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Abstract

We derive the limit shape of Young diagrams, associated with growing integer parti-
tions, with respect to multiplicative probability measures underpinned by the generating
functions of the form F(z) = [[;2, Fo(z*) (which entails equal weighting among possi-
ble parts £ € N). Under mild technical assumptions on the function Hy(u) = In(Fp(u)),
we show that the limit shape w* () exists and is given by the equation y = v~ Hy(e~7%),
where 72 = fol u~ 1t Ho(u) du. The wide class of partition measures covered by this result
includes (but is not limited to) representatives of the three meta-types of decomposable
combinatorial structures — assemblies, multisets and selections. Our method is based on
the usual randomization and conditioning; to this end, a suitable local limit theorem is
proved. The proofs are greatly facilitated by working with the cumulants of sums of the
part counts rather than with their moments.

Keywords: Integer partitions; Young diagrams; limit shape; local limit theorem; generat-
ing functions; cumulants
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1. Introduction

1.1. Integer partitions and the limit shape problem

An integer partition is a decomposition of a given natural number into an unordered sum of
integers; for example, 12 = 4 +2 4 2 + 2 + 1 + 1. More formally, a collection of integers
A={\ > X >--->0, \; € N}isapartition of n € Nifn = A\ + XAy + ---, which is
sometimes written as A - n. We denote by /A, the (finite) set of partitions A - n € N, and by
A = U, A, the collection of all integer partitions. The terms \; € \ are called parts of the
partition \. The alternative notation A\ = (112"2. .. ) specifies the multiplicities (or counts) of
the parts involved, vy := #{\; € A\: \; = {} (¢ € N), with zero counts usually omitted from
the notation. (Here and below, #{-} denotes the number of elements in a set.) It is evident that
the part counts satisfy the condition ) ,°, {1, = n for any partition A\ = (1"12"2...) € 4,,.

A partition A = (Aq, A, ... ) is succinctly visualized by its Young diagram T formed by
(left- and bottom-aligned) row blocks with A, Ao, . .. unit square cells (see Fig.[Th). If A € 4,
(i.e., A F n) then the area of the Young diagram T, equals n. The upper boundary of T, is a
piecewise-constant function Y : [0, 00) — Z, := {0, 1,2, ...} given by (see Fig.[lp)

Va(@) =) v, A=(1"22..)cA (1.1)
(>

In particular, Y\ (0) = > ,5 v = #{\i € A} is the total number of parts in partition A € A.
If the space A,, is endowed with a probability measure P, (e.g., the uniform measure
whereby all A € A, are equiprobable) then one can speak of random partitions \ + n. The
limit shape, with respect to a family of probability measures P, on A, as n — oo, is under-

stood as (the graph of) a function y = w*(z) such that, for every 6 > 0 and any ¢ > 0,

lim P,{\ € A,: sup,-; |}7/\"(x) — w*(a:)’ >e} =0, (1.2)

n—oo

where f//\”(x) = A 'Y, (xB,) for suitable scaling constants A,,, B,,. It is natural to require that

A, B,, = n, which would render the area of the scaled Young diagram T to be normalized to
unity; the most frequent choice is specified as A,, = B, = /n.

2



(b)

Figure 1: The Young diagram Y (a) and the graph of its upper boundary Y)(z) = ng Ve (b) fora
partition A = (4,2,2,2,1,1) = (12234') - n = 12, with the part counts v; = 2, v5 = 3 and vy = 1.

Of course, the limit shape and its very existence depend on the chosen family of probability
laws P, on the partition spaces A, (n € N). With respect to the uniform (equiprobable)
distribution on A,,, the limit shape w*(x) exists under the scaling A, = B, = /n and is
determined by the equation (see Fig.[2j)

e_;m—/\/é + e—yﬂ/\/é =1, T,y > 0. (1.3)

The limit shape was first identified by Temperley [23] in relation to the equilibrium
shape of a growing crystal, and derived more rigorously much later by Vershik (as noted in
[29, p. 30]) using some asymptotic estimates from Szalay and Turan [22]. The proof in its
modern form was outlined by Vershik in [26]; an alternative proof was given by Pittel [[18].

Unlike [18] where only the uniform case was studied, Vershik’s method was used in [26] to
settle the limit shape problem for more general partition ensembles of the so-called multiplica-
tive type (see Section below), including the uniform distribution on the subset A, c A, of
strict partitions (i.e., with distinct parts, v, < 1 for all ¢ € N), whereby the limit shape, under
the same scaling, appears to be of the form (see Fig.[2b)

VVI2 — | pemem/VI2 g >, (1.4)

1.2. Multiplicative measures on partition spaces

For a general discussion and plentiful examples of multiplicative probability measures on par-
titions, the reader may consult the classic work by Vershik [26} 27] and more recent papers
by Erlihson and Granovsky [7], Su [21] and Yakubovich [32], with an abundance of further
references therein. In the monograph by Arratia, Barbour and Tavaré [[1], such measures are
considered in the general context of decomposable combinatorial structures.

In short, multiplicative measures are underpinned by the generating functions of the form

o0 (e oo o]

Fz)=[[ 7" = A28 with =1, P >0 (k¢ eN). (1.5)
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Figure 2: The limit shape y = w*(z) for two classical ensembles of uniform (equiprobable) random
partitions: (a) unrestricted partitions (A,,); (b) partitions with distinct parts (A,,). In both cases, the
normalization in (I.2)) is specified by 4,, = B,, = \/n.

More precisely, the corresponding family of the measures P, on the respective partition spaces
A, (n € N) is defined by setting

PN =¢T[Y, r=(@n22..)eq,, (1.6)
/=1

where €, is the suitable normalization constant. For example, the generating function F; (u)
(1 —wu)~t =377, u” defines the uniform measure on each A,,, whereas the choice 7 (u)
1 + u leads to the uniform measure on the space A,, of strict partitions.

According to (1.6), each generating function F;(-) assigns some weights, relative to the
uniform case with cff) = 1, to specific values of the part count vy = #{\; = ¢} in a random
partition A = (1*2*2...) € A. Furthermore, possible variation of the functions F;(-) across

¢ € N determines a certain weighting among different parts that may contribute to a partition.

Definition 1.1. If the functions F;(-) do not depend on ¢ (hence, c,(f) = ¢, for all ¢ € N) then
we say that the parts are equiweighted (which is alluded to in the title of the paper).

Remark 1.1. Note from the definition (I.6) that the marginal distribution of a random count
v is (-biased, being given by P,{v, = k} = "¢ /¢, (0 < k < n/0), where ¢ :=
> e Iz cl(,g.) (with the convention Qléf) := 1). Thus, the assumption that the parts are
equiweighted does not imply that their counts have the same distribution.

Building on Vershik’s pioneering ideas, the limit shape problem was advanced in various
directions (see [4} [7, 11}, 12, 19, 21} 27,130, [32]] and further references therein). In a separate
but related development, Logan and Shepp [[17] and Vershik and Kerov 28} 29] found the limit
shape for a different (non-multiplicative) ensemble of partitions endowed with the Plancherel
measure emerging in relation with representation theory of the symmetric group. A recent
review of both areas can be found in [21].



Returning to the multiplicative class of probability measures on partitions, note that most
of the aforementioned papers on the limit shape problem have focused on the particular case

Fi(u) = (Fo(u))™, LN, (L.7)

for some classes of sequences r, > 0 (usually assumed to behave like r, ~ const - /P71 as
¢ — oo, with p > 0) but subject to a more limited choice of the basic generating function
Fo(u), often borrowed from the standard equiprobable cases mentioned above (see, e.g., [20,
27,7, 12 21]).

A recent paper by Yakubovich [32] offers a more general treatment by considering a wider
class of functions Fy(u); a typical condition imposed there (see, e.g., [32, Lemma 10]) is that
Fo(u) be complex analytic in a disk centered at zero up to an isolated (real) singularity point
uy > 1, which must be a pole if u; = 1. Some simple examples such as Fo(u) = (1 —u)™"
with a real (non-integer) » > 0 do not formally conform to this requirement but none the
less have a limit shape (see [26], where the assumption that r,’s are integer is in fact not
essential in the light of the Meinardus theorem, see [[12]]). On the other hand, one can write
Fo(u) = (fo(u))", where the function fo(u) = (1 — u)~! has a required pole at u; = 1 and
thus fits in the framework of [32][] However, there are examples with a genuine non-pole
singularity of Fy(u) which do possess a limit shape (see such examples in Section @ below).

1.3. An outline of the main result

In the present paper, we confine ourselves to the class of multiplicative ensembles of partitions
with equiweighted parts (see Definition[L.1)), specified by the simplest case F(u) = Fy(u) in
(T.3) (which also corresponds to setting r, = 1 in the model (1.7))) but with a fairly general
variety of permissible generating functions F(u). In particular, measures P, covered by our
method include (but are not limited to) representatives of the three classical meta-types of
decomposable combinatorial structures — assemblies, multisets and selections (see [1, Ch. 2]
for a general background and also concrete examples in Section [6] below).
A loose formulation of our main result about the limit shape is as follows.

Theorem 1.1. Denote Hy(u) := In(Fo(u)), v := \/folu—lHo(u) du and
w*(x) ==y Ho(e ), x > 0. (1.8)
Then, under mild technical conditions on the function Hy(u), for every 6 > 0 and any € > 0

lim P,{\ € A,: sup,;|Y7(z) — w*(z)| > €} =0, (1.9)

where ?A"(x) = n"2Y, (2n'/?).

Remark 1.2. The restriction z > ¢ > 0 in (1.9) takes into account the possibility w*(0) = oo
(cf. (I.3), (T.4)). If w*(0) < oo then the supremum in (I.9) can be extended to all z > 0.

! This substitution replaces the normalization ; = 1 adopted for convenience in [32, §1.1, p.1254] by
ry = r > 0, which is not essential for the validity of results in [32]. Incidentally, this remark shows that it is
more natural to impose conditions on the function Hy(u) := In (Fo(u)) rather than on Fo(u) itself.



Like in [10} 26, 27, 7, 32], our proof employs the elegant probabilistic approach in the
theory of decomposable combinatorial structures based on randomization and conditioning,
first applied in the context of random partitions by Fristedt [10] (see the monograph [1] and
an earlier review [2] for a general discussion of the method and many examples). The idea
is to introduce a suitable measure (), on the union space A = U, 4,, (depending on an aux-
iliary “free” parameter z € (0, 1)), such that a given measure P, on A, is recovered as the
conditional distribution P,(-) = Q. (-|A,).

