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Abstract—  This report examines the feasibility of the fuzzy ARTMAP neural
network for classifying statistical data and analyses the results according to
the Bayes decision criterion. A binary decision with single observation
classification problem is chosen to demonstrate and assess the performance of
Juzzy ARTMAP. In this task, fuzzy ARTMAP is used to categorise two classes
of Gaussian-distributed continuous-valued random variables autonomously
and on-line. Various configurations of the task have been investigated by
varying the source (mean) separation, prior probabilities and variances of the
two Gaussian sources. The results illustrate the limitations of fuzzy ARTMAP
in this context. This in turn leads to a modification to the algorithm of Sfuzzy
ARTMAP.  Together with a proposed category selection scheme, Suzzy
ARTMAP is better able to approach the Bayes optimal classification rates Jor
a binary decision domain.

1 Introduction
Pattern classification is an active research area in neural networks. Cybenko (1989)
argued that network architectures using logistic functions are able to approximate any
function with arbitrary accuracy. A similar finding is also concluded for radial basis
function networks, e.g. Poggio & Girosi (1990) and Light (1992) showed that a radial
basis function network can approximate any multivariate continuous functions with a
sufficient number of radial basis function units. This is an essential characteristic for
establishing nonlinear decision boundary surfaces by neural networks in pattern
classification. Recently, many neural networks have been used as classifiers and their
outputs have been interpreted as estimates of the Bayesian posterior probabilities
(White 1989, Wan 1990). Some of the neural networks are developed based on the
Bayes strategy for pattern classification (Specht 1990, Hrycej 1992, Musavi ef al
1993). Simulation results from multilayer perceptron network trained with back-
propagation, radial basis function network and higher order polynomial network have
shown that the network outputs provide good estimates of the Bayesian posteriar—
probabilities (Richard & Lippmann 1991). 754

When developing a neural network classifier, we typically proceed by gathe 15

data to train the network. Information is encoded during the training cyl erby the
adjustment of weights. After that, the network is put into operation and nb !
adaptation (learning) is permitted. Moreover, when the network is presented Witha="
previously unseen input pattern, there is generally no built-in mechanism for the
network to recognise the novelty. Thus, if we wish to add new information to the
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network, we would have to re-train the network using the new data together with all
previous data. This is the major drawback suffered by most neural network
architectures and is expressed by the stability-plasticity dilemma (Carpenter &
Grossberg 1988). It poses the questions: how can a learning system remain plastic or
adaptive in response to significant events and yet remain stable in response to irrelevant
events? How can a system adapt to new information without corrupting or forgetting
previously learned information? In response to this dilemma, Carpenter, Grossberg and
colleagues have developed a family of neural network architectures called Adaptive
Resonance Theory (ART).

ART is implemented in various versions : ART1, ART2, ART3 and fuzzy ART for
unsupervised learning; ARTMAP and fuzzy ARTMAP for supervised learning
(Carpenter ef al 1987a, 1987b, 1990, 1991a, 1991b, 1992). ARTMAP has been
reported to be able to classify binary and analog patterns in real-time and nonstationary
environments (Carpenter ef al 1991b, 1992). However, its performance is yet to be
examined in classifying statistical data and to interpret the results according to
probability theory. This work investigates the feasibility of fuzzy ARTMAP in
separating two classes of Gaussian distributed random variables and compares the
results with the Bayes decision criterion. The limitations of fuzzy ARTMAP in this
context are explained and a novel modification is proposed which enables fuzzy
ARTMAP to better approach the Bayes optimal classification rates autonomously and
on-line.

Section 2 reviews some criteria for designing binary decision rules. Section 3 presents
a summarised description of ART and, in particular, fuzzy ARTMAP together with the
modifications to its algorithm. Section 4 reports and discusses the simulation results
and a conclusion follows.

