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Matthew Daws
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Abstract

The category of locally compact quantum groups can be described as either Hopf *-homomorphisms between
universal quantum groups, or as bicharacters on reduced quantum groups. We show how Soltan’s quantum Bohr
compactification can be used to construct a “compactification” in this category. Depending on the viewpoint,
different C*-algebraic compact quantum groups are produced, but the underlying Hopf *-algebras are always,
canonically, the same. We show that a complicated range of behaviours, with C*-completions between the
reduced and universal level, can occur even in the cocommutative case, thus answering a question of Sottan. We
also study such compactifications from the perspective of (almost) periodic functions. We give a definition of
a periodic element in L°(G), involving the antipode, which allows one to compute the Hopf x-algebra of the
compactification of G; we later study when the antipode assumption can be dropped. In the cocommutative
case we make a detailed study of Runde’s notion of a completely almost periodic functional- with a slight
strengthening, we show that for [SIN] groups this does recover the Bohr compactification of G.
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1 Introduction

The Bohr, or strongly almost periodic, compactification of a topological group G is the maximal
compact group GSAF containing a dense homomorphic image of G. One can construct GSAF by
looking at the finite-dimensional unitary representation theory of GG, but when G is locally compact,
there is an intriguing link with Banach and C*-algebra theory. Let AP(G) denote the collection
of f € C*(G) whose orbits, under the left- or right-translation actions of G' on C*(G), form
relatively compact subsets of C°(G) (the collection of almost periodic functions). Then AP(G) is
a commutative unital C*-algebra, the character space is GSAT, and the group structure of GSAP
can be “lifted” from the group structure of GG. In this picture, we never go near representation
theory!

In the framework of noncommutative topology, one replaces spaces by algebras— we think of G
as being represented by Cy(G), and the product on G being given by a coproduct A : Cy(G) —
M(Cy(G) ® Co(Q)) = C*(G x G); A(f)(s,t) = f(st). Then A is coassociative, and one can think
of a “quantum semigroup” (or, more prosaically, a C*-bialgebra) as being a pair (A, A) where A
need no longer be commutative. When A is unital, and we have the “cancellation” conditions that

lin{A(a)(b®1):a,b€ A}, lin{A(a)(1®0b):a,be A}

are dense in A® A, then we have a compact quantum group. The pioneering work of Woronowicz,
[56], shows that such objects have a remarkable amount of structure, and generalise completely the
theory of compact groups. Soltan in [43] studied how to “compactify” a C*-bialgebra, and produced
a very satisfactory theory, very much paralleling (and generalising) the representation—theoretic
approach to constructing the classical Bohr compactification.

Going back to a locally compact group G, more abstractly, we can work with the convolution
algebra L!'(G), turn the dual space L'(G)* = L>(G) into an L'(G)-bimodule, and look at the
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functionals F' € L>®(G) such that the orbit map L'(G) — L*(G);a — a - F is a compact linear
map. Then we also recover AP(G) C C*(G) C L*(G). This theory has been generalised to general
Banach algebras, and in particular to the Fourier algebra (firstly in [I4]). However, links here with
any notion of a “compactification” are very tentative.

In this paper, we have two major goals, both centred around understanding further Soltan’s
construction as applied to locally compact quantum groups. These are C*-bialgebras with addi-
tional, “group-like”, structure. Firstly, in a category theoretic sense, we have the inclusion functor
from the category of compact groups to the category of (say) locally compact groups. The Bohr
compactification is the universal arrow to this functor (see Section [2 below). Building on work of
Kustermans and Ng, the recent paper [34] gave a very satisfactory picture for what morphisms
between locally compact quantum groups should be. In Section Bl we show how to construct a
compactification as a “universal object” in this category, see Proposition B.4l A major technical
stumbling block is that we think of a single locally compact quantum group as being represented
by a number of different algebras, this paralleling the fact that for a non-amenable GG, the universal
group C*-algebra C*(G), and the reduced algebra C(G), are different. Working at the “universal”
level, the morphisms for locally compact quantum groups are just Hopf s-homomorphisms, but
Soltan’s construction may fail to give a universal compact quantum group. Similarly, compact-
ifying at the reduced level may give a different compact quantum group, but we show that the
underlying Hopf x-algebras are always the same (in a canonical way), see Proposition [3.9

In Section @] we study our other major goal, and look at how the quantum Bohr compactification
could be constructed without reference to (co)representations (thus paralleling the “almost peri-
odic” construction of the classical Bohr compactification). For a locally compact quantum group
G, the philosophy is that the “group structure” of G should be enough to allow us to construct the
compactification G5 without explicitly looking at representations. We define a notion of a “peri-
odic” element, and show how to recover this from just knowledge of the convolution algebra L'(G),
see Proposition [4.9. We then show that for Kac algebras, or under a further hypothesis involving
the antipode, this notion of periodic element allows one to construct GAF, see Section A3l

In Section Bl we study the Fourier algebra is further detail. In [42] Runde used Operator Space
theory to define the notion of a “completely almost periodic functional”. Under an injectivity
hypotheses, we end up looking at the C*-algebra

{z € L®(G) : Az) € L®(G) ® L¥(G)},

where ® here denotes the C*-algebraic spacial tensor product. In the fully quantum case, we
show in Section [A]] that the quantum FE(2) group gives an example to show that there is little
hope of such a definition capturing the Bohr compactification. However, in Theorem [5.1] we show,
in particular, that for a discrete group G this definition, when applied to the Fourier algebra
A(G), does recover C*(G) as we might hope; for the classical almost periodic definition, this was
only known in the amenable case. We then study [SIN] groups, and show that a slight further
strengthening of Runde’s definition does allow us to recover the quantum Bohr compactification,
see Theorem [£.3]

Finally, in Section [, we study further examples. By looking again at the Fourier algebra, we
answer (negatively) some conjectures of Soltan, showing in particular that finding the quantum
Bohr compactification of C*(G) and C(G) may yield different completions of the same underlying
Hopf x-algebra, and that even for the reduced C*(G), the resulting compact quantum group might
fail to be itself reduced. This also shows that we did indeed need to be careful in Section B! In
the special cases of discrete and compact quantum groups, we show how the “extra hypotheses”
which appeared in previous sections can be removed.

We start the paper in Section 2] with an introduction to the quantum groups we are interested
in, and the categories they form. We finish the paper with some open problems.
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2 Categories

We take a slightly general approach to compactifications. Let 28 be a category, and let € be a full
subcategory of 8. We shall think of the objects of € as being the “compact” objects of B (but be
aware that this has nothing to do with the, somewhat more specific, category—theoretic notion of
a “compact object”). Given an object B € B, a “compactification” of B is an object C' € € and

an arrow B 25 C' which satisfies the following universal property: for any C’ € € and any arrow
B — (', then there is a unique arrow C' — C’ making the diagram commute:

B—CC

AN}

C

In particular, taking C' = C”, uniqueness ensures that the identity morphism on C'is the only arrow
g: C — C with gf = f. This property ensures that compactifications, if they exist, are unique up

to isomorphism. Indeed, suppose that B has two compactifications, B ELY Cy and B EES Ci. Then
applying the universal property of Cy to the arrow f; yields a unique gy : Cy — C with gofo = fi.
Similarly we get a unique ¢, : C; — Cy with g1 fi = fo:

Co

V l/
g0
f1

B—>Cl

PN

Co

Then the composition g, gy satisfies the relation g190fo = fo, and so g1gp is the identity. Similarly,
gog1 is the identity, and so Cy and C} are isomorphic, as claimed.
Suppose now that every object in 28 has a compactification; so by uniqueness, we get a map

F B — €. Given any arrow By i) By in B, we have the composition By i) By — F By, where

FB; € €, and so the the universal property of F By gives a unique arrow JF B Hr By making the
following diagram commute

Bo—f>Bl

L,

fBO—>'FBl

It is a simple exercise in drawing diagrams, and using uniqueness again, that F(fog) = F fo Fg,
that is, F is a functor 8 — €.

Of course all this is well-known: our notion of a compactification is just the “universal arrow
from B to the inclusion functor € — B” (see [33] Chapter III]). Indeed, if compactifications exist,
then we have that € is “reflective” in B and the compactification is simply the “reflection” (see |33



Section IV.3]). This sort of “categorical” approach to defining the classical Bohr compactification
of a group was stuided in [23| 24], and for a similar treatment of the quantum case, see the recent
paper [8] (which essentially gives a treatment of Soltan’s work via abstract categorical arguments,
but which does not consider the category LCQG described below).

We next introduce the two categories which shall interest us in this paper.

2.1 Cr*-bialgebras

Recall that a “morphism” (in the sense of Woronowicz) between C*-algebras B and A is a non-
degenerate *-homomorphism 6 : B — M(A). Such a non-degenerate x-homomorphism has a
unique extension to a unital, strictly continuous s-homomorphism M(B) — M(A), the strict
extension of 6, which in this paper we shall tend to denote by the same symbol 6. As such,
morphisms can be composed. We also tend to be slightly imprecise, and to speak of a morphism
from B to A (when really the map is to M(A)) especially when drawing commutative diagrams.

The motivation comes from the commutative situation: if A and B are commutative, then there
are locally compact Hausdorff spaces X4, Xp with A = Cy(X4) and B = Cy(Xp). Furthermore,
there is a bijection between morphisms 6§ : B — A and continuous maps ¢ : X4 — Xp given by
0(f) = f o ¢. If we did not consider the multiplier algebra M(A), then we would have to restrict
attention to proper continuous maps. See [32] [58] and perhaps especially [55, Chapter 2 exercises]
for further details.

Let CSBa be the category of C*-bialgebras (A, A), here thought of in the general sense as A being
a (not necessarily unital) C*-algebra and A a non-degenerate *-homomorphism A — M(A ® A)
which is coassociative in the sense that (A ® t)A = (¢t ® A)A. An arrow (A, A4) — (B,Ap)
is then a non-degenerate #-homomorphism 6 : B — M(A) with A48 = (0 ® §)Ap. A non-
degenerate x-homomorphism which intertwines the coproducts in this fashion is termed a “Hopf
s-homomorphism” in [34]. Here we have “reversed” the arrows to generalise better from the
commutative situation, as if (4, A) € CSBa with A commutative, then A = Cy(.S) for some locally
compact semigroup S with A induced in the usual way, A(f)(s,t) = f(st). Given the discussion
above, morphisms restrict to the usual notion of a continuous semigroup homomorphism.

In CSBa, we shall define the “compact” objects to be the compact quantum groups in the
Woronowicz sense, see the introduction and of course [56].

2.2 Locally compact quantum groups

Let LCQG be the category of locally compact quantum groups, with morphisms in the sense of
[34]. Let us remark briefly on definitions. We shall follow the Kustermans and Vaes definition, see
28, 29, 30, 51].

A locally compact quantum group in the von Neumann algebraic setting is a Hopf-von Neumann
algebra (M, A) equipped with left and right invariant weights. As usual, we use A to turn M,
into a Banach algebra, and we write the product by juxtaposition. We shall “work on the left”;
so using the left invariant weight, we build the GNS space H, and a “multiplicative” unitary W
acting on H ® H (of course, the existence of a right weight is needed to show that W is unitary).
There is a (in general unbounded) antipode S which admits a “polar decomposition” S = R7_; s,
where R is the unitary antipode, and (7;) is the scaling group. There is a nonsingular positive
operator P which implements (1) as 7,(x) = P*zP~". Then W is manageable with respect to
P. One can develop a slightly more general theory of quantum group from such manageable (or
related, “modular”) multiplicative unitaries, see [45] 46 57]. Many of the results of this paper
work in this more general setting; see remarks later.



