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Interactions of inert confiners with explosives
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Abstract. The deformation of an inert confiner by a steady detonation wave in an
adjacent explosive is investigated for cases where the confiner is sufficiently strong
(or the explosive sufficiently weak) such that the overall change in the sound speed
of the inert is small. A coupling condition which relates the pressure to the deflection
angle along the explosive-inert interface is determined. This includes its dependence
on the thickness of the inert, for cases where the initial sound speed of the inert
is less than or greater than the detonation speed in the explosive (supersonic and
subsonic inert flows, respectively). The deformation of the inert is then solved by
prescribing the pressure along the interface. In the supersonic case, the detonation
drives a shock into the inert, subsequent to which the flow in the inert consists
of alternating regions of compression and tension. In this case reverberations or
‘ringing’ occurs along both the deflected interface and outer edge of the inert. For
the subsonic case, the flow in the interior of the inert is smooth and shockless.
The detonation in the explosive initially deflects the smooth interface towards the
explosive. For sufficiently thick inerts in such cases, it appears that the deflection
of the confiner would