The great advantage of the multiplicativity property is that (, can be constructed as a
product measure, resulting in mutually independent random counts v,. Clearly, such a device
calls for the asymptotics of the probability @), (A,,), which should be obtained by proving a
suitable local limit theorem; the latter suggests that it is natural to calibrate the parameter z
from the asymptotic equation £,(N,) = n (1 + o(1)), where E, is the expectation with respect
to the measure ), and N := Ay + Ao +--- = > ,° Ly, (sothat A, = {\ € A: N, =n}).
This is sufficient to ensure the (uniform) convergence of the expectation E, [?A”(x)] to the
limit w*(x) specified in (1.§), together with the corresponding convergence of the random
paths ?A"() in ().-probability. However, in order to extend this to the original measure P,
using the local limit theorem, our methods require an improved estimate of the approximation
error E.(N,) —n to atleast O(n®/*). Let us also point out that the proofs are greatly facilitated
by working with the cumulants of sums of the part counts v/, rather than with their moments.

Layout. The rest of the paper is organized as follows. In Section [2.1) we define the mul-
tiplicative families of measures (), and P, on the corresponding spaces of partitions with
equiweighted parts. Important cumulant expansions and certain technical conditions on the
generating function Fy(u) are discussed in Section In Section a suitable value of the
parameter z € (0, 1) is chosen (Theorem [3.1), which implies the convergence of “expected”
(scaled) Young diagrams to the limit curve y = w*(z) (Theorem . Refined first-order
moment asymptotics are obtained in Section [3.3] (Theorem [3.3]), while higher-order cumulant
sums are analyzed in Section 4] The local limit theorem (Theorem [5.1)) is established in Sec-
tion [5] which paves the way to the proof of the limit shape results in Section [5.4] with respect
to both (), and P, (Theorems [5.5]and [5.6] respectively). Finally, our results are illustrated by
a number of examples in Section [0

Some notation. We denote Z, := {k € Z: k > 0} and Ry := [0,00). The real part
of s € C is denoted R(s). The notation z,, =< y, signifies that 0 < liminf, . 2, /y, <
limsup,, . Tn/yn < 00, Whereas x, ~ vy, is a shorthand for lim, .., z,/y, = 1. The
standard symbols |z| := max{k € Z: k < z} and [x] := min{k € Z: k > x} denote,
respectively, the floor and ceiling integer parts of z € R.

2. Generating functions and cumulants

2.1. Global measure (). and conditional measure P,

Let ® := ZT_ be the space of functions v: N — Z (i.e., sequences v = {v,} with nonnegative
integer values), and consider the subspace &g := {v € ®: #(suppv) < oo} of functions
with finite support, where suppv := {¢ € N: v, > 0}. The space P, is in one-to-one

correspondence with the union set A = Un€Z+ A,, under the identification of the values v/;,’s



(including zeroes) with the multiplicities of the virtual parts ¢’s, respectively, leading to a
partition A = (112*2...) of the integer N = >_,°, (v € Z,..

Let co = 1,c1,c9,... be a sequence of nonnegative numbers such that not all ci’s vanish
for k > 1, and assume that the corresponding power series (generating function)

Fol(u) := chuk, u e C, 2.1

k=0

is convergent for all |u| < 1. For every z € (0, 1), let us define a probability measure @,
on the space ® = ZY as the distribution of a random sequence {v,, ¢ € N} with mutually
independent values and marginal distributions

ozt

=k} = Z, . 2.2
Qz{yf k} f0(2£> ) ke + ( )
Lemma 2.1. For z € (0, 1), the condition
F(z) = [[ Fo(z") < o0 (2.3)
=1

is necessary and sufficient in order that Q),(®y) = 1. Furthermore, if Fo(u) is finite for all
u € (0, 1) then the condition [2.3)) is satisfied for all z € (0, 1).

Proof. According to (2.2) we have Q.{v, > 0} = 1 — 1/F,(z*) (¢ € N). Hence, Borel-
Cantelli’s lemma (see, e.g., [8, Ch. VIII, §3]) implies that Q,{v € &3} = 1 if and only if
S02, (1= 1/Fo(2%)) < oc. In turn, the latter bound is equivalent to (2:3).

To prove the second statement, observe using that

In(F(z)) = Zln (Fo(zh) < Z(}"o(ze) —-1) = ch Zz“

/=1 k=1 (=1

I
9
El
N
N
Q
S
ke
AN
N
IS N2
A

which implies the condition (2.3)). U

Lemma ensures that the random sequence {v,} defined above (see (2.2)) belongs to the
space @ (Qz—a.s.f] and therefore determines a finite (random) partition A € A. By the mutual
independence of the values v/, the corresponding (). -probability is given by

B d cwze”‘ B c(N) 2N viom
QZ(A)_H%(%)_ F] A= (11127, ) € A, (2.4)

(=1

where N, =32 (v, < 00 (Q;-a.s.) and (see (2.1))

cN)=]]en <o, A=(1"27%.)€A (2.5)
/=1

2 The abbreviation “a.s.” stands for almost surely, that is, with probability 1.
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Remark 2.1. The infinite product (2.5)) defining ¢(\) contains only finitely many factors dif-
ferent from 1, because any ¢ ¢ supp v renders vy = 0, so that ¢, = ¢o = 1.

Remark 2.2. For the “empty” partition \yp = 0O formally associated with the configuration
v = 0, formula (2.4) yields Q.(\g) = 1/F(2) > 0. On the other hand, @,()\g) < 1, since
Fo(u) > Fo(0) = 1 for u > 0 and hence, according to the definition (2.3, F(z) > 1.

On the subspace A,, C A, the measure (), induces the conditional distribution
IRoXEY
Q-(Ay)’

The formula is well defined as long as (). (A,,) > 0, that is, if there is at least one partition
A € A, with ¢(A) > 0 (see (2.4)). An obvious sufficient condition is as follows.

Pu(\) = Q.(\|A,) A€ A, (2.6)

Lemma 2.2. Suppose that ¢; > 0. Then Q,(A,) > 0foralln € Z,..

The following key fact is a direct consequence of the definition (2.4).
Lemma 2.3. The formula [2.6)) for the measure P, is reduced to the expression (cf. (1.6))

Aed), €= ), 2.7)

NeA,
where c(\) is defined in (2.5)). In particular, P, does not depend on z.

Proof. It A, 5 A\ < v € ®j then Ny = n and the formula (2.4)) is reduced to Q,(\) =
¢(A) 2"/ F(2). In turn, the ratio in amounts to the expression in (2.7), which is z-free. [J

Specific examples of multiplicative measures F,, with equiweighted parts will be given
below in Section[6] together with the corresponding limit shapes determined by Theorem

2.2. Expansion of the logarithm of the generating function F;(u)

Recalling the power series expansion (2.1]) for Fy(u), consider the corresponding expansion
of its logarithm,

Ho(u) :=In(Fo(u)) = Zakuk, ue C, (2.8)
k=1

assuming that the series (2.8) is (absolutely) convergent for all |u| < 1. Here In (-) means the
principal branch of the logarithm specified by the value In (Fy(0)) =In1 = 0.

Remark 2.3. Substituting (2.1) into (2.8), it is evident that a; = ¢;; more generally, if j, :=
min{j > 1: a; # 0} and k, := min{k > 1: ¢, > 0} then j, = k. and a;, = ¢, > 0. In
particular, it follows that the first non-vanishing coefficient in the power series (2.8) is positive.

Differentiating (2.8)), we get the standard formulas for the power sums

Z kapu® = uwH}(u), (2.9)
k=1
k2apu® = u(uH(')(u))/ = u?HY (u) + uHj(u), (2.10)
k=1



with similar expressions available for the higher-order sums > -, k%azu” (¢ € N).
For s € C such that o := R(s) > 0, consider the Dirichlet series

Z Z |k— 2.11)
k=1 k=1

where a;’s are the coefficients in the power series expansion of Hy(u) (see (2.8))). Although
some of the coefficients a;, may be negative, it turns out that the quantity A(1) = > 72 ap k™7,
whenever it is finite, cannot vanish or take a negative value.

le

Lemma 2.4. If AT(1) < cothen 0 < A(1) < oo and the following equality holds,

1
A1) = / u” " Ho(u) du. (2.12)
0

In particular, the integral in (2.12) is convergent.

Proof. From the assumptions on the coefficients ¢;’s in the expansion (2.1)), it is evident that
for all u € (0,1) we have Fo(u) = 1+ >~ cxu” > 1, and hence Ho(u) = In(Fo(u)) > 0.
Furthermore, substituting the expansion (2.8)) for Hy(u) and integrating term by term (which
is permissible for power series inside the interval of convergence), we get for any s € (0, 1)

S oo s oo} k
/ u  Hy(u) du = Z ak/ uF "t du = ak]: :
0 = Jo

k=1

Passing here to the limit as s T 1 and applying to the right-hand side Abel’s theorem on the
boundary value of a power series (see [24, §1.22, pp. 9-10]), we obtain the identity (2.12). [

The quantity A(1) will play a major role in our argumentation; in particular, it is involved
in a suitable calibration of the “free” parameter z in the definition (2.2)) of the measure @), (see
Section[3.1] below).

2.3. Cumulants of the part counts

Let us now turn to the random variables v (i.e., the counts of parts ¢ € N in a partition A € A).
Under the probability measure Q. (see (Z.2)), the characteristic function of vy is given byf|

f‘o(zéeit)

i (t) 1= E(e) = Fo(2)

teR. (2.13)

Hence, the (principal branch of the) logarithm of ¢,,(t) is expanded using (2.8) as

o0

In (g, (t)) = Ho(2"e") — Z e —1)H.  teR. (2.14)
k=

3 For notational simplicity, we suppress the dependence on z, which should cause no confusion.



For ¢ € N, denote by m,[v,] := E,(v]) the moments of the random variable v, about zero,
and let s, [v,] be the cumulants, or semi-invariants of v, (see, e.g., [15, §3.12, p. 69]), defined
by the following formal identity in indeterminant ¢,

oo . q
In . (e'™) Z ‘)%q [ve]. (2.15)
q!
q=1

From (2 it is easy to see (e.g., by taking the derivative at t = 0) that the expected value of
vy c01nc1des with its first-order cumulant (see [15, §3.14, Eq. (3.37), p. 71]),

E.(ve) = mq[vg] = s[ve). (2.16)

Let us also point out the standard expressions for the first few central moments (including the
variance) through the cumulants (see [15) §3.14, Eq. (3.38), p. 72]),

Var, () [ 1[me]) 2} = 5[V, (2.17)
E.[(ve — ma[n))’] = sas]ve], (2.18)
E.[(ve — mq[vg))*] = saa[ve] + 3(e[w]). (2.19)

Remark 2.4. The cumulants s, [X] of any random variable X are defined similarly to (2.13));
needless to say, the formulas analogous to (2.16) — (2.19) also hold true in the general case (as
long as the corresponding moments exist).