Given such a W, the space {(t ® w)W : w € B(H),} is an algebra, and its closure is a C*-
algebra, say A. There is a coassociative map A : A - M(A ® A) given by A(a) = W*(1® a)W.
If we formed W from (M, A) with invariant weights, then A is o-weakly dense in M, and the two
definitions of A agree. Similarly, {(w ® )W : w € B(H),} is norm dense in a C*-algebra A, and
defining A(a) = W*(1 ® a)W, we get a non-degenerate *-homomorphism A : A — M(A ® A),
where here W = YW=y, and X is the tensor swap map H ® H — H ® H. If we started with
(M, A) having invariant weights, then we can construct invariant weights on (A”, A). The unitary
W is in the multiplier algebra M(A® A) C B(H ® H).

We write G for an abstract object to be thought of as a quantum group. We write Cy(G), L>(G)
and LY(G) for A, M and M,. We also write L?(G) for H.

Again, the commutative examples always arise from locally compact groups with their Haar
measures, and again, morphisms between C*-alegbras, which intertwine coproducts, correspond to
continuous group homomorphisms. However, the cocommutative examples are of the form C(G),
the reduced group C*-algebras (and at the von Neumann algebra level, VN(G)) as we work with
faithful weights. Then, for example, the trivial group homomorphism should correspond to trivial
representation C*(G) — C, but this remains bounded on C}(G) only for amenable G (see [38
Theorem 4.21], [25], Section 6]).

The passage from C*(G) to C*(G) can analogously be performed for quantum groups, see [27].
We shall write C{(G) for the universal C*-algebraic form of G. A similar object can be found for
manageable multiplicative unitaries, see the second part of [46].

One possible definition for a morphism in LCQG is then a non-degenerate x-homomorphism
CY(G) — CY(H) which intertwines the coproduct. This was explored in [27], Section 12] where
links with certain coactions of the associated L™ algebras was established. Previously (before the
canonical definition of a locally compact quantum group had been given) Ng studied similar ideas
in [35]. Unifying and extending these ideas, the paper [34] shows that Hopf *-homomorphisms at
the universal level correspond bijectively to various other natural notions of “morphism”, and we
take this as a working definition of an arrow in LCQG.

In summary, an object G in LCQG is a locally compact quantum group, thought of as either
being in reduced form Cy(G), or in universal form C{(G). A morphism G — H can be described
in a number of equivalent ways:

e As anon-degenerate x-homomorphism C§(H) — C{'(G) which intertwines the coproduct (that
is, a Hopf *-homomorphism between universal quantum groups).

e As a bicharacter which is a unitary U € M(Cy(G) ® Co(H)) which satisfies (Ag @ ¢)(U) =
U13U23 and (L X AH)(U) = U13U12.

As above, we “reverse” the arrows from [34], so as to better generalise from the commutative
situation. Furthermore, for bicharacters, we have translated “to the left” as we are working with
left Haar weights, and thus left multiplicative unitaries (which form the identity morphisms in this
category).

In LCQG we shall define the “compact objects” to be those G with Cy(G) (or, equivalently,
CY{(G)) being unital. Those Cy(G) thus arising are precisely the reduced compact quantum groups,
[5, Section 2]|. Let CQG be the full subcategory of compact quantum groups. Henceforth, we shall
write C'(G) and C*(G) to stress that the algebra is unital.

To finish, notice that the relation between LCQG and CSBa is slightly involved. If we take the
concrete realisation of LCQG as having objects of the form C¥(G) and morphisms described by
Hopf *-homomorphisms, then LCQG becomes a full subcategory of CSBa, and the compact objects
agree. However, this viewpoint is slightly misleading, as for example Cy(G) will be an object in
CSBa different from C§(G), whereas we would generally regard these as being “the same” quantum
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group. Furthermore, of course, CSBa contains a great many objects which don’t arise from LCQG
in any fashion. Of interest from the viewpoint of Section 2] is that the “compact” objects do
correspond, all be it in a many-to-one fashion.

2.3 Soltan’s Bohr compactification

In [43], Sottan showed that in CSBa, compactifications always exist. We shall shortly give a
full account of his theory, but for now let us make some brief comments. Given an object G =
(A, Ay4) in CSBa, we construct a certain unital C*-subalgebra AP(G) in M (A) such that (the strict
extension of) Ay restricts to a coproduct Agpg) on AP(G). Then bG = (AP(G), Aapg)) is the
compactification of G (termed the quantum Bohr compactification of G in |43 Definition 2.14]).

Given the concrete realisation of LCQG as a full subcategory of CSBa, given G we can form
AP(G) by applying Sottan’s theory to Cj(G). However, the obvious problem is that (AP(G), Ayp(c))
while a compact quantum group, might fail to be a universal quantum group, and hence would
not be a member of LCQG (viewed as a subcategory of CSBa). Indeed, this can even occur when
G is cocommutative, see Section below.

In the next section, we instead show how to adapt Soltan’s ideas to construct a compactification
in LCQG. We will also show that while the resulting C*-algebra picture is slightly complicated,
the underlying (unique) dense Hopf x-algebra can be constructed in a number of equivalent ways,
starting from either C¢(G) or from Cy(G).

3 Compactification in LCQG

In this section, we shall show how to construct compactifications in LCQG, by somewhat directly
applying Soltan’s construction. Thus we first summarise Sottan’s work in [43].

Let G = (A, A) be an object of CSBa. A (finite-dimensional) bounded representation of G is
an element T of M(A) ® B(H), where H is a finite-dimensional Hilbert space, with (A ® ()T =
T12T13, and such that T is invertible. Equivalently, we could term such an object a invertible
corepresentation of A (with the A being clear from context) and we shall mostly stick to this latter
convention (to avoid confusing Cy(G) with C(G), and because we want to stress the “invertible”
aspect). There are obvious notions of taking the direct sum, and tensor product, of invertible
corepresentations.

If we take a basis of B(H), then we establish an isomorphism B(H) = M,,, and thus identify T’
with (7;;) € M,,(M(A)). Then T needs to be invertible, and to satisfy

A(Ty) =) Ty ®Ty; foralli,j.
k=1

Let TT = (Tj;) be the “transpose” of T'; this is always an “anti-corepresentation”. We shall say
that T is admissible if T'T is invertible.

Remark 3.1. If A is commutative, then T is invertible if and only if T'" is, but in general the
admissible corepresentations form a strict subset of the collection of invertible corepresentations.
In CSBa there are counter-examples ([43, Remark 2.10] which references [54, Section 4]) but we do
not know the answer for Cy(G) (and/or C§(G)) for G € LCQG; see Conjecture [[.2 at the end.

The linear span of the elements 7;; form the collection of matriz elements of T'. By taking direct
sums and tensor products, and using the trivial representation, one can show that the collection
of matrix elements of invertible corepresentations forms a unital subalgebra of M(A), see [43
Proposition 2.5].



Harder to show (as we now use Woronowicz’s work in [61]) is that when T is an admissible
corepresentation, and Br denotes the C*-algebra generated by the matrix elements of T', then
A restricts to a map By — Br ® Br, and (Br,A|p,) is a compact quantum group, see [43]
Proposition 2.7]. It follows, see [43, Corollary 2.9], that 7" is similar to a unitary corepresentation
(again, in CSBa the converse is not true, see [43] Remark 2.10]). One can now show that admissible
corepresentations are stable under tensor product, and it follows that the set of all matrix elements
of admissible corepresentations of A, say AP(A), forms a unital *-subalgebra of M(A), see [43]
Proposition 2.12].

Remark 3.2. Let T be a bounded corepresentation which is similar to a unitary representation U.
Then it is elementary to see that T'" is invertible if and only if U is invertible. It follows that if
we are interested in the matrix elements of admissible corepresentations, it is no loss of generality
to study only admissible, unitary corepresentations.

We shall again abuse notation slightly (the map A being implicit) and write AP(A) for the
closure of AP(A). Thus AP(A) is a unital C*-algebra and A restricts to AP(A) to give a compact
quantum group bA = (AP(A), Appa)). By [3, Appendix A] we know that a compact quantum
group admits a unique dense Hopf x-algebra. By combining this with [43] Corollary 2.15] we
see that for AP(A), this Hopf %-algebra is simply AP(A). Finally, [43, Theorem 3.1] shows that
AP(A) satisfies the correct universal property to be, in the sense of Section [2] the compactification
of (A,A) in CSBa.

Remark 3.3. Let (A, A4) and (B, Ap) be C*-bialgebras and 6 : A — M (B) a Hopf *-homomorphism.
If U e M(A) ®M,, is an admissible corepresentation, then V = (0 ® ¢)(U) will also be admissible
(as, for example, V = (A1) (U) will have inverse (0®1) (U_l)). It follows that 6(AP(A)) C AP(B),
and it is from this observation that we see that AP(A) has the correct universal property.

3.1 For locally compact quantum groups

Let G be an object of LCQG. Apply Soltan’s theory to the universal quantum group C§(G), to
yield a compact quantum group AP(C{(G)). This defines an object K of LCQG which is compact.
Indeed, C'(K) is the reduced version of AP(C{(G)), see [5, Theorem 2.1]. This can be formed as
the quotient of AP(C§(G)) by the null-ideal of the Haar state. Alternatively, we can start with the
Hopf *-algebra AP(C{(G)), which also carries a Haar state. Using this we can form the Hilbert
space L?(K), and then we can identify AP(CY(G)) with a *-algebra of operators on L?*(K). Then
C(K) is the closure of AP(C¥(G)) in B(L*(K)). See [5, Theorem 2.11].

We can now form C*(K), the universal version of K, by following [27]. Alternatively, one can
follow [5 Section 3]; a little work shows that these are equivalent constructions. In particular, we
can think of C*(K) as being the universal enveloping C*-algebra of AP(C{(G)), and so there is
a surjective x-homomorphism A}, : C*(K) — AP(Cy(G)) which intertwines the coproducts. The
composition

Cu(K) 5 AP(C2(G))— M(CY(G))

is hence a Hopf *-homomorphism, and so defines an arrow G — K in LCQG. As we might hope,
we have the following result:

Proposition 3.4. With the arrow G — K just defined, K is the compactification of G in LCQG.

Before we can prove this result, we need to study in detail the ideas of [34] and [27], as applied
to compact quantum groups.



3.2 Morphisms and lifts

Let us recall some notions related to one and two-sided “universal bicharacters” (to use the language
of [34]). We shall follow [27], but analogous results are shown in [34, 46]. Let G be a compact
quantum group and form the “universal” algebra C¢(G) together with the reducing morphism Ag :
C4(G) — Co(G) (which is denoted by 7 in [27]). There is a unitary Vg = V € M(C4(G) @ Co(G))
such that (A, ® ¢)(V) = Vi3Vas and (1 ® A)(V) = V13V12; we think of V as being a variant of W
with its left-leg in C¥(G); indeed, (Ag ® ¢)(V) = W. Similarly, there is U € M(C%(G) @ C¥(G)),
a fully universal version of W.