2 Binary Decision

Binary decision with single observation is the simplest case in any decision-making
process. Despite its simplicity, binary decision problems illustrate most of the
fundamental concepts underlying all statistical decision theories. By binary decision, we
mean that there are two classes of message, ¢, and c,, corresponding to two decisions,
d, and d,, i.e, if c, is selected, then d, is the decision; and if c, is selected, then d, is the
decision. The problem is that given an observation or input x from the input space, a
decision rule d(x) has to be determined such that x is mapped into the decision space in
some optimal manners (Melsa & Cohn, 1978). The mapping criterion is usually related
to the minimisation of misclassification. Figure 1 illustrates a schematic diagram of a
binary decision classification problem. Since there are only two decisions, this is
equivalent to dividing the input space into two decision regions, X, and X,, such that
dx)=d, ifx e X, and d(x) =d, ifx € X,.

The task of separating two Gaussian sources can be viewed as a binary decision
problem. The two messages correspond to the two classes, ¢, and c,, of Gaussian
distributed random variables with, in general, differing means, variances and prior
probabilities. The observation or input corresponds to a continuous-valued random
variable, x, which may belong to one of the two classes. The objective is, therefore, to
choose the decision boundary which minimises the probability of misclassification.




X4 decision boundary X,
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Figure 1 A binary decision problem. The decision rule d, is chosen when the
conditional probability density p(x|c,) > p(x|c,) and vice versa. This is
equivalent to dividing the input space into X, and X,.

2.1 Maximum Likelihood Decision Criterion

Before illustrating the formalism of the Bayes decision criterion, first examine the
simplest technique for designing a binary decision rule, i.e., the maximum likelihood
criterion. Consider the two-class problem where an input x is known to be either in c,
or ¢,. The maximum likelihood criterion states that we should decide d(x) = d, if it is
more likely that c, generated x than c, generated x,

d, i p(xle,)>p(xlcs)
d(x)=

d, if pxlc,)>p(xle,)
where p(x|c,) is the conditional probability density of x givenc, i=1, 2.

As depicted in figure 1, any binary decision problem is equivalent to dividing the input
space into two decision regions, X; and X,, i.e.

X, ={x:p(xlc,)> p(xlcz)} (1
X,= {x:p(xlcz) > p(xlc, )} (2)

Define the likelihood ratio A(x) as

_ pxlcy)
A= p(xic,)

then equations (1) and (2) become

X, ={x:A(x) <1}
X, ={x:A(x)>1}




d,

or A(x) : 1 (3)
d,

Note that from equation (3) the maximum likelihood criterion makes a decision by
comparing the likelihood ratio with unity. This simplicity often seems inadequate to
represent some realistic problems. For instance, in a medical diagnosis situation,
several symptoms have been observed to determine if a patient has disease A or B.
Assume that the symptoms have probability x associated with disease A and probability
y associated with disease B. Based on the maximum likelihood criterion, if x >y, the
patient would be diagnosed to have disease A. However, if disease A is rare and
disease B is common, then the decision does not reflect the real statistical information
about the disease. In other words, the prior probability of an event plays a role in
determining the decision rule.

2.2 Bayes Decision Criterion

A traditional goal for decision strategies used in classification is that they minimise the
"expected risk" (Dunteman 1984, Fu 1982). The Bayes decision criterion employs a
systematic procedure of assigning a cost to each correct and incorrect decision and then
minimising the total average or expected cost. Let C;, be the cost of making decision d;
when ¢, is correct. For a binary decision problem, the expected cost is

E(C,)= C,P{d,lc,}P{c,}+C,P(d,lc,}P{c,}+
C,,P{d,lc,)P{c,}+C,,P(d,lc,}P{c,) “)

where P{c;} is the prior probability of class c;, i = 1,2 and P{d;|c;} is the probability of
making decision d, when G is true, i=1,2, j=1,2. Note that

P(d;lc,) =P{xeX/lc;}= L. p(xIc,)dx (5)
P{d,lc,} =1-P{d,Ic,) (6)
P{d,Ic,} =1-P{d,lc,) ™

From equations (5), (6) and (7), equation (4) becomes
E(C,)= C,Plc,}+(C, -C,,)P{d,lc,)P(c, )+
C,,P{c,}-(C,, —C,,)P(d,lc,}Pic,)
E(C,)= C,Plc,}+C,,P(c,)+(C,, —C,,)P{c,]jxz p(xlc,)dx —
(Co = C)Plc, ), p(xlc,)dx
E(C, )= C“P(cl}+C,2P{c2}+_|'x2[(C2,-C”)P{c‘}p(xlc,)—
(&) —sz)Picz)p(xlcz)]dx (3)




