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Abstract

This paper presents theoretical and experimental investigations into modelling a single-link
flexible manipulator system. An analytical model of the manipulator, characterised by an
infinite number of modes, is developed, using the Lagrange's equation and modal
expansion method. This is used to develop equivalent ime-domain and frequency-domain
working models of the system in state-space and transfer function forms respectively. The
model parameters are then estimated experimentally using system's measured input/output
data. The model thus obtained is validated through experimentation and experimental

results including the effect of payload on system characteristics presented and discussed.

Key words: Flexible manipulator, Lagrange's equation, modal expansion, state-space

model, transfer function model.
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1 Introduction

Research in the area of flexible manipulator systems ranges from single-link manipulator
rotating about a fixed axis (Hastings and Book, 1987) to three-dimensional multi-link arms
(Nagathan and Soni, 1986). However, experimental work, in general, is almost exclusively
limited to single-link manipulators. This is due to the complexity of multi-link manipulator
systems, resulting from more degrees of freedom and the increased interactions between
gross and deformed motions. The use of dynamic models for flexible manipulator systems
are threefold: forward dynamics, inverse dynamics and controller design.

In practice, dynamic models are mostly formulated on the basis of considering forward
and inverse dynamics. In this manner, consideration is given to computational efficiency,
simplicity and accuracy of the model. Here, a means of predicting changes in the dynamics

% of the manipulator resulting from changing configurations and loading is proposed, where
predictions of changes in mode shapes and frequencies can be made without the need to
solve the full determinantal equation of the system. It is important for control purposes to
recognise the flexible nature of the manipulator system and to build a suitable mathematical
framework for modelling of the system. The flexible manipulator under consideration is a
distributed parameter system with rigid body as well as flexible movements. There are two
physical limitations associated with the system: (a) the control torque can only be applied
at the joint (hub), (b) only a finite number of sensors of bounded bandwidth can be used
and at restricted locations along the length of the manipulator.

Owing to the principles used various types of models of flexible manipulator have

been developed (Kanoh et al., 1986). These can be classified as

-
e

Lagrange's equation and modal expansion (Ritz-Kantrovitch) or assumed mode

method,
® Lagrange's equation and finite element method,
®  Euler Newton equation and modal expansion,

® Euler Newton equation and finite element,
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e Singular perturbation and frequency domain techniques.

In the Lagrange's equation and modal expansion method, the deflection of the
manipulator is represented as a summation of modes. Each mode is assumed as a product
of two functions; one dependent on the distance along the length of the manipulator and
the other, a generalised co-ordinate, dependent on time. In principle, the summation
amounts to an infinite number of modes. However, for practical purposes, a small number
of modes is used. The Lagrange's equation and finite element method is conceptually
similar to the assumed modes method. Here, the generalised coordinates are the
displacement and/or slope at specific points (nodes) along the manipulator (Usoro et al.,
1986). The Lagrange's formulation is preferable as its matrix structure readily allows the
dynamic model to be reformulated in state-space form. This form is particularly convenient
for control purposes.

The Euler-Newton's method is a more direct method of calculating system dynamics.
The rate of change of linear and angular momentum are derived explicitly, rather than via
Lagrange's equation. Newton's second law is used to balance these terms with the applied
forces (Raksha and Goldenberg, 1986). In simulation, or forward dynamics, the linear and
angular momentum of the manipulators are the unknowns while the actuator forces are
known. Expressing the former in terms of a set of assumed modes of finite elements leads
to a dynamic model relating the time dependency of the modes/elements to the external
forces. The basic approach in the Euler-Newton and assumed mode method is to divide
the manipulator into a number of elements and carry out a dynamic balance on each
element. For a large number of elements this is a very tedious process. On the other hand,
it is far easier to include non-linear effects without complicating the basic model.

In the singular perturbation technique the system's characteristic modes are separated
into two distinct groups: a set of low-frequency or slow modes and a set of high-frequency
or fast modes. In the case of flexible manipulators, the rigid-body modes are the slow
modes and the flexible modes are the fast modes. The dynamics of the system can then be

divided into two sub-systems. The slow sub-system is of the same order as that of the
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equivalent rigid manipulator. The slow variables are considered as constant parameters for
the fast sub-system.

An alternative to modelling the manipulator in the time-domain is to use a method
based on frequency-domain analysis (Book and Majette, 1983). This method develops a
concise transfer matrix model using the Euler-Bernoulli beam equation for a uniform beam.
The weakness of this method is that it makes no allowance for interaction between the
gross motion and the flexible dynamics of the manipulator, nor can these effects be easily
included in the model. As a result, the model can only be regarded as approximate.