We now recall some results from [34]. Let (A, A) be a C*-bialgebra, and let G be a locally

~

compact quantum group. We shall say that U € M(A @ Cy(G)) is a bicharacter if U is unitary,
(A ®)(U) = U3Uss and (¢ ® Ag)(U) = UssUsz. Then [34, Proposition 4.2] shows that there is
a bijection between such bicharacters U, and Hopf x-homomorphisms ¢ : C{(G) — A, the link
being that U = (¢ ® ¢)(Vg)-

For locally compact quantum groups G, H, we can similarly define the notion of a bicharacter
in M(CY(G)® C§(H)). Then [34, Proposition 4.7] shows that for any bicharacter U € M(Cy(G) ®
Cy(H)), there is a unique bicharacter V € M(C¢(G) @ Cu(H)) with (Ag ® Ag)(V) = U. We call
V the “lift” of U; hence U is the lift of W.

The following is only implicit in [34] (having been rather more explicit in an early preprintl] of
that paper) so we give the short argument.

Proposition 3.5. Given locally compact quantum groups G,H and a Hopf x-homomorphism 0 :
CY(G) — Cy(H), there is a unique Hopf x-homomorphism 0y : C}(G) — C§(H) with 0 = Agb,.
Proof. Let U € M(Co(H) ® Co(G)) be the unique bicharacter associated with 6, and let V &

M(Cy(H) ® C§(G)) be the unique “lift”. Then (¢ ® Ag)(V) is a bicharacter, and so gives a unique
by : C§(G) — Cy(H). Then observe that (¢ ® Ag)(V) = (6p ® t)(Vg). It follows that

(Aubo ® 1)(Ve) = (Au @ Ag)(V) = U = (0 © 1) (Ve).

As {(t @ w)(Vg) : w € LY(G)} is dense in C¥(G), it follows that Agfy = #. Uniqueness follows in
a similar way to [34, Lemma 50], [27, Lemma 6.1], compare Lemma [3.6] below. O

Now let A be a compact quantum group, not assumed to be reduced or universal. Let K be
the abstract compact quantum group determined by A, so that C'(K) is the reduced version of A,
and C*(K) is the universal version of A. As above, if A is the unique dense Hopf x-algebra of
A, then C'(K) is the completion of A determined by the Haar state, and C*(K) is the universal
C*-algebra completion of A. Let AY : C*(K) — A and A’y : A — C(K) be the surjective Hopf
x-homomorphisms which make the following diagram commute:

u T

O (K) A 4 M oK)

N

A

We also have the surjective Hopf *-homomorphism Ak : C*(K) — C(K). As this also respects the
inclusion of A into C§(K) and Cy(K), it follows that we have a further commutative diagram:
AY A,
C*(K) —~ A —2- O(K)

\_/
Ak

1See http://arxiv.org/abs/1011.4284v1



The following lemma uses similar techniques to [27, Result 6.1].

Lemma 3.6. Let (A,A4) and A’y be as above. Let H be a locally compact quantum group. If
1, T CY(H) — A are Hopf *-homomorphisms such that Aym; = Ay, then m = 7.

Proof. Consider the universal left regular representation V for K. By [27, Proposition 6.2] we have
that
(L ® Ag)Ag(x) =V (1 ® Ag(z))V (x € C*(K)).

Set U = (A% @ 1)(V) € M(A® Cy(K)), so that
U'(1® Mg (2))U = (A% @ Ag)Ag(z) = (t® A)Aa(ANi(z)  (z € CY(K)).
It follows that
U (1@ A (2))U = (@ AN)As(z)  (x € A).

We remark that we could construct U purely using compact quantum group techniques, compare
equation (5.10) in [56] (and remember that we work with left multiplicative unitaries).

Now let 7 : C¥(H) — A be a Hopf *-homomorphism. Let ¢ be the universal bicharacter of H
and set V = (7 @ 1)(U) € M(A® C4(H)). Then

(A @)(V)= (@7 1) (AL ®0)(U) = VisVas.
By combining the previous two displayed equations, we see that
Vis((Ay @ 1) (V)23 = ((t @ AY)Ax @ 1)(V)) = Uy (A ® ) (V) 23U,

and so

Vis = Ul (A © 1)(V)2sUr2 (A © £)(V))35-
It follows that V' is determined by (A" ® ¢)(V) = (A7 ® ¢)(U), that is, V is determined by A”j7.
By [27, Corollary 6.1], (+ ® Ag)(U) = Vg, and by the remarks after [27, Proposition 5.1], we know
that {(¢ ® w)(Vg) : w € L*(H)} is dense in C(H). Thus = is determined by knowing

m((t@w)(Vi)) = 7((t @ wAg)U)) = (¢ @ wAg)(V).

We conclude that 7 is determined uniquely by knowing V', and in turn V' is uniquely determined
by knowing A’ym. The result follows. O

3.3 Back to compactifications

We are now in a position to prove Proposition B.4. Let K be the compact quantum defined
by AP(CH(G)). Let A, : C*(K) — M(C¥(G)) be the Hopf *-homomorphism defining the arrow
G — K, and let A}, : AP(CY(G)) — C(K) be the “reducing morphism” considered in the previous
section.

Proof of Proposition[3.4]. Let H be compact in LCQG, and let G — H be an arrow. We have
to show that this factors through G — K. Let the arrow G — H correspond to the Hopf -
homomorphism 0 : C*(H) — C{(G). As AP(C¥(G)) is a compactification, compare Remark [3.3]
it follows that 0(C"(H)) C AP(CY(G)) € M(C{(G)). So the composition

C*(H) —2~ AP(CY(G)) —2- O(K)

makes sense, and is a Hopf *-homomorphism 6, : C*(H) — C(K). Let 6, : C*(H) — C*(K) be
the unique lift given by Proposition This defines an arrow K — H in LCQG.
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We now claim that the following diagrams commute:

G—H Cy(G) <2— Cu(H)

N Rk

K C(K)

By the definition of arrows in LCQG, one diagram commutes if and only if the other does. However,
we calculate that
ATAPQ - 90 - AK91 - AR]PAE]P’QL

By Lemma [3.6, it follows that § = AK0;, as required. O

Definition 3.7. Given G, let the resulting compact quantum group K be denoted by GSAF, the
strongly almost periodic compactification of G.

One could equally well call this the “Bohr compactification” of G, but this terminology would
clash with that used by Soltan in [43] (because GSAT is an abstract quantum group, not in general
a concrete sub-C*-bialgebra of M(Cy(G))). Our terminology is inspired by that for semigroups,
see [T, Section 4.3] (for “reasonable” semigroups, the “strongly almost periodic compactification”
is the universal compact group compactification, while the “almost periodic compactification” is
the universal compact semigroup compactification. For topological groups, the notions coincide:
it would be interesting to investigate analogous ideas for C*-bialgebras).

Remark 3.8. Recall from Section 2] that for an arrow G — H in LCQG we have a unique arrow
GSAP — HPAP. If G — H is given by a Hopf s-homomorphism 6§ : C¥(H) — C¥(G), and
GSAP — HPSAP is given by 6547 : C¥(HSAY) — C%(GSAT), then by construction, this is the unique
Hopf *-homomorphism making the following diagram commute:

Cu(HSAP) 2 AP(C(H)) — M{(C(H))

\LgSAP l/g
u

Cu(GSAP) 2 AP(CH(G))—> M(CE(G))

Now, the composition AP(C{(H)) — M(C§(H)) RN M(C§(G)) is a Hopf *x-homomorphism, and
so, again by [43, Theorem 3.1], it follows that the image is a subset of AP(C{(G)). So actually
65AF drops to a Hopf x-homomorphism AP(CY(H)) — AP(C¥(G)); that is, provides an arrow in
the middle vertical in the diagram above.

Indeed, by Remark B3] we know that §(AP(CY(H))) € AP(C(G)), and so 6 restricts to
give a map AP(CY(H)) — AP(C{(G)); this is the map considered in the previous paragraph.
By composing with the inclusion AP(C¥(G)) — C*(GSAF) we obtain a Hopf x-homomorphism
AP(Cy(H)) — C*(G®P). As C*(HSAT) is the universal C*-algebra generated by AP(CY(H)),
we hence obtain a map C*(HSAY) — C%(GSAP), and by tracing the construction in the proof of
Proposition B4 we find that this map is indeed §5AF.

We next investigate what would happen if we used AP(Cy(G)) instead of AP(CH(G)).

Proposition 3.9. Let G be a locally compact quantum group. Consider the Hopf x-algebras
AP(Co(G)) and AP(CH(G)), which we can consider as subalgebras of M(CY(G)) and M(Cy(G)),
respectively. Then the strict extension of A : CY(G) — Co(G) restricts to form a bijection
AP(CUG)) — AP(Co(G)). In particular, C(G3*F) is also the reduced version of the compact
quantum group AP(Cy(G)).

10



Proof. By construction (see after Definition B.2]) AP (Cy(G)) is merely the set of elements of admis-
sible corepresentations of Cy(G); and similarly for AP(C{(G)). As A is a Hopf-x-homomorphism,
it is clear that A(AP(CY(G))) C AP(Cy(G)).

Conversely, and with reference to Remark [3.2] let Uy be an admissible unitary corepresentation
of Cy(G), and let U be the unique lift to a unitary corepresentation of C§(G). Our aim is to show
that U is admissible, from which it will follow that A(AP(C¥(G))) = AP(Co(G)).

It is easy to see that U is invertible if and only if Uy = (Ug,;)7—, is invertible. Now, Uy is
a corepresentation (and not an anti-corepresentation), and from the theory of compact quantum
(matrix) groups we know that U, is similar to a unitary, so there is a scalar matrix F with
Vo = F~1UyF unitary. Let V be the unique lift to C¢(G). We shall show that U = FV F~!, which
is invertible, showing that U is admissible as claimed.

We now argue as in the proof of Lemma For 4, j, we have that

ZUm@)UM] (1@ NAUy) =V (1 © Upy)V = V(1 ® (FVF);)V

= AR VeV =Y FuF; (1@ M)AV

s,t

= Ve @ Vo = Z(FV);} ® (V()F_l)zj
i

Z (FV)j @ (F7'T0)y,; = Z(FV);} ® (F~1Uo);
k k

It then follows that as Uy is unitary, for each i, r,

> U ®@UosiUy =Y Uik ® 0l = Uy ® 1
k

k7j

=D (FV)5 ® (F W)y (U)jr = > (FV)3 @ F 4y = (FVF )5 @ 1,

Hence U = FVF~! as claimed.

So we have shown that admissible unitary corepresentations of Cy(G) lift to admissible unitary
corepresentations of C{'(G). Finally, we argue as in [12| Section 1.2]. Let B, C M(C{(G)) denote
the space of elements of all unitary corepresentations of C{'(G). By the universal property of U, it
follows that

B, ={(t®@wod)U):¢:CHG) — B(H) is a non-degenerate *-homomorphism ,w € B(H),}.
Similarly define B C M(Cy(G)), so
B={(1tQwod)(V):¢:CHG)— B(H) is a non-degenerate *-homomorphism ,w € B(H),}.

Then A restricts to a surjection B, — B, because (A ® 1)) = V. We claim that A : B, — B is
an injection, from which it will follow certainly that A : AP(C{(G)) — AP(Cy(G)) is injective, as
required. R R

Let a = (Lt ® wo ¢)(U) € B, be non-zero. So pp = wo ¢ € CY¥(G)* is non-zero. Now, C}(G)
is the closed linear span of {(7 ® ¢)(V) : 7 € L'(G)}, and as p # 0, there is 7 € L'(G) with
(u, (1@ 1)(V)) # 0. Thus A(a) = (1 ® p)(V) # 0, as required.

