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IEEE TRANSACTIONS ON COMMUNICATIONS

Downlink Beamforming in Underlay Cognitive
Cellular Networks

Tuan Anh Le, IEEE, Member, and Keivan Navaie, IEEE, Senior Member

Abstract—We propose a novel scheme for downlink beam-
forming design in an underlay cognitive cellular system. The
beamforming design is formulated as an optimization problem
with the objective of keeping the cognitive base station transmit
power as well as the induced interference on the primary
users, below the predefined system thresholds. This is subject to
providing a certain level of signal-to-interference-plus-noise ratio
(SINR) to the secondary users. We then derive the corresponding
semi-definite programming form for the formulated optimization
problem and propose an iterative algorithm to obtain the
beamforming vectors as the optimal solutions. Furthermore,
we analytically show the convergence of the proposed iterative
algorithm. Extensive simulations studies verify that the proposed
algorithm quickly converges to the optimal solution. We then
compare the proposed scheme with a benchmarking system
based on the previous methods. Comparisons show that the
proposed algorithm outperforms the benchmarking system and
induces lower interference at the primary service receivers. It is
also observed that comparing to the benchmarking system, the
proposed algorithm offers higher sum rate. Simulation results
further reveal that the proposed approach effectively works at
relatively high SINR level required by secondary users and
strict interference threshold set by the primary system while
the benchmarking system fails to do so.

Index Terms—Downlink beamforming, underlay cognitive cel-
lular networks, interference management.

I. INTRODUCTION

N A COGNITIVE RADIO NETWORK, conditional usage

of the primary system spectrum is granted to the secondary
system. The secondary system' users are then allowed to
communicate over the same spectrum without interrupting
normal communication activities in the primary system [1].
Various cognitive transmission strategies have been developed
to manage the access of the secondary system to the spectrum
without interfering the primary users (PUs), see, e.g., [2] and
references therein. One approach to the access strategy design
is to utilize the spectrum during the time in which it is not in
use by the primary system. In this approach which is referred
to as overlay strategy, the secondary system needs monitor
the amiability of the spectrum. In an alternative strategy the
secondary system utilizes the spectrum while it is in use
by the primary system subject to keeping the interference at
the PU receivers below a predefined interference threshold.
This approach is referred to as underlay strategy. In underlay
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access, the more efficient the cognitive system interference
management, the higher is the system achievable throughput.

It has been shown that the transmit beamforming is an
efficient technique to manage the interference in multi user
wireless communication system, e.g., [3], [4], [5], [6], [7].
Beamforming employs an array of antennas to transmit radio
frequency signals to multiple users over a shared channel. The
phases and transmit power of the transmission across those
antenna elements are controlled such that useful signal are
constructively added up at a desired receiver while interfering
signal are eliminated at unintended user terminals. Phases and
power allocations across antenna elements corresponding to
each user terminal are then represented by a complex vector
which is referred to as the beamforming vector. In such
systems, the design problem results in obtaining the optimal
beamforming vectors.

Two common optimization strategies are usually adopted to
design beamforming vectors for cellular networks. The first
strategy is to minimize total transmit power while maintain-
ing required levels of signal-to-interference-plus-noise ratios
(SINRs) for mobile terminal users, see, e.g., [4], [8], [9].
The second strategy is based on maximizing the minimum
SINR (or rate) among mobile users, subject to the transmit
power constraint, see, e.g., [10], [11]. Needless to mention
that these two optimization strategies are complementary and
it is impossible to minimize the total transmit power while
maximize the SINRs. This is because of the fundamental trade-
off between the total transmit power and SINR in a multi user
communication system [9].

For practical implementations, uplink-downlink duality is
usually employed to derive iterative algorithms for downlink
beamforming problem in cellular networks. One of the first
iterative algorithms for the first aforementioned downlink
optimization strategy is proposed in [3]. Further in [12] an
additional per-antenna-power constraint is also added to the
optimization problem and consequently an iterative algorithm
is proposed to solve that problem in a single cell setting.
Later similar problem is also considered in [5] for a multi cell
setting without power constraint for each individual antenna
elements, and an iterative algorithm is also proposed to obtain
the optimal beamforming vectors.

In one of our recent works, [7], we also introduce a
decentralized optimization problem for a multi-cell network.
This optimization problem minimizes a linear combination of
the two cost functions, capturing both the total transmit power
of the base station (BS), and the corresponding weighted sum
of the inter-cell interference. This is subject to maintaining
the required SINR levels for all intra-cell users. In addition to
deriving an iterative algorithm for this problem, in [7] we also
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propose a scheme to update the price for the interference-cost
function such that the decentralized algorithm approaches the
performance of its centralized counterpart.

Application of beamforming techniques in cognitive cellular
systems has been recently investigated in the related literature,
see, e.g., [13], [14]. The two aforementioned optimization
strategies in cellular systems are adopted in underlay cognitive
systems by introducing an additional constraint on the inter-
ference levels at PUs. An approach to solve these optimization
problems is to transform them into rank-one-relaxation semi-
definite-programming (SDP) form as in, e.g., [15], [16], [17].
The other technique is to recast the problem as a second-
order-cone-programming (SOCP) form, as in [18]. In either
case interior-point algorithms [4], [9], [19] are then adopted
to obtain the optimal solution.

Conventionally in the related literature beamforming
schemes are adopted in the underlay system with the main
constraint of keeping the corresponding interference imposed
at the PUs below a predefined threshold. Here, however we
formulate the beamforming problem to further reduce the
secondary system interference beyond the threshold. Further
reduction of the imposed interference makes new radio re-
sources available to be allocated to the the secondary system,
thus results in higher secondary system throughput.

In this paper, we introduce a novel downlink optimization
problem based on two slack variables which minimizes the
cognitive BS transmit power and the induced interference
on the PUs and keeps them below the predefined system
thresholds. This is subject to providing a certain level of
SINR required by the SUs. We first reformulate the proposed
optimization problem to the SDP form. Using Lagrangian
technique, we then show that the optimal solution to the
proposed downlink optimization can be obtained by solving
its corresponding dual-uplink problem, which is in fact a max-
min optimization.

The corresponding max-min optimization consists of an
inner and an outer subproblems. The allocated SUs transmit
power vector in the dual uplink problem, acts as the optimiza-
tion variable in the inner subproblem. In the outer subproblem,
the optimization variables include Lagrange multipliers associ-
ated with the interference and power constraints in the original
optimization problem. We then propose an iterative algorithm
to solve the max-min optimization. The inner subproblem is
solved by adopting the fixed-point approach [20]. The solu-
tions to the outer subproblem are also obtained utilizing the
subgradient-projection method [21]. Further we analytically
investigate the proposed algorithm and show its convergence.

