White Rose

Research Online

I'Hg"
% &' ( ) *$++, : / 01 /
. & 1 02 3+
(. ) L 2&
4 0 & &
0 ' 0
& 0 & 5
6 0
4 0 0 7 0
& & 8

ﬁ \\Eﬁ’/ University of

UNIVERSITY OF LEEDS S Sheffield



mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/id/eprint/80510/
https://eprints.whiterose.ac.uk/

J ! 629

.8
(S)

The Determination of Multivariable Nonlinear Models for Dynamic Systems Using Neural
i Networks

S A Billings* and S Chen**

* Department of Automatic Control and Systems Engineering
University of Sheffield, Mappin Street
Sheffield, S1 3JD, UK

** Department of Electrical and Electronic Engineering
University of Portsmouth, Anglesea Building
Portsmouth, PO1 3DJ, UK

Research Report No 629
| 200361614

: VBRI A

June 1996

Invited Chapter in ‘Neural Network Systems Techniques and Applications’ in the Advances in
Control and Dynamic Systems Series Edited by C T Leondes




The Determination of Multivariable Nonlinear
Models for Dynamic Systems Using Neural Networks

S.A. Billingst and S. Cheni

{Department of Automatic Control and Systems Engineering
University of Sheffield, Mappin Street
Sheffield S1 3JD, U.K.

{Department of Electrical and Electronic Engineering

University of Portsmouth, Anglesea Building
Portsmouth PO1 3DJ, U.K. '

1 Introduction

Modelling and identification is one of the major areas of control engineering, and the
theory and practice of linear system identification is now well established [1],[2]. During
the past decade, efforts have been focused on developing coherent and concise methods of
nonlinear system modelling and identification [3]-[7], and more recently artificial neural
networks have been applied to complex nonlinear dynamic systems [8]-[12]. There are two
basic components in any system identification problem: determining the model structure
and estimating or fitting the model parameters. These two tasks are critically influenced
by the kind of model employed. Parameter estimation is relatively straightforward if the
model structure is known a priori but this information is rarely available in practice and
has to be learnt.

A general principle of system modelling is that the model should be no more complex
than is required to capture the underlying system dynamics. This concept known as the
parsimonious principle is particularly relevant in nonlinear model building because the
size of a nonlinear model can easily become explosively large. An over complicated model
may simply fit to the noise in the training data, resulting in overfitting. An overfitted
model does not capture the underlying system structure well and will perform badly on
new data. In neural network terminology, the model is said to have a poor generalisa-
tion property. The NARMAX (Nonlinear AutoRegressive Moving Average model with
eXogenous inputs) methodology, developed by the authors and others, is based around
the philosophy that determining the model structure is a critical part of the identification

process. Many of the NARMAX techniques can readily he applied to neural network
modelling.

During the resurgence in artificial neural network research in the 1980s, there was a
tendency in neural network modelling to simply fit a large network model to data and to -
disregard structure information. Often models consisting of hundreds of parameters were
used. It was thought that since neural networks had excellent representation capabilities
and coded information into neuron connection weights, there was less need for physical




B T P it S g‘f—”

9 S.A. Bfﬂiﬁgs and S. Chen

insight into the underlying functional relationship and dependencies, and model structure
determination became less critical. Soon people realized that a huge network model not
only requires a very long training time and has poor generalisation performance but also
has little value in system analysis and design. The parsimonious principle is therefore just
as important in neural network modelling,.

Many techniques have been developed to improve the generalisation properties of
neural network models. These include: pruning to reduce the size of a complex net-
work model [13]-[15], automatic construction algorithms to build parsimonious models for
certain types of neural networks [16]-[19], regularisation [20}-[22], and combining regu-
larisation with construction algorithms [18],[23]-[26]. Selection of the best and smallest
nonlinear model from the set of all possible candidates is a hard optimisation problem
which is generally intractable or computationally too expensive. Rather than insisting on
the true optimal solution, a pragmatic approach is usually adopted in practice to find a
suboptimal solution. In fact all of the successful construction algorithms attempt to find
a sufficiently good suboptimal nonlinear model structure in this sense.

In a nonlinear model, the relationship between model outputs and model inputs is
nonlinear by definition. But the relationship between the model outputs and the free
adjustable model parameters can be either nonlinear or linear. Identification schemes
can therefore be classified into two categories, nonlinear-in-the-parameters or linear-in-
the-parameters. Neural networks are generally nonlinear-in-the-parameters. A typical
example is the multilayer perceptron (MLP) model. Some basis function neural networks
such as the radial basis function (RBF) network, B-spline networks and neural-fuzzy
models can be configured in a linear-in-the-parameters structure.