As C(GPF) is the completion of AP(CY(G)) for the norm coming from the action on L*(GF),
it follows that C(G®AF) is also the completion of AP(Cy(G)), namely the reduced version of
AP(Cy(G)), and so the second claim follows. O

11



Consequently, it is enough to work in Cy(G). Combining this proposition with the observations
of Section [3.2] we have the following commutative diagram, where now A denotes the Hopf -
algebra associated with G5, which can now be identified the space of elements of admissible
representations of C§(G), or equivalently, Cy(G),

Cu(GSAP) AP(CS(G)) Restriction of Ag A]P)(C()(G)) C(GSAP)

XA/

In Section below, we shall see that in the cocommutative case, it is possible to say when the
horizontal surjections are actually isomorphisms.

Definition 3.10. For a locally compact quantum group G, we write AP(G) for the unique dense
Hopf *-algebra of C(GSAT). By the above, equivalently this is the unique dense Hopf -algebra of
AP(Cy(G)), or of AP(CH(G)).

We finish this section by showing a simple link between admissible representations and the
antipode S, thought of here as a strictly-closed (unbounded) operator on M (Cy(G)).

Proposition 3.11. Let U = (U;;) € M, (M(Cy(G))) be a unitary corepresentation. Then U is
admissible if and only if U}, € D(S) for each i, j.

Proof. For fixed 1, 7, as U is a corepresentation and is unitary,
Y AU @UR) =Y U@ UplUp, =Y Uy ® (UU*);; = Uy ® 1.
k el !

Similarly,

Y (L@ UR)AU;) =Y Us @ Uply, = Z @ (UU)a=Uj;® L.
k,l

k

It follows from [29, Corollary 5.34, Remark 5.44] that Uy; € D(S) with S(Uy;) = U7,
Suppose now that U}; € D(S) for all i,j. Then Uj; € D(S™"), so we may set VZ] = S™YUj).

Then
S VU = >0 ST Vi) Ui = ST (Y S(U1)Uki) = S (ZU,WUM) = i1,
k k k

so that VU = 1. Similarly, UTV =1, so U is invertible.

Conversely, if U is admissible, then the elements of U will belong to the Hopf *-algebra A
associated to AP(Cy(G)). By applying [29, Proposition 5.45] (compare [43], Proposition 4.11])
to the inclusion Hopf s-homomorphism AP(Cy(G)) — M(Cy(G)) we see that this inclusion will
intertwine the antipode on A and S. In particular, S will restrict to a bijection A — A, and so
the “only if” claim follows. O

Remark 3.12. Thanks to [27, Proposition 9.6], the same result holds for unitary corepresentations
of C{(G) if we use the universal antipode S,,.

We also remark that the proof that matrix elements of unitary corepresentations of a com-
pact quantum group form a Hopf x-algebra ultimately relies upon the fact that if U is a unitary
corepresentation, then U, or equivalently U, is similar to a unitary corepresentatlon (equivalently,
anti-corepresentation). Indeed, we used this fact in the proof of Proposition 3.9 above. This point
was, we feel, slightly skipped in [43] Remark 2.3(2)] and explains why the argument given there
does not work (directly) for locally compact quantum groups.

12



Remark 3.13. If G is a Kac algebra (or, more generally, if S = R) then the previous proposition
gives a simple proof that any unitary corepresentation is admissible. In particular, this answers
the implicit question before [43, Proposition 4.6].

Remark 3.14. Let us just remark that everything in this section applies equally well to quantum
groups coming from manageable multiplicative unitaries— simply replace references to [27] by the
appropriate results to be found in [46] and [34].

4 Representation free, and Banach algebraic, techniques

When G is a locally compact group, the algebra AP(Cy(G)) coincides with the classical algebra
of almost periodic functions, namely those functions f € C®(G) such that the collection of left (or
right) translates of f forms a relatively compact subset of C°(G), see [7, Section 4.3] for example.

There is a classical and well-studied link with Banach algebras here. Consider the algebra L!(G)
and turn C*(G) into an L'(G) bimodule in the usual way; we shall denote the module actions by *.
Then a simple argument using the bounded approximate identity for L!(G), together with the fact
that a subset of a Banach space is relatively compact if and only if its absolutely convex hull is,
shows that a function f is almost periodic if and only if the orbit map L'(G) — C*(G);a — a* f
(or fxa) is a compact linear map. In fact, identifying C*°(G) with a subalgebra of L®(G), we
obtain the same class by looking at those f € L>*(G) with L'(G) — L*(G);a — a * f being
compact (compare with the arguments of [49] or [9, Lemma 5.1] for example).

We are hence lead to consider the following definition.

Definition 4.1. Let 2 be a Banach algebra, and turn 2* into an 2-bimodule in the usual way.
A functional p € A* is almost periodic if the orbit map A — A*;a — a * p is compact. We write
AP(2L) for the collection of such functionals.

For p € 2A*, define L,, R, : A — A* by R,(a) = axp and L,(a) = pxa. With k : A — A
being the canonical map, we find that L}, o x = R, and R}, ok = L, and so L, is compact if and
only if R, is compact. We remark that some authors write AP(2*) instead of AP ().

When 21 = LY(G), we hence recover the classical notion of an almost periodic function. It is
thus very tempting to use the same definition for any locally compact quantum group. Indeed,

PN

early on in the development of the Fourier Algebra, the definition of AP(G) = AP(A(G)) was
made (we believe for the first time in [I4, Chapter 7]).

Let us quickly recall some notation. For a locally compact group G we define Lw(é) to be the
group von Neumann algebra V N (G), which is generated by the left translation maps {\(s) : s € G}
acting on L?*(G). In the setup of Kac algebras or locally compact quantum groups, this is the dual to
the commutative algebra L>°(G). The predual of V N(G) is the Fourier algebra A(G), as defined
by Eymard, [19] (compare also [47, ]). Generally one thinks of A(G) as being a commutative
Banach algebra, in fact, a subalgebra of Cy(G). We remark that the locally compact quantum
group convention would be to consider multiplicative unitary W for V. N(G), and then to consider
the “left-regular representation”, the map A(G) = VN(G), — Co(G);w — (w @ ¢)(W) (which
is also used in [47, Section 3, Chapter VII]). Concretely, we identify the functional w with the
continuous function G — C;t — (A(t7!),w). We warn the reader that Eymard instead considers
the map t — (A(t),w).

It was recognised that it “should be” the case that AP(G) = C#(G), the C*-subalgebra of
V N(G) generated by the left translation operators. This is indeed quantum Bohr compactification,
see [43], Section 4.2] and Section [l below. An excellent reference here is Chou’s paper [9].

Theorem 4.2. We have the following facts:
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~

1. AP(G) = C}(G) if G is abelian [1])], or discrete and amenable (which follows easily from [20,
Proposition 2]).

2. there exists a compact group G such that C3(G) # AP(G). This is [, Theorem 3.5, but
be aware of some errors in preliminary results; these errors are partly corrected in [40]; in
particular [0, Proposition 1] shows the result we are interested in.

~

3. if H is an open normal subgroup of G with G/H amenable, and with C{(H) = AP(H), then

N

also C§(G) = AP(G), [9, Theorem 4.4].

Remarkably, in full generality, it is still unknown if AP(@) is even a C*-algebra, never-mind
whether it satisfies any obvious interpretation as a “compactification”. Recently Runde suggested
a new definition of “almost periodic” which takes account of the Operator Space structure of
A(G). We use standard notions from the theory of Operator Spaces, see [I7] for example. In
particular, if M is a von Neumann algebra and M, its predual, then the space of completely
bounded maps M, — M, denoted CB(M,, M), can be identified with the dual space of the operator
space projective tensor product, M,®M,, and with the von Neumann tensor product M®M. That
is, we identify T € CB(M,, M), u € (M, ®M,)* and y € M&M by the relations

(T(w), 7) = (pwT) = (y,wT) (w, 7 € M,).

There are analogous constructions given by slicing y on the right; see [17, Chapter 7].

For a map between operator spaces, there are a number of notions of being “compact”, namely
completely compact and Gelfand compact, see [42], Section 1] and references therein for a discussion.
In general these are distinct, but when mapping into a dual, injective operator space, they coincide
with the notation of being the completely-bounded-norm limit of finite-rank operators (much as,
in the presence of the approximation property, a compact map between Banach spaces is the norm
limit of finite-rank maps). For a completely contractive Banach algebra 2, Runde makes the
following definitions:

Definition 4.3. A completely bounded map T : E — F between operator spaces is completely
compact if for each € > 0 there is a finite-dimensional subspace Y of F' such that, with @ : F' — F/Y
the quotient map, ||QT s < €.

For 11 € A* say that p is completely almost periodic, denoted by p € CAP(), if both L, and
R, are completely compact.

Consider the case when (M, A) is a Hopf von-Neumann algebra and 20 = M, with the canonical
operator space structure. Then, if M is an injective von Neumann algebra, [42, Theorem 2.4]
shows that CAP(2() is a C*-subalgebra of M. Indeed, the proof shows that

CAPR) ={z e M :A(x) e M @ M},

where here ® denotes the minimal C*-algebra tensor product, namely the norm closure of M ® M
in M®M. In particular, this applies to 2 = A(G) when G is an amenable or connected locally
compact group, [42, Corollary 2.5].

Hence for “nice” G, Runde’s algebra CAP(L'(G)) agrees with those x € L>°(G) such that

L,: LYG) = L™(G); wrrxw=(w®i)A()

can be cb-norm approximated by finite-rank maps. Equivalently, this means that A(x) can be
norm approximated by finite-rank tensors in M® M.
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4.1 Counter-examples

The counter-example considered by Chou is as follows: for a compact group G, let E be the
rank-one orthogonal projection onto the constant functions in L?(G). Then E € VN(G) and
it is possible to analyse closely the orbit map A(G) — VN(G);w +— w - E, in particular, £ €

~

AP(G) if and only if G is tall. However, a careful calculation shows that Chou’s argument [9,

~

Proposition 3.1] (compare also [15]) does extend to CAP(G). We plan to explore in future work if
we can characterise when £ € CAP(G); compare also with Theorem [5.3] below.
Instead, we now turn our attention to the fully quantum case, and explore a remarkable result

of Woronowicz in [59]. The quantum E(2) group was defined in [60], see also [39, [53].

Theorem 4.4. Let ¢ € (0,1) and let G be the quantum E(2) group with parameter q. Then
CAP(G) strictly contains AP(Cy(G)) = C(GSAY).

Proof. We use two results of Woronowicz. Firstly, [59] (see especially Section 4) shows that for
all x € Co(G), we have that A(z) € Cy(G) ® Cy(G); notice the lack of a multiplier algebra! So
immediately we see that Cy(G) C CAP(G).