The Bayes decision criterion states that we should select the decision region X, such
that the expected cost E{C;} given by equation (8) is minimised. Since the first two
terms in equation (8) are not a function of X, to minimise the expected cost the
integral must be

(C,, - C,))Plc,p(xic,) = (C; —Cy)Ple, Ip(xlc,) < 0

and the decision rule would be
d,

>
(C,, —Cp)Plc,}p(xic,) & (C,, —C,))P{c,)p(xlc,)

d,
d,
> (Cy =Cy))P{c,}
= o (Ci; —=Cyy)P{c,y} e
d,

By inspecting equations (3) and (9), instead of comparing the likelihood ratio with unity
as in the maximum likelihood decision, the Bayes decision criterion takes into account
the ratio of prior probability of each class associated with their respective costs in the
likelihood ratio test.

2.3  Error and Accuracy
In this work, we decided to assign unit cost for misclassification and no cost for correct
decision, i.e.,

C,,=Cp,=0
€y =Cy =1

The likelihood ratio test in equation (9) reduces to the ratio of prior probability of the
two classes.

d2
> Pc,)
< Plc,)
dl

A(x)

The misclassification rate or the probability-of-error is calculated as
P. =P{d,lc,}P{c,}+P(d,lc,}P{c,)
P = p(cl}sz p(xlc,)dx +P(c,) L' p(xlc,)dx

and the classification accuracy is defined as

Accuracy =1-P,
Percentage of Accuracy =(1-P,)x100%




3 Adaptive Resonance Theory

This section starts with a typical pattern-matching scenario in ART and a summarised
description on fuzzy ART and fuzzy ARTMAP. It then explains the problem of one-to-
many mapping in ARTMAP. The problem was revealed when attempting to establish
one-to-many classification during the experiment. This in turn led to a mod_iﬁcation to
the fuzzy ARTMAP algorithm and the motivation of incorporating a frequency measure
scheme to the prototypes in an ART system.

3.1 Pattern-matching in ART

ART is a self-organising neural network architecture capable of categorising input
patterns into different recognition categories (Carpenter ef al, 1987a). Figure 2
illustrates the main components of an ART module. It consists of two parts: the
attentional subsystem and the orienting subsystem. The attentional subsystem has two
layers, F, and F,, of processing neurons called nodes and a gain control to each layer.
The orienting subsystem has a reset circuit which plays an important role in determining
the classification results. Notice that there are three possible input sources to F, and F,.
The nodes in F, and F, obey the 2/3 rule, i.e., they become active only if at least two of
the three sources are active (Carpenter ef al, 1987a).

Gain control F; ayer T

|

Input vector , 1

Attentional subsystem Orienting subsystem

Figure 2 A general schematic diagram for an ART system. Nodes in F1 and F2
are fully interconnected. A (+) indicates an excitatory connection
whereas a (-) indicates an inhibitory connection.

Figure 3 presents a typical pattern-matching cycle in ART. An input vector I registers
itself as a pattern in the F, layer. A pattern of activation X, i.e., the Short Term
Memory (STM) activity, is produced across F;. The appearance of STM results in an
output pattern U to be transmitted from F, and F, via the adaptive bottom-up weights,
or Long Term Memory (LTM) traces. Each F, node receives the entire vector U
weighted by the LTM and makes a response to this stimulus. Due to the internal
competition dynamics of self-reinforcement and lateral inhibition (on-center off-
surround competition), the node in F, which responds with the largest activation is




chosen to be the winner (winner-take-all). A STM pattern Y is formed across F, while
other nodes are shut down. The winning node then sends its prototype vector P to F,
via the top-down LTM traces. This in turn leads to a new pattern of STM, X*, in F,.
The similarity between the STM vector, X*, and the input vector, 1, is tested by the
reset circuit against the vigilance threshold p. If the vigilance test fails to meet the
criterion, a signal is sent by the reset circuit to inhibit the winning F, node for the rest of
the pattern-matching cycle. Now, Iis reinstated at F, and the search continues until an
F, node satisfies the vigilance test. If no such node exists, a new node is created in F,
to code the input pattern.