The next lemma will be instrumental in our analysis.

Lemma 2.5. The cumulants »,[v,] are given by

o) = ka2, geN (2.20)
In particular,
ma[ve] = ka2t (2.21)
k=1

> lkt 2 (it)? &
In (g, (t) =Y ax kﬂz ZQZM%W, (2.22)
k=1 q=1 q=1 ¢ k=1

where the interchange of the order of summation in the double series (2.22)) is justified by its
absolute convergence. Now, by a comparison of the expansion (2.22)) with the identity (2.15)),
the formulas (2.20) for the coefficients s, [v,] readily follow. O

By virtue of the expression (2.21)) for the expected value of vy, it is easy to obtain a formula
for the expectation of Ny = 3,2, (v,

o0

E.(Ny) = ifml[l/g] = Zeikakzkf. (2.23)

/=1 (=1 k=1

10



More generally, the expressions for the cumulants »,[1,| furnish a representation of the
cumulants of N, of any order; namely, using the rescaling relation s, [(vy] = (95¢,[v,] (see
[15, §3.13, p. 70]) and the additivity property of the cumulants for independent summands
(see [15} §7.18, pp. 201-202]), we obtain

Nl = 093¢,[v] = qu Z klapz*,  geN, (2.24)
/=1 /=1 k=1

Similarly, recalling that the upper boundary Y)(z) of the Young diagram T, is given by
the formula (I.1)), we obtain for any z > 0

x)] = Z PAZIES Z i klay, 2" qg€eN, (2.25)

1>z 1>z k=1

and in particular (with ¢ = 1)

x)] = Z ma[ve] = Z Z kayz**. (2.26)

(> >z k=1

2.4. Estimates for power-exponential sums

In what follows, we frequently encounter power-exponential sums of the form
)=> (e t>0. (2.27)

Lemma 2.6. For g € N, the function S,(t) admits the representation

‘ o
et

Sq(t) = Z Cj.q m, t> 07 (228)
j=1
with some constants cj, >0 (j = 1,...,q); in particular, ¢, , = (g — 1)!.

Proof. If ¢ = 1 then the expression (2.27)) is reduced to a geometric series

—t

Ze Tl et

(=1

which is a particular case of (2.28)) with ¢;; = 1. Assume now that (2.28) is valid for some
q > 1. Then, differentiating the identities (2.27) and (2.28) with respect to ¢, we obtain

] je_t(j+1)
Ser1(t) = —S4(t ZCJ 1 < — —t) i (1 —et)itt
Q+1 e,tj

- Z%Hmv

J=1
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where we set

Ci,q, J=1
Cigr1 =19 JCGgt+ (U —1eim1e 257 <g,
4Cq,q5 Jj=q+1
In particular, ¢, 11 4+1 = ¢¢4.q = q¢(¢ — 1)! = g!. Thus, the formula holds for ¢ + 1 and
hence, by induction, for all ¢ > 1. O

Lemma 2.7. For any q > 0, there is a constant Cy, > 0 such that

—t

e _
—<1 oty <Gyt t>0. (2.29)

Proof. Set f(t) :=t%7e7*(1 — e™")~7 and note that

lim f(t) =1, lim f(t) = 0.

t—0t t—-+o0
By continuity, the function f(¢) is bounded on (0, o), and the inequality (2.29) follows. [J

Lemma 2.8. (a) For any q € N, there is a constant é'q > 0 such that
S,(t) <C,t™%,  t>0. (2.30)

(b) Moreover,

t— 0", (2.31)

Proof. (a) Observe, using Lemma[2.7] that forj =1,...,¢

et et L
(1= o) < (1—e ) < Gyt t>0.

Substituting this inequality into (2.28) and recalling that the coefficients c; , are positive, we
obtain the bound (2.30) with C, := C,, > 7, ¢, > 0.

(b) For each term in the expansion (2.28) we have e ¥ (1 —e ™)™/ ~ tJ ast — 0OF.
Hence, the overall asymptotic behavior of S, () is determined by the term with j = ¢ and the
corresponding coefficient ¢, , = (¢—1)! (see Lemmal[2.6)), and the formula (Z:31)) follows. [
3. Asymptotics of the expectation

3.1. Calibration of the parameter z

Our aim is to find a suitable parameter z = z,, € (0, 1) in the definition (2.4) of the probability
measure (), subject to the asymptotic condition

EZ(N/\) ~n, n — 00, (31)
where N, = Z;’;l fv,. To this end, let us seek z in the form

z=e % a=q, = yn_l/Q, 3.2)

12



where the constant v > 0 is to be fitted. Hence, the formula (2.23)) takes the form

E.(Ny) = izi kage *o*, (3.3)

Let us state our main result in this section.

Theorem 3.1. Suppose that A* (1) < oo. Then, under the parameterization (3.2)), the asymp-
totic condition (3.1)) is satisfied with the choice

v=+vA() > 0. (3.4)

Proof. By Lemma 2.4 we know that A(1) > 0 and hence the inequality holds true.

Let us now investigate the asymptotics of the expectation £, (N, ) under the parameteriza-
tion z = e~ with « — 07 (cf. (3.2))). Interchanging the order of summation in and using
the notation (2.27]), we obtain

Z kay Z rek i kay So(ka). (3.5)
k=1 k=1

According to Lemma [2.8)(b) (with ¢ = 2)f| for each k& € N we have Sy(ka) ~ (ka)™?

a — 0%. Moreover, by Lemma (a) the general summand in the series 18 bounded,
uniformly in &, by O(a~?)|ax|k~!, which is a term of a convergent series since AT (1) < oo
by the theorem’s hypothesis; in particular, this justifies the above interchange of the order of
summation. Hence, by Lebesgue’s dominated convergence theorem we obtain from (3.5))

a—07t

lim o®E,(N Zkak lim, a9y (ko) = Z?’“ — (3.6)
— k=1

~1/2 with v = \/A(1) (see (3.4)), the limit (3.6) is reduced to (3.1). [

The expression (2.12)) for A(1) directly in terms of the generating function H(u) is some-
times useful (e.g., for computer calculations of the coefficient v = \/A(1), see Example .
in Section[6} cf. also the formulation of Theorem [I.1]in the Introduction).

Thus, putting o« = yn

Assumption 3.1. Throughout the rest of the paper, we assume that A" (1) < oo and the param-
eter z is chosen according to the formulas (3.2) with v > 0 defined by (3.4)).

Remark 3.1. Under Assumption the measure (), becomes dependent on n, as well as the
() ,-probabilities and the corresponding expected values.

3.2. The “expected” limit shape

Theorem 3.2. For any § > 0, we have uniformly in x € [§, 00)
E.[Ya(zn'?)] = n'?w*(z) + O(1), n — oo, (3.7)

where the limit shape function w*(z) is defined in (1.8).

4 This can also be seen directly, without Lemma from the explicit expression Sa(t) = e ¢(1 —e~t) 72

13



Proof. Setting (* = (* := [zn'/?], in view of (3.2)) we have
0<al—~r<a, n €N, (3.8)

and hence, uniformly in z,
al* — yx, n — 0o. (3.9

With this notation, from (2.26) we have for z > 0

ynY2E, [Y,\(a:nl/Q)} =« Z Z kagye = o Z go(ad), (3.10)
0=t k=1 =t
where (see (2.9))
go(t) == Z kaze ™ = e "Hj(e™), t>0. (3.11)
k=1

Note that (cf. (2.10))
got) = — Z age™ = —{e ™ H{(e™") +e " Hi(e™)}, t>0. (3.12)
k=1

The right-hand side of (3.10) can be viewed as a Riemann integral sum for go(¢) (over
[y, 00) with mesh size o — 07), suggesting its convergence to the corresponding integral
as n — o0o. More precisely, noting that go(¢) is continuously differentiable on (0, c0) and
go(00) = 0, by Euler-Maclaurin’s summation formula (see, e.g., [5; §12.2]) we get

> alat) = [ mlat)dt+ bpat) o [ Big@nd G
e 0* 0*

where By (t) .=t — [t]| — % (t € R). Furthermore, observing that the term % go(al*) can be
included in the last integral yields a shorter form of (3.13),

£* £*

Zgo(aﬂ) = /oogg(ozt) dt + a/ooél(t) go(at) dt, (3.14)
—

with By(t) :== By(t) =L =t — [t| = 1 (t € R).

2

For the first integral in (3.14), on substituting and using we obtain
/Oogo(at) dt = /Ooe_o‘tH(')(e_o‘t) dt = a ' Hy(e ™) ~ a ' Hy(e ") (3.15)
- o+
uniformly in z > 4, since by Lagrange’s mean value theorem, on account of and (3.11)),
[Hole™") = Ho(e™™)| < (af” = 7o) masxlgo(t)] = O(c).

Next, noting that sup,.g |B1 ()| < 1, recalling that af* > ~z (see (3.8)) and substituting
(3.11]), the last term in (3.14) is bounded in absolute value, again uniformly in = > 9, by

a/ lgo(at)|dt < / |uH{g (u) + Hy(u)| du = O(1), (3.16)
¢ 0

*
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where we used the expression (3.12)) and the change of variables u = e~ . Thus, substituting
the estimates (3.15)), (3.16)) into (3.14) and returning to (3.10), we obtain

lim n~Y2E, [Yk(mnlﬂ)} =~ Hy(e ") = w*(2),

n—oo
where the convergence is uniform in x > 4, as claimed. O]

Remark 3.2. As was mentioned in Remark [I.2] the asymptotic formula may be extended,
with obvious adjustments of the proof, to the case x = 0 including the uniform convergence
in x > 0 — provided that w*(0) < oo (more precisely, if the function Hy(u) and its first two
derivatives are finite at u = 1).

3.3. Refined asymptotics of the expectation of NV,

We need to sharpen the asymptotics E,(N,) — n = o(n) provided by Theorem 3.1](see (3-1))).
The aim of this section is to prove the following refinement.

