic
implementaion in Section 6.

2. Derivation of the Fundamental Mode Equation

The proposed structure is a cylindrical structure shown in Fig. 1 where
the unit oscillator has a fifth power nonlinear characteristic which is

described by

3 5
i = aw T .
j g3VlJ g5V1]

Iij (vij) =8 V;
(g;> g4 and g, > 0) - (1)
where i represents the location of the oscillator in each ring
j represents the location of the ring in the structume
1= 1,2 wees MG 181,25 sesy it
i,e..m is the number of oscillators in each ring and n is the number of
rings in the whole structure.

Following the same procedures as in a previous paper (Alian and

Linkens, 1982), the system equation can be written as

4 2
dav, . 2 dv, . dv,, d7v, .
8y 1] 3g3 Vij ij + 5g5 Vij ij *- € 1] * 1 Vij
dt dt dt 2 L
dt .
=1 V.. o= Vo) + 1 V. =Wy ) B 1 V.. =W, ;
i ( (i=1)1 13) o ( i(j+1) 11) T ( ij (i+1)3)
c c c
i Voo = V...
T ¢ ij 1(3"1))
c
wh%ch can be arranged to be
c-l-gvi--j 2 o 1,4
Cm—zn®+ (g. = 3 Vi, + 5¢.V..) $ (B o Z Soear
dt2 1 3ij 5°1j e L LC) 13




1 1

1 1
-= V,. o == N, o -=V.. . =-=V, = 0
LC (i-1)j Lc i(3+L) LC (i+1)] Lc i(j-1)

Dividing the above equation by the value of the capacitor C and

rearranging gives

A" Vutis g 3g 5g dv, .
—51 + o (L= e Vij + 5 vij y okl o o 5 L

dt ¢ 8y By at . GL CL,

1 1 1 1

- V. .m V.- e— TV, = — Y, = 0 (2)

o (A-D)] o, Citl)] c, 1G-D o, 1)

c C (& c
Substituting
- g
Vi of L %y (3)
5g5 .

where X, . is the normalised voltage in the structure,and its boundary values

which represent the tube structure are given by

oj ~Mmi P Fj T Fme)j | (4)
®i0 - %1 0 %in T % (a1) (5
So, equation (2) becomes
X ,
d. =, g dx...
—»—1% ¥ (1 =~ Bx?. * x?.) 2w & X(1-1);
dt C 1d 1] dt CLC (1 J
#: o e g ) x,. - LA X1y T e X, 0: 9 +( LB M )
2CL CL ij g TG o TLGED g o)
c c c c
1
X,, = — X.,. =0 (6)
1] CL i(j+1)
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where ﬁ is a function given by the parameters of the nonlinear

characteristic of each oscillator as

o8 (7a)

+ 9885

Then, substituting

e e i

T = /mnzdm 1 % (7b)

—— s

_ .J 2CL CLc

into (6) gives

2
dx. g, /C dx
;J + 1 (1—Bx?. + x?.) dtJ - 1L b'e i-1)7
dt T T 1] 1] 1+ e GG
2CL CL 2L
1 . 2
T L
; 260 T s N
TR L. (i) L, "iG-D
2GL CLc 1+ i L+ -2—1—:
Aoy 2
2€EL CLC 1 i
il ws ol el sl Lo il (8
2CL CLc 1+ 5T
which can be written as
dzxij 2 4 dxi.
dTZ + & (1-8B xij + Kij) = X(i 1) + (l+a)x a x(i+l)j
— e =
o X; 541y (1+et)x o X140y 0 (9

where L = 1,2, ,epe M 3 3= 1,25 sans 0

E L
c

The above equation (9) can be expressed in matrix form by defining




three matrices X, XE and Xf

X = [xij ] (10a)
= [0

X = [xij ] (10b)
5

X. = [xij] (10c)

where each matrix is of order mxn.
Thus, (9) can be written in the matrix differential equation
.. ook Lo L i
- = - - = o
X" + BX + XD (EX 3gBXC+Sng) | (11)

where B and D are two matrices given by

r i i
[+e —ot - ot I —et
—oL 4ol -at ~otl+ol ~el
B = ~ ~. ~ . D = ~ = ~
N ~ ~ S o -
- +d —ah
= * ‘-‘:H'd =k | Fel =
L= ot L O —ol | J
Applying the orthogonal transformation
X=PYQr
into the matrix differential equation (11), it becomes
PY'*qQ" + BPYQ® + PYQ'D = - (£ PY"QT -3 B X + X)) (12)

and then multiplying by pt from the left hand side and by Q from the right

hand, we have

.o oY T . T . E..u
YUH(BTBR)YHY(QDQ) = -(EY'-BEP X Q+ 1E P X:Q) (13)