—”

Input Vector, 1 Input Vector, 1

(@) (b)

Top-down Weights Bottom-Up Weights

Input Vector, I Input Vector,1
(©) (d)
Figure 3 A typical pattern matching scenario in an ART network. (a) An input

vector I goes to F, and induces a STM pattern which results in a
stimulus to be transmitted to F, via the bottom-up LTM traces. (b)
Based on the responses, a winning node in F, is selected and a prototype
is sent to F, via the top-down LTM traces. (c) Mismatch between the
prototype and the input initiates a reset signal to deactivate the winning
node. (d) The input vector is re-applied to F, to start a new search.

3.2 Fuzzy ART

Fuzzy ART (Carpenter ef al 1991a) is a generalisation of ART1 (Carpenter &
Grossberg 1987a) for unsupervised learning. It incorporates fuzzy set theory into ART1
by replacing the intersection operator (N) in ART1 by the fuzzy MIN operator (A).
The MIN operator reduces to the intersection operator in binary cases and thus enables
fuzzy ART to handle analog, binary and fuzzy input patterns.




In general, the algorithm of fuzzy ART can be divided into the following phases:

(a) [Initialisation

Referring to figure 2, a fuzzy ART system has two layers, F, and F,. F, receives an
input vector I=(1},...,Iy) in the manner that each vector component goes to one node.
Each component I, for i = 1 to M, should be in the interval [0,1]. F, is a layer
containing the category prototypes, i.e., each node representing a cluster of input
patterns. Note that this is a dynamical field where nodes can be created when
necessary, thus allowing the number of category prototypes to grow arbitrarily.
Associated with each F, node (indexed by j, for j = 1, 2,...) is a vector of weights
representing the LTM traces. The weight vector is initialised as

w;(0) =...= wy(0)=1 (10)

The weight vectors w subsume both the bottom-up and top-down LTM traces of
ARTI. Initially, each F, node is uncommitted. When it learns a category prototype, it
becomes committed by modifying its weight vector to code the input pattern.

There are three parameters which control the dynamics of fuzzy ART, ie, a choice
parameter o. > 0, a learning parameter € [0,1], and a vigilance parameter p € [0,1].
The choice parameter o should take a small value. If o is large, there is a tendency to
choose an uncommitted node before going into a deeper search for previously
committed F, nodes (Carpenter & Grossberg 1987a). Hence, o — 0 is known as the
conservative limit which tends to minimise recoding of prototypes during learning. The
learning parameter affects how learning takes place, e.g. fast learning or fast-commit
slow-recode learning. The vigilance parameter determines the coarseness of the
classification, i.e., how "similar" do we want a cluster of input patterns to be?

(b) Propagation
The input vector activates a STM pattern, X, across F, and an output vector U is sent
to F,. The vector U is the same as the input vector,

U=I

(¢)  Recognition
Each F, node responds differently to the input vector according to a choice function
Iaw,

R

The fuzzy MIN operator and the norm || is defined as

(a Ab)i = min(ajsbi)

al=Ya

i=l




The choice function measures the match between the input vector and the weight vector
according to the fuzzy subsethood theory (Zadeh 1965). The node with the highest
response, denoted as the Jth node, is selected as the winner while all other nodes are
shut down. A STM pattern in F, is formed, i.e.,

1 if T, =max{Tj:j=1,2,...]
;=
0 otherwise

If there is a tie in T;, the smallest index j is chosen. The winning node is now required
to send its stored prototype back to F,.

(d) Feedback
The prototype vector P is actually the weight vector of the winning F, node, w;.

P=w,

It induces a new STM activity, X*, across F, as defined by

X*=1Aw,

(¢) Comparison
Both the F, STM vector, X*, and the input vector, I, are passed to the reset circuit to
test their resemblance. This vigilance test is governed by a match function,

|x_*l=[1/\w,| E

LI

Resonance is said to occur if the vigilance criterion is met, and learning ensues.