Theorem 3.3. Under the condition A™(0) < oo with some o € (0,1), we have
E.(N)) —n= O(n(”l)ﬂ), n — 00.

3.3.1. Preliminaries. For the proof of Theorem some preparations are required. Let ¢(x)
be a continuous function on R such that limsup, . 2% (z) < oo with some 3 > 1, which
ensures that ¢)(z) is integrable on R . It is easy to see that the series

W (h) = iw(eh), h >0, (3.17)

(=1

is absolutely convergent, and moreover

w(h) =0(1)» (thy P =0(h™),  h— . (3.18)
/=1
Let us also assume that
¥(h) =O(h™), h—0". (3.19)

Remark 3.3. Note that hW(h) = h)_,~, ¥ (¢h) is a Riemann integral sum for the function
¥ (x) over R, with mesh size h, so typically (including a specific example emerging in the
proof of Theorem it will converge, as h — 07, to the (finite) integral fooo Y(x) dx thus
automatically ensuring the bound (3.19)). A sufficient condition for such a convergence, which
can be verified by using Euler—-Maclaurin’s summation formula similar to (3.14)), is that ¢(x)
be continuously differentiable and the derivative ¢/'(x) absolutely integrable on R .

Let us now consider the Mellin transform of ¥ (h) (see, e.g., [31, Ch. VI, §9])

W(s) = /Oohs—lmh) dh, 1< R(s) < B. (3.20)

0

3 Functions 1 (z) satisfying this property are called directly Riemann integrable (see [9, Ch. X1, §1, p. 362]).
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On substituting (3.17) into (3.20) we find

U (s) :/mhs-lzw(gh) dh = Z/mhs—w(ﬁh) dh
0 (=1 ¢=1"0

(3.21)

where ((s) = >_,°, ¢ ® is the Riemann zeta function. The interchange of summation and
integration in this computation is justified by the absolute convergence of the integral on the
right-hand side of (3.21). By the well-known properties of ((s) (see, e.g., [25, §2.1, p. 13]),
from (3.18) and (3.20) it follows that the function @(s) is meromorphic in the strip 0 <
R(s) < B, with a single pole at s = 1. Set

1 o0
Ay(h) = w(h) — 1 / O(x)de,  h>0. (3.22)
0
Then the Miintz lemma (see [25], §2.11, pp. 28-29]) gives

U(s) = /Oo Ay () dh,  0<R(s) < 1,

0

and the inversion formula for the Mellin transform (see, e.g., [31, Ch. VI, §9, Theorem 9a, pp.
246-247]) implies

1 c+ioco R
Ay(h) = —/ h=*W(s)ds, 0<c<l. (3.23)

27‘-1 c—ioco

3.3.2. Proof of Theorem With the representation (3.23) at hand, set ¢(z) = xe 7,
then the series (3.17) is explicitly given by

o h —ah
U(h)=hY let = (16— h > 0. (3.24)
/=1

_ e—ah)Q )

Clearly, ¢)(x) = O(x~7) with any 8 > 0, and from (3:24) it is evident that ¥ (h) satisfies the
condition (3.18)) (with « fixed). Furthermore, the formula (3.21)) for ¥(s) is specialized to

U(s) = C(s)/ ¥e  dr = a5 71((s)T(s + 1), 1 < R(s) < o0, (3.25)

0
where I'(s) = [;“2*'e™ du is the gamma function. Since I'(s+1) is analytic for R(s) > —1
(cf. [24], §4.41, p. 148]) and, as already mentioned, ((s) has a single (simple) pole at point

s = 1, it follows that the expression (3.23) is meromorphic in the half-plane R(s) > —1, thus
providing an analytic continuation of the function ¥(s) into the strip —1 < R(s) < 1.

Combining (3.5) and (3.24) we get
E.(Ny) =) ap¥(k). (3.26)
k=1
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On the other hand, according to the notation (2.11]) and Assumption [3.1)we have the identity

> ag nA(l
ZW: = n. (3.27)

k=1

Consequently, subtracting (3.27) from (3.26)) we obtain the representation

[o.¢] 1 (0.)
E.(N))—n=> a <W(k) - W) = ar Ay(k), (3.28)
k=1 k=1

recalling the notation (3.22)) and observing that

o0 o0 1
do = oy — —
/0 Y(x)de /0 re T =

Furthermore, using the representation @]} with ¢ = o € (0, 1) (see the hypothesis of the
theorem) and substituting the expression (3.23)), we can rewrite in the form

o+ioco C 1)
E(Nx) —n =5~ Z &s+1ks ds

1 °°A(0+1t)§(0+1t)F(0+1+it)
T oor . Qo +H1+it

dt, (3.29)

using the change of Variables s = o +1it. To justify the interchange of summation and integra-
tion deployed in ( , note that

|A(o +it)] < At (o) < o0, a1 <

We can also use the following classical estimates as ¢ — oo (see [[13, Theorem 1.9, p. 25] and
[24, §4.42, p. 151], respectively),

((o+it) =0 ("2 In(|t| +2)),  T(o+1+it) =O(Jt|7/2e m/2).

Hence, the last integral in (3.29)) is bounded, uniformly in n € N, by
O(Q—J—l)/ It /2e= ™2 In (1] + 2)) dt = O(a™"7}) < oo, (3.30)

which validates the formula (3.29).
Moreover, combining (3.29) and (3.30) we get, on account of (3.2),

E.(N)) —n=0(a"") =0 (nl"t7?), n — oo,

and the proof of Theorem [3.3]is complete.
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4. Asymptotic estimates for higher-order moments

4.1. The cumulants of V)

Substituting z = e~ (see (3.2)) into the formulas (2.24) for the cumulants of N, we get

ququake kat g eN. (4.1)
/=1 k=1

Recall that Assumption is presumed to be satisfied throughout.
Theorem 4.1. For each q € N,

|
e[ Na] ~ —L5n(@D/2 s oo, 4.2)
v

In particular, the variance of Ny satisfies

2
Var,(Ny) ~ Znd2,

Y
Proof. The proof follows the same lines as that of Theorem [3.1] (i.e., with ¢ = 1). Namely,

again using Lemma 2.8 and Lebesgue’s dominated convergence theorem, from @.I)) we get

n — 0o. 4.3)

attls, quak (a?'S 11 (ka)) — Q'Z L= A =g @4

k=1
But a7t ~ 471~ (@+1)/2 (see (3.2)), and the limit @.4) is reduced to #.2).

The second claim of the theorem (i.e., the asymptotic formula (4.3])) immediately follows
from (4.2)) with ¢ = 2 by noting that Var,(N,) = »»[N,] (cf. 2.17)). O
4.2. The cumulants of Y, (z)

With the substitution z = e~¢, the representations (2.25]) are rewritten in the form
N=>" kae ™  geN (4.5)
(>x k=1
Let us first consider the case ¢ = 2, where s»[Y)(z)] = Var,[Y\(z)] (see 2.17)).

Theorem 4.2. For every x > (),

lim n~"?Var, [Y,\(xnlﬂ)} =y e T H)(e "), (4.6)

n—oo
where the convergence is uniform in x € [J,00) for any 6 > 0.

Proof. With the help of the notation go(¢) defined in (3.11)) (see also (3.12))), formula (&.3)
(with ¢ = 2) takes the form

Var, [Ya(zn'/?)] = Z Zkza e kel = Z golal). 4.7)

1>xnl/2 k=1 0>xnl/2
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Interpreting the right-hand side of (4.7) as a Riemann integral sum and arguing as in the proof
of Theorem [3.2] we deduce that the equation (4.7) converges, uniformly in z > 4, to

lim 72 Var,[Vy(zn'/?)] = —71/ go(t) dt
n—oo @
=" go(yx) =" le T Hy(e ),
according to (3.11]). Thus, the theorem is proved. [

It is straightforward to adapt the proof of Theorem to the case ¢ > 3, which only
requires a standard generalization of the differential formulas (2.9), (2.10) to higher orders.
This way, one can obtain the asymptotics of the form

nh_)ngo n" Y25, [Y,\(xnlﬂ)} = x,(2), x>0,
where the function x(z) is expressed in terms of the derivatives Héj ) e (G=1,...,9.

For the purposes of the present paper (more precisely, for the proof of Lemma 4.4|below),
we only need an upper estimate as follows.

Lemma 4.3. For every q € N and any § > 0 we have, uniformly in x € [J, 00),
2, [Y,\(xnl/Q)] = O(n'/?), n — oo. (4.8)

In Section[5.4]we will require the asymptotics (in fact, an asymptotic bound) for the fourth
central moment of Y)(xn'/?), which is established next.

Lemma 4.4. Set Y (t) := Y\(t) — E,[Y\(t)]. Then for any § > 0, uniformly in x € [§, c0),
Tim. n'E, [(Y/\O(xnl/Q))4] =3 {”y’le’”H(’)(e’W)}Z. (4.9)
Proof. Using the formula (2.19) (which is valid for any random variable) we have
EZ[(Y)?(xnl/z))ﬂ = iy [Y}\(xnlﬂ)] +3 {5 [Y}\(xnlﬂ)] }2
— O(n?) +3n {7 e Hy(e ")} (1 +0(1)),  n— oo,
on account of the (uniform) estimates and (4.8). Hence, the limit follows. O
Remark 4.1. Similarly to Remark [3.2] all the results above are valid also for = 0 provided
that the function Hy(u) and the corresponding derivatives are finite at u = 1.
4.3. The Lyapunov ratio
Let us introduce the Lyapunov ratio (of the third order)
L, := %Ze?’ﬂg[w], (4.10)
z =1
where we denote for short o, := \/m and
pale] o= EL[08F). o8 = v — ]
(i.e., pus[ve] is the third-order absolute central moment of v,). The next asymptotic estimate

will play an important role in the proof of the local limit theorem in Section [5.3|below.
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Lemma 4.5. Suppose that A*(%) < oco. Then
L,=n"* n — . 4.11)

Proof. In view of the definition (#.10) and the asymptotics o, =< n*/* provided by Theorem
(see ([4.3)), for the proof of (@.11)) it suffices to show that

My =Y Cuslv] < n?, n — oo. (4.12)
/=1

Starting with a lower bound for Mj, observe using the relation (2.18)) that
ps(ve] > mslv)] = se(ve]. (4.13)

Hence, on account of the formula (2.24) and Theorem (with ¢ = 3), from (4.12)) we get

Ms > 263%3[1/@] = s3[Ny| < n?, n — oo, (4.14)
=1

which is in agreement with the claim (4.12)).
To obtain a suitable upper bound on Ms, note that for any u, v > 0,

lu—v]* = (u—v)?lu—2v| < (u—0v)>u+v)=(u—20)+2vu—v) (4.15)
Setting u = vy, v = my[v,] in and taking the expectation, we get the inequality
ps[ve] < ma[v)] + 2mafve] - mav)] = ses[ve] + 2301 [ve] - sm[vi], (4.16)

according to the identities (2.16) —([2.18). Note that the term »z3[1y] here is the same as in
(@.13), and so gives the contribution of the order of n? into the corresponding upper bound for
Ms3, which is consistent with the lower bound (4.14).