We carry out Monte-Carlo simulations to justify our pro-
posed scheme and compare it against the existing beam-
forming schemes. We define a benchmarking system. As
the benchmarking system we considered the method in [16]
which has been widely used in the related literature. We also
investigate the convergence of the proposed iterative algorithm
using simulations. Simulation results confirm that the proposed
iterative algorithm converges quickly to the optimal solution.
Results also indicate that the proposed algorithm success-
fully implements both the transmit power and interference
constraints. Comparisons against the benchmarking system

also indicates that the resulting beamforming based on the
proposed algorithm has significantly deeper nulls towards the
PUs. This confirms our claim that the proposed algorithm
make new radio resources available to be allocated to the
secondary system. This can result in either having larger
numbers of SUs at a given SINR level, or having a higher bit
rate for the existing SUs in the network. Moreover, simulation
results indicate that the proposed algorithm effectively works
at relatively high SINR levels required by the SUs and low
interference threshold set by PUs. However, the benchmark
fails to maintain that interference threshold at much lower
SINR levels.

The contributions of this paper can be summarized as the
following:

o We propose a novel downlink optimization strategy for
underlay cognitive cellular networks;

o The proposed optimization strategy is then transformed
into SDP form which can be solved by convex optimiza-
tion packages;

« For practical implementation purposes, we further derive
an iterative algorithm to find solution to the proposed
optimization problem;

o We then analytically show the convergence of the pro-
posed iterative algorithm.

The rest of this paper is organized as follows. Section
IT describes the system model and introduces the downlink
optimization problem for the cognitive radio network. Section
IIT presents SDP form and the proposed iterative algorithm
to obtain the solutions of the original problem introduced in
Section II. Simulation results are presented and discussed in
Section IV following by concluding remarks in Section V.

Notation: The standard Euclidean norm, the absolute value,
the transpose, the complex conjugate, the complex conjugate
transpose, and the trace operators are represented by the
following notations, respectively: [|-|, |-|, (17, (-)*, (-)¥ and
Tr (-). A positive semi definite matrix is denoted as Y > 0. If
all elements of a vector are non negative it is shown by y = 0.
An identity matrix with a suitable size, and the expectation of
a random variable are denoted by I, and E (-), respectively.

. . U . T
Finally, the notation (y;),_, designates [y1 ¥ yul .

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a cognitive cellular system consiting of a cognitive
BS, U active SUs and K PUs as shown in Fig. 1. A secondary
(cognitive) BS is supporting a set of U secondary users
while not interfering with a set of K primary users. Let
S;={1,---,U} and S, = {1,--- , K} be, respectively, the
set of indices of SUs and PUs. We assume that the cognitive
BS is equipped with M antenna elements and each SU or PU
has a single antenna. The received signal at the SU 4, i € S,
is

yi = hgiwisi + Z hginSj + 1, (1)
JESI,jF1

where h#, ¢ C'*M is the channel of SU i as seen by the

EX)

cognitive BS.
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Fig. 1. Schematic diagram of the system model.

In the above, w; € CM*! and s; are the beamforming
vector and the data symbol associated to the SU i, respectively.
Further, n; is a zero mean circularly symmetric complex
Gaussian noise with variance o2, ie., n; ~ CN(0,0?), at
the SU ¢. Without loss of generality, the average energy in
transmitting a symbol to the SU i is assumed to be unity, i.e.,
E |sz|2) = 1. Let Ry ; = E (h, ;hf;), we then express the
SINR at any SU 7 as

H
Wi Rs,iwi

SINR; = .
Y jes..j#i Wy Reiwj + 02

)

Let hfl, € C'*M be the cross channel of PU t, t € S,,, as
seen by the cognitive BS, and R, ; = E (h,,;h/f,). The total
interference power that the cognitive BS induces on PUs can
be written as > .5 D e, wiR, 1w,

At a required SINR by SUs, the lower the interference
level imposed by the secondary system on the PUs, the larger
is the number of SUs which can be served. Therefore, our
objective is to design downlink beamforming vectors for the
SUs such that the required level of SINR is maintained for
every SU while the cognitive BS transmit power and the
induced interference at the PUs’ receivers are both minimized
and kept below the given system thresholds.

Here to design the downlink beamforming vectors we
formulate the following optimization problem based on two
slack variables, « and S.

min a-+pj
a,B,w;
H
wiiR, ;W; .
. t. L 5 =%, Vi€S
2jes. jzi W ReiWj +0
(3)
SN wiR,wi < aly,
teS, i€S,
> wllw; < 8P,
7,633

where ; is the required SINR level for SU i, I, and P, are
fixed values. Note that in (3) « and [ are treated in the same
way. However, I, and P, can be adjusted to highlight the

importance of keeping the interference below the acceptable
level. It is worth mentioning that the optimization problem in
(3) is a generalized version of the optimization proposed in
our previous work in [7] with unity pricing. Later in Section
IV, it is shown that the same result offered by [7] can be also
achieved by substituting a particular set of parameters in (3).

III. DOWNLINK BEAMFORMING

In this section, we first reformulate problem (3) into a
semidefinite programming (SDP). Then, we use Lagrangian
method to derive an iterative algorithm to find the solutions
of (3). We further show that the solution to the Lagrangian
dual problem can be obtained by solving the corresponding
dual-uplink problem of (3). Finally, we propose an iterative
algorithm to find optimal downlink beamforming vectors to
the original problem employing the fixed-point algorithm [20]
and the subgradient-projection technique [21].

A. SDP Form

By setting W; = w;w = 0, rearranging the constraints,
and using the fact that x”’ Yx = Tr (YxxH ), the problem (3)
is then rewritten in the following form:

r/rjlin a+p
s. t. fi (W;) >0, VieS;
alpy— > ) Tr(Rp W;) >0
LES, i€S; @)
BPn— Y Tr(W;) >0
7/655‘

W, =0, Vi€ S,

where

fi (W,L) =Tr (Rs,zwz) — Y Z Tr (RS’ZW]) - ’yiO'Q.
JESs,jF#i

The optimization problem in (4) is in fact an instance
of standard SDP form which can be solved by the existing
optimization packages, e.g., CVX [22], to obtain W;. In
transforming (3) into (4), we implicitly assume that W;
is rank-one, i.e., rank (W,;) = 1. Later using semidefinite-
relaxation technique, e.g., [16] and [8], we relax this condition,
i.e., rank (W) is not required to be rank-one, to make (4) a
convex optimization problem. If the obtained solution W to
problem (4) is also rank-one than it means that this solution
is also valid for the original problem (3). Otherwise, the
randomization technique in [23] is adopted to generate a rank-
one solution to the original problem (3) from the obtained W .