In this paper an analytical model of a single-link flexible manipulator is first obtained.
This is characterised by a set of infinite number of natural modes. This is used to develop a
state-space and equivalent frequency-domain models of the system. Three transfer
functions are considered, torque to hub angle, torque to hub velocity and torque to end-
point acceleration of the manipulator to reflect upon typical sensor measurements available
in practical manipulator systems.

Experimental model identification involves estimating a system's transfer function or
some equivalent mathematical description of the system from measurements of the system
input and output. To ensure the acquisition of high-quality data, an experimental set-up
involving a single-link flexible manipulator test rig is designed so that the essential aspects
of the measurement process requiring particular attention are considered (Ewins, 1985).

These include

® Proper excitation of the structure,
® Choice and location of suitable transducers,
® Selection of conditioning amplifiers and filters,

® Method of signal processing suitable to the system under consideration.

The manipulator is excited and the corresponding input and output signals measured. The
input and output signals forming the measured experimental data are used to determine the

dynamic characteristics of the system. The characteristics thus obtained are then used to
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validate the system model by comparing these with the analytical results of the system
model. As the manipulator is very lightly damped, two independent methods are used to
extract the natural frequencies. The model parameters include the natural frequencies,
3 damping ratio, hub modal slope coefficient, modal gain of end-point accelerometer and the
transfer function of the system. Investigations are also carried out to study the effect of
payload on the characteristics of the manipulator. Experimental results thus obtained are

presented and discussed.

2  Dynamic equations of motion of the system

The flexible manipulator system under consideration is modelled as a pinned-free flexible

beam, with a mass at the hub, which can bend freely in the horizontal plane but is stiff in

vertical bending and torsion. The model development utilises the Lagrange's equation and
modal expansion method (Hastings and Book, 1987; Korolov and Chen, 1989). The length
of the manipulator is assumed to be constant. Moreover, shear deformation, rotary inertia
and effect of axial force are neglected.

A schematic representation of the system is shown in Figure 1 where a manipulator
with a moment of inertia /,, hub inertia J,, a linear mass density p and a length of | is
considered. The payload mass is M, and I, is the inertia associated with the payload. A
control torque () is applied at the hub of the manipulator by an actuator motor. The
angular displacement of the manipulator, in moving in the POQ —plane, is denoted by
B(r). The height of the link is assumed to be much greater than its width, thus, allowing
the manipulator to vibrate (be flexible) dominantly in the horizontal direction. The shear
deformation and rotary inertia effects are also ignored.

E For an angular displacement 6 and an elastic deflection u the total (net) displacement
¥(x,t) of a point along the manipulator at a distance x from the hub can be described as a
function of both the rigid body motion 6(¢) and elastic deflection u(x,t) measured from

the line OX;
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y(x,8) = xB(2) +u(x,t) (1)

To obtain equations of motion of the manipulator, the associated energies are required to
v be obtained. These include the kinetic, potential and dissipated energies.
The absolute velocity of a point along the manipulator, at a distance x from the hub,

can be written as
==t x— . (2)

Note that only small elastic deflection and small angular velocity are considered. As
mentioned before the contribution of the rotational moment of inertia to the kinetic energy
is neglected. Thus, the kinetic energy of the system can be written as
E=irésl I v dx+l[v2] M (3)
(2 2 h 2 ! p 2 x=l" P
Note in equation (3) that the first term on the right-hand-side is due to the hub inertia, the
second term is due to the rotation of the manipulator with respect to the origin and the

third term is due to the payload mass. Substituting for v from equation (2) into equation
(3) yields

1,00 T¢foe Y 1 ou =YV
E=—10+=[|=+x0 | pax+=-m [
Bogrk +2£(ax )p 2 P(at+ ) @

x=]
Equation (4) gives the kinetic energy associated with the manipulator.
The potential energy is related to the bending of the manipulator. Since the height of
| the manipulator under consideration is assumed to be significantly larger that its thickness,
“ the effects of the shear displacements can be neglected. In this manner, the potential

energy of the manipulator can be written as

1 t[0% r
Bz | ol
4 EIO[ > | dx (5)
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where, E and I are the Young's modulus and the area moment (second moment) of inertia

of the manipulator respectively. Note that, in general, there will be motion of the

1 manipulator in the vertical plane as well, in the form of permanent elastic deflections

. caused by gravitational forces. This effect, however, is ignored by minimising the flexibility
of the manipulator in the vertical direction.