The remaining product term on the right-hand side of (4.16), when elaborated using (2.20)
(with ¢ = 1 and g = 2, respectively) and substituted into (4.12)), yields

i€3%1[yg] A Z€ Zka e ka@Zm ame
=1 =1 k=1

=2 i (5 )

k,m>1

k|ax| m?|am
=0 Y % 4.17)

k,m>1
according to Lemma[2.8] Observing that for &, m > 1
+m)" = (k+m +m m
(k‘ )4 (/{7 )3/2(k )5/2 > k,3/2 5/2
the right-hand side of (#.17) is further estimated by
| o
Oa Z i Z ]~ 0(a~) (47(1)" = 0(n?),

m=

according to the lemma’s hypothesis and the asymptotics a < n~1/2 (see (3.2)).
Thus, we have shown that M3 = O(n?), and together with the lower bound {#.14) this
completes the proof of (4.12). O
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5. A local limit theorem and the limit shape

5.1. Statement of the local limit theorem

The role of a local limit theorem in our approach is to yield the asymptotics of the probability
Q.{N\ = n} = Q.(A,) appearing in the representation of the measure P, as a conditional

distribution, P, (-) = Q. (- |A,) = Q.(-)/Q.(A,).
To prove such a theorem (see Theorem below), we will require a technical condition
on the generating function Fy(u) as follows.

Assumption 5.1. There exists a constant d, > 0 such that for any § € (0,1) the function
Hy(u) =In(Fy(u)) (u € C) satisfies the inequality
Hy(0) — R(Ho(0e™)) > 6,0 (1 — cost), teR. 5.1)

Remark 5.1. In terms of the coefficients {a; } in the expansion (2.1)), the left-hand side of (5.1))
is expressed as Y ;- ay, 0%(1 — cos kt). Consequently, if a; > 0 and a;, > 0 for all k& > 2 then
the inequality (5.1)) is satisfied with 6, = a; > 0.

As before, we denote 1, = E,(N,), 0, = /Var,(NV,). Consider the probability density
of a normal distribution N (1., 02) (i.e., with mean i, and variance o2),

1
V21 o,

Theorem 5.1. Let A*(%) < 0o and Assumption hold. Then, uniformly inm € 7.,

freo. () = exp{—3(z—p.)*/o2}, zeR. (5.2)

Q.ANy=m} = f....(m) +O0(n"), n — 0. (5.3)
In fact we will only need a particular case with m = n.

Corollary 5.2. Under the conditions of Theorem
QANy=n}=n""  n- oo (5.4)

With the asymptotic results of Sections [3.3]and .2] at hand, it is not difficult to deduce the
corollary from the theorem.

Proof of Corollary[5.2} By Theorem with o = %, we have y1. = n + O(n*). Together

with Theorem [4.1] (see (#.3)) this implies that (n — p.)/0. = O(1). Hence,

1 1 2/ 2 —1 —3/4
o.(n) = expy—5(n—p,) /o, <o, ~n "7, n — 00,
fMZ7 ( ) \/%O'Z p{ 2( M ) /
and (5.4) now readily follows from (5.3). O

21



5.2. Estimates of the characteristic functions

For the proof of Theorem [5.1 we need some technical preparations. Recall from Section
that the random variables {v,, / € N} are mutually independent under the measure ().
Hence, the characteristic function ¢y, (t) = E,(e**) of the sum N, = Y2, {1 is given by

0 0 F0<Z£eit2)
(1) = L) =] ===,  teR, 5.5
o) =ILoutt0 = 1177 (5.5)

where ¢,, (-) is the characteristic function of 1 (see (2.13)). The next lemma provides a useful
estimate for oy, (¢) essentially proved in [3, Lemma 7. 12]ﬂ Recall that the Lyapunov ratio L,

is defined in (4.10).

Lemma 5.3. For all t € R such that |t| < (L.c.)™! we have
lon, (1) — exp{itp, — $t%02}| < 16]t°L.o? exp{—1t°07}.
Let us also prove the following global bound.

Lemma 5.4. Suppose that Assumption[5.1|is satisfied (with 6, > 0). Then

lony ()] S exp{—d.Ju(t)},  tER, (5.6)

where .
Jo(t) == Ze’az(l — costl). (5.7)

=1

Proof. From ({5.3) it follows that

o, ()| = > Info,(t0)],  teR. (5.8)
=1
Furthermore, using (2.14) and Assumption|[5.1]with § = 2 (see (5.1))), for each ¢ € N we have
In fipy, (£0)] = R (In (0, (£0))) = R(Ho(="e™)) — Ho(=")
< 6,25 (1 — costl), teR. (5.9)

Setting here z = e~ (see (3.2)) and returning from to (5.8)), we obtain the inequality
Injpn, (t)] < —0d.Ju(t), which is equivalent to (5.6). O

5.3. Proof of Theorem 5.1]

By definition, the characteristic function ¢y, (t) = E, [eitN A} is given by
ony () =) QANy=m}el'™,  teR. (5.10)
m=0

6 A “two-dimensional” proof in [3, Lemma 7.12] can be easily adapted to the one-dimensional case.
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Hence, the coefficients of the Fourier series (5.10) are expressed as

1 .
Q. {Ny=m} = —/ e Mo, (t)dt, m € Zy,, (5.11)
2m Jr
where T' := [—m, 7]. On the other hand, the characteristic function of the normal distribution

N (112, 02) (see (5.2)) is given by
/ fﬂz,o'z(x) eltz d$ — eltﬂzz—t20'22/27 t 6 R?
so by the inversion formula we have

1 <. .
Juso.(m) = by / e i gitn—t02/2 qy m e Zy,. (5.12)
77

—00

Denote D, := {t € R: [t| > (L.0,)"'}. By the asymptotic formula (.3) and Lemma[4.5]
we have (L.0.)! < n'/4n=3/* = n=1/2 = (1), which implies that D¢ := R\ D, C T for all
n large enough. Furthermore, since o < n~'/2 (see (3.2)), it follows that (L.c,) ™' > na with
a suitable (small) constant n > 0, hence D, C {t € R: |t| > na}. Thus, subtracting (5.12)
from we get, uniformly inm € Z,

|QANy = m} = fuoo(m)| STy + Ty + T, -13)
where
1 . 1
I, = — / oy (8) — =P 2 ar, T = — [ P2, (5.14)
21 D¢ 2 D,
1
Ty = — lon, (1)] dt. (5.15)
27 TND, *

By Lemma 5.3|and on the substitution ¢ = yo; !, the integral Z; in (5.14) is estimated by

T, = O(Lzagl)/ yPe V' /Sdy = 0(n), (5.16)
0
according to the asymptotics of o, and L, (see (4.3) and (4.11), respectively). Similarly, for
the integral 7, (see (5.14])) we obtain, again using (4.3) and (4.11)),

o0

T, = 0(0—21)/ e V2 dy = O(Lzazl)/ ye V2 dy
L1 L

_ O(n—l/Q) e—LZ_Q/Q _ O(n—1/2e—const\/ﬁ) — O(?’L_l). (517)

Finally, let us turn to the integral Z3 in (5.15). By Lemma and a remark about the
domain D, made before display (5.13]), we have

1 1 ("
T3 < — e e < — / e 7+ qt, (5.18)
n

T 27 Jrap, T Jna
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Furthermore, evaluating the sum in (5.7) (where for convenience we include the vanishing
term with ¢/ = 0) we obtain

> . 1 1
—al itl
Ja(t):Ze (1_%(6 )) B P _§R<1_e—a+it)
/=0
1 1
> - 1
T 1l—e |1 —e ot

(5.19)

because R (s) < |s| for any s € C. Observe that for t € [nao, 7]

|1 —e M > |1 —e ™ ~ a|l +in| = a /1472 (@ —0%).

Substituting this estimate into (5.19), we conclude that .J,,(t) is asymptotically bounded below
by C(n)a~t < n'/2 (with C(n) = 1 — (1 +7?)~Y2 > 0), uniformly in t € [na, 7]. Thus, the
integral in (5-I8) is bounded by O (e~“»"V") = o(n~1).

Hence, recalling also the estimates (5.16) and (5.17), we see that the right-hand side of
(5.13) admits an asymptotic bound O(n '), which completes the proof of Theorem [5.1

5.4. The limit shape results
Recall the definition w*(x) := v *Hy(e™7®) (see (1.8)), where Hy(u) = In(Fy(u)) and v =
(Jy w Ho(u) du)l/2 (see (3-4) and (2.12)).
Theorem 5.5. Under Assumption[3.1|we have, for every d > 0 and any € > 0,
lim Q.{\ € A: supx25|n_1/2Y)\(xn1/2) —w*(z)| > e} =1

Proof. By virtue of Theorem [3.2] letting Y (¢) := Y3 (t) — E.[Y,(¢)] it suffices to check that
lim Qz{supx25|}/}?(xnl/2)| > 5n1/2} — 0. (5.20)

Put Z)(t) := Y (¢7!) (¢ > 0). From the definition (I.1)) of Y,(-), for any 0 < s < t we have
Z\(t) = Zp(s) =Vt ) = Ya(s )= > w,
t—1<p<s1

and it follows that the random process Z,(t) (¢ > 0) has independent increments. Hence,
Z9(t) == Zx(t) — E.[Zx(t)] is a martingale with respect to the filtration F; = o{vy, £ > t71}.
From itis also evident that ZY(t) is cadlag (i.e., its paths are everywhere right-continuous
and have left limits, cf. Fig[Th). Therefore, by the Doob—Kolmogorov submartingale inequal-
ity (see, e.g., [33, Theorem 6.14, p. 99] we obtain

Q.{sup, V1 (xn/2)| > en'/?} = Q. {sup,cymr | Z0(yn~)| > en'/2}

_ supySC;flVarz[Z,\(yn_l/Q)}

- e?n
Vi —1,,—1/2
o Var. [Z A(07n )}
- e?n
Var, [ Yy (6nt/?
= |: )\2( )} _ O<n71/2)’ (521)
e’n
in view of Theorem 4.2} Thus, the claim (5.20) follows and the theorem is proved. L]
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We are finally ready to prove our main result about the limit shape under the measure P,
(cf. Theorem [I.1] stated in the Introduction).