Given a rank-one solution W, it can be shown that the
corresponding beamforming vector w; is

where p; and b; are the non-zero eigenvalue and its corre-
sponding eigenvector of the rank-one matrix W, respectively.



IEEE TRANSACTIONS ON COMMUNICATIONS

B. Uplink Downlink Duality

Here, we first adopt Lagrangian technique to transform the
proposed downlink problem (3) to its corresponding uplink
domain. We then find the optimal downlink beamforming
vector as a linear function of its optimal uplink counterpart.

1) Dual Uplink Problem: Lagrangian function correspond-
ing to (3) is given in (5) where \; > 0 is Lagrange multiplier
associated with the ¢th SINR constraint, 7 > 0 is Lagrange
multiplier associated with the interference constraint, and
p > 0 is Lagrange multiplier associated with the transmit
power constraint.

Straightforward mathematical manipulations results in

L(a7/87wi7)‘ian7/j/) = a(l_nlm)+/8(1_ﬂpm)
i€S, i€S,
where
A=) NRo-\
JESs
IfA; 0,1 —nl, >0, and 1 — uP, > 0, then Lagrange

dual function is

g (/\1777;N) = O{%{gﬂ L(aaﬁawiv)‘ianvu) = EZS: )‘iUQ; (8)

1
(1 + 'y_) R i+n Z Ry +ul. (7)

tes,

otherwise,
9(/\177%#) = inf L(a7/87wi7)‘ian7/j/) = —0oQ. (9)
a,B,w;

Therefore, the corresponding Lagrange dual problem is

max i
5 H,P4 Z p
7,635 10)
s.t.  A; =0, ViedS; (
ne Sm JAS S;u

where p; = No2 S, £ {n:1-nl, >0}, and S, =
{pw:l—pPy >0}

In the sequel, we introduce a lemma to find the solutions
to the dual downlink problem (10).

Lemma 1: The solution to the dual downlink problem in
(10) is the same as the solution to the following dual uplink
problem.

max min E Di

me P
’ ‘ i€S,

~wH N
Diw; Rs,zwz >, Vi € S, (11

max —m————————
Iwill=1 W B; (p~%) w;
neESy, we Sy,

S. t.

where W; is the dual uplink beamforming vector for the SU
S U
i P" = (Pj)j jzi» and

B;(p)= Y. pRe;+10° Y Ryituo’l (12)
JESs,j#1 teS,

Proof: See Appendix A. ]
We have transformed the original downlink problem, (3),
into its uplink counterpart, (11), by introducing Lemma 1.

Details of the steps to solve the problem in (11) are given
in Section III-C. At this point, it is observed that w;, and p;
are the direct of transmission, and power allocation for SU i,
respectively. In the following, we obtain the expression for an
optimal downlink beamforming vector as a linear function of
its uplink counterpart.

2) Downlink Beamforming Vector: Once an optimal uplink
beamforming vector is obtained, the corresponding downlink
beamforming vector can be then attained as follows.

Corollary 1: The optimum downlink beamforming vector
for user 4, i.e., wj, is

* ok
W, = W;,

13)

where W is the corresponding optimum dual uplink beam-
forming vector and ¢; is the scaling factor associated with the
SU .

Proof: See Appendix B. [ ]

In the following, we obtain ¢; for i € S;. First, we rewrite
the ith SINR constraint in (3) as

ki (wi) = Z 1wl R iw; +7i0” —wi R iw; < 0.
JESs,jFi

Let A7 > 0 be Lagrange multiplier at the optimal point. Using
the complementary slackness condition, i.e., AJk; (w}) = 0

[19, Chapter 5], results in

Z Vz‘W;HRs,z'Wj +yio? —wiHR, ;wi =0, (14)
JESs,j#L
Substituting w} in (14) with (13) yields

2~ xH ~ K 2~ xH ~ % 2
Wi Rgiw; — E Yi€; Wi Rg ;Wi = ;07 (15)
JESs,j#i

U

Let us denote m = ('yiJQ)iU:l, q= (612)1:1 and define the

U x U matrix G with the (¢, j)th entry, i.e., Vi,j € S, as

wif R, W}, if i=j
[Gl;,; = { — W R, W, if i g (16)
We then write (15) as
Gq=m, (17

where m = 0. The scaling factor €;,7 € Ss, can be obtained
through (17). A feasible solution for q exists if all elements
of q are nonnegative. To investigate the the existence of such
solution which depends on the structure of G we need the
following definition. We also present the following theorems
for easy reference.

Definition Z-matrix [24], [25]: A matrix A € REXK jg
called a Z-matrix if all of its off-diagonal elements are non-
positive.

Theorem 1: [24, Chapter 6, Theorem 2.3]: If all the diag-
onal elements of a matrix A € RE*X are positive and there
exists a positive diagonal matrix D such that AD is strictly
diagonally dominant, i.e.,

K
aidig > Y agldj;, i=1,-
J=Lj#i

, K, (18)
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1
L(a, B, wi, Ai,mpp) = a + 8+ Z i Z wiR,wj + 0% — w/'Rg iw; <1 + f>

1€Ss JESs

+n Z Z wf{mei —aly| +p

tES, i€Ss

Vi

> whwi— BPnl, 5)

7,633

then all the principal minors of A are also positive. In (18),
ai;, and d;; denote the (i,7)th entry of matrices A, and D,
respectively.

Theorem 2: [25, Theorem 3.11.10]: For a Z-matrix,
A € REXK the following statements are equivalent:
« All principal minors of A are positive;
e A1 exists and is nonnegative, i.e., all elements are
nonnegative.

The main result regarding the existence of the solution is
presented in the following lemma.

Lemma 2: If G, defined in (16), satisfies

~xH ~ ~xH ~
Wi R, W >y Z Wi R, W],
JESs,j#i
then there exists a unique feasible solution to (17) in the form
of =G 'm.