5

which is the fundamental equation. To solve it, we have first to solve the
unperturbed differential equation in the same way as described in a previous
paper (Alian & Linkens, 1982). Therefore, the elements of the two orthogonai
matrices P and Q are given by (|Q) awnd CZS) i~ Alian Lihkewi(lclsz).
The mode yij is then given by

v = W 81 R T y i i
Vi ;5510 (mle ¢1J) 3 ¢iJ is arbitrary (14)

where the frequency wij is given by




wis = u/'.7'_{1+ou[El—cosg-(i;tl)?T -cos €j;1)“]} (15)

To linearise the nonlinear terms of (13) using the equivalent linearization
technique developed by Kryloff and Bogoliuboff, the whole equation should
firstly be transferred into the Y-space. So, the elements of the nonlinear
terms PTXCQ and PTX%Q must be written in the form of linear combinations of
: v e y ’ 3 5
yij by linearising the higher nonlinear terms X 4 and X oo

The element hij of the matrix (H=PTXCQ) is expressed as a linear

combination of the element yij such that

m n 3
e N R
m n
= kil 151 ”ij(k']) ¥ (16)

The same procedures are used to linearise the fifth power nonlinear

element which is

zZ=P X Q = [zij] e (17)

Therefore, the element ziﬁ can be expressed from (10c) and.(17) as

m n 5
Zya = X z ] s )X 18
"1 eyt A (pal) (qu) ab (18)

The element XZb can be linearised as in Appendix I.

Therefore, the element zij from the matrix Z can be written as

jul n
Z..= B B L. (k) ¥ (19)
e S T -y

where cij(k,l) is given by the elements of the orthogonal matrices P and Q as

m n

Cij(ksl) = I ) P.-

a=l b=l @l b b ko
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where L,.(k,1) is calculated also from the elements of the orthogonal matrices
i
P and Q ind by using the values of the stationary amplitudes of modes, i.e.
sub;tituting (1-5) into (19), the value of the parameter ;ij(k,l) is given.
Now, substituting the element hij of the matrix (H=PTXCQ) and the
element zij of the matrix (Z=PTXEQ) into the fundamental equation (13), then

the equivalent linearised equation can be obtained as

1 m n
e .y, =={Eyd. == EB I L. Be:(sl)
Vit ey Yy EYIJ 3 IS
1 m i1}
= S by B k1) ) (21)
5 i fqwy A :

substituting (14) and (I-5) into (20) gives
s T R .
‘gl W, V., ==-{Ey.. ~=ERL E i u M E), Y
ylj ij le yl] 3 k=1 1=1 13 kl
n
1
— %
= 5

=

£ (D) vy b (22)

k=1 1=1

Supposing that the left hand side of the above equation has a
resonance centred around mij s 80 that the mode frequencieés which are not
equal to wij have little effect upon the solution provided that each mode

frequency is separated enough, or that the Q-value of the resonance is fairly

J
Therefore, the terms hij(k,l) and zij(k,l) in (22) can be replaced by

high, we can ignore all the Y, terms of the right hand side except Y,

hij(i,j) and zij(i,j) respectively, i.e. ( 22) becomes

g pe ‘ 1 e
e B e S 1 23
yij *uiy vig = ~levi; - 388 b (,5) + 3 g2} (i,1)] (23)

where hij(i’j) and zij(i,j) are given by (16) and (24) respectively.