Theorem 5.6. Suppose that A% (1) < oo and that Assumption|5.1|is satisfied. Then, for every
0 > 0andany e > 0,

lim P,{\ € A,: supl,z(;’n_lﬂY)\(mnlm) - w*(x)| >e} =0.

n—oo

Proof. Like in the proof of Theorem|[5.5] the claim is reduced to the limit

lim P, {sup,»s|Yy (zn'/?)| > en'/?} =0, (5.22)

with Y (t) = Y, (t) — E,[YA(t)]. Recalling the definition of P,(-), it is easy to see that

Q.{sup, o[V (an!/2)| > £n'/2)

Again using the time reversal ¢ — ¢! as in the proof of Theorem|[5.5|and applying the Doob—
Kolmogorov submartingale inequality (now with the fourth moment), we obtain (cf. (5.21))

P {sup,s|YY (zn/?)| > en'/?} < (5.23)

E.[(Y{(5n'/))"]
ein?
by Lemma On the other hand, for the denominator in (5.23) we have Q.{N, = n} =<

n~3/* by Corollary As a result, the right-hand side of (5.23) is dominated by O(n /%)
0(1), and the limit (5.22)) readily follows.

Q- {sup,ss |V (zn' )] > en'/?} < =O0(n™"),

cIo

6. Examples

We now proceed to a few illustrative examples of multiplicative ensembles of random parti-
tions with equiweighted parts. As we will see, some of the examples entail simple representa-
tives of the three meta-classes of decomposable combinatorial structures known as assemblies,
multisets and selections (see [[1, §2.2]). More specifically, Example below belongs to the
class of weighted partitions, including the case of unrestricted partitions under the uniform
(equiprobable) distribution; Example leads to (weighted) partitions with bounds on the
part counts, including uniformly distributed strict partitions (i.e., with distinct parts); Example
[6.3]includes set partitions with labeled elements and ordered contents. Examples [6.4] and [6.5]
as well as Example @, are instances of the so-called exponential structures (see, e.g., [20,
§5.5]). To the best of our knowledge, Example [6.6] appears to be new in the context of ran-
dom partitions; interestingly, it furnishes a branch point singularity of the generating function
Fo(u) atu = 1 (see a discussion at the end of Section[I.2).

6.1. Assemblies, multisets and selections: a synopsis

A brief account below essentially follows the classic book [1] (see also the earlier paper [2]).
A decomposable combinatorial structure defined on n € N elements is characterized by the
(non-ordered) collection of its components of sizes ¢ = 1,2, ... with the corresponding counts
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(multiplicities) v, vs, ..., so that ) ~,_, fv, = n. Consequently, the counts {1} determine a
partition A = (1122, ..) of the integer n. The specific composition of each component may
or may not be relevant, depending on whether the elements are distinguishable (“labeled”) or
not. Furthermore, suppose that components of the same size may vary by their type; more
specifically, given a sequence of natural numbers {m,}, suppose that a component of size
¢ € N may be colored in m, different colors, irrespectively of any other components.

Let S,, = {s} be the set of all admissible instances s of such a structure of size n € Z,,
and denote their number by p(n) := #S,, (by convention, Sy = () and p(0) := 1). Suppose
that the space S,, is endowed with a uniform probability measure, whereby all p(n) instances
s € 8§, are equally likely; in turn, this induces a certain probability distribution P, on the
corresponding random counts (v, . . ., v, ) and, consequently, on the partition space A, .

This general scheme is exemplified by the three aforementioned meta-types of decom-
posable combinatorial structures. In brief, assemblies are formed of labeled exchangeable
elements, whereas in multisets the elements are unlabeled and therefore indistinguishable;
furthermore, selections are like multisets but with distinct components. In what follows, we
elaborate on that by giving formulas for the respective generating functions (which in all cases
enjoy a product decomposition of the form (2.1))), as well as for the corresponding joint distri-
butions of the random counts v,’s under the uniform parent measure on the space S,, (which
should be compared with the general multiplicative formula (1.6)).

6.1.1. Assemblies. This class is characterized by the formula [1} §2.2, p. 46] (cf. [20} §5.1])

o0 n > 14
F(z) := Z p(gz = exp (Z mé!z > ) (6.1)

n=0 /=1

which fits in the definition (2.1)) of multiplicative measures with the constituent generating
functions F;(z) := exp(my z/¢!) and the corresponding power expansion coefficients

(o _ (me\F L
=) w  her
It is easy to show (see [1}, Eq. (2.2), p. 46]) that the number of assemblies of size n which have
prescribed counts vy = k, £ = 1, ..., n (satisfying the condition ) ,_, (k, = n) is equal to
“ mg>k’e 1
! — ) — 6.2
" ﬂl ( ) Ty ©2)

and it follows that the joint distribution of v,’s in this model is given by [, Eq. (2.6), p. 48]
P b f— 1 ) n! ﬁ <m£>ke 1 iﬁk

Ve =Fke, L=1,....nj=—— — ] —, =n.

( ¢ p(n) = 1l k! - ¢

A simple subclass of assemblies is obtained by setting m, = m € N, which may be interpreted
as equiprobable colored set partitions with labeled elements {1, ...,n}; the case m = 1 thus
corresponds to plain set partitions with uniform distribution.



6.1.2. Multisets. This class is determined by the generating function [1, §2.2, p.47]
=3 pmr=T[0 -
n=0 (=1

which satisfies the multiplicative definition (2.1)) with

O L
Fo(z) = (1—2)"™ =exp (mgz %) : ¢ e N,

j=1
and the corresponding coefficients

k-1
O — (mﬁk ) keZ,.

Here, the joint distribution of v;’s is given by (see [1, Egs. (2.3), (2.9)])
1 ~ my+kp— 1 “
Pn{l/g:k‘g,gzl,...,n}:— ( ), ék‘g:n
p(n) g Ky Zz:;

The particular case my; = m € N corresponds to weighted integer partitions, which form = 1
is reduced to the plain (unrestricted) partitions with uniform distribution on the space 4,,.

6.1.3. Selections. This class is defined by the generating function [1} §2.2, p.47]

Flz) =) pln)z" =[]+

Hence, F(z) satisfies the definition (2.1)) with

Fi(2) = (1 +2)™ = exp <mez <_/.Z>j>, (€N,

j:
and the coefficients
c,(cé):(rzé), k=0,1,... m.

The joint distribution of v;,’s is given by (see [1}, Egs. (2.4), (2.12)])

Pn{l/g:k‘g,ézl,. :Lﬁ< >, iﬁkg:n
=1

p(n) -3

The case my = m € N entails integer partitions with part counts capped by m; for m = 1 this
is further reduced to strict partitions (i.e., with distinct parts) under the uniform distribution on
the corresponding space A,,.
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6.2. The generating functions

In this section, we introduce six examples by specifying the generating function Fy(u) =
> e cku” and the corresponding function Hop(u) = In(Fo(u)) = > 4o, aruF. Although the
associated multiplicative measures (), and P, are defined primarily in terms of the coefficients
{cr} (see and (2.7), respectively), the explicit expressions for ¢;’s may be complicated,
so we will not always attempt to give such expressions.

For our purposes, it is more important to focus on the function Hy(u) and its power expan-
sion coefficients {ay}, since these are the ingredients that determine the existence and exact
form of the limit shape w*(x) = v~ ' Hy(e %) (see (1.8)), including the parameter 7 (see
and (2.12))). In particular, we have to check the basic condition A (1) < oo (see Assump-
tion , as well as the refined condition A™(5) < oo and Assumption , both needed for
the limit shape result under the measure P, (see Theorem |[5.6).

Example 6.1. Forr € (0,00), p € (0, 1], set
Folw) == (L—pu)™,  ful<p™" (6.3)

By the binomial formula, the coefficients in the power series expansion (2.1)) are given by

k-1 Deo(r+ k-1
ck:(”k )psz(T_F) kf” )b kez.. (6.4)

In particular, ¢y = 1 and, moreover, ¢, > 0 for all £k € N.

Remark 6.1. The parameter p < 1 introduces exponential weights of the part counts, which
discourages multiple occurrences of the same part as compared to the neutral case p = 1. The
parameter 7 also contributes to the weighting; e.g., if p = 1 then ¢, 1/¢x > 1 whenever r > 1.
The combined effect of the parameters p < 1and r > p~! > 1 is more interesting: it is easy to
see that the maximum of the sequence ¢y, is attained for (integer) k = k* near (rp—1)/(1—p).

For p = 1 and r = m € N, the formula pinpoints a multiset structure (see Sec-
tion[6.1.2)) arising via partitioning an integer n € N into parts, each of which is then colored in
one of m different colors, irrespectively of its size. The simplest case p = 1, » = 1 thus cor-
responds to the classical ensemble of uniform integer partitions mentioned in the Introduction

(Sections[I.T} [T.2).
Note that formula (2.2) for the ().-distribution of the part counts v, (¢ € N) specializes to

—1
Q.e=rt= ("L )ty ke 6.5)

which is a negative binomial distribution with parameters 7 and p = 1 — pzz [8, Ch. VI, §8,
p.165]. If r = 1 then Fy(u) = (1 — pu)~!, & = p, and (6.9) is reduced to a geometric
distribution

QAve =k} = p*2"(1 - p2f), kel

In the latter case, from (1.6)) we get
P\ =€, 1pn0 0 Ne 4, (6.6)

where Y, (0) = Y ,°, v is the total number of parts in partition A = (1"12"2...) (cf. (LI)). If
also p = 1 then (6.6) is further reduced to the uniform distribution on 4,,.
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Returning to the general case, from (6.3) we have
H, =—rin(l — — 6.7
o(u) = —rn(1 — pu) ij 67)

Since the coefficients in the expansion are positive, Assumption [5.1] is satisfied by Re-
mark 5.1} also, it readily follows that A™(¢) < oo for any ¢ > 0 (and each p € (0, 1)).