Secondly, we use the classification of unitary corepresentations of Cy(G) given in [60, Theo-
rem 2.1]. In finite-dimensions, the classification is very restrictive. Indeed, let U € M (Cy(G)) @M,
be a finite-dimensional unitary corepresentation. Then there exist matrices N, b € M, with N self-
adjoint, b normal, and N, |b| commuting. Furthermore, if b has polar decomposition b = u|b|, then
on (ker b)t, we have that u*Nu = N +2. Clearly this cannot hold for bounded operators, so in this
finite-dimensional setting, (kerb)* = {0} so b = 0. Then [60, Theorem 2.1] further gives an ex-
pression for U in terms of b and N. However, as b = 0, it follows that actually U € M, (M (Cy(G)))
diagonalises, with diagonal entries powers of v € M(Cy(G)). Here v is a unitary, one of the oper-
ators which “generates” Cy(G), compare [60, Theorem 1.1]. We know that A(v) = v ® v by [60,
Theorem 1.2], and so v is a one-dimensional, admissible, corepresentation.

It follows from this discussion that AP(G) is spanned by {v* : k € Z} and so G5*F is isomorphic
to the circle group (and hence is a classical compact group). In particular, AP(Cy(G)) is (much)
smaller than CAP(G). O

Let us draw one further conclusion from this. Let A C M(Cy(G)) be the maximal compact
quantum semigroup; so A is the maximal unital C*-subalgebra with A(A) C A® A. That A exists
follows from a free-product argument, compare [54]: if B,C C M(Cy(G)) are two such unital
algebras, then the image of the free-product B x C' in M(Cy(G)) will be a unital C*-bialgebra
containing both B and C. If G = G is a classical (semi)group then A will be commutative, with
character space K say, and A restricted to A will induce a continuous semigroup structure on K.
It follows that K is actually the “almost periodic” compactification of G, compare [7, Chapter 4.1].
If G were a group, then this agrees with the Bohr compactification. However, if now G is again
the quantum FE(2) group, then this maximal A will certainly contain Cy(G) @ C1; in particular,
again A will be (much) larger than AP(Cy(G)).

4.2 Stronger notions

Thus it appears that, in complete generality, even the notion of “completely almost periodic” is
not strong enough to single out AP(Cy(G)). We shall make a stronger definition; the link with
Runde’s definition is clarified in Proposition below.

Definition 4.5. Say that x € L>*(G) is periodic if A(x) is a finite-rank tensor in L>*(G)®L>*(G).
Denote the collection of periodic elements of L>(G) by P>°(G), and denote the norm closure, in
L*(G), by P*(G).
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Note that similar definitions would hold for M (Cy(G)) (or indeed for M(C{(G))) and at this
level of generality, it is not clear if they would yield the same objects; thus we choose to emphasis
this by using the notation P> not P, and so forth. Compare with Remark and the comment
after Theorem [6.4], which suggest that working with M (Cy(G)) should probably give the same
result, but that M (C¥(G)) might not.

Remark 4.6. In the purely algebraic setting, working with multiplier Hopf algebras, Sottan studied
a very similar ideas for discrete quantum groups in [44] (see also [43], Proposition 4.6]).

Lemma 4.7. Let G be a locally compact quantum group. Then
P2 (G) ={z € L™(G) : L, is finite-rank} = {x € L=(G) : R, is finite-rank}.
Furthermore, P>*(G) is a C*-subalgebra of L>=(G), and an L*(G)-submodule of L=(G).

Proof. 1t follows immediately from the definition that P>(G) is a C*-algebra. As L,(w) = z*w =
(w® )A(x), it is easy to see that if A(x) is a finite-rank tensor, then L, is a finite-rank map.
Conversely, if L, is finite-rank, then let {x;} be a basis for the image of L,. For each w € L}(G),
there hence exist unique scalars {a;} with x *w = >, a,x;. Then the map w — a; is bounded
and linear, so there are y; in L*(G) with z xw = > _.(y;,w)z;. Equivalently, A(z) = >y, ® x;
is a finite-rank tensor. An analogous argument holds for R,; or use again that R, = L} o x and
L, = R} o k (where & is the inclusion L}(G) — L}(G)**).

To show that P>(G) is an L'(G)-submodule, it suffices to show that P>(G) is a submodule.
For w € LYG), let T,, : L°(G) — L*(G) be the map x + w*z. Then Ly, = T, 0 L, so
r € P*(G) = w*x € P®(G). Similarly, let S, : L'(G) — L'(G) be the map 7 + w7. Then
Lyyw = Ly 0 S, and it follows that P>(G) is also a right L'(G)-submodule. O

The following ultimately provides an alternative description of P>(G).

Theorem 4.8. Let T : LY(G) — L*>(G) be a completely bounded right L'(G)-module homomor-
phism. Then there exists x € L>(G) with T = R,.

Proof. That T is completely bounded again means that there is y € L>*°(G)®L>*(G) with T(w) =
(w®1)(y) for all w € LY(G). If we have that y = A(z), then T'(w) = (w @ )A(x) = wrz = R, (w
as required. Conversely, that T is a right L!(G)-module homomorphism is equivalent to

<’y,CU1CU2 ®CU3> = <T(C<J1CU2),CU3> = <T(W1),WQW3> = (y,wl ®C<J2(,<J3>,

that is, (A ®¢)(y) = (¢ ® A)(y). So we wish to prove that this relation on y forces that y = A(x)
for some =x.

If L'(G) has a bounded approximate identity, this is a Banach algebraic exercise. For G
cocommutative, we gave a proof in [, Theorem 6.5], and an early preprint by the authof shows
that this is true for general G (with a relatively elementary proof). However, actually a somewhat
more general statement already exists in the literature. A (left) action of G on a von Neumann
algebra N is an injective normal unital x-homomorphism a : N — L*°(G)®@N with (t®@a)a = (A®
t)a. For actions of Kac algebras, it was shown in [I8, Théoreme IV.2] (see also [18], Définition I1.8])
that

a(N)={2e€ L®(G)®N : 1@ a)(z) = (A®)(2)}.

In [50, Section 2] the necessary preliminary steps to prove this result for locally compact quantum
groups are given, although a full proof is not shown. As A is an action of G on L*(G), our claim
immediately follows from this general theory. O

2See Theorem 2.2 of arXiv:1107.5244v3 [math.0A]
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Proposition 4.9. Let G be a locally compact quantum group. Then AP(Cy(G)) C P>(G) C
CAP(LYG)). Indeed, x € P®(G) if and only if L, can be cb-norm approximated by finite-rank
module maps L'(G) — L=(G).

Proof. Tt is clear that a matrix element of an admissible corepresentation is periodic (as the corep-
resentation is finite-dimensional) and so AP(Cy(G)) C P>(G). If z is periodic, then as A is an
isometry, it follows that A(x) can be norm approximated by elements of form A(y) with A(y) a
finite-rank tensor. It is immediate that € CAP(L!(G)), and that L, can be cb-norm approxi-
mated by finite-rank module maps. The converse now follows from the previous theorem, as every
finite-rank module map is of the form L, for some y with A(y) a finite-rank tensor. O

Thus the collection P>, which can be defined purely in terms of the Banach algebra L'(G), is
a weakening of AP and a strengthening of CAP. In the next section we shall provide cases (in
particularly, when G is a Kac algebra) when AP = P>°. In the following section we embark on a
programme to determine CAP(A(G)) for various classes of groups G.

4.3 When periodic implies almost periodic

Our aim here is to show that if x € P*(G), then under further assumptions on x, also = €
AP(Cy(G)). Firstly, we need to decide upon reasonable “further assumptions”. Proposition 311
immediately implies the following.

Lemma 4.10. Let v € AP(G). If we consider AP(G) as a subalgebra of M(Cy(G)), then x €
D(S) N D(S™Y). Similarly, if we consider AP(G) C M(C¥(G)), then AP(G) C D(S,) N D(S;!).

Our aim will be to show that in fact AP(G) = P>(G) N D(S) N D(S™!). Notice that if S is
actually bounded (if G is a Kac algebra) then immediately we have that AP(G) = P(G).

We start with some results about the antipode. As S is unbounded, the natural candidate for an
involution on L'(G) is unbounded. Instead, following for example [27, Section 4], we define L} (G)
to be the collection of w € L!'(G) such that there is w? € LY(G) satisfying (z,w?) = (S(x)*,w)
for all x € D(S). Then w ~— w* defines an involution on L(G). For w € L'(G) define w* by
(x,w*)y = (z*,w) for z € L®(G).

Lemma 4.11. Let x € D(S) € L®(G) and let w € Ly(G). Then xxw € D(S) with S(x xw) =
w x S(z), and wxx € D(S) with S(w*x) = S(x) * w.

Lety € D(S7') and let 7 € LY(G)*. Theny*7,7xy € D(S™) with S™' (yx7) = 7% x S~ (y)
and S~Hrxy) = ST (y) x 7.
Proof. By [3, Appendix A], for example, to show that z xw € D(S) with S(z*w) = w* x S(z), it
suffices to show that for all 7 € L}(G), we have that

(z % w, %) = (W % S(z), 7).

However, this follows from a simple calculation:

(xxw, ™) = (2w 1) = (z, (T *x W) = (S(2)*, T *x wh) = (W% S(2)*, 7) = (W™ % S(z), 7").

The second claim is entirely analogous.

For the second part, we use that S™! = %0 Sox, and that A is a *-homomorphism. So y* € D(S)
and 7" € L}(G), and thus y* «7* € D(S) with S(y*+7*) = 7% % S(y*). Hence y»7 € D(S™") and
SHyx 1) =S(y**7*)* = 7 x S71(y). The other claim follows similarly. O

17



The following is essentially a restatement of [3, Proposition 4.6]; but here our sums are finite,
and so we can ignore convergence issues.

Proposition 4.12. Let x € L®(G) be such that A(z) = > " | a; @ b; where for each i, we have
that b* € D(S). Then the map L : L®(G) — B(L*(G)); & o S(bF)*&a; maps into L=(G)
and is the adjoint of a (completely bounded) left multiplier of LY(G). In particular, (1@ L)(W*) =
(x @ 1)W*, equivalently, > ,(1 ® S(b;)*)Aa;) =z ® 1.

Corollary 4.13. Let x € L®(G) be such that A(x) = > | a; ® b; where for each i, we have that
a; € D(S). Then1®@x =) _.(S(a;) @ 1)A(b;).

Proof. We follow [30, Section 4], and define the opposite quantum group to G to be G°°, where
L>®(G°P) = L>(G) and A°® = gA. Then we find that R°® = R and (7;”) = (7_). It follows that
S = ROPTSI;/Q =Rrp=5"1=%x0S50x.

So A°P(x) = 3. b; ® a; and for each 4, we have that af € D(S°P). So the previous proposition,
now applied to G, shows that x®1 = Z (1®S°P(a))* )A"p(b ), or equivalently, 1@z = )" .(S(a;)®
1A(b). O

We can now prove the main theorem of this section; the idea of this construction is well-known
in Hopf algebra theory (but of course we have to work harder in the analytic setting).

Theorem 4.14. Let z € P>*(G) N D(S) N D(S™'). There exists an admissible corepresentation
U = (Uy) of Co(G) such that x is a matriz element of U. In particular, x € M(Cy(G)) and
z € AP(Co(G)).

Proof. That z € P>(G) is equivalent to R, : L'(G) — L*(G);w — w % x having a finite-
dimensional image, say X. Then R,(L;(G)) is dense in X, as L}(G) is dense in L'(G). As X is
finite-dimensional, R,(L;(G)) = X, and so we can find (w;)iL, € Ly(G) with {w; 2 : 1 <i <n}
forming a basis for X. Set z; = w; * x.

