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Characterising subclasses of perfect graphs
with respect to partial orders related to
edge contraction

Haiko Miiller! and Samuel Wilson!

1School of Computing, University of Leeds, UK

Characterising graph classes by forbidding a set of graphs has been a common
feature in graph theory for many years. Up to date many classes have been char-
acterised with respect to the induced subgraph relation and there are a plethora of
results regarding graph classes closed under the minor relation. We consider the
characterisation of graph classes closed under partial orders including edge contrac-
tion as an operation. More concretely we consider contraction minors and a newly
defined partial order, under which many of the graph classes considered here can
be characterised by a finite minimal forbidden set.

1 Introduction

The characterisation of graph classes by forbidding a set of graphs has been extensively studied
providing characterisations for many graph classes, especially surrounding the class of perfect
graphs. It is well known that any class closed under a partial order admits a characterisation
by forbidding a set of graphs but finding the forbidden set is harder. With respect to the
induced subgraph relation many of the classes surrounding perfect graphs have a description
of their forbidden set but little effort has gone into considering a description with respect to
different partial orders.

The study of partial orders on the set of all graphs has become increasingly popular thanks
to the graph minor theorem by Robertson and Seymour. In the series of over 20 papers
they have shown a number of results for classes closed under the minor relation, perhaps most
interestingly that for any graph class closed under the minor relationship the minimal forbidden
set is finite. This result is shown by proving that the relation forms a well-quasi ordering on
the set of all graphs and therefore demonstrating that no infinite antichains exists. The graph
minor theorem is a celebrated result but many of the subclasses of perfect graphs are not closed
under the minor relation so the result does not apply. In addition there is no similar result for
other partial orders under which the subclasses of perfect graphs are closed.

This motivates the search for alternative characterisations of graph classes. The contraction
minor relation is an interesting partial order as the complexity for recognising if one graph
is contained in another with respect to the contraction minor relation is an open problem,
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unlike for the minor relation where the graph containment problem is known to belong to the
complexity class FPT. We characterise a number of well studied graph classes by forbidding
a set of graphs with respect to the contraction minor relation, we then show an interesting
connection between the minimal forbidden set with respect to the induced subgraph relation
and the minimal forbidden set for a newly defined partial order (<), for which most classes
considered here have a finite minimal forbidden set.

2 Definitions

Here we consider only finite simple undirected graphs. A graph G is a contraction minor of a
graph H denoted G <. H if there exists a set of edges U C E(H) such that the contraction of
the edges in U results in a graph isomorphic to G. For completeness we include the definition
of the induced subgraph relation, a graph G is an induced subgraph of H denoted G <; H if
there exists a set of vertices U C V(H) such H[V(H) \ U] is isomorphic to G.

Every class C of graphs closed under a partial order < is characterised by a set F = {H |
H¢CAVG(G<H=G~HVGEeC)} of minimal forbidden graphs, where a partial order
can not be determined from the context it is explicitly given as a subscript, e.g. F. denotes
the minimal forbidden set with respect to contraction minors. For a set F of graphs, the class
of F-free graphs is {G | VH € F (H £ G)}. This class is closed under < and F contains all of
the minimal forbidden graphs.

We define the following graphs classes adopted from [1];

Cn:{Ck\an} 'DnZ{QKlN/{?Kllk?ZTL}
Icn:{/{?Kllan} WnZ{C4l>4/€K1’kZTL}
Wk:ClelKl

We define a new partial order denoted <, where G <g H if H can be transformed into a
graph isomorphic to G by a series of edge contractions and inverse false twin operations where
the inverse false twin operation is defined as follows; let G be a graph and let u,v € V(G) then
u,v are false twins if the neighbourhood of v and v are equal and wv ¢ E(G). The inverse
false twin operation allows for the removal of u.

3 Contribution

We show a number of results for characterising graph classes related to perfect graphs with
respect to contraction minors and with respect to <gm.

Theorem 3.1. Let G be a connected graph, we show the following conditions are equivalent;
(i) G is a chordal graph.
(ii) G does not contain {C,, | n > 4} with respect to <; [6].
(i1i) G does not contain Dy U {Wy, Cy <1 2K1} with respect to <.
(iv) G does not contain {Cy, W4} with respect to <gp.