Example 6.2. For m € N, p € (0, 1], consider the generating function
Fo(u) := (1 + pu)™, u e C, (6.8)

with the coefficients

— 1) (m — 1
ck:<m)pk:m(m ) (m—k+ )pk, k=0,1,...,m.

k k!
Consequently, formula (2.2)) gives a binomial distribution
k ke
m prz
Ave=k} = — s k=0,1,...,m, 6.9
o= = ()0 " 2

with parameters m and p = pz*(1 + pz°)~".

Setting p = 1 in (6.8)) yields selections (see Section [6.1.3)) corresponding to integer parti-
tions with multiplicities v, < m (¢ € N); in particular, m = 1 corresponds to strict partitions
(see Sections |1.1] - - More generally, for m = 1 and 0 < p < 1, the measure (), is
concentrated on the subspace A C / with the distribution reduced to

k okt

R
z =k} = 5 k= O, 1.
Q {I/Z } 1 + pzf
Accordingly, formula (T.6) specifies on A, the weighted distribution (cf. (6.9))
P,(\) =& 1 o0 Ne A,

which is reduced to the uniform distribution if p = 1, as already mentioned.
In the general case, from (6.8) it follows

k 1 k:
Hy(u) =mn(1+ pu) = Z k (6.10)

and it is evident that A" (o) < oo for each ¢ > 0 (and any p € (0, 1]). Finally, let us verify
Assumption[5.1] Using (6-10) we obtain, for any 6 € (0,1) and all ¢ € R,
Ho(0) — R(Ho(0e")) =mIn(1 + pb) — mR(In(1+ phe))
=mln(l+ pf) —mn|l + phe"|
m 1+ 2p0fcost + p26?
=——In
2 (1+p0)?

202
>__<1+2p9cost+p9 1)
-2 (1+p0)?
mp0 (1 — cost) > mp_ 50y

(14 p0)? (1+p)?
Thus, the inequality (3.1)) holds with 6, = mp/(1 + p)* > 0.

(1 —cost).
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Example 6.3. For b € (0,00), p € [0, 1], consider the generating function

Fo(u) :== exp( bu ) : lu| < p~t. (6.11)
1—pu

Noting that (1 — ¢)~" = Y22 " (with ¢ = ps), it is evident that the coefficients ¢;’s in

the power series expansion of the function (6.11) are positive, with cg = 1, ¢; = b, c3 =

bp + %bQ, etc. More systematically, by Faa di Bruno’s formula generalizing the chain rule of

differentiation to higher derivatives (see [14, Ch. I, §12, p. 34]) we obtain

k

o= bmptm Y ,; ke N, (6.12)

ool
m=1 (_]’1,.~.,jk)€jm jl jk

where 7, is the set of all nonnegative integer k-tuples (ji, . .., jx) such that j; +-- -+ j, = m
and j; +2jo + -+ kjp = k.
Remark 6.2. Note that the k-tuples (ji,...,Jx) € Jm are in one-to-one correspondence with

partitions of k involving precisely m different integers as parts, where each element j, has the
meaning of the multiplicity of part ¢ € {1,..., k}.

Remark 6.3. For b = p = 1, the formula (6.12) is reduced, on account of Remark [6.2] to

k

i
m=1 Gy, g edm 0TI N

From the formula (6.2) with m, = ¢!, it follows that the quantity p(k) = k!¢ equals the
number of partitions of the set {1,...,k} into components with ordered contents. Such a
structure may be visualized as a forest of linear rooted trees (i.e., a disjoint union of connected
directed acyclic graphs, where each vertex has at most two neighbors), with labeled vertices.

The observation made in Remark [6.3|can be explained without calculations using the gen-
eral theory of assemblies (see Section |6.1.1)). Namely, the function (6.11) with b = p = 1 may
be represented in the exponential form (6.1]) by setting m, := ¢! (¢ € N),

o0

% ¢
Fo(u) :exp<1ﬁu) :exp<2u£) :exp<zm2|u ) (6.13)
=1 '

/=1

In the terminology of Section[6.1] that is to say that in the corresponding assembly each part of
size ¢ is colored in one of m, = /¢! different colors, which is equivalent to ordering the content
of this part in one of ¢! ways. Hence, on comparing the power series expansions and
for Fo(u), we conclude that ¢, = p(k)/k!, where p(k) equals the total number of instances of
such an assembly of size n, in accord with Remark [6.3]

If p = 0 then the generating function (6.11) is reduced to Fy(u) = e, with the expression
(6-12) simplified to ¢, = b*/k! (k € Z,). Hence, according to (2.2)) the counts v, in a random
partition A = (112*2...) € A have a Poisson distribution with parameter bz,

bkzké ot
(§

QZ{VE - k} - Ll 5

keZ,,
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which leads to the distribution on 4,, of the form (see (I.6))

The parameter b > 0 here determines an exponential weighting: having more parts of each
size is either encouraged or discouraged according as b > 1 or b < 1.

In the special case p = 0, b € N, the multiplicative ensemble defined via the product
formula (I.5)) admits a simple combinatorial interpretation. Indeed, similarly to (6.13) the
exponential identity (6.I) with m, := b¢! (¢ € N) determines an assembly of size n € N
obtained by partitioning the set {1, ..., n} into non-empty blocks with ordered contents, each
block colored in one of b different colors irrespectively of its size.

Returning to the general formula (6.11)), we get

bu -
Ho(u) = 1— i by (6.14)
k=1

and hence Assumption is automatic (see Remark ; moreover, AT(0) < oo for any
o > 0, except for p = 1 whereby A1 (o) < oo only with o > 1.

Example 6.4. Extending Example (for simplicity, with b = 1), let us set for r > 0, r #£ 1
and p € (0, 1]

u
F = —_— <ph 6.15
O(U) eXp<<1 _pu)r)a |U’ )0 ( )
Taking the logarithm of (6.13) we get the power series expansion (cf. (6.3))
u T+ k—2
Hy(u) = ——— = ( )pk_luk, (6.16)
0 (1—pu)r kz:; E—1

which has positive coefficients a;, (cf. (6.4)). Hence, Assumption [5.1] is satisfied by virtue of
Remark To check the condition A" (o) < oo, observe using Stirling’s asymptotic formula
for the gamma function (see [5, §12.5, p. 130]) that

r+k—=2\ . Tk+r—1) ., k',
o= (L) =St A e e
hence A" (0) < oo forany o > 0if p < 1, whereas if p = 1 then A*(c) < oo only for o > r.

On substituting (6.16)) into Taylor’s expansion of the exponential function in (6.15), it
is evident that the corresponding coefficients ¢ in the power series (2.1) of Fy(u) are also
positive, with co = c¢; = 1, co = rp + %, etc.; more generally, ¢;’s can be evaluated using Faa
di Bruno’s formula like in Example but we omit the details.

However, the special case p = 1, 7 = m € N may be given a combinatorial interpreta-
tion as follows. Substituting the expansion (6.16) into (6.13) and setting m, := ¢! (mj_é; 2)
for ¢ € N (cf. (6.13)), the identity (6.1I) applied to Fy(u) yields that the coefficients ¢y in the
power series expansion of (6.15]) are expressed as ¢, = p(k)/k!, where p(k) is the total num-
ber of instances of the corresponding assembly of size k. Construction of such an assembly
comprises three steps: (i) the set {1,. .., k} is partitioned into non-empty blocks; (ii) a block
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with ¢ elements is represented as a linear rooted tree (see Remark [6.3) distinguished by ¢! per-
mutations of its vertices; (iii) £ — 1 edges of such a tree are colored using m colors, subject to
the convention that if j-th color is used 7; > 0 times (with 4 + - - - +14,, = £ — 1) then the color
schemes are distinguishable only if the corresponding m-tuples (i1, ..., 14,,) are not identical,

making the total number of such schemes equal to (m” 2) (see [8, Ch II 85, p. 38]).

Example 6.5. Combining the exponential form of Example [6.4] with the generating function
from Example [6.2] for p € [0,1], m € N consider

Fol(u) :=exp (u(l+ pu)™ 1), ue C. (6.17)

Since u +— u(1 + pu)™! is a polynomial of degree m with positive coefficients, it follows
that the coefficients ¢, in the power series expansion of the function (6.17) are positive for all
kelZ,.

Remark 6.4. Caution is needed with a non-integer r > 1 replacing m € N in (6.17): e.g., for
p =1, r = 1.5 we obtain (with the help of Maple™) ¢y = —921479/92897280 < 0.

From by the binomial formula we obtain

" /m—1
H — 1 m—1 _ k=1, k 6.18
olw) = u(1 + pu) ;;(zc—l)p o, (6.18)
so that the corresponding coefficients ay’s are positive for £ = 1,...,m and vanish for £ >

m + 1. Hence, Assumption [5.1]is satisfied and A (c) < oo for any o > 0.

In the special case p = 1, it is not hard to give a combinatorial interpretation of the co-
efficients ¢;, by adapting considerations in Examples [0.3] and [6.4] Indeed, substituting the
expansion (6.18) back into and defining m, := ¢! (7—) for £ = 1,...,m and my = 0
for { > m + 1, similarly as above we can use the exponential identity to conclude that
cr = p(k)/k!, where p(k) is the total number of assemblies of size k constructed as follows:
(i) the set {1,..., k} is partitioned into blocks of size not bigger than m each; (ii) a block of
size ( is arranged as a rooted linear tree with labeled vertices (resulting in ¢! possible permu-
tations); (iii) the total of m unlabeled tokens is allocated to ¢ consecutive vertices on such a
tree according to an integer /-tuple (my, ..., my) subject to the conditions m; +---+my; = m
and m; > 1foralli =1,..., ¢ (so that all m tokens are allocated and each vertex gets at least
one token); the total number of such (strict) allocations is known to be given by (?:11) (see [18,
Ch. 1L, §5, p. 38]).