U] Search
However, if the vigilance test fails, i.e.,

lelAwJ[<

L

a reset signal is sent to F,. The winning F, node is disabled and the choice function is
set to zero. This has a twofold effect: the node is prevented from entering any further
best-match competitions for the current input pattern, and the F, layer is reset to allow
new activity. The input vector is now re-applied to F, and the pattern-matching cycle
continues. This process is repeated, consecutively disabling nodes in F,, until a
category is found that satisfies the vigilance test. If no such node exists, a new node is
created in F, to code the input vector.

(g0 Learning
Once search ends, learning takes place by adjusting the weight vector w, according to

wgnew) — B(]Awsuld))+(1_B)w;old]




Fast learning corresponds to setting p = 1. However, for efficient coding of noisy input
sets, it is useful to employ the fast-commit slow-recode learning rule (Carpenter et al,
1991a). Then, learning is accomplished by setting B = 1 when J is an uncommitted
node and P < 1 after the node is committed.

3.2.1 Complement Coding

Moore (1989) reported that ART1 could be subjected to a category proliferation
problem. As a result, Carpenter ef al (1991a) proposed a normalisation method to the
input vectors called complement coding so that the category proliferation problem is
avoided. Complement coding is a normalisation rule that preserves amplitude
information. It represents both the on-response and the off-response to an input vector.
To represent such a code in its simplest form, let an incoming vector a represents the
on-response and the complement of a, denoted as a¢, represents the off-response, where

Thus, the complement coded input I to the F, field is a 2M-dimensional vector,
I=(a,a’)=(a,,. . .,ay.a],. . .,a})

with each component [, in the interval [0, 1] and the norm of I

M M
1| =(a,a%)| = Yo+ (M= Y a)) =M
i=1

i=1
When complement coding is used, the initial condition of equation (10) is replaced by

wip(0)=. . .=wju(0)=1

3.3  Fuzzy ARTMAP

While fuzzy ART is an unsupervised learning system, fuzzy ARTMAP (Carpenter et al,
1992) is a supervised learning system capable of classifying binary, analog and fuzzy
input patterns into recognition categories autonomously based on predictive success.
Fuzzy ARTMAP consists of a pair of fuzzy ART modules, ART, and ART,, that are
linked by an inter-ART module called the map field. Figure 4 depicts the main
components of a fuzzy ARTMAP system.

During operation, ART, reads an input pattern a and ART, reads another pattern b
where b is the correct/target output of a. Each fuzzy ART module self-organises in
response to their input vectors. A map field controls the learning of an associative map
from ART, recognition categories (ART, F, layer) to ART, recognition categories
(ART, F, layer). However, this map field does not directly associate input a with b,
but rather links the compressed and symbolic representations of the prototypes of a and
b (Carpenter ef al, 1991b) We now concentrate on how the two modules of fuzzy
ART are connected by the map field to operate as a supervised learning system.

10




Target vector b

Map field + - Map field
fgain control | Pay ofienting
subsystem

Input vector_a
Figure 4 A schematic diagram of an ARTMAP network. It consists of a pair of

ART modules interconnected via a map field.

3.3.1 The Map Field

Figure 5 illustrates the main components of the map field. F,, is the F, layer of ART,,
F,, is the F, layer of ART, and F,, is the map field layer. Letj,j=1,2, .., be the index
for the nodes in F,, and k, k = 1, 2,..., be the index for the nodes in F,,. The number of
nodes in F,, is the same as the number of nodes in F,,. Note that there is a one-to-one
permanent link between the nodes in F,, and F,,. But, F,, is linked to F, via an
adaptive pathway of map field weight vectors.

(a)  Map field initialisation
The map field weight vectors are initialised to

wjk(O) =1

These weight values imply that every node in F,, can be linked to every node in F,, via
F,, i.e., no predictive association exists initially.

(b) Map field association

ART, and ART, categorise their input vectors separately and independently. After
resonance occurs in each module, there is an active category prototype (winning node)
in F,, and F,, (denoted as node J and node K). F,, and F,, both send their signals, y,
and y,, to the map field. An association is formed by setting the map field STM x,, to

X =Y AWaboy (1
when both F,, and F,, are active. Note that w,,, is the map field weight vector

associated with the Jth winning node in F,,. If the prediction (w,,.) is disconfirmed by
F,, (¥,), then x,, = 0. This triggers a match tracking activity.