The elements hij(i,j) and Zij(i’j) can be replaced for simplicity by hij and

zij respectively, and nij(l,J) and Cij(l,j) can be replaced by nij and Cij'
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Thus the equivalent linearised equation (23) of the mode yij can be
written as

V.. + wz

° 1 ) l °
ij ij yij = [E YiJ "3" EBnij.y-- g 5 Loo Vo ] (24)

1] 1] 1]

where ”ij is given by

3 ° o . 2 3 v w50 s
nij = —2- kil 151 lpmn(l!.]:kyl) Akl - le m(ls.lr:}’J) Alj ( ),

and Cij is given by substituting the value L,j in (I-5) into (20) to be
e i

5 ® Ly s 2 .15 W™ B4 2
Eij =g Voo (1r35153) Uij t= kil 1i1 Vo (B535k,1) Uq
+3§ S 0. (k,1,1,1)U, . U,
k=1 1=1 ™ +
N T YU . U
e w 1,],kK,1,r,s .
4 k=l 1=1 r=l eop MO kl “rs
where (k,1) # (r,s) # (i,j) - (26)

The valueIPmn (1,3,k,1) is exactly the same as that obtained in a

#
previous paper (Alian & Linkens, 1982) while the value (i,j,k,1) is given by
Y mn

m 1

R . 2 2 4 4
v o(i,i,k,1) = L L (p .)a )¢ )
mn sl g Pai qu Pak (q bl)
m n
2 4 2 4
- Z a -
o (pai)(pak) hil (q bJ)(q bl) (27)
*%
The value 4&n(i,j,k,1,r,s) is given by
K > B o9 2 2 2. ,2.,2
w . . = Z E
o (1ssk,1,1,8) " 5 (p ai)(q bj)(p ak)(qbl)(par)(qbs)
a=1l b=1
m ’ Il
2 2 2 2 2 2
= g
= (pai)(pak)(par)s bil(qu)(qbl)(qbs) (28)

IIIIIIII.I.I.....l........ll.llllIIIIIIIIlllI;I---E:;_____————————————




L 4 -
- . * k%
To facilitate the calculation of the above two parameters wmn and wmn :
it is better to follow the same procedures as mentioned for the calculation

of the parameter wmn’ i.e. (27) can be rewritten in the form

*® . - * . ) * .
U (12351 = 9 (i,k).9 (3,1) (29)
where
*(i,k) = ? g, bt 5 ik = 1,2 (30a)
¢m 1, o) Pai ?&k H > s i sasgy M a

%
which leads to the- fact that wm(i,k) is given by the elements of the columns
i and k in the matrix P
and

w:(j.l) . S BBy i s (30b)

hp
a

which is given by the elements of the columns j and 1 in the matrix Q.

*k
Similarly, Yy CAT be written as

ki k% %%

¢mn(1,1,§,1,r,5) = wm (isk,T). wn (Jslas) N (31)
where

B = 5ot (32a)

Y {1k, 2) = azl Pai*Pak*Par 4

which is given by the elements of the columns i,k and r in the matrix P, and

RN Ea)
; b 1t Ybs (32p)

{1 o B =]

K%k ’
wn (Jslss) = :

which is the summation of the products of the squares of the elements in the

matrix Q which are in the colummns j, 1 and s.
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3. Evaluation of the Stationary Amplitude Values by Averaging the

Equivalent Linearised Equation

In order to investigate the stability of modes in such tubular
structure with fifth power nonlinearities, it is necessary first to determine
the stationary values of amplitude Aij . Following the same procedures for
the tube structure with third power nonlinearities, then the averaged equations
can be obtained as

Uy, ==Ell {1 — = g b } - ¢33}

i] i 3 PN 7T Gij
under the assumption that the amplitudes and phases are a slowly varying
functions of time in quasiharmonic approximation.

The stationary values of amplitudes can be taken by putting all the
first order time derivatives in the averaged equations (33) to zero, i.e.

U.. = 0

1]
for it= 1,25 seest 5 3 #id52, saws D

Consequently, the values of the parameters ”ij and Cij should be
determined in order that the stationary values of amplitudes can be
evaluated.

From equation (25) nij can be determined using the values of the
parameter wmn : The parameters Cij can be determined by (26) using the

% ®%k
values of the parameters Y  and y .
mn mn

For the case that the number of oscillators in each ring of the

%
structure m = 3, the values w3(i,k) are given by the equation (30a) as

3
* . e i 2 4
v (LK) = va(i,k) = T p_.p .
a=1
where i,k = 1,2,3 ; P is the ith column in the orthogonal matrix
P and P is the kth column of the same matrix.