The nonlinear-in-the-parameters neural network models are generally more compact
and require less parameters compared with the linear-in-the-parameters models. In this
sense the latter are often said to suffer from the “curse of dimensionality”. But this
problem arises largely because no attempt has been made to determine a parsimonious
representation from the data. Learning for a nonlinear-in-the-parameters neural network
1s generally much more difficult than that for a linear-in-the-parameters neural network.
More importantly, structure determination or the selection of a parsimonious model is
extremely complex when the model is nonlinear-in-the-parameters and few results are
available. Several powerful construction algorithms which antomatically seek parsimo-
nious models have been reported for basis function neural networks.

The remainder of this chapter is organized as follows. Section 2 introduces the NAR-
MAX system representation which provides a framework for nonlinear system modelling
and identification. Conventional or non-neural NARMAX modelling approaches are sum-
marized in section 3, where the similarity between the conventional approach and neu-
ral network modelling is emphasized. Section 4 discusses a few popular neural network
models employed in nonlinear system identification and classifies these models into the
nonlinear-in-the-parameters and linear-in-the-parameters categories. Section 5 presents a
gradient-based identification technique for neural network models that are nonlinear-in-
the-parameters while section 6 discusses construction algorithms for building parsimonious
neural network models that are linear-in-the-parameters. Issues of identifiability and the
implications for nonlinear system modelling together with a scheme for constructing local
models are treated in section 7. Some concluding remarks and further reserach topics are
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given in section 8. Throughout this chapter, simulated and real data are used to illustrate
the concepts and techniques discussed.

2 The nonlinear system representation

For the class of discrete-time multivariable nonlinear dynamic systems, depicted in figure 1,
the general input-output relationship can be written as

y(k) = fs(y(k_1)7' e 1y(k_ny)7u(k_1)7 T 1u(k_nﬂ):e(k_1)= e ’e(k_ne))+e(k) (1)

where
y1(k) u (k) e1(k)

y(k) = o, wk)= |, e(k)=| (2)
ym (k) u, (k) em (k)

are the system m-dimensional output, r-dimensional input and m-dimensional noise vec-
tors respectively; ny, n, and n. are lags in the output, input and noise respectively;
and f,() is some m-dimensional vector-valued nonlinear function. The noise e(k) is a
zero mean independent sequence. This nonlinear system representation is known as the
NARMAX model [3],[6]. Nonlinear time-series can be viewed as a specical case of this
general nonlinear system and can be represented by the NARMA model [27]

y(k) = fs(y(k i 1)1 woe i fim ny)a e(k — Ly :e(k = ne)) + e(k) (3)

The NARMAX model provides a general basis for the development of nonlinear system
identification techniques.

The functional form f,(-) for a real-world system is generally very complex and un-
known. Any practical modelling must be based on a chosen model set of known functions.
Obviously, this model set should be capable of approximating the underlying process to
within an acceptable accuracy, and neural networks are just a class of such “functional ap-
proximators” [28]-[31]. Secondly, an efficient identification procedure must be developed
for the selection of a parsimonious model structure because the dimension of a nonlinear

model can easily become extremely large. Without efficient subset selection, the resulting
model often has little practical value.

In general recurrent or feedback neural networks are required to model the general

NARMAX system. In some approximations, it may be possible to reduce the NARMAX
model to a simplified form

y(k) = fS(y(k - 1)’ R y(k - ny):u(k - 1)1 s :u(k o nu)) £ 6(k) (4)
For autonomous systems or time series, the model (4) can be further reduced to
y(k) = fo(y(k=1),- -, y(k — ny)) + e(k) (5)

The model in (4) is obviously less general than the model in (1). Identification schemes and
system analysis are however simpler when based on the model (4), and many feedforward
neural networks are sufficient to identify this simplified NARMAX model.
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A main assumption for the NARMAX system is that the “system state space” has a

finite dimension. This agrees with a basic result of dynamical systems theory [32], which

¢ states that if the attractor of a dynamical system is contained within a finite-dimensional

\ manifold, then an embedding of the manifold can be constructed from time series observa-

tions of the dynamics on the manifold. The dynamical system induced by the embedding

is differentiably equivalent to the one being observed. In fact, the lag n, in (5) corresponds

to the embedding vector dimension. Dynamical systems theory provides a firm basis for

nonlinear time series modelling and many nonlinear signal processing applications, and it
has strong connections with nonlinear system modelling and identification.