Proof: If G satisfies the conditions in (19), then GI is
a strictly diagonally dominant matrix. Therefore, according to
Theorem 1, all principal minors of G are positive. Considering
(16) indicates that G is a Z-matrix, therefore according to
Theorem 2, G~ exists and all its elements are nonnegative.
Since all elements of vector m in (17) are also nonnegative,
then

Vi e Ss, (19)

q=G 'm =0. (20)

C. Proposed Iterative Algorithm

The dual uplink problem (11) can be considered as two
independent optimization problems, i.e., inner and outer op-
timization problems. The inner problem is a minimization
problem over the set of variable p; and the outer problem
is a maximization problem over the set of variables p and 7.

Hence, the optimal solution to the dual uplink problem, (11),
can be obtained by iteratively solving the inner minimization
on p; and the outer maximization on 7 and p. For given
n and p, the inner problem can be solved using a fixed-
point algorithm [20]. Finally, the optimal solutions to the
outer problem can be obtained by using subgradient-projection
algorithm [21].

1) The Inner Problem: Let us consider the following sub-
problem of (11) with fixed values of 7 and u

fn,p) =min > p;

1€Ss

We denote W} as the optimal solution to the optimization
problem in the left hand side of the constraint. In fact, W is
the dominant eigenvector, i.e., the eigenvector associated with
the maximum eigenvalue, of matrix B; L (p*i) R, ;. Hence,
the ith constraint of (21) can be written as

Wi (o) wi
Di 2 Vi W R, W (22)

We also denote p = (pi)ﬁil, d(p) = (d; (p_")):.]:1 and

wiB: (p~) Wi
viffHRs7ivilj . (23)

d; (Pfi) =%

The optimization problem (21) is then rewritten in a com-
pact form as

f(n,p) =min > pi

i€Ss
p = d(p).

The optimal solution to (24), can be obtained through the
following iterative expression [20]:

p(n+1)=d(p(n)

where n indicates iteration index.
In order to show the convergence of the above sequence
{p (n)}, we first introduce the following lemma.

(24)
S. L.

(25)

Lemma 3: Function d (p), with elements defined in (23),
is a standard-interference function?.

Proof: See Appendix C. [ ]

Then using the contraction mapping [26], we continue with

the derivation of a condition that ensures the existence of a
fixed point® p* for equation (25) in the following Lemma.

Lemma 4: Equation (25) has a fixed point p*, if

< wH -
Wi R, W)

c=+vVU — 1maX Z 'Ytﬁ = [O7 1), (26)
b \vesie Wi RsWE
ie,0<ec<1.
Proof: See Appendix D. .

If d(p) is a standard interference function, and equation
(25) has a fixed point p*, then according to the results in [20]
that fixed point is unique and the iterations {p (n)} generated
by (25) eventually converge to p* from any initial vector p (0).

2A function is called standard interference if it satisfies the positivity,
monotonicity, and scalability criteria, see, Appendix C.
3p(n+1) =d(p) has a fixed point p*, if p* = d (p*) [20].
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Therefore, under the condition stated in Lemma 4 the itera-
tion in (25) is guaranteed to converged to p*. The convergence
speed of the iteration is characterized in the following lemma.

Lemma 5: For any initial vector p (0), the number of iter-
ations n to obtain the accuracy of | p (n) — p* ||< ( is
_mC-m|p(©)-p
- Inc

“

(27)
where c is defined in (26).

Proof: Under the condition that ¢ € [0,1), the sequence
{p(n)} generated by p(n+1) = d(p(n)) converges lin-
early to p* such that [26]

[p(n)—p*[[<c" [ p(0)—p"|. (28)

The iteration obtains the accuracy of ( if

" p(0)—p* ¢ 29)

Using (28), (29) following with straightforward mathematical
manipulations result in (27). [ |
Remark 1: Since (,c € [0,1) and || p(0) — p* ||> 0, it
can be verified from (27) that n is a monotonic function of U

and SINR level at SUs. Later in Section IV, this statement is
confimed by simulation results.

2) The Outer Problem: Having solved the inner problem,
the outer problem can be stated as

max f (u,7)
e (30)
s.t. NES, nes,,

where f (u,n) is defined in (24). We show that the objective
function is concave regarding to w at a given value of n and
vice versa. Then the projection subgradient method [21] is
adopted to find the optimal solutions for x and 7. We also
need to introduce the following lemma.

Lemma 6: For a given = o, f(no,p) is a concave
function of 4 and its subgradient is ), s, wHw,. For a
given p = o, the function f (n, o) is concave in 1 and
> ics, Wi w is its subgradient.

Proof: See Appendix E. ]
To obtain p we propose the following iteration

u(n+1) = Ps, {u(n) > wfwi} 31)
i€Ss

where Pg, is the Euclidean projection on the constraint set
Sy =A{w:1—puPy >0} and 7, is the step size.

As it is seen in Lemma 6, f (1o, 1) is a concave function of
1 thus the Euclidean projection of the subgradient of f (1o, 1)
on the constraint set S, stated in (31) is guaranteed to converge
to the global optimum of f (1o, pt) [21].

Similarly,  can be found using the following convergent
iteration.

n(n+1)="Ps, {n(n) + 7y Z winz} , (32)

i€Ss
where Pgs, is the Euclidean projection on the constraint set
S, ={n:1—-nly >0} and 7, is the step size.

3) The Proposed Algorithm: The proposed iterative algo-
rithm is summarized in Algorithm 1.

Algorithm 1 Iterative Algorithm
1: Define: a set of SUs, S,, with their corresponding SINR
requirements, a set of PUs, S,, I,, Py and an iteration
stopping criteria, §.
22 n=1.
3: Initialize p (n) = 0, u(n) > 0, n(n) > 0.
4: For all ¢ € S, find W; (n) as the dominant eigenvector of
the matrix B; ' (p~* (n)) Ry ;, calculate d; (p~* (n)) =
o e\
Bk i:,),l?ngg(a)z:)(n), calculate G (n) using (16) and
form d (p (n)) = (di (p~* (n)))_,.
5: if condition (19) is satisfied for all SU 7 with its associated
w; (n) then
go to step 10
7: else if condition (19) is not satisfied for a SU ¢ then
either reduce the target SINR so that 5 <
Wi(n)ResiWi(n) or remove SU i from S;.
Ejessdqéj W, (n)Rs,iW;(n)’ s
Then go to step 2.
9: end if
10: w; (n) = €;Ww; (n), where ¢; is found as the square root

of the i-th entry of the vector q (n) = (G (n))” ' m.

e +1) = Ps, {un) + 7 Sies, wi ()" wi (m) ).