It is well known that the class of split graphs is the intersection of the classes chordal and
co-chordal. With respect to contraction minors and <g,, the set of minimal forbidden graphs
for the class of co-chordal graphs is infinite since {C},, | n > 6} forms an antichain. Each
element of this antichain is comparable to Wj.



Theorem 3.2. Let G be a connected graph, we show the following conditions are equivalent;
(i) G is a split graph.
(i) G does not contain {2Ks,Cy,Cs} with respect to <; [2].

(iii) G does not contain Dy U {Wy, Cy 1 2K1, Ps, P, 2K <1 K1} with respect to <. .

(iv) G does not contain {Cy, Wy, Ps, P,2K5 1 K1} with respect to <g, (Figure 1).

X M > [ []

Figure 1: Wy, 2K, <1 K1, P, Ps, Cy: Contraction minimal non-split graphs.

Theorem 3.3. Let G be a connected graph, we show the following conditions are equivalent;
(i) G is a cograph.
(i) G does not contain Py with respect to <; [1, Theorem 11.3.3].

(iii) G does not contain {Py, Py <1 K1, Ps,Cs,Cg} with respect to <gm (Figure 2).

X M O M

Figure 2: Py, Py <1 K1, Ps, Cs, Cg: Contraction minimal non-cographs

From the above results we distil a general relationship between F; and Fy,, for any class C
closed under vertex deletion and edge contraction.

Theorem 3.4. Any class C which has a finite forbidden set with respect to induced subgraphs
and is closed under edge contraction has a finite forbidden set with respect to <gm and the
order of the largest forbidden graphs is bounded.

Proof. Let C be a class closed under vertex deletion and edge contraction and let Fi, Frem
denote the minimal forbidden sets. Let H ¢ C which implies 3F € F; | F <; H. Contracting
the edges {uv | u,v € {V(H)\V(F)}} leaves an independent set S and a copy of F' with some
edges between S and V(F'). As <g, allows the removal of false twins the number of additional
vertices is equal to the number of subsets of vertices in H. i is finite therefore there is a
maximum element, let ¥ = max{|F| | F' € F}. Then the maximum number of vertices of a
graph in Fey is 2F + k. O

Lemma 3.5. Let the graph classes C,C' be F-free, F'-free respectively, then C N C' is (F U
F')-free.
e Interval graphs = chordal N co-comparability
e Trivially perfect = chordal N cograph
e co-Trivially perfect = co-chordal N cograph
e Threshold graphs = Trivially perfect N co-Trivially perfect
From these characterisations we obtain the results in Table 1. It is noteworthy that for

CiNCyy F1UF2 C G\ (C1 NCq) but Fi U F, may contain graphs which are not minimal with
respect to the partial order.



Class of ...graphs Minimal forbidden graphs

co-chordal < Cn+4* forn>0

Smw | Chra + additional vertices”

trivially perfect < | Cy, Py [5]
Smw | Pa, Py K, Cy, Wy

co-trivially perfect < | 2Kq, Py [1, Theorem 6.6.1]
gmw 2K2[><]K1,P4)P4NK1505,?6

threshold < | 2K, Cy, Py [1, Theorem 6.6.3]
Smw | Pa, Pyt K1,2K9 <1 K1, Cy, Wy
interval < | Cpaa™, To, Xag, XFy "t XF3™* for n > 0 [4]
Smw | {Ca, Wi, To, X51, XFol, S5, ...
co-comparability < | Chgs, To, Xo, X3, X3, X31, X32, X33 , X34, X35, Xgg, XFo T XF5m*

,XF4 ™ co-XF 203" co-XF523% co-XFg2" 2" Con1
forn >0 [3] *
gmw {T255_3’S3,S3_6506,D05D1,D2a"'

Table 1: Forbidden graphs for a collection of graph classes: * denotes an infinite set.

Conclusions

We have presented a set of equivalent definitions for a number of graph classes related to perfect
graphs, these graph classes had previously been characterised by forbidding a set of induced
subgraphs but the characterisation with respect to other partial order had gone unexplored.
This contribution shows that with respect to the contraction minor relation the minimal for-
bidden set is often infinite, this result is an effect of an infinite series of false twins. We have
introduced a new partial order which allows a finite forbidden set characterisation and we have
established an upper bound on the size of the minimal forbidden graphs with respect to <gm
if the class has a finite minimal forbidden set with respect to induced subgraphs.
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