The choice of identification scheme is critically influenced by the chosen model form.
Consider a general nonlinear model

J(k) = Fu(x(k); ) @

where © is the vector of adjustable model parameters. If the model is used to identify
the NARMAX system (1), the model input vector x(k) is

x(k) =Ty"(k— 1)y (k —ny) wT(k = 1) uT(k—ny) (k—1)---T(k —n.)]T (7)

where
3 e(k) = y(k) — g(k) (8)
is the prediction error. If the model is used to identify the simpliied NARMAX system

(4),

x(k) = [y (k= 1) yT(k = ny) v (k=1) -+ uT(k — n,)]” (9)

According to the relationship between the model output and adjustable model parameters,
various models can be classified into two categories, namely nonlinear-in-the-parameters
and linear-in-the-parameters models.

3 The conventional NARMAX methodology

The NARMAX modelling methodology, developed by the authors and others, is centred
around the belief that the determination of model structure is a crucial part of the iden-

tification process. The NARMAX methodology attempts to break a system identification
problem down into the following aspects:

Nonlinearity detection determine whether a nonlinear model is needed
! Structure determination select which terms to include in the model
4 Parameter estimation estimate the values of the model parameters
Model validation test whether the model is adequate
Model application use the model for prediction and system analysis

These components form an identification toolkit which allows the user to build a concise
mathematical description of the system from data. A crucial component of this iteractive

identification procedure is the determination of the model structure. This ensures that a
parsimonious model is obtained.
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Several conventional or non-neural nonlinear models have been developed for the
NARMAX modelling approach. These typically include the polynomial model [7], the
rational model [33] and the extended model set [34]. The polynomial model is derived by
a polynomial expansion of x(k)

3i(k) = pi(x(k); ©;), 1<i<m (10)

where p;(-) is a polynomial function of x(£), and ©; denotes the parameter vector con-
sisting of the coefficients to be identified. The rational model is given as the quotient of
two polynomial expansions of x(k)

1<i<m (11)

The extended model set refers to a general modelling approach which first forms some
fixed nonlinear expansions to obtain various nonlinear model terms and then linearly
combines the resulting terms. The same idea was given a neural network interpretation
in [35] and the resulting model was called the functional-link network (FLN).

3.1 Structure determination and parameter estimation

When identifying nonlinear systems with unknown structure, it is important to avoid
losing significant terms that must be included in the final model. Consequently, the
experimenter is forced to start with a large model set. The key to the NARMAX modelling
approach is an efficient procedure for subset model selection which aims to select only
the significant model terms to form a parsimonious subset model. Which subset selection
scheme to use will depend on the particular model form employed.

3.1.1 Nonlinear-in-the-parameters models

A class of parameter estimation algorithms widely used for nonlinear models is the predic-

tion error algorithms [5],[33]. This is a class of gradient based algorithms that minimize
the cost function

J1(©) = log (det (Q(O))) (12)

where det(-) denotes the determinant,

N
Q(0) = ﬁ‘; (k; ©)é?(k; ©) (13)

and N is the number of data samples. Here we have made the dependency of the prediction
error on the model parameters explicit by using the notation e(k; ®). Let the dimension
of © be ng, that is, ©@ = [61---0ne]T. The parameter estimate which minimizes the

performance criterion J;(©) can be obtained using the Gauss-Newton algorithm based on
the gradient of J1(©)

86, 08

ne

6J1]T (14)

VJi(0) = [—

as, a1t
90
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and the Hessian

H,(0)

o? g
SRR P [M}' +pI (15)

~ + =l [orreerecad
802 " ~ 50 |90
where p is a small positive constant and I is the identity matrix of appropriate dimension.

The addition of pI to the Hessian matrix avoids.the possibility of ill-conditioning. The
gradient and the Hessian can be computed as follows [1]

ot 22X 1 Oe(k; © .