As {;} is a linearly independent set, the map L'(G) — C™;w — ((z;,w))™, is a linear surjec-
tion. Hence the set {((z;,w))i_, : w € L{(G)} is a dense linear subspace of C", and hence equals
C". So we can find (r;)i-; € L}(G) with (z;,7;) = & for 1 <i,j <n. Let y; = x % 7;.

For w € L'(G) there are unique (a;)7; C C with wxz = Y a;z;. Then ¢; = (wrz,7;) =
(x x5, w) = (y;,w), and so for 7 € L}(G),

(Az), T @ w) Zal (w7 Z($¢®yi,7®w>-

i

It follows that A(z) = >, 7; ® y;. Notice that then z; = w; xx = Y (y;,wi)x;, so as {z;} is a
linearly independent set, we conclude that (y;,w;) = d;; for all ¢, j. In particular, {y;} is also a
linearly independent set.

Set Ujj = x; 7, = wj xx * 7;. Then

=D Alw) @y =D m® Aly).

It follows that A(y;) = >, Ui; ® y; for all 4. Then

A(y;) = Z A(Ui;) @ y; = Z Ui ® A(yg) Z Uir @ Upj @ y;.
J

k,j

As {y;} is also a linearly independent set, this shows that U = (U,;) is a corepresentation.
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Using Lemma E.TT] notice that y;,z; € D(S) for all ¢, and that U;; € D(S) for all i,5. As
A(z) =Y, 2 ®y;, Corollary shows that

1@z => (Sx)@DA(y) =Y S(x:)Ui; @ y;.

( .3

Hence = € lin{y;}. We now notice that for each i, A(y;) = >, U; ® y;, and so Proposition {.12]

shows that
yf®1:Z(1®S(y] Z k ®S(y;) “Uy;-
j
Hence y; € lin{Uy, : 1 < k < n} for each i, and we conclude that z is a matrix element of U.

The preceding argument is partly inspired by [3, Section 4]; in particular, [3, Theorem 4.7] shows
that if the representation L'(G) — M,,;w +— ((U;;,w)) is non-degenerate, then U is invertible with
inverse (S(Uij))7;=;- We claim that this representation is indeed non-degenerate. For £ € C", as
{y:} is a linearly independent set, there is 7 € L'(G) with £ = ({y;,7))}—,. Then

(Ui )€ = (Do (Usss ) = ((gw ),
J

We need to show that as w, 7 vary, we get a subset whose linear span is all of C". However, this is
clear, because lin{wx 7 : w,7 € L'(G)} is a dense subspace of L'(G), and the set {y;} is linearly

independent.
We hence conclude that U is invertible. It is known that invertible representations are members
of M(Cy(G) @M,) = M(Cy(G)) ® M, see [57, Section 4], [2, Page 441] and [3, Theorem 4.9]. So
It remains to show that U is admissible, that is, U is invertible, or equivalently, that U =
(U35)i— is invertible. By hypothesis, also z € D(S™"). Arguing as before we can find ( o, C
L}(G)* with z; = wj % x. Similarly, we find ()i, € L}(G)* with (z;,7/) = d;;. Setting y; = %7/,
we follow the argument above to conclude that A(z) = ZZ z;®y;. As {x;} is a linearly independent
set, actually y; = y; for all 4. Then UJ; = x; * 7/ is a corepresentation, but now Uj; € D(S™") for

all 7, 5. However,
Z Uy ®y; = Alys) = Aly) = Z Ui,j ® y;' = Z Ui,j @ Yy,
J J J

so using that {y;} is a linearly independent set, it follows that U;; = U, for all 4, j. Thus U}; € D(S)
for all 4,5, and so [3, Theorem 4.7] shows that U is invertible (as obviously L'(G) — M,;w
(U5, w))it =1 = ((Usj,w*))7j=1 is non-degenerate). O

157

Remark 4.15. An immediate corollary of the proof is that if z € P>*(G) N D(S), then = €
M(Cy(G)) and z is a matrix element of an invertible, finite-dimensional corepresentation of Cy(G).

Combining Lemma [0l and Theorem .14l immediately gives the following.
Corollary 4.16. We have that AP(Co(G)) = P>(G) N D(S) N D(S™).

For Kac algebras, this takes on a very pleasing form, because S = R is bounded. In particular,
this answers a question ask by Sottan, see [43] Page 1260], as to whether a finite-dimensional,
unitary corepresentation of a discrete Kac algebra is automatically admissible— the answer is “yes”,
as would be true for any Kac algebra, and any finite-dimensional corepresentation.

Corollary 4.17. Let G be a Kac algebra. Then AP(Cy(G)) = P2(G), and AP(Cy(G)) = P=(G).
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So at least for a Kac algebra, this corollary provides a way, just starting from L'(G), of finding
AP(Co(G)) and AP(Cy(G)). In the general case, D(S) N D(S™!) will be smaller than L>(G), and
so in principle it might be hard to calculate P>(G) N D(S) N D(S™!). Compare with Theorem
and Conjecture [7.1] below.

5 The cocommutative case

Sottan showed in [43, Section 4.2] that if G is a locally compact group and G = G, then
AP(CY(G)) = AP(C*(G)) is the closed linear span of the translation operators {L; : s € G}
inside M (C*(G)). Actually, much the same proof work for C*(G) = Cy(G). So in light of Propo-
sition [3.9] we see that if G4 denotes GG with the discrete topology, then the compactification of G
in LCQG is Gy

Let us give a different, short proof of this, using our previous results. In the literature (see [9]
for example) it is common to write Cf(G) for the C*-subalgebra of VN(G) = L*(G) generated
by the left-translation maps {A(s) : s € G}. Let us write C[G] for the algebra (not norm closed)
generated by the operators A(s). We first note that each A(s) € M(Cy(G)), and that A restricts
to C[G] turning (C[G], A) into a unital bialgebra. Thus (C5(G),A) is a unital C*-bialgebra. It
is easy to verify the density conditions to show that (CF(G),A) is a compact quantum group.
Hence C}(G) C AP(Cy(G)). However, Chou showed in [J, Proposition 2.3] (translated to our
terminology) that P>(G) = C[G], from which it follows that P*(G) = C}(G). So, with reference
to Proposition 9] it follows that AP(Cy(G)) = C;(G).

5.1 Completely almost periodic elements

We now wish to investigate Runde’s definition CAP(A(G)). Firstly, we have the following result,
which holds for any compact Kac algebra.

Theorem 5.1. Let G be a compact Kac algebra. If x € L>(G) with A(x) € L®(G) ® L*(G) (the
C*-algebraic minimal tensor product) then x € C(G).

Proof. As G is Kac, we have that R = S = S~! and the Haar state ¢ is a trace. Let & € L*(G)
be the cyclic vector for ¢. Then, for y, z € L>(G) and a,b € C(G),

((e@) Wy Z)W*)aﬁo‘bgo) = (y@2)W* (& ® @ﬁo)mf*(go ® b&o))
= (A" (y ® 2)A(a)o ® &|& ® &) = (p ® ) (A(V")(y ® 2)A(a))
= (p @) (A(ad")(y ® 2)).

using that ¢ is a trace. By [56, Theorem 2.6(4)] we know that

R((p®0)((ab* @ 1)A(Y))) = (¢ @ 1) (Alab*)(y ® 1)).

Hence we get

p(R((e®0)((ad" @ 1)A(y)))z) = o(R(2)((¢ @ 1) ((ab" ® 1)A(y)))),

using that ¢ o R = . This is then equal to

(¢ @) ((ab” ® R(2))A(y)) = (W (S @ y&o) |ba"so @ R(2")&)
= ((L @ @) (W*)o|ba*&o) = ¢(ab*c) = p(b*ca) = (ca&|b&),
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where @ = wye, r(=7)g, € LYG) and ¢ = (1 ® ©)(W*) € C(G). As a,b € C(G) were arbitrary, this
shows that
(@) (W(y®2)W*) e C(G).

We remark that a similar idea to this construction, in a very different context, appears in [41]
Section 3.
For e > 0 we can find 7 € L>®(G) ® L>*(G) with ||A(x) — 7|| < e. Thus

(e @ )(WA@)W*) — (¢ @ ) (WTWH)|| < e

However, as W*A(z)WW = 1 ® x, this shows that there is some d € C(G) with ||z — d|| < e. So
x € C(G) as required. O

Corollary 5.2. Let G be a compact Kac algebra with L>(G) injective (for example, G = G for a
discrete amenable group G). Then CAP(LY(G)) = C(G).

To deal with the non-injective case would presumably require a much more detailed study of
the notion of a completely compact map. We do not currently see how to adapt our ideas to the
non-Kac setting.

In the rest of this section, we start a programme of extending Theorem [5.Il Having a trace
seemed very important to this proof, so to make progress in the non-compact case we shall restrict
ourselves to the case when G = G for a [SIN] group G. We shall prove the following result:

Theorem 5.3. Let G be a [SIN] group, and let zg € VN(G) be such that A*(zy) € VN(G) ®
VN(G)® VN(G). Then zg € C5(G).

By definition, G is [SIN] group if G contains arbitrarily small neighbourhoods of the identity
which are invariant under inner automorphisms. Equivalently, by [48, Proposition 4.1], VN(G)
is a finite von Neumann algebra. Discrete, compact and abelian groups are all [SIN] groups. A
connected group G is [SIN] if and only if the quotient of G by its centre is compact, if and only if
G — G5 is injective, see [37, Chapter 12]. Also we note that [SIN] groups are always unimodular.

Recall that the fundamental unitary W of VN (G) satisfies W¢(s, t) = £(ts, t) for £ € L*(G x
G),s,t € G. As A(G) is commutative, we of course have that w x x = z xw for w € A(G) and
x € VN(G). We write the module action of V N(G) on A(G) by juxtaposition.

Lemma 5.4. Let G be unimodular, and let & € L*(G) satisfy £(ab) = &(ba) for (almost) every
a,b € G. For all z € VN(G x G) we have that (we ® t)(WzW*) € VN(G). Furthermore, for
z,y € VN(G) we have that (we @ )(W(z @ y)W*) = @, xy where ¢, = (wex) o R € A(G).

Proof. Let s,t € G and let w = (we @ ¢)(W(A(s) @ A(t))W*). Let f,g € L*(G), and calculate:
(wflg) = (M) @ XD (€ ® I (€2 9))
= [ [ W€ s et HTED (@) da db
¢Ja

= /G /G (b Mts a)E(b~1a) da f(t7'b)g(D) db
= / / E(ts™Lab ™ )E(ab1) da f(t7b)g(D) db by assumption on &

/ / £(tsta da f(t )ﬁ db as GG is unimodular
N, ( t)f \g)
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Thus w = (A(st™),we)A(t) € VN(G). Now,

P * AE) = (A1), ea) A1) = (A1), weA(s)A(t) = w,
and so the stated formula holds when = = A(s) and y = A(¢). By separate weak*-continuity, the

formula holds for all x,y. Then, by weak*-continuity again, it follows that for any z € VN(G x G)
we do indeed have that (we ® o)(WzW*) € VN(G). O

The obvious use of this result is that (we ® ¢)(WA(x)W*) = x for any z € VN(G) and any
suitable £&. Thus this is very similar to the argument in Theorem [5.1] above.