12: n(n+1) =Ps, {n(n) + 70 D ics, Wi (n)H w; (n)}

13: p(n+1)=d(p(n).

4: n=n+1.

15: Repeat steps 4—14 until || p(n+1) —p (n) [|< 9.

16: W} = w; (n+ 1), calculate G (n + 1) using (16).

17: The optimal downlink beamforming vector for SU ¢ is
w; = ;W) where ¢; is found as the square root of the
i-th entry of the vector q (n+1) = (G (n+ 1)) ' m.

(2

IV. SIMULATIONS

Here we consider a cognitive cellular system, described
in Section II. To compare against the proposed optimiza-
tion scheme, we consider a popular optimization strategy in
cognitive systems, that minimizes the transmit power of the
secondary BS subject to SINR constraint for every SU, as
well as the interference constraint for each PU. In particular,
we compare our proposed algorithm against a benchmarking
system in [16] which develops the aforementioned strategy in
SDP form.

A. Simulation Setup

We randomly drop SUs and PUs and use Monte-Carlo
simulations over various number of user distributions. Fig. 2
illustrates an instance of the simulated user distribution con-
sisting of one cognitive BS and four randomly located users
(two PUs and two SUs). The channel covariance matrices from
the secondary BS to SU ¢ , i.e., Ry ;, and to PU ¢, i.e., Ry, ¢,
are

Rs,i
Rp,t

Es,iR (gs,i; ga) )
Ept R (0p,t,04)

(33)
(34)
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Fig. 2. An instance of the considered simulation scenario.

where & ; or &, represents the channel gain coefficient, 0, ;
or 6, is the angle of departure, o, is the standard deviation
of the angular spread, and the (m,n)th entry of R (6,0,) is,
(81, [27]:

¢ 52 [(n—m)sind] —2[ =52 {(n—m)cost}]”

(35)

In (33) and (34), &,,; and &, ; capture the distance-dependent
path-loss according to 34.5+35log; (1), where [ is the distance
in meters with [ > 35m, a log-normal shadow fading with 8dB
standard deviation and a Rayleigh component for the multi-
path fading channel. In (35), 0, = 2° and the antenna spacing
at the BS A = \/2, where ) is the carrier wavelength. The cell
radius of the cognitive BS, the noise power spectral density, the
noise figure at each user receiver and antenna gain are assumed
to be 1.3km, -174dBm/Hz, 5dB and 15dBi, respectively.

B. Convergence Behavior

—a— 5dB, 4 ant.,2 SUs, 2 PUs
—— 10dB, 4 ant.,2 SUs, 2 PUs
—#— 5dB, 8 ant., 2 SUs, 2 PUs ||
= 10dB, 8 ant., 2 SUs, 2 PUs
= = =5dB, 8 ant., 3 SUs, 3 PUs
—8— 10dB, 8 ant., 3 SUs, 3 PUs

3 SUs, 3 PUs

Residual norm

2SUs, 2 Pu/

1 10 20 30 40 50
Number of iterations

Fig. 3. Convergence behavior of the proposed iterative algorithm.

In Fig. 3, the residual norm of || p(n) — p* || is plotted
versus number of iterations n to show the convergence speed

of the proposed iterative algorithm to the optimal solution
p*. Fig. 3 confirms the statement in Remark 1, i.e., the
convergence speed of the proposed algorithm is a monotonic
function of number of SUs and required SINR level at SUs. It
can be seen from the figure that at the same target SINR and
number of antenna, the proposed algorithm converges faster
with less number of SUs. On the other hand, with the same
number of SUs and the same number of antenna elements, the
lower target SINR, the quicker the convergence is.

Results shown in Fig. 3 further reveal that the convergence
speed of the proposed algorithm is also a monotonic function
of the number of antenna elements. Finally, the figure indicates
that the proposed algorithm has a fast convergence speed. With
two SUs and two PUs, for instance, the algorithm approaches
the optimal solution, with the accuracy of around 10~ 16 after
19 iterations and around 10! after 31 iterations with 8 and
4 antenna elements, respectively.

C. Comparison on Transmit Power and ICI

—fe— lterative (I.,;=10dBm)
—e— lterative (I_:~20dBm)
—o— SDP (I,_:~10dBm)
—a— SDP (I_:-20dBm)

40 Total transmit power
35 Benchmark (I_:-10dBm

oL | 9 (S )

25

- « - Benchmark (Im:—ZOdBm)

£ 10
& -
©
-10
-15
-20
_054
-30
-35 ‘
— 40—
-45
0 2 4 6 8 10 12 14 16 18 20
SINR [dB]
Fig. 4. Total transmit power of the cognitive BS and total interference

imposed on PUs versus equal SINR levels at SUs. The power constraint Ppy
in problem (3) is set to 35dBm. The number of antenna elements at the
cognitive BS is 6.

In Fig. 4 illustrates the total transmit power of the cognitive
BS and total interference imposed on PUs versus equal SINR
levels at SUs for the proposed approach and the benchmark
with different interference constraints Ip,. In the proposed
approach, the power constraint P, in problem (3) is set to
35dBm. Solution to optimization problem (3) is obtained by
the proposed iterative algorithm and CVX [22] for the SDP
form in (4).

As it is observed, the proposed algorithm in this paper
satisfies all the interference constraints required by the primary
system, i.e., -10dBm and -20dBm, as well as the power
constraint at the BS. It is further seen that the stricter in-
terference constraint in the primary system, the higher is
the required transmit power of the cognitive BS. This is
an effect of narrowing down the feasibility region in the
optimization (3). Fig. 4 indicates that the solution to the
optimization problem (3) obtained by the iterative algorithm
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is the same as that offered by SDP algorithm. The proposed
approach outperforms the benchmark at high required SINR
level by SUs and stricter interference threshold given by PUs.
For instance, the benchmarking system fails to maintain the
interference threshold of -20dBm after the required SINR of
10dB while the proposed scheme effectively works up to 20dB.

g .

@ —oe— (P_:20dBm)
—_—— (PmZZSdBm)
—— (Pm:SOdBm)

0 2 4 6 8 10 12 14 16 18 20
SINR [dB]

Fig. 5. Total transmit power of the cognitive BS and total interference
imposed on PUs versus equal SINR levels at SUs. The interference constraint
Iy in problem (3) is set to -10dBm. The number of antenna elements at the
cognitive BS is 6.