Example 6.6. For p € (0, 1], r € (0, 00), consider the generating function
—In(1— pu)
pu

Al = ( ) =Gy, <, (6.19)

where

(6.20)

—In(1— pu
folu) r= 2Py Z,Hl
k=

pU

If r = m € N then from (6.20) it is evident that the coefficients ¢, in the power series
expansion of Fy(u) in (6.19) are positive for all k& € Z. ; however, for non-integer r > 0
this is not so clear, since the binomial expansion of ¢ — (1 + ¢)" involves negative terms (cf.
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Remark[6.4). Yet, as a matter of fact, the positivity of ¢;’s holds for any real r > 0 — this will
be established in Corollary
By a term-by-term comparison, it is also clear that, for any » > 0,

Fo(u) = (1 + Z > < (1 + Zpkuk) =(1-pu)™, 0<u<pt (621)
k=1 k=1

with the inequality being strict for v > 0. That is to say, the function Fy(u) is bounded by
a multiset-type generating function (6.3) considered in Example [6.If Moreover, for integer
r = m € N, by expanding both parts in (6.21) it is evident that the coefficients ¢ in the power
series expansion of Fy(u) are dominated by the coefficients of the multiset generating function

(1 — pu)~™ (cf. (6.4)),

k-1 1) k—1
ck<(m+k >pk:m(m+)kl(m+ )pk, ke N. (6.22)

ot
kE+1

Thus, the multiplicative ensemble determined by may be viewed (at least for integer
r = m) as a discounted multiset ensemble, whereby larger values of each count v, = k are
progressively discouraged. Again, this statement turns out to be true for any real r > 0,
which will be explained below (see Corollary @) On the other hand, a direct combinatorial
interpretation of the generating function (6.19) (say, in the spirit of the previous examples) is

not clear, even in the simplest case r = p = 1.
Let us now look at the function Hy(u) = In (Fy(u)) (see (2.8)): according to (6.19),

—In(1 - pu)

u ) =rin(fo(u)), lu| < pt. (6.23)

Ho(u) :7’111(

The next proposition implies that At (o) < oo for any ¢ > 0 (including the case p = 1);
furthermore, since all a;, > 0, by Remark [5.1]it follows that Assumption [5.1]is satisfied.

Proposition 6.1. The coefficients {a;} in the power series expansion (2.8)) of the function
(6.23) satisfy the inequalities

.
k2(k+1)

k k
rp

< ap < ,

_k_k—i—l

ke N. (6.24)

In particular, a, > 0 for all k € N.
Proof. Differentiation of the identity r In (fo(u)) = >, a;u’ (see (6.23)) gives

o0

rfo(u) = fo(w) Y jasul ™", (6.25)

j=1
Differentiating (6.25)) again k — 1 times (k > 1), by the Leibniz rule we obtain

k—1

1 kE—1 1 ,
fé’“)(0>=;Z( ; )fé’” (O G+ Dl keN. (6.26)

1=
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Noting from (6.20) that £\’ (0) = p?5!/(j + 1) (j € Z.) and using the shorthand notation
ay := kapp~*/r (k € N), the system of equations (6.26)) is reduced to

E
—_

k Qg1
— = , k € N, 6.27
k+1 — k—1 ©.27)
while the inequalities (6.24]) are rewritten as
! < a < k keN (6.28)
—<a — . .
kk+1) — * = k+1

Let us prove (6.28) by induction in £ € N. For k£ = 1, from we find a; =
and the claim (6.28)) is obviously satisfied. Suppose now that the inequalities (6.28)) hold for
ai,...,ax_1 (k> 2), which entails that a; > 0 (z = 1, ...,k — 1). Then the recursion (6.27)
(with k replaced by k£ — 1) implies

[

k Ay

and it follows that

. _ _
“=Fr1 Tk k(1)
which gives the lower bound in (6.28). On the other hand, again using that a,, ..., ax_1 > 0,

from ( we get

az—i—l

Mw

>

k’ + 1 alm
i=0

which proves the upper bound in (6.28)). Thus, the claim (6.28)) is verified for the ay, and

therefore it is valid with all k¥ € N. O

Corollary 6.2. For any real r > 0, the coefficients cy, in the power series expansion of the

generating function satisfy the two-sided bounds (cf. (6.22)))

k-1
0<ck<(r+k )pk, keN. (6.29)

Proof. Using the expansion Hy(u) = >~ azu® we have

Fo(u) = exp (Hp(u)) = exp (Z apl ) =1+ chuk. (6.30)
k=1

By Proposition all a, > 0, and since Taylor’s coefficients of the exponential function are
positive as well, it is evident from (6.30) that ¢;, > 0 for all £ € N.
Furthermore, from the bounds (6.24) we get

k k

0<ak§kril<%, ke N. (6.31)
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Considering the corresponding power series and their exponentials

exp (Z akuk> = exp (Ho(u)) = Fo(u)

k=1
and

exp( TT'Ok uk> =exp(—rin(l —pu)) = (1 — pu)™" = F(u),
k=1

it follows from the term-by-term subordination that the coefficients in the respective
power series expansions Fo(u) = Y., cyu® and F(u) = Y, éxu” inherit the same (strict)
subordination, that is, ¢, < ¢ for all & € N. It remains to notice that (cf. (6.3), (6.4))
& = ("F7") p*, which yields the upper bound in (6:29), as claimed. O

For convenience, the results of Section are summarized in Table

Table 1: The generating functions in Examples O0<p<l,r>0,meN, b>0).
Third column shows the type of singularity of Fy(u) (with p = 1, » = m € N) at point u = 1.

No. Fo(u) u=1 Hy(u) ar (k € N) At(o) < o0
[ ] r ole of _
6.1 (1—pu) (E)rderm —rin(l — pu) rk=1pk o>0
6.2 (1+ pu) r;%lilrlftlr mIn(1+ pu) (—1)FLrk=1tpk o>0
[ ] bu essential bu h1 c>0 (p<1)
03| o (1 — pu) singularity 1—pu b o>1(p=1)
[ ] thk—2) pe
6.4 exp( U ) essential U (Tk_l )Pk ! a>0(p<1)
(1= pu) singularity (1 — pu)" ~ kLT | O >r (p=1)
; exp (u(1+ pu)™ ) regular w(l+ pu)™=t m:ll)pkil >0
point (k=1,...,m)
1l /—In(1- —In(1 -
6.6 —In@ = pu) branch rln —In( =pu) ar, = O(k~1p%) o>0
pu point pu

6.3. The limit shapes

In this section, for each of Examples we evaluate the parameter v = /A(1) (see (3.4))
using for A(1) either the definition (2.T1) or the equivalent integral expression (2.12), and then

apply Theorems [5.5]and|[5.6to obtain the explicit limit shape w*(x) as identified by the general
formula (I.8). For the reader’s convenience, the limit shape function in Example 6.i is denoted
by wi(z) (i = 1,...,6), and the results are summarized in Table

Starting with Example [6.1] from (3.4) and we have

= r Liy(p), (6.32)
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Table 2: The limit shapes in Examples[6.1H6.6| (0 < p <1, » >0, m € N, b > 0).

No. Ho(u) 72 w} () Special case
[ ] . rln(l — pe™ %) r=p=1
6.1 —rln(1l — pu) r Lis(p) B E— N
[ ] ) mn(l+ pe™ %) p=1m=1:
6.2 mIn(1+ pu) —m Lis(—p) — y = 7 /12
[ ] bu bln(1 —p) be 7% p—0t:
6.3 LS ) L N —
1—pu p v(1—pe®) v=Vb
a u 1—(1-p)t-r e p=1r<1:
' (1= pu) p(1—r) Y (L= per)" y=1/V1-r
[ ] 14+ p)™—1 1 (1 4 pe 1)l =1, m=2
pm gl ¥ =4/3/2
[ ] —In(1 — pu) 1 T —In(1 - pe=7?) r=p=1
6.6 | rln| ——— LH, d —Inf ————=
! n< pu Jo u™ " Ho(u) du 5 pe—= ~ = 0.853636

where Liy(+) is the dilogarithm (see [16]). Hence, the limit shape is given by (see (I.8))

wi(z) =

(6.33)

r
—— In(1—pe™*
5 ( )

Forr = p = 1, (6.32) gives v* = Liy(1) = 72/6 and from (6.33)) we recover the classical
formula (I.3)) for the limit shape of partitions under the uniform distribution on 4,,.

Next, in Example [6.2] we have, according to (3.4) and (6.10),

— (=) ph : . :
7P = mz % = —mLiy(—p) = m(Liz(p) — 5 Lis(p?)), (6.34)
k=1
and the limit shape (1.8)) specializes to
m _
wiy(x) = > In(1+pe™) (6.35)

If m = p = 1 then from (6:34) we find 7* = } Lix(1) = 7?/12 and the equation (6:33) is
reduced to the limit shape (1.4)) of uniformly distributed strict partitions.

In Example [6.3] according to (3:4) and (6-14) we have for p € (0, 1)

k-1

2 _ P
k=1

b
=——1In(l—p) < oo, (6.36)
p

while if p = 0 then 42 = b. Alternatively, we can obtain the same result as (6.36) by using the
integral formula (2.12)) with the expression (6.14)) for Hy(u),

L op b
2
’y:/ du=——1In(1-—p).
o 1—pu P ( )

(6.37)
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In turn, equation for the limit shape is reduced to

() be 1"
wi(r) = ————
’ V(L= pe?)
Likewise, in Example[6.4] we get, similarly to (6.37),
| 1—(1—p)
72:/ R R el Gl ) LN (6.38)
o (I—=pu)y p(1 =)

which holds for 0 < p < 1 (and any r # 1). In the special case p = 1 the computation in
(6.38) is modified as follows,

1
1 1
2
v /0(1—5)r8 1—r =%

provided that » < 1. Next, substituting (6.16)) into (1.8)), we get the limit shape

e v

Y (1 —pez)r

In Example 6.5 we have, according to (2.12) and (6.18),

! 1+p)m—1
72:/ (1+pu)m—1 du = ( ‘|’P) ’
0

pm

wi(r) =

and the limit shape (1.8)) specializes to

ef’y:r(]_ + pef'y:r)mfl
g

ws () =

In particular, if p = 1, m = 2, then 2 = 3.

Finally, in Example [6.6] the parameter v may only be computed numerically, to which end
it is more convenient to use the formula (2.12). The limit shape can then be plotted using the
explicit equation (1.8]) with the function Hy(e ") evaluated from the formula (6.23),

wg(x) = %{’ym —Inp+In(—In(1 - pe’””))}

For instance, taking r = 1, p = 0.5 we computedfy = 0.532202, with the corresponding limit
shape shown in Fig.[3p. For a comparison, we also plotted the limit shape with parameters
r=1,p=1, giving 7 = 0.853636 (see Fig.).
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Figure 3: The limit shape y = w*(z) in Example[6.6] with the function Hy(u) given by equation (6:23):
@ r=1,p=05 (y=0.532202); (b) r=p=1 (7= 0.853636).
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