Note that ¢, = R(x)(we o R) and that if £ is real-valued, then we o R = wg, as for x € VN(G),
we have that R(z) = Ja*J, and here J : L*(G) — L*(G) is just the map of pointwise conjugation.
If G is a [SIN] group, then whenever V' is an invariant neighbourhood of the identity, then &, =
|V|~Y/2xy will be an invariant unit vector in L?(G). Arguing as in [48, Section 3] we see that we
is a tracial state in A(G). Let U be an ultrafilter refining the order filter on the set I of invariant
neighbourhoods of the identity in G, and let ® be the weak*-limit, taken in V N(G)*, along U, of
the net (we, ). Thus @ is a trace on VN(G). Define

a:VN(GxG) = VNG); alzx)= lizgn(w@ ® ) (W (x @ y)W),
where the limit is in the weak*-topology on VN(G). For w € A(G),
(a(z ®@y),w) = im((R(z)wg, ) * y, w) = Im({A(y)(R(z) ® 1), wg, @ w) = @((w *y)R(x)).
Let (H,m, &) be the GNS construction for ®. Hence
(a(z ®y),w) = (r(w*y)|m(R(z"))&).

We wish to find H is a more concrete way, for which we turn to the notion of an ultrapower

of a Banach space, [21]. Let ¢*°(L?(G),I) be the Banach space of bounded families of vectors in
L?*(G) indexed by I. Define a degenerate inner-product on ¢>*(L?*(G), I) by

The null-space is Ny = {(&) : lim;_y ||&]| = 0} and ¢>°(L*(G),I)/Ny becomes a Hilbert space,
denoted by (L*(G))y. The equivalence class defined by (&;) will be denoted by [&;]. In particular,
set & = [&v]. Any T € B(L*(Q)) acts on (L*(G))y by T[&] = [T(&;)]. Tt is now easy to verify that
the map

m(x)go = [2(Ev)]l =26 (z € VN(G))
is an isometry, and so extends to an isometric embedding H — (L?(G))y. We shall henceforth
identify H with a closed subspace of (L*(GQ))y.

Lemma 5.5. For x € VN(G) and w € A(G), we have that (w* )& = (w @ 1) (W*)x&;. Hence H
is an imvariant subspace of (L*(G))y for the action of Cy(G).

Proof. A direct calculation easily establishes that
lim [[W(f®@&)—f@&| =0 (f € LX@)).
V—{e}
Let g € L?(G), and let (g ® ) : L*(G x G) — L?*(G) be the operator £ ® n — (£]g)n. Then, for
W = wﬁg < A(G)v
[(wx2)& — (W@ ) (WT)aé|

=l [[(ge )W 1e)W(f©év) = (o)W (1 o)(f @]
= lim |(F@ )W (1 @2)(W(f @ &)~ foév)| =0,
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as required. As {(w® ¢)(W*):w € A(G)} is dense in Cy(G), by continuity, it follows that Co(G),
acting on (L*(G))y, maps H to H. O

Let 7 : Co(G) — B(H) the resulting *-homomorphism. For &, € H, it follows that we, o 7 :
Co(G) — C s a functional, and so defines a measure in M(G) = Cy(G)*. Then left convolution by
the measure defines a member of VN(G) (actually, of M(C(G))) which we shall denote by fi .
Notice that for u € M(G), the convolution operator so defined is (¢ ® p)(W*), which makes sense,
as W* € M(CHG) ® Co(@)). For the following result, notice that for z € VN(G), we have that

R(x*)& = [2&y] and so it follows that fiye, r) e, = Hati,R(y) e -

Proposition 5.6. We have that o(x ® y) = fye, r@)re,. Consequently, for z € VN(G) with
A(z) €e VN(G) ® VN(G), we have that z is in the norm closure of M(G) inside VN(G).

Proof. For w € A(G), we have that

(a(r®@y),w) = (W(w*y)&)‘ﬂ &) = ((w@)(W*) y&\R )&1)
= ((w @ )(W"), wye, R@ye © ) = (uy& R(z*)é1, W)

For € > 0, we can find 7 € VN(G) ® VN(G) with ||A(z) — 7]| < €. Then
Iz = a(™)] = [[eA(z) —a(7)] <
We have just established that a(7) € M(G) (inside VN(G)) and so the result follows. O

Of course, we would like to prove that such z are actually in C}(G). Let M denote the norm
closure of M(G) in VN(G). Consider the closure of {m(u)& : p € M} in H. We shall shortly see
that this Hilbert space is isomorphic to £?(G). However, we have been unable to decide if this is all
of H or not. Furthermore, just knowing that A(z) € VN(G) ® VN(G) and that z € M does not
tell us that we can approximate A(z) by an element of M ® M. In the classical situation, when we
compute the Bohr compactification of G' (and not @) then all our C*-algebras are commutative,
and so they all have the approximation property, and so knowing, for example, that w*z € M for
all w does tell us that z € M ® M. In our setting, working with operator spaces, it seems very
unlikely that M will have the required operator space version of the approximation property. We
consequently impose a slightly stronger condition; see Theorem below.

Define 6 : (2(G) — H by s — A(s)&;. We note that

(A& AD)&) = ‘}i_)nbo\(t_ls)awév) = Ot

because if ¢~'s is not the identity, then (A(¢7's),we, ) will be zero for a sufficiently small neigh-
bourhood V. It follows that 6 is an isometry, and so 66 is the orthogonal projection of H into

0(6(G)).

Lemma 5.7. The action of Co(G) on H leaves (*(G) invariant, and so figny, = Hon)00+ € (*(G)
for all h = (hy) € (*(G) andn € H.

Proof. For f € Cy(G), we find that
lim [ FA(s)€r — F(M e = lirrzg, [ s = Fopts o d
= Jim VI [ 150 = 16 Pa (0 dr
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Now, xv(s7't) = 0 unless t € sV, a small neighbourhood of s. As f is continuous, | f(t)— f(s)[* will
be, on average, small on the set sV, and hence the limit is zero. It follows that f0(ds) = f(s)0(ds),
and so

(f, Me(as),n> = f(s) (9(58)‘77) = f(s) (9(55)‘99*77) = (f, Me(as),ee*n>>

as required. O

Lemma 5.8. Let u € M(G), and treat j1 as an operator in VN(G). Let a € (*(G) C (3(Q) be the
atomic part of . Then p& = 0(a).

Proof. Let u,v € M(G) and note that M(G) is a Banach x-algebra (the %-operation is (u*, a) =

[ a(s~Y)du(s) for a € Co(GR)) with the natural map M(G) — VN(G) a *-homomorphism. Then

(&1 |v€r) = (V™ p) = &1311/{ (v'uév|év) (Vs (wy @ ) (WF)).

= lim
V—u
If we let ay = (wy ® 1)(W*) € Co(G), then it’s easy to see that ay(e) = 1 for all V' (with e the

unit of G) and that for any open set U containing e, eventually the support of ay is contained in
U. As v*p is a regular measure, it follows that

B (0" g, (v @ ) (W) = (V') ({e}),

the measure of the singleton {e}. However, for any Borel set E we have that (see [22, Theo-
rem 19.11])

(v u)(E) = / v (Bs™) du(s).

G

Now, for any s € G, we have that v*({s71}) = v({s}) and there is hence a countable (or possibly
finite) subset F' C G with v*({s™'}) = 0 if s ¢ F. So the function s — v*({s7'}) is countably
supported, and hence

(v"u)({e}) = /GV*({S_l}) du(s) =Y v({sHu({s}).
seG

If a,b € (*(G) are the atomic parts of p and v respectively, then it follows that (v*u)({e}) =

(b*a)({e}) and hence (u&i|vér) = (a&i|bS1).
It hence follows that

[t — a&i||” = (uéilp&) — (p€ilagy) — (a&i|pér) + (aéilagy) = 0.

The proof is then complete by observing that if ¢ : (*(G) — (*(G) is the formal identity, then
Ou(a) = a&;. O

Theorem 5.9 (Theorem (5.3). Let G be a [SIN] group, and let zo € VN(G) be such that A*(zg) €
VN(G)® VN(G)® VN(G). Then xy € C3(G).

Proof. Define & : VN(G)®@VN(G)®VN(G) - VN(G)QV N(G) by
(@(z),wT)=(((t® @ 7T)(z)),w).
We should justify why this makes sense. Notice that for f,g € L*(G),

(a(2)flg) = (2[W*(&v @ NI[W* (& @ 9)]),
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where [W*(&y @ f)] is an element of (L?(G X G))y. It’s now clear that « is completely bounded,
and now standard operator space techniques show that @ exists, and is completely bounded with
@]l < |||y = 1. For z € VN(G) and w, 7 € A(G),

@A), © 1) = (a((t81 & TIA20)), ) = (A (e T)AE) ) = {Ale)w @ 7).
Hence aA?(x) = A(x).
Fore> 0, wecanfindu=>" a;®b;®c¢ € VN(G)OVN(G)OVN(G) with |A%(xq) —ul| < e

Then
on — Za(a(ai ® b;) ® ¢;)

(2

= ||zo — a@(u)|| < e

However, for each i there is a measure p; with a(a; ® b;) = p;. Hence, by Proposition [5.0]

Z alafa; @ b)) = Z a(u ®¢) = Z Popir, Rici) €1 -
As ;& € 0(F%(Q)), by Lemma 5.7, it follows that the sum defines a member of ¢*(G). So zy can
be norm approximated by elements of ¢!(G), that is, zo € C}(G). 0O

We remark (without proof) that if A?(x) € VN(G) ® VN(G) ® VN(G) then using that A, :
A(G)RA(G) — A(G) is a complete surjection, one can show that A(G) — VN(G);w — w*x
is completely compact. It follows, as in [42], that if G is amenable or connected (so VN(G) is
injective) then x € CAP(A(G)). Conversely, if A(x) € VN(G) ® VN(G) then A?%(x) € VN(G x
G)®VN(G)NVN(G)®@VN(G x G), but we don’t see why A%(z) need be in VN(G)@VN(G)®
VN(G). Obviously = € C§(G) does imply this, however.

6 Further examples

In this section, we study various examples, and present some counter-examples to conjectures in
[43].

6.1 Commutative case

There is little to say here— the categorical construction obviously agrees with the usual strongly
almost periodic or Bohr compactification, [7, 23], 24]. Furthermore, in the commutative case, there
is no distinction between the reduced and universal case.

6.2 Reduced quantum groups

In [43], Question 2], Sottan asked, in particular, if AP(Cy(G)) is always a reduced compact quantum
group, or in our language, if AP(Cy(G)) — C(G®AF) is an isomorphism. In this section, we shall
show that the answer is “no”, even if G is cocommutative.

As in ’Elr\le previous section, let G = G for a locally compact group GG. Then the compactification
of G is G4, so C(G*F) = C*(G,) and C*(G**P) = C*(G,). We follow the notation of, in
particular, [6], and write again C(G) for the span of the translation operators {\(s) : s € G} in
M(Cy(G)) = M(C}(@Q)). Following [6], consider the following surjective Hopf *-homomorphisms:

CU(GSAF) = C*(Ga) == AP(CY(G)) 2= AP(Co(G)) = C5(G) —= C(G3F) = C7(Ga).