In Fig. 5, the performance, i.e., total transmit power and
total interference power, of the proposed approach is shown
versus equal SINR levels at SUs with fixed interference
constraint I, = —10dBm and various levels of transmit power
constraint. The figure indicates that the proposed algorithm
forces the total transmit power and total interference power
well below the given constraints. This shows the effectiveness
of introducing the slack variables « and 3 in the optimization
problem (3). Fig. 5 also shows that the proposed approach
imposes lower total interference on PUs when the transmit
power constraint increases. This is an effect of enlarging the
feasibility region of problem (3).

T T
u . B Unity pricing [7]
—©— Proposed

Transmit power

[dBm]
&

Total interference

;
0 5 10 15 20
SINR [dB]

Fig. 6. Total transmit power of the cognitive BS versus equal SINR levels
at SUs. The number of antenna elements at the cognitive BS is 6.

Fig. 6 shows the transmit power and total interference
power of the proposed scheme and the unity-pricing strategy
introduced in [7]. We set I, = 0dBm and P, = 0dBm
in problem (3). Fig. 6 indicates that the proposed algorithm
provides the same performance as that of the scheme in [7]
with unity pricing. This is because of the fact that by setting
I, = 1 and P, = 1 in (3), the proposed optimization (3)
becomes an epigraph form [19] of the unity-pricing problem
introduced in [7].

D. Comparison on Radiation Patterns

In order to have an insight on the interference management
ability of the two systems, we investigate their actual radiation
patterns. We repeat the experiment described in Example
1 of [16]. In that experiment, there are three SUs located
at —5°, 10° and 25° relative to the BS’s array broadside.
The noise variance is set to 0.1 while the SINR threshold
values are set to 1 for SUs. In addition, there are two PUs
located at 30° and 50° relative to the BS’s array broadside
with their corresponding interference tolerable values of 0.001
(-30dBW) and 0.0001 (-40dBW). We then implement the
proposed algorithm in [16] for those PUs and SUs with the
total interference threshold level I, of 0.0011 (-29.6dBW).
It is worth emphasizing that in our proposed optimization
problem, a threshold is put on the total interference imposed
on all PUs while in the benchmark, the interference threshold
is set for each PU.

_40 T S S N O TR SO S S N i I
-90-80-70-60-50-40-30-20-10 0 10 20 30 40 50 60 70 80 90
Azimuth in degrees

Fig. 7. Reproduction of the radiation pattern of the BS for the benchmark
[16, Fig. 3]. The number of antenna elements is 8. The required transmit
power is 19.05dBm

Figs. 7 and 8 show the radiation patterns of the BS for
the benchmark and proposed scheme, respectively. Comparing
Figs. 7 and 8 it is observed that both schemes are capable
of shaping interference, i.e., providing nulls, at the angles
that those PUs are located. It also can be also seen that
the proposed algorithm significantly outperforms the bench-
mark in terms of controlling interference towards PUs, i.e.,
around 140dB deeper nulls in comparison with the benchmark
are provided by the proposed scheme. The improvement is
achieved with the cost of an increase in the transmit power
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Fig. 8. Radiation pattern of the BS for the proposed iterative algorithm. The
number of antenna elements is 8. The required transmit power is 19.81dBm

from 19.05dBm to 19.81dBm. The superior performance of
the proposed strategy gainst the benchmark can be explained
as follows. First, by putting one constraint on the total in-
terference, the feasibility region of the proposed optimization
problem is larger than that of the benchmark. Second, by using
slack variable «, the proposed optimization forces the total
interference well below the predefined threshold.

E. Comparison on SUs’ Sum Rate

In the following, we compare the proposed algorithm
against the benchmark in terms of secondary users’ sum rate.
We need to protect a set of two PUs located at 30° and 50°
relative to the cognitive BS’s array broadside with the distance
of 1.3km to the cognitive BS. In the meantime, we try to
serve a set of ten candidate SUs located at —5°, 10°, 25°,
40°, 55°, 70°, —20°, —35°, —50° and —65° relative to the
cognitive BS’s array broadside. The distance from SUs to the
BS is 0.13km. At a given SINR level, we start implementing
the proposed and benchmark approach with one SU and keep
increasing the number of SUs until the interference threshold
is exceeded. The sum rate shown in Fig. 9 is calculated as
Ulog2(1 + SINR) where U is the number of admitted SUs.

The results shown in Fig. 9 indicates that the proposed
algorithm obtains higher sum rate than the benchmark in the
SINR range from 2 to 8dB. This is due to the fact that the
proposed approach can provide deeper nulls to ward the PUs,
hence, it can serve more SUs than its counterpart at a given
SINR level. The two approaches offer the same performance
at 10dB of SINR since at that point the interference gap
between them is not significant, i.e., see Fig. 4. However,
it is worth mentioning that the benchmark fails to operate,
i.e., maintaining the I}, and P, constraints, after 10dB while
the proposed approach still works effectively at higher SINR
levels.

V. CONCLUSION

In this paper, we proposed a novel optimization problem to
design downlink beamforming vectors for a cognitive cellular

-
(=2}

—©— Benchmark
=—8— Proposed

—
S
T

- -
o o N
T T T

(2]

SU sum rate [bit/s/Hz]

SINR [dB]

Fig. 9. Sum rate obtained by SUs versus equal SINR levels at SUs.
The constraints I, and Py in problem (3) are set to -30dBm and 35dBm,
respectively. The number of antenna elements at the cognitive BS is 6.

network. For the proposed optimization problem, we then de-
rived the corresponding SDP form and developed an iterative
algorithm to find the solutions. Simulation results confirmed
that the proposed iterative algorithm has a fast convergence
speed. The results also indicated that the proposed algorithm
guarantees the transmit power and interference constraints.
Comparisons against the benchmark approach showed signif-
icantly lower interference levels are shaped by the proposed
algorithm towards primary users. This advantage leads to the
better performance in terms of higher secondary users’ sum
rate offered by the proposed scheme at the SINR range from 0
to 8 dB. Simulation results revealed that the proposed approach
effectively works up to SINR level of 20 dB, required by
secondary users, and interference threshold of -20 dBm, set
by primary users, while the benchmark fails to do so beyond
SINR level of 10 dB.