In the formulation of the equations of the system, it is required to consider the

mechanisms by which energy is absorbed from the structure during its dynamic operation.

If the resistance to transverse velocity is represented by D(x), the corresponding damping

2
force is D(x)(%) . If the resistance to angular velocity at the hub is equal to D,, the
t

2 2
corresponding damping force is Do[ga“g;) . If the resistance to strain velocity is
UOL J(x=0)

o’u
ox’ot

2
represented by D, , the resulting damping moment will be D,I[ ) . Therefore, the

energy dissipated by the damping moment and force can be written as

1} ou'} 17 o*u Y 1 % Y
o | di+—1.D.I dx+—=D 6
Er 2!“’”[3:) +2£ ’ [axza:) 2% o), 2

It has been shown that the damping matrix satisfies the orthogonality conditions and thus

can be uncoupled in a similar manner as the inertia and stiffness matrices (Clough and

Renzien, 1975). To satisfy the mode superposition analysis it is assumed that D(x)=bypa,
D, =bE and D, =by, with b, and b representing proportionality constants and a the
cross-sectional area of the manipulator.

% The non-conservative work for the input torque T can be written as

W =10 (7

To obtain the equations of motion of the manipulator, the Hamilton's extended principle

described by
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subject to 86 =du=0 at ¢ to t,, where, ¢, and ¢, are two arbitrary times (¢, <t,) and
. L=E,-E, is the system Lagrangian can be used (Meirovitch, 1970). In the above
equation, 8W represents the virtual work, 80 represents a virtual rotation and &u
represents a virtual elastic displacement. Using equations (4), (5) and (7) the integral in

equation (8) can be written as

sj" E,—E,+W)dt=
sj[ 16°+ —j( +xé) pdx+= M(g“”él ——_[EI( )dx+‘rﬁ]d =0

The rotary inertia and shear deformation are more pronounced at the high frequencies and
more influential on the higher modes (Tse et al., 1987). Since investigations have shown
that the first two modes are sufficient in modelling the manipulator, thus, the rotary inertia
and shear deformation effects can be ignored. Manipulation of the above equation yields

the equation of motion of the manipulator as

El o%u(x,t) 25 0’u(x,1)

o s &)
with the corresponding boundary conditions as
u(0,1)=0
d’u(0,1) a’u(0, t)
I - EI t
' oy Ly " (10)
- u t u I t
; M ~—~—EI =0
2 P
u\l,t ull,t
1 - EI =0
P orox | ad

and initial conditions as
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u(x,0)=0
ou(x,0) _ 0 (11)
ox

Note in Figure 1 that as line OP’ is tangent to the manipulator at the hub, point O, the

following can be written

ou(0,1)

=0
ox

Using the above condition and equation (1) the following can be obtained

ay_“’ﬁ:g(;) (12)
ox

Substituting for u(x,t) from equation (1) into equations (9), (10) and (11),

manipulating and simplifying yields the governing equation of motion of the manipulator in

terms of y(x,t) as

oy(x,1) | 9*y(x,
EI )55; L4 ’g;j’)=o (13)

with the corresponding boundary conditions as

3y(0 )y(o’t)a? ?o )
y(0,8) _ . 9°%(0,0) _
I;d agzza,f:, f) fIEI aa%;(l,r)_::) (14)
P33y%,2 1) «':lzya(Jf,3 )
o TH T
and initial conditions as
y(x,0)=0
20 _,

ox
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Equation (13) gives the fourth-order paftial differential equation (PDE) which represents
the dynamic equation describing the motion of the flexible manipulator. This equation
could also be directly obtained by using Newton's law (Breakwell, 1980). The Hamilton's
principle, however, is more convenient to use because it automatically generates the

appropriate boundary conditions.

3  Mode shapes

Using the assumed mode method (Meirovitch, 1970; Meyer, 1971), a solution of the
dynamic equation of motion of the manipulator can be obtained as a linear combination of

the product of admissible functions ¢,(x) and time-dependent generalised co-ordinates

qi(t);

y(x,t)=i¢,-(x)q,-(t) for i=0,1,...,n (15)

i=0

where, the admissible function, ¢,, also called the mode shape, is purely a function of the

displacement along the length of the manipulator and g; is purely a function of time and

includes an arbitrary, multiplicative constant. The zeroth mode is the rigid-body mode of
the manipulator, characterising the so-called rigid manipulator as considered without
elastic deflection.