%
Using the above equation (35) the values ¢3 (i,k) can be represented

for simplicity in square matrix form of order 3 as




Ol =

(=11

5. e
'113(1,1() o

Ol =

If the number of oscillaters

=
(=2

o

v, (i,K) =

o =

o=

Also, when the number of rings is n=4, then

—
loat Ho

o
(=Y ol

. %
¢4(J,1) i

o=

o | =

#]l-

X
6

11
36

L
6

= o=

B~

(35)

o

. L3 L] * 3 . -
in-each ring is m=4, then ¥ (i,k) is given as

)=

e

oof =

(O8]
(NI RO )

w
N

1 1

15 8

1

16 0

1 1

16 q.
1 1

16 A

i 1) s
4

L 3
16 32
1L L
16 2

1 3
16 32
1 M
16 32

(36)

calculated as

(37)
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If we consider a tube oscillator system which consists of four rings,
each ring comprises three oscillators, i.e. m=3 and n=4, then the corresponding
‘ *
values of w34(i,j,k,1) are given by Table 1, while ¢34(i,j,ke1) are given from

(29) as

* o K il ® . L
lbmn(l,_],k-,l) = ¢34(1931k;1) = 1113(1.1()- ¢4 (J,l)

* - a
For simplicity, the values %mn are represented in a table similar to

o
that representing the values l%m' Table 2 gives the values of 454 (isaakal)s
i,ki= 1,2,3 =5 S5l =°1,2,3,4

Similarly, Table 3 gives the values of (i,j,k,1), while Table 4 gives the

Yas

values of (i,i,k,1) which corresponds to the case in which the number

%
s
of oscillators in each ring m=4 and the number of rings in the structure n=4,

Substituting "ij and Cij from (25) and (26) respectively into (33)

Uij can be written as

m n '
L] = a Y l - ® -l - . - .
U]_J zU!..j [1 B{z kz=]_ ]_zj;_mn(l’J ’k’l)Ukl K‘f-’m(la.] 91=J--)Uij }

% 2 m n % 2
1 1519 3 i35
i Nk ek el 1£1wmn(1’3’k’1)uk1
m n %
3% I TR R ) A
k=1 1=1 ™ ij &l
+ 3 m n m n **(. : 11 i i ](38)
i I L b Iy 1,]sK,1,T,8 !
k=1 1=1 r=1 g=1 "% kl rs

which is called the averaged equation of the system.

4. Investigation of the Stability Problem

The stability of every mode of oscillation can be considered by using
the averaged equation (33). The stationary states of those oscillatory modes
are determined by reducing the first—order time derivatives in the averaged

equations to zero. The stability of such stationary states is then determined




o R
by linearizing the average equations around the stationary values
to obtain the Jacobian matrix [ Jij(t,u)T of the structure as

d(U'i.)

Jij(t,u) =i —a-ﬁl-:]'_'l—' (39)

which can be calculated by differentiating (34), therefore for (i,j) = (t,u)

J -(ivj) VI e B b iy (isj’k-s]-)U * b} z I.D* (isjsksl)U
1] 2 k=1 1=1 Mo kl 8 k=1 1=] ™ kl
(k,1) # (i,3)
3 m n
= L L % (k,1,1i,1)U U, .
2 R v mn » kl.lj
(k,1) # (i,])
3 m n n n ]
TOrT S . : ¢*x (i,i,k,1,r,s)U ..U
4 k=l 1=l r=l ‘s=1 OO St
(k,1) # (r,s) # (i,]) (40a)
but for (i,j) # (t,u)
1 oty J®
.. (L, bt A b sJsls ‘s T LY . -
Ju( u) E[ zswmn(x it u)U1J + l’wmn(l | 'c,u)U”Utu
3 % . Tl 4w B k.
+ 41me (t,u,J.,J)Uij +—2— E :,: wmn(l,J,t,u,k,l)UklUij]
k=1 1=1
(k,1) # (i,3) # (t,u) (40b)

Then, the stability of a mode is deternined by examining the
eigenvalues of the corresponding Jacobian matrix which are the roots of the

characteristic equation




70k -

| #23. (tsu)} - = 8L | = 0
1]
where I is a unit matrix of order mnxmn.