APPENDIX A
PROOF OF LEMMA 1

Proof: Using (7), we can rewrite the problem (10) as

ma. E [
mux H;J%X : p
1€S;
1
S. t. K; =\ (1 + _> Rs,h Vi € S, (36)
Vi

nNeESy, weS,,

where K = > .5 ARy + 02 s Ry + pl Let Wy
be the optimal solution to the left-hand side of the SINR
constraints in problem (11). Substituting W into the SINR
constraints in (11) and rearranging the terms using (12) yields

1
W:H (Kz -\ (1 + —) RsJ) VAV: <0.

(2

37
To obtain (37), we use the fact that p; = \;02 > 0. From
(37), we can write

Ki <\ (1 + l) R, .. (38)

Vi
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Therefore, the problem (11) can be rewritten as

max min i
e Pi Z_;.p
1
S. t. K,L j )\z (1 + _> Rs,ia VZ S Ssv (39)
Vi
NeES,, HeES,.

By changing the maximization to minimization in the inner
subproblem and reversing the inequality direction of the con-
straints of the problem (36), we can obtain the problem (39).

Furthermore, it can be verified that the constraints in both
problems hold with equality at the optimal solutions. There-
fore, (36) and (39) have the same solution. This points to the
conclusion that (10) and (11) have the same solution. [ |

APPENDIX B
PROOF OF COROLLARY 1

Proof: Consider the left hand side of the SINR constraint

in (11), i.e.,
PinI R, W;
max —ge N
Iwill=1 W;"B; (p~%) W;

The optimal solution to the problem denoted as W, is the
dominant eigenvector, i.e., the eigenvector associated with the
maximum eigenvalue, of matrix B 1 (p’z) R, ;. We can write
(40)

B! (p7) RuiW] = xiW7,
where ; is the corresponding dominant eigenvalue.

The gradient of L(«, 8, w;, Ai,n, 1) in (5), i.e., the La-
grangian of the optimization problem (3), with respect to w;
vanishes at the optimal points A} and w;. Therefore, setting
the gradient of L(«, 8, w},Af,n, ;) = 0, using algebra and
the fact that p¥ = \*o%, we have

*

B! (p~7) Rusw! = Lw?. @1)

i
Comparing (40) and (41) leads to the conclusion stated in
Corollary 1. [ |

APPENDIX C
PROOF OF LEMMA 3

Proof: d(p) is a standard-interference function because
it satisfies the following criteria for all p > 0:

1. Positivity: Since R;; = 0 and B;(p~") is positive
definite, Vi € &y, it can be verified from (23) that d(p) > 0,
i.e., all elements of vector d(p) are non-negative, Vp = 0.

2. Monotonicity: If p = p/, i.e., element-wise inequality,
then, using (23), it can be shown that:

o wkHR ok
EjeS, i (pj pj) Wi R, ;W5
WIHRS7in

for all 4 € §;. Therefore d(p) = d(p’).
3. Scalability: For all § > 1, let us consider

di(p™") — di(p'™") =

A H A~ A~ H A~
2o jesijri OPiWi T R jWE + Wi Cwy

5di(p7i): WHR. W
[ 5,1 g

(42)

10

where
Ci=0” | > nRyi+pl|,
tesS,
is a positive definite matrix. Since § > 1,
swiHciwy > wi Cwy.
Using (42) and (43), it can be seen that

A H A A H A
Yo jesi i OPiW; T R W5 + Wi Cw

(43)

5d;(p~%) > ,

(p ) VAV:HRS,ZW:

which implies dd;(p~%) > d;(6p~*), for all i € S;. Therefore,

dd(p) > d(dp), i.e., element-wise inequality. [ |
APPENDIX D

PROOF OF LEMMA 4

Proof: Using (23), we can write

)~ ae) = 3 (a0~ i)

1€Ss

2
~ xH %
w7 R W) ) (44

~ xH Rk
Wi R, W]

=> v X (pt—pi)(
1€Ss tESs, t#i
Applying Cauchy-Schwarz inequality on (44), we get to (45),
then using algebra, we obtain (51), details are given at the top
of the next page. From (51), we can write

ldp)—d@) > < &> (pi—1))’

€S
= Ap—-p I (52)
where
~ xH ~
R..
cEVU —Tmax | Y e tppet (53)
teSiti R, 1w}
From (52), we have
[d(p)—d@) I<clp-p|- (54)

According to [26, Chapter 3], if (54) holds for ¢ € [0, 1), then
d(.) is a contraction mapping and d(p) has a unique fixed
point p*. It can be easily verified from (53) that ¢ = 0 is
satisfied for U = 1, i.e., one user per cell. Furthermore, by
setting ¢ < 1 in (53), one can arrive at (26) in Lemma 4. W

APPENDIX E
PROOF OF LEMMA 6

Proof: Using the same technique to prove Lemma 1,
i.e., presented in Appendix A, we transform f (1o, 1) into the
downlink domain as

f (o, ) =min Yy wiwi,

ics, (55)
s.t. g(w;) >y, ViesSs,
where
() & W R
)2

HR  w. 2 2 :
Zjesmj;éz’ W' R iwj + 0% + o0 Ztesp Ry
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11

~ xH Sk 2
2 (Wi R, W,
lde)—de) P < -2 3 mi-p) <H7) (45)
€S, tES, t£i Wi R, Wi
2 2 (W R W) "2
= U—l)Z% Z(pt—pt) m — (pi — ) (46)
i€Ss teS, 7 St
5, t W
= U-DY_ > vp-np (A*HR tw) > 37 (s — )’ (47)
i€Ss tES, $,2 €S,
* 2
W szw/ 2
- DT S o () - Y-l @)
teS, i€S,s Wit R wi i€S,s
WHR, W\
= (U-1 pi — )’ 2<At f> -2 (49)
( )i;ss( ) t;&vf SR, oot ;
) wHR, W\’
= W=D -9 > %\ t) (50)
€S, €S, t#i Wi R Wi
2
< -3 i-p) R, iWi (51)

1€Ss

2 7*w R, W}

tESs, t#i

Let w7, and w7 ,, respectively, be the optimal beamforming
vectors for f (no, n1) and f (no, p2), where pq1 and po are two
positive numbers. Consider

H1 + p2 H1+ p2 H
R e S
2 {wig(wi)>7i} €S,

1
5#12“’11“’114‘ M22W12W12
1€Ss €S,

o F o) + 3. (o, ).