Here we use the notation of [6], except that our map « is denoted by A there (which obviously
clashes with other notation in this paper). Then [6] proves the following (some of these results
also follow from work in [I] and [16]):
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e « is an isomorphism if and only if G is amenable;
e ® o (v is an isomorphism if and only if G4 is amenable;

e & is an isomorphism if and only if G contains an open subgroup H with H; amenable;

if G is a connected Lie group, then ¥ is an isomorphism if and only if G is solvable, if and only
if ® is an isomorphism. Recall that in this case, G is solvable if and only if G4 is amenable,
[38, Theorem 3.9].

Example 6.1. In particular, we see that the compact quantum group AP(Cy(G)) is reduced if
and only if ® is an isomorphism. Setting G to be the dual of SU(2) or SO(3), we see that G is a
discrete, cocommutative quantum group, and ® is not an isomorphism, as G is connected, but G4
is not amenable (as it contains a free group, [38, Proposition 3.2]).

Example 6.2. Let G be an amenable, connected Lie group with Gy non-amenable (again, G =
SU(2) or SO(3) works), and set G = G. Then AP(C¥(G)) = AP(Co(G)), but these are not equal
to either C¥(GPAF) nor to Cy(GSAF). Such compact quantum groups, lying strictly between their
universal and reduced versions, were studied in [31) Section 8], so this example gives a whole family
of further “exotic” compact quantum group norms. Furthermore, as again G is a discrete quantum
group, this answers in the negative a conjecture made after [43, Question 1], as AP(C{(G)) is not
universal.

We finish this section by observing that we can prove something like analogues for some of the
above facts for general quantum groups.

There are many equivalent definitions of what it means for a general locally compact quantum
group G to be coamenable. We shall choose the definition that G is coamenable if the counit is
bounded on Cy(G), see [4, Section 3]. That is, there is a state € € Cy(G)* with (¢ ® €)A = ¢. Then
€ is unique, and (¢ ® t)A = . For a locally compact group G, always G is coamenable, while G is
coamenable if and only if G is amenable.

Proposition 6.3. Let G be a locally compact quantum group and consider the maps « : AP(C§(G)) —
AP(Cy(G)) and ® : AP(Cy(G)) — C(GSAY). Then:

1. doa: AP(CYG)) — C(G®P) is injective (and hence an isomorphism) if and only if GSAY
1s coamenable.

2. Suppose that G is coamenable. Then the natural map ® : AP(Cy(G)) — C(G3F) is injective
(that is, AP(Cy(G)) is reduced) if and only if G3F is coamenable.

Proof. For (Il) we note that C%(G) always admits a bounded counit €,, see [27, Section 4]. If o«
is injective then it’s an isomorphism (as the dense Hopf x-algebras agree, see discussion around
Definition B.I0). Thus the restriction of €, to AP(C%(G)) induces a bounded counit on C(GSAF)
and so GSAF is coamenable. Conversely, if G3F is coamenable then C*(GSAF) = C(GSAF) (see [5,
Theorem 2.2]) and so as the canonical surjection C*(GSAY) — C(GSAF) factors through ® o a, it
follows that ® o « is injective.

For (), let € € Cy(G)* be the counit, which exists as G is coamenable. If ® is injective, then
it is an isomorphism, and the restriction of € to AP(Cy(G)) =2 C(GSAP) defines a bounded counit
on C(GSAP), showing that G*? is coamenable. Conversely, if GSAY is coamenable then by [5,
Theorem 2.2] the Haar state on AP(Cy(G)) is faithful and so ® is injective. O
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6.3 Compact quantum groups

The whole theory is designed to ensure that if G is a compact quantum group, then it is its own
compactification (compare [43, Section 4.3]). Of interest here are links with Sectiondl The follow-
ing is an improvement upon Theorem [A.14] in that we make no assumption about the antipode.
The proof is very similar to [56, Theorem 2.6(2)], where it is shown that, when G is compact, if
a € P*(G)NCy(G), then a € AP(Cy(G)). We give the details, because the argument is not long,
and makes an interesting link with Theorem ELT4l Our proof avoids use of L*(G), and so maybe
holds promise of extension to the non-compact case.

Theorem 6.4. Let G be compact. Then P (G) = AP(Cy(G)).

Proof. 1t suffices to show that x € P>*(G) is in AP(Cy(G)). Let ¢ be the (normal) Haar state on
L*>(G). By [30, Section 1], compare also [56, Theorem 2.6(4)], we know that for a,b € L>(G),

(@) (Al)(1®b) € D(S), S((t®@@)(Ala”)(1@D) = (t®¢)((1®a")A(®b)).

For a € L>=(G), let w, € L'(G) be the functional (b,w,) = p(a*b) for b € L>(G). As ¢ is a KMS
state, such functionals are dense in L'(G).

That x € P>°(G) means that A(z) =" | z; ®y; with {z;} and {y;} linearly independent sets.
Arguing as in the proof of Theorem 1.14] we can find (a;) € L>(G) such that (y;,wa,,) = d;;. Thus
for each 1,

S(t@e)(Ala)(1 @) = (@) ((1®a])A() = Z (Y, Wa;) = Ti-

So x; € D(S™') = D(S)*. Applying the same argument to z* shows that x; € D(S). Applying
the same argument to G°P shows that y; € D(S) N D(S)* for all 1.

A close examination of the proof of Theorem . T4lshows that knowing that z;,y; € D(S)ND(S)*
for all i is enough for the proof to work, and so € AP(Cy(G)), as required. O

We remark that Woronowicz asked in [56] if it was essential to focus on reduced compact
quantum groups for this result hold. This was answered affirmatively in [31] Remark 9.6]; in our
language, a compact quantum group (A, A) is constructed, and an element a € A is found, such

that A(a) is a finite-rank tensor in A ® A, but a ¢ AP(A).

6.4 Discrete quantum groups

Discrete quantum groups were extensively studied in [43]. An important tool is the canonical Kac
quotient of a compact quantum group, an idea attributed to Vaes. Given a compact quantum
group (A, A), let I be the closed ideal formed of all a € A such that 7(a*a) = 0 for all traces 7. If
A admits no traces, set I = A. Let Axkac = A/I with 7 : A — Agac the quotient map. Then

Agacla+ 1) = (m @ m)A(a) (a € A),

is well-defined, and (Akac, Axac) becomes a compact quantum group. It turns out that the Haar
state is tracial, and so (A, Akac) is a Kac algebra. In particular, the dual of (A, Akac) is a
unimodular discrete quantum group, and hence has a bounded antipode. All this is explained in
[43, Appendix A].

Let us now adapt the argument given in [43, Section 4.3] and single out a key idea. Let G be

~

discrete and set (4,A) = (C*(G), Af). Then (Agac, Axac) is a compact Kac algebra, and so

also its universal form, say (C"(H), A}) is Kac. Let m, : C*(G) — C*(H) be the unique lift of
m: A — Agac, and let 7 : Cy(H) — Cy(G) be the dual (recall that G and H are discrete, and so
C{(H) = Co(H) and so forth).
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Proposition 6.5. For all n, the map V — (7 @ 1)(V) gives a surjection from the set of n-
dimensional unitary corepresentations V€ M(Cy(H)) ® M, to the set of n-dimensional unitary
corepresentations of Co(G).

Proof. As 7 is a Hopf *-homomorphism, we need only prove surjectivity of the map; namely, that
if U € M(Cy(G)) ® M, is a unitary corepresentation, then U = (7 ® ¢)(V) for some suitable V.
Recall again the work of Kustermans in [27]. There is a unique *-homomorphism ¢ : A — M,
with U = (1 ® ¢)(Vg). Furthermore, as G and H are discrete,

Us = Ve, Un = Va = (1@ 7,)(Vs) = (7 ©1)(Vin).

As ML, has a faithful trace, it is easy to see that there is a unique *-homomorphism ¢q : Axkac — M,
with ¢g o m = ¢. Recall the reducing morphism A% : C*(H) — Agac, and set V = (1 ® ¢ o

Akac
Yrae) Vi), an n-dimensional unitary corepresentation of Cy(H). Then

F@)(V)=(0®@d¢o A4, . om)(Vs) =(t®pyom)(Vs) =U,
as required. O

Now, Corollary .17 shows that finite-dimensional unitary corepresentations of H are automat-
ically admissible (a result not available to Soltan) and so we get the following (which Soltan was
able to prove by other means, see [43, Theorem 4.5]). We will revisit this result below.

Corollary 6.6. Any finite-dimensional unitary corepresentation of a discrete quantum group G is
admissible.

Proof. Let U be a finite-dimension unitary corepresentation of Cy(G). Then U = (7 ® ¢)(V)
for an (automatically) admissible unitary corepresentation V' of Cy(H). Then, as in the proof of
Proposition 3.9 V is similar to a unitary corepresentation, say X. A simple calculation then shows
that U = (7 ® ¢)(V) is similar to (# ® ¢)(X) and hence admissible. O

7 Open questions

The most interesting open question seems to be:
Conjecture 7.1. For any G, we have that P>(G) = AP(G).

One obvious attack is suggested by Theorem .14t show that if z € P>°(G) then automatically
x € D(S) N D(S)*. Woronowicz’s argument, Theorem [6.4] shows that this is true for compact G.

In the extreme case of one-dimensional corepresentations, the answer is also affirmative. To be
precise, if z € L>(G) is a corepresentation, meaning that A(z) = x ® x, then automatically x is
unitary (and so x € D(S) N D(S)*). Two independent proofs are given in [I13, Theorem 3.2] and
[26, Theorem 3.9], but both proofs use, for example, that also z*x is a character, and there seems
little hope of extending these sorts of arguments to more general periodic elements.

A weaker conjecture is the following:

Conjecture 7.2. For any G, the finite-dimensional unitary corepresentations of Cy(G) are admis-
sible.

This is true for compact quantum groups from Woronowicz’s work (see [50, Proposition 6.2],
which is the key to showing that the matrix elements of unitary corepresentations form a Hopf -
algebra, in the compact case). It is true for Kac algebras by Corollary LT7], and is true for discrete
quantum groups by Corollary [6.60l Recall that the final result is proved by using the “canonical
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Kac quotient” of the dual: any finite-dimensional *-representation of a compact quantum group
factors through a (compact) Kac algebra; but this technique is something special to the compact
case, and fails for discrete quantum groups, for example. However, we wonder if some slightly
different technique could be used to prove the conjecture? We note that in all computations of the
quantum Bohr compactification, one computes the finite-dimensional unitary corepresentations of
Co(G) via computing the finite-dimensional -representations of C¢(G), and then in each special
case, it turns out that these corepresentations are always admissible.

In the classical situation, consider the link between finite-dimensional unitary representations
m of G in M, and group homomorphisms from G to compact groups. Trivially, any such w
induces a group homomorphism G — U(n); and the Peter-Weyl theory tells us that to understand
homomorphisms G — K for compact K, it is enough (in some sense) to know the finite-dimensional
unitary representations of G. This second point was of course generalised by Sottan in [43].
However, the first point has links to Conjecture [[.2l The following is easy to show, as every
finite-dimensional corepresentation of a compact quantum group is admissible.

Proposition 7.3. Conjecture[7.9 holds for G if and only if every finite-dimensional unitary corep-
resentation U of G factors through a compact quantum group.

We remark that the quantum group analogues of the unitary groups are the “universal” quantum
groups, in the sense of van Daele and Wang, [54], 52]. If Conjecture [[.2]is false, then there are
finite-dimensional unitary corepresentations of G which have nothing to do with compact quantum
groups: a very strange situation!
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