Substituting for y(x,r) from equation (15) into equation (13) and dividing by
,(x)g,(2) yields

: d'o(x) 1 _pdgmn 1 _
dx* ¢,(x) EI di* 4.

(16)

Equation (16) is satisfied, for arbitrary x and ¢, only if each term on the left-hand-side is

equal to a constant;
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do(x) 1 _ _pdig) 1 _.
Tt ¢(x) “EI df q,(r) g an

where B, is a constant. Thus, equation (17) yields two ordinary differential equations as

d'o(x) 1
and
dzj'(t) + ; q,(r) 0
where,
El '
o) =—f; (19)
> p

% =B
g= ]"2 <Al (20)
MP 1,
2
o M, _3M,
M

where, M is the mass of the manipulator (pl). Equation (18) is a fourth-order ordinary

differential equation with a solution of the form
,(x) = Asin,x + Bsinh B,x + CcosB,x + Dcoshf,x (21)

To find the natural frequencies and mode shapes of the system the values of A; satisfying

the boundary conditions of the undriven manipulator, T =0, are determined together with

the corresponding values of the coefficients A, B, C and D, in equation (21). The

boundary conditions in equation (14) are more conveniently expressed in matrix form:

10




R . |

Tokhi and Azad
A 0
% B 0
S(A. "=
&) |
p D. 0
where,
[ -\, 1 A, 1 ]
X +XL/p -X -K+%L/p X
5 5

2. A‘il 2 )'sil : 2. A’ll 2 A'SJ :
S(A,)=| Asinrl +—pﬂcosl,l AcosA] -—p’;sml,.l —lismhl,H—pﬂcosh?LfI —licoshliH-EEsmhl,.l

: XM M ‘
—Roosh g+ Mo gung Rsinh+ XM coing Acostn g+ XM e o g RsinbA J+ Mo cosnn 1
' p P P P !

@2)

For non-trivial solutions § must be singular, giving the characteristic equation
, IS|=0 (23)

Equation (23) can be solved for the values of A=A, and, hence, ®, This requires

utilisation of the orthogonality properties of the mode shapes (Meirovitch, 1970). Using
equation (21) and the boundary conditions in equation (14) yields

I
[ M6,(x)0;(x)dx + 1,6:(0)0(0) + M,0,(1)0, (1) + Lo(D)o (1) = 1,5, 24)

where, 8 is the Kronecker delta and the normalisation constant I, is the total inertia

about the motor armature. Equation (24) uniquely defines the magnitude of the mode

¢;(x). From the properties of self-adjoint systems, the mode shapes must also satisfy the

orthogonality condition

1
[ Ero7t20)07(x)dx = Lw?8, (25)

The analytical values of natural frequencies ®; can thus be obtained using equations

(19) and (20). The € given in equation (20), as described by the ratio of the hub inertia to

11
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the manipulator's moment of inertia, determines the vibration frequencies of the
manipulator; a small € corresponds to the manipulator having lower vibration frequencies.
For a very large € the vibration frequencies correspond to those of a cantilever beam. The
effect of a payload mass, on the other hand, is significant on the vibration frequencies. By

considering the boundary conditions the mode shape function ¢.(x) of the manipulator in

equation (21) can be obtained.

4  State-space model

The motion of the flexible manipulator driven by a general torque input, 7(¢), can be

modelled using the results of the previous section together with Lagrange's equation. In

. the absence of an external torque equation (9) can be written as

. ‘u(x,t)  0%u(x,?)
EI + =0 26
axt P ap (26)
Equation (26) represents the behaviour of the manipulator in free transverse vibration,

where u(x,t) is the elastic deflection, in the horizontal plane, of a point x along the
manipulator at time ¢ . In a similar manner as before, the solution u(x,t) of this equation

can be expressed as

u(x,t) = Zq,-(t)tb,-(x) for i=1,2,---,n 27
i=1
Replacing u in equations (4) and (5) by the summation in equation (27), and using the

orthogonality properties in equations (24) and (25), the kinetic energy E; and potential

. energy E, of the system, in terms of the natural modes, can be obtained as
Ex=18,1,%.q (28)
i=1
b 3 ! oy c 2.2
E, =%ZZQ;Q;LEI¢,'¢,;‘£’C"'218#;;0}.'9: (29)

i=]l j=1

12
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Similarly, using equations (6) and (7) the dissipated energy E, and the work W can be

obtained as
E;= -;-(Ih +1, )2§im?4r'2 (30)
W=1) ¢'(0)g; (1)
i=0
where £, = b ho is the damping ratio.
2m, 2

The dynamic equation of the system can now be formed using the kinetic energy,
potential energy and dissipated energy in the Lagrangian of the energy expression given as

(Tse et al., 1987)

d(aL) oL oE,
Croall ot ¥) PO caallY Mt S 1 2
dz[aq',J G g B2

where, g; represents the time-dependent generalised co-ordinates and W, represents the

work done by the input torque at the joint in each co-ordinate.