The above inequality confirms that function f (7o, ) is con-
cave in pu. Now we consider

F(nospa) = (o, mn) = pa Y Wiswiy—m »_ witiwi,
1€ES; €S
SWZWUW H12W11W1
€S, €S
= (2 — 1) Z Wiy W
€S
Therefore,
f(nosp2) < f (o, ) + (2 — ) Y wiklwy,

7,633

This fact points to a conclusion that >, whHw, is a
subgradient of f (1o, pt).

Following the same line of arguments, the second statement
of the lemma can be proven. ]

REFERENCES

[1] J. Mitola, “Cognitive radio: An intergrated agent architecture for soft-
ware defined radio,” Ph.D. dissertation, Royal Institute of Technology
(KTH), Stockholm, Sweden, Dec. 2000.

[2]

[3]

[4]

[5]

[6]
[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

M. G. Khoshkholgh, K. Navaie, and H. Yanikomeroglu, “Access strate-
gies for spectrum sharing in fading environment: Overlay, underlay and
mixed,” IEEE Trans. Mobile Computing, vol. 9, no. 12, pp. 1780-1793,
Dec. 2010.

F. Rashid-Farrokhi, K. J. R. Liu, and L. Tassiulas, “Transmit beam-
forming and power control for cellular wireless systems,” IEEE JSAC,
vol. 16, no. 8, pp. 1437— 1450, Oct. 1998.

A. B. Gershman, N. D. Sidiropoulos, Shahhazpanahi, M. Bengtsson, and
B. Ottersten, “Convex optimization-based beamforming: From receive
to transmit and network designs,” IEEE Signal Process. Mag., vol. 27,
no. 3, pp. 62-75, May 2010.

H. Dahrouj and W. Yu, “Coordinated beamforming for the multicell
multi-antenna wireless system,” IEEE Trans. Wireless Commun., vol. 9,
no. 5, pp. 1748-1759, May 2010.

F. Gross, Smart Antennas for Wireless Communications.
2005.

T. A. Le and M. R. Nakhai, “Downlink optimization with interference
pricing and statistical CSL,” IEEE Trans. Commun., vol. 61, no. 6, pp.
2339-2349, Jun 2013.

M. Bengtsson and B. Ottersten, “Optimal downlink beamforming using
Semidefinite optimization,” in Proc. 37th Annu. Allerton Conf. Com-
mun., Control, and Computing, 1999, pp. 987 — 996.

A. Wiesel, Y. C. Eldar, and S. Shamai, “Linear precoding via Conic
optimization for fixed MIMO receivers,” IEEE Trans. Signal Process.,
vol. 54, no. 1, pp. 161- 176, Jan. 2006.

D. P. Palomar, J. M. Cioffi, and M. A. Lagunas, “Joint Tx-Rx beam-
forming design for multicarrier MIMO channels: a unified framework for
convex optimization,” IEEE Transactions on Signal Processing, vol. 51,
no. 9, pp. 2381-2401, Sep. 2003.

M. Schubert and H. Boche, “Solution of the multiuser downlink beam-
forming problem with individual SINR constraints,” IEEE Trans. Veh.
Technol., vol. 53, no. 1, pp. 18-28, Jan. 2004.

W. Yu and T. Lan, “Transmitter optimization for the multi-antenna
downlink with per-antenna power constraints,” IEEE Trans. Signal
Process., vol. 55, no. 6, pp. 2646-2660, Jun. 2007.

S. Yiu, M. Vu, and V. Tarokh, “Interference reduction by beamform-
ing in cognitive networks,” in Proc. IEEE Global Telecommun. Conf.
(GLOBECOM 2008), Dec. 2008, pp. 1-6.

Y. Huang, Q. Li, W.-K. Ma, and S. Zhang, “Robust multicast beamform-
ing for spectrum sharing-based cognitive radios,” IEEE Trans. Signal
Processing, vol. 60, no. 1, pp. 527— 533, Jan. 2012.

1. Wajid, M. Pesavento, Y. C. Eldar, and D. Ciochina, “Robust downlink
beamforming with partial channel state information for conventional
and cognitive radio networks,” IEEE Trans. Signal Processing, vol. 61,
no. 14, pp. 3656— 3670, Jul. 2013.

McGraw-Hill,



IEEE TRANSACTIONS ON COMMUNICATIONS

[16]

[17]

[18]

[19]
[20]
[21]

[22]

[23]

[24]
[25]
[26]

[27]

Y. Huang and D. P. Palomar, “Rank-constrained separable Semidefinite
programming with applications to optimal beamforming,” IEEE Trans.
Signal Processing, vol. 58, no. 2, pp. 644-678, Feb. 2010.

G. Zheng, K.-K. Wong, and B. Ottersten, “Robust cognitive beamform-
ing with bounded channel uncertainties,” IEEE Trans. Signal Processing,
vol. 57, no. 12, pp. 4871- 4881, Dec. 2009.

L. Zhang, Y.-C. Liang, Y. Xin, and H. V. Poor, “Robust cognitive beam-
forming with partial channel state information,” IEEE Trans. Wireless
Communications, vol. 8, no. 8, pp. 4143— 4153, Aug. 2009.

S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge
University Press, 2004.

R. D. Yates, “A framework for uplink power control in cellular radio
systems,” IEEE JSAC, vol. 13, no. 7, pp. 1341-1348, Sep. 1995.

N. Z. Shor, Minimization Methods for Non-Differentiable Functions.
Springer-Verlag, 1985.

M. Grant and S. Boyd, cvx Users’ Guide for cvx version 1.2 (build
711), 2009, software availabe at http://www.stanford.edu/~boyd/cvx/
download.html.

H. Dahrouj and W. Yu, “Multicell interference mitigation with joint
beamforming and common message decoding,” IEEE Trans. Commun.,
vol. 59, no. 8, pp. 22642273, Aug. 2011.

A. Berman and R. Plemmons, Nonnegative Matrices in Mathematical
Sciences, 2nd ed. SIAM Classics in Applied Mathematics, 1994.

R. Cottle, J. S. Pang, and R. Stone, The Linear Complimentarity
Problem. Society for Industrial and Applied Mathematics, 1992.

D. P. Bertsekas and J. N. Tsitsiklis, Parallel and Distributed Computa-
tion. Prentice-Hall, 1989.

T. A. Le and M. R. Nakhai, “An iterative algorithm for downlink
multi-cell beam-forming,” in Proc. IEEE Global Telecommun. Conf.
(GLOBECOM 2011), Dec. 2011, pp. 1-6.