4,1 Zero State

For the case of nonoscillation, i.e. the amplitude assumption is

Uij «10: - fop all 3 =052 ey J = a2 sy 40
therefore‘Jij(t,u) = 0 for (i,j) # (t,u) (42a)
and Jij(i,j) = for (i,3) = (t,u) (42b)

Substituting (42) into (41), then the characteristic equation can

be reduced to

=B
=

1.

: [ ;i -s1] = 0 (43)
1 .

L3

since the nondiagonal elements of the Jacobian matrix are all zeros, (43)

becomes
(s + 0" = o (44)
Thus, all the real parts of the eigeﬁ values of the characteristic
equation: are negative, which confirms that the nonoscillation state is
stable in the tube structure with fifth power nonlinearities.

4,2  Single Ordinary Mode

To investigate the stability of single ordinary mode, the restriction

of amplitudes can be

S0 0o Uij =0 (45)

for all i and j except (i,j) = (io’jo)
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i.e. the mode (io,jo) is the only one which is supposed to be excited.
The stationary amplitude of the mode (io,jo) can be obtained by

putting U, - im (33) to zero, which gives
i T ;

1 1
L= B N £ =E & oa = 0 (46)
3 sl o 5 10Jo

Substituting the amplitude assumption (45) into (46) using (34), the

stationary amplitude Ui : can be derived from the condition
0o

) Wit see s T
Y= Z‘ Blp‘mn(lo,']o,lo"]o,)u-

1% o % P A
1 g +?Z*.Twn:ln(lo’'}ca’lo’:lo)ui j =0 (473)
0”0

* s i i R .
Dividing the whole equation by (wmn(iO,Jo,lo,JO)/B) gives

TR S R
5 ma(i 3 51503 ) : IR T
Hiaa. ™= 28 by g 8/wnn:l(lo’JOs'1-0’-19) Al A

Ryt el
(s I o] 1 1 0-0
¢mn( O’JO’ 0:30)

which is the ordinary second—-order equation and therefore has the general

roots
R S0, [ A I V2 (L3 i) 32
i i m"* 0’0’ o’ 0 ! 82 mn 03303 O,JO b
o P %* B i IR R i st g
o7 o v mn(lo,Jo,lo,Jo) wmn(losjoslo,Jo) ) mn(lo’Jo’lo’Jo)

Neglecting the solution with (-ve) sign, because it corresponds to an

unstable limit cylce, the stationary value U. . can be given as
= 1530
B Wil | S0 et
1 SR, R PR 10 2 P (197 s1 93 )
U ;- m2 02700 0 8 +/p%-8 mg 0’“o ? ? (48)
a0 Vo (s d s 5d:0) , Qe TR T O O

Applying the orthogonal transformation into the solution (14), the

structure of a single mode (io,jo) becomes
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B = Pug e Al . el f oo B a o F (49)
= 110 JJO lOJO lOJO i lOJD

Substituting the restrictions of amplitudes (45) into the Jacobian matrix

gives its elements as

Jij(t,u) = 0 for (i,j) ¥ (t,u) (50a)

i

s Lo e 1 g il %
Jij(l)J) = E[ 1 EBq)mn(l’J,loJO)Uio A

Fook s Sede e 2
5 §¢mn(l’3’lo’Jo)Ui j ]

0 0
for (i,j) = (t,u) (50b)

Therefore the characteristic equation of the Jacobian (41) can be

reduced to
m

I
i=1 j

(| =]

J..(153) = s = 0 51
l[ 1503 = s ] (51)
since the nondiagonal elements Jij(t’u) are all zeros as in (50a)

In order for a single mode (i,j) to be stable
P 08 BELT o 52
Jlj(lsJ) < (52)
for all 1=1,2 .assi:d J2126 wiast
From (50b) and the condition (52), the stability criterion (SC) for
a single mode (io,jo),can be obtained by the condition

i W FeH g o
(Sc)ij o 1 ZBlpm(l’J’lo,Jo)Uiojo + Swmn(l,J,lO’JO)Uiojo> 0 (53)

Substituting Ui 3 from (48) into (53) (SC) is given by
0 o

v (1 s si 43)
(@0, = T2py (1,5l 5§ ) —n 8 0 8 0 g+ /8% -R, .
i] 2" 'mn o' "o w* Good i o3 ) 13,
mn' o’“o0’ 0’0o















































