E’;=W§J(x¢;e)@ 1(@)%&—), 1<i<ne (16)
Ph . 9Y 1
ae,-aej"‘ﬁz o5, ¢ (@ 06;

1<i,j<ne (17)

The Hessian H,(©) also plays an important role in subset model selection. In fact,
H1(©) contains sufficient information regarding the significance of each parameter. Delect-
ing a parameter corresponds to removing a row and a column in the Hessian matrix. This
is because subset model selection can be formulated as an optimisation problem with the
performance criterion [4]

C = Nlog(det(Q(0))) + noxa(l) (18)

where © is the parameter vector of the particular model and ng its dimension, Xol1)
is the critical value of the chi-squared distribution with 1 degree of freedom and a given
significance level a. The best model selected from all the competing models is the one that
minimizes the C-criterion (18). The first term in (18) indicates the model performance
and the second term is a complexity measure that penalizes large models. An appropriate
value for x,(1) can be shown to be 4.0 [4]. The Hessian of the C-criterion (18), which is
the same as H,(©) except for a scalar N, is what is actually needed to efficiently evaluate
the C-criterion value of a candidate model [4],[36].

For a full model size of ne, the number of competing models is 2"®. The true optimal
model that minimizes (18) must be selected from all these 2" models. It is obvious that
this is computationally impossible to do even for a moderate ng. A practical method for
selecting parsimonious models is based on backward elimination, which eliminates some
parameters of a large model according to information provided by H- 1(©). This method is
similar to the stepwise backward elimination scheme in the statistical literature [37], and
can generally find a suboptimal subset model. The details of a numerical algorithm, which
implements this backward elimination algorithm using H;(©) to compute the values of the
C-criterion, can be found in [36]. We use the following simulated system taken from [33]
to illustrate the combined approach of structure determination and parameter estimation.

Example 1.
The data was generated from the simulated single-input single-output system

(k) = y(k—1) +u(k —1) +y(k — Du(k —1) + y(k —1)e(k — 1)

: T+ y2(k— 1)+ u(k — De(k—1) ey

The input u(k) was an independent and uniformly distributed sequence with mean zero
and variance 1.0 and the noise e(k) is a Gaussian white sequence with mean zero and
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variance 0.01. Notice that if the system is nonlinear the possibility of nonlinear noise
terms has to be accommodated in the model. 600 points of the input-output data were
used in the identification. A rational model with the lags ny=m"n;, =n, =1 and a
quadratic numerator and denominator were used. The full model had 20 terms shown in
table 1.

The prediction error algorithm was first used to obtain the parameter estimate © for
the full model. The full model Hessian, evaluated at ©, was then used in the backward
elimination procedure to eliminate redundant parameters in the model. The elimination
process is shown in table 2, where it is seen that the process stopped after stage 13 because
the C'-criterion reached a minimum value, giving rise to a subset model of 7 parameters.
The prediction error algorithm was again used to fine tune the subset model parameters.
The final subset model given in table 3 is obviously a good estimate.

The combined approach of structure determination and parameter estimation based
on the prediction error estimation method, discussed above, is very general and can be
applied to any nonlinear model. An alternative cost function for the prediction error
estimation method is

N

12(8) = trace(@(®)) = - 3~ ¥ (k; O)e(k; 0) (20)
k=1

A similar algorithm which combines structure determination and parameter estimation

can be derived based on this cost function. In the case of single-output systems, that is,

m = 1, the two cost functions (12) and (20) become identical. A drawback of the approach

discussed here is that, when the full model size ng is very large, the computation of the

full model Hessian can be expensive.

A multilayered neural network model is usually nonlinear-in-the-parameters. There-
fore it is not surprising that the prediction error estimation method can readily be applied
for constructing neural network models [9],[11],[38]. In fact, the famous backpropagation
learning method [39] for neural networks can be viewed as a special case of the predic-
tion error algorithm [38]. The importance of the parsimonious principle is now widely
recognized in the neural network community. Weight elimination has been suggested as
a method for reducing the size of large network models, and the process is known as the
pruning. Approaches adopted in pruning often have their root in more traditional meth-
ods for subset model selection. For example, the so-called optimal brain damage method
[13] uses the diagonal elements of the cost function Hessian in weight elimination.

3.1.2 Linear-in-the-parameters models

The polynomial model and the extended model set are examples of linear-in-the-parameters
models. A linear-in-the-parameters model can generally be obtained by performing some
fized nonlinear functional transforms or expansions of the inputs before combining the
resulting terms linearly. Specifically, a set of given functional expansions map the input
Space onto a new space of increased dimension ny,

x(k) — [S1(x(k)) - - n, (x(E))]" (21)

The model outputs are obtained as linear combinations of the new bases di(x(k)),
1 S 1 _<_ nrL,
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(k) = Yo iKY, 1< i <m )

To qualify for a linear-in-the-parameters model, the value of each given basis function must
« depend only on the input x(k) so that ¢;(x(k)) contains no other adjustable parameters.