11




F,,, layer

+
Py
: ' yb-l
. v e "
Map Field N __'€;
. « x o e X L
|gam control : ®Map FQ Fa -
o~ -
= \‘J‘b - match-tracking
ol :
I :

F,. laver

Figure § A permanent one-to-one connection exists from ART, F, (F,,) to the
map field (F,,); whereas ART, F, (F,,) is connected to F, via an
adaptive pathway of map field LTM traces (w,,). When both ART, and
ART, are active, the map field receives a predicted signal y,; from the
jth node in F,, and an answer y,, from the kth node in F,,. If the
prediction is disconfirmed, a match-tracking signal is sent to ART, to
start a search.

()  Map field reset and match-tracking

The mismatch event resets the map field and activates the control strategy called match-
tracking. Match-tracking regulates p, (ART, vigilance parameter) in such a way as to
keep the system from making repeated errors. Initially, for a new input pattern p, is
relaxed to a baseline vigilance. When a predictive error occurs, i.e.,

lxahl < pnhIYbl
where p,, is the map field vigilance parameter, p, is increased to a value just enough to

trigger a search in the ART, module. Thus p, should be raised to a value slightly
greater than |a A w,, |/]al to cause the ART, vigilance test to fail, i.e.,

laaw,,[<p.lal

By increasing p, match-tracking provides a means to select a node in F,, which fulfils
both

Ia A w--.ll 2 pnlal
Ixnbl 2 pnblyb|

If no such node exists, F,, is shut down for the rest of the input presentation and the
input pattern is ignored.

12




(d) Map field learning
When a node J in F,, successfully predicts a node K in Fy, learning is carried out by

linking node J to node K according to
wlb—l = xnh (12)

From equation (11) and (12), w,,; = 1 for all time, indicating that a permanent
association is made to allow node J to predict node K in future.

3.4  One-to-Many Mapping

In general, there are two types of neural network-based classifiers (Ryan 1988) :

(1)  networks with interconnection weights that can be interpreted as
cluster/category prototypes.

(2)  networks with weights that interpolate the decision surfaces separating pattern
clusters/categories.

ART is an example of the first type whereas networks using, say, back-propagation
learning fall into the second type.

As explained in section 3.1, ART employs the "winner-take-all" competition scheme in
the F, layer. The input pattern is compared with all category prototypes (committed
nodes) in F, and the one that best matches the input pattern is selected as the winner.
Other nodes are shut down. Hence, the predictive results of fuzzy ARTMAP depend
heavily on the category prototypes in the F, layers of ART, and ART,. Note that each
category is in fact the prototype of a cluster of patterns defined by the vigilance
threshold (Burke 1991, Moore 1989).

In the paper by Carpenter ef al (1991b), it is stated that one-to-many learning is
possible in ART. An example of associating the taste of bananas with different features
is given. It is argued that an input pattern can be associated with many learned
category prototypes, each representing a feature of the input pattern. This is carried
out by using predictive feedback during the hypothesis testing cycle where attention
can be shifted to new recognition category without recoding previously learned
categories. Eventually, an ART system will select the one that best describes the input
pattern to be the representative prototype. Hence, one-to-many recognition and
prediction codes can be formed through time.

However, this one-to-many learning scheme is confined to single ART modules, and in
ARTMAP it does not mean that a prototype in F,, can be linked to many prototypes in
F,, via the map field. The reason for this is to avoid any confusion of mapping, and
hence the prediction, from F,, recognition categories to F,, predictive answers. In
other words, it is not known which category in F,, should be selected as the output if
more than one association exists. This phenomenon is clearly stated in the papers on
ARTMAP and fuzzy ARTMAP (Carpenter ef al 1991b, 1992). During the match-
tracking activity (i.e., the current winning ART, category fails to match the active ART,
category), the vigilance parameter of ART, is increased to a value that causes the
vigilance test to fail. This process leads either to the activation of another ART,

13




















