Substituting for E,, E,, E. and W from equations (28), (29) (30) and (31) into
equation (32) and using the orthogonality relations in equations (24) and (25), an infinite

set of decoupled ordinary differential equations are obtained as

]
4o I,
o do,(0)
g, +28,g, +wjq, & I, (33)
d,(0) -

g, + 2529.2 + (ngz = I I,

13
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In this manner, due to the distributed nature of the system, there will be an infinite number
of modes of vibration of the flexible manipulator that can be represented. However, in
practice, it is observed that the contribution of higher modes to the overall movement is
negligible. Therefore, a reduced-order model incorporating the lower (dominant) modes is
preferred. Retaining, the first n+1 modes of interest, equation (33) can be written in a

state space form as

ﬂ =AX+B1 (34)
dt
where,
X'= {QU % 49 qQ - q, qn}
[0 1 O 0 0 0 0 0 7
00 O 0 0 0 0 0
00 O 1 0 0 0 0
0 0 -0 2§60, O 0 0 0
A=(0 0 O 0 0 1 0 0
00 0 0 - -2£0, 0 0
00 O 0 0 0 - 0 1
0 0 0 0 0 0 - o -2,

BT=i{0 10 49,0 0 d¢n(0)}
I dx dx

T

Let the manipulator be facilitated with three sensors; end-point acceleration sensor, hub
velocity sensor, and hub angle sensor. The output vector Y of these sensors is related to

the state vector by

Y=CX (35)

14
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where,

- ) ” -

Lo M0 o . #O

do,(0) d¢,(0)
C=|1 0 —=— 0 4 0
dx dx i
e dr & -
2

with dL’EQ representing the end-point acceleration sensor modal gain and %ip—z the

actuator (motor) modal gain. It follows from the above that due to the distributed
parameter nature of the manipulator system a full-order model will require an infinite
number of ordinary differential equations incorporating an infinite number of modal
coordinates and mode shapes. Practically, a finite number of modes can be assumed
(Kanoh et al,, 1986; Cannon and Schmitz, 1984; Hughes, 1987). This assumption is
justified by the fact that the dynamics of the system are dominantly governed by a finite

number of lower modes.

5 Transfer function model

For frequency domain control design, input/output relationships are usually expressed in a
transfer function form. This allows the use of classical design methods, such as Bode plots,
Nyquist diagrams and root loci.

The open-loop transfer function of the system, G(s), is given by the ratio Y1, Using

the state-space equations, (34) and (35), this can be obtained as

G(s)=C(sI-A)"B

where, 1 is the identity matrix of the same dimension as A, and s is the Laplace

transform variable. Using an alternative method (Breakwell, 1980), the transfer function

15
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can be obtained directly using equation (13). Taking the Laplace transforms of this
equation yields the ordinary differential equation

4 —
EIQ(':;S)+ ps’¥(x,s) =0 (36)

where y denotes the Laplace transform of y, with the transformed boundary conditions as

?(0’ 5') =0
1,5’5'(0,5) - EF"(0,5) = (s)
M,57(l,5)- E"(l,s) =0
15°y'(l,s)+EL"(l,s)=0

Equation (36) has the general solution
¥(x,5) = AsinPx + Bcosfx + Csinh fx + D,coshfx

where, B* = ps’/EI . The constants A,, B, C, and D, must satisfy the boundary conditions

A 0
SG) & =~z o €
D, 0

-

where, () has the same form as S(A) in equation (22).
Once the constants A, B, C and D, and hence ¥(x,s) are known, it is possible to

derive the transfer function from input torque to a particular output when the latter is

expressed as a function of y. It is clear from equation (37) that all the transfer functions

. that can be derived in this manner share a common denominator, this being the determinant

of S(?L). In practice, the resulting expressions are complex transcendental function of B.

For the single-link manipulator with an end-point mass and hub inertia, the system poles

are the roots of

16



















































































