An advantage of the model (22) is that the standard least squares identification method
can readily be applied to estimate the parameters 6;;. In practice, the model dimension
ny can become excessively large. Consider, for example, the polynomial model, which
uses the set of monomials of x(k) as bases. If the dimension of x(k) is 8, a degree-5
polynomial expansion will produce a model basis set of dimension n; = 1286. Other
choices of model bases [34] can also induce the problem of excessive model dimension.
Subset selection is therefore essential, and an efficient subset selection procedure has been
derived based on the orthogonal least squares (OLS) method [7]. Given the full set of
ny candidate bases, the OLS algorithm selects significant model bases one by one in a
forward regression manner until an adequate subset model is constructed. The selection
procedure is made simple and efficient by exploiting an orthogonal property.

Specifically, the cost function (20) is adopted for a combined subset model selection
and parameter estimation. The system outputs, the model outputs and the prediction
errors for 1 < k < N can be collected together in the matrix form

Y=%0+E (23)
where .
yi(1) - ym(1)
Y=[yiyml= : : : (24)
_yl(N) o Ym(N)
[ 61(1) Em(l)
E=le; --e,)= : : : (25)
| &(N) - en(N)
$1(x(1)) -+ ¢a,(x(1))
& =[P 0,,]= : : : (26)
$1(x(N)) -+ @ap(x(N))
91,1 gl,m
@=| : i (27)
gnbl gnL,m

Let an orthogonal decomposition of the regression matrix ® be ® = WA. The system
(23) can be rewritten as

Y=WG+E (28)
where
gi1 " im
G — . . .

A® (29)

gnL,l T gnL,m
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It can be shown that

NJy(@®) = trace (ETE) = trace (YTY) - i (i 9?,;) WJTWJ' (30)

7=1 \i=1

where the new bases w; are columns of W. Define the error reduction ratio due to w; as

[err]; = (Emj gfi) wi wi/trace (YTY) (31)

1=1

Based on this ratio, significant model terms can be selected in a forward-selection proce-
dure. At the [-th stage, a model term is selected among the ny — [ + 1 candidates if it
produces the largest value of [err]; to add to the previously selected (I — 1)-term model.
The selection procedure can be terminated at the ng stage when

ng
1-[errli<q (32)
=1
where 0 < 7 < 1 is a pre-set desired tolerance, giving rise to an ns-term subset model.
Alternatively, the procedure can be terminated when the criterion

N 10g(2(®)) + nsxa(L) (33)

reaches a minimum, where x,(1) is as defined previously at (18).

The details of the OLS algorithm for forward subset selection can be found in [7]. It
should be emphasized that the OLS algorithm is an efficient way of implementing forward
subset selection and, like any forward subset selection method, it does not guarantee to
find the best ng-term model from the ny-term full model. This however is not a serious
deficiency because the subset model found is usually very good. Furthermore the optimal
solution will certainly be too expensive to compute since ny, is often very large.

Notice that the aim here is to select a subset model consisting of a set of the original
model bases, say, {®;,, 1 <1< ngs}. The set of the selected orthogonal bases {w;, 1 < I <
ns} corresponds precisely to a subset of the original model bases {®;, 1 <1< ngs}, that
is, the subspace spanned by {w;, 1 <1< ns} is the same space spanned by {®;, 1 <1<
ns}. This is reflected in the fact that A is an upper triangular matrix with unit diagonal
elements. In many signal processing applications, the ob jectiveis to transform the original
signal space ® onto a new space by some orthogonal transformation and to tackle the
problem on a transformed subspace. This can be achieved, for example, using singular
value decomposition (SVD) [40]. A subset of the orthonormal bases {vi, 1 £1 < ng},
which correspond to the first ns largest eigenvalues, is selected to form the required
subspace. Since each v, is a linear combination of all the original bases ®;, 1 < 7 < np,
it is not known which subset {®;,, 1 <1< ng} represents exactly the subspace spanned
by {vi, 1 <1< ns}. When a subset model consisting of a subset of the original model
bases is required, the OLS algorithm has clear advantages.

If the stopping criterion (32) is employed, the chosen tolerance n will influence both
the modelling accuracy and the complexity of the final subset model. It is obvious that
ideally n should be larger than but very close to the ratio trace(ETE)/trace(YTY). Since
trace(ETE) is not known a priori, an appropriate value of n usually needs to be found,



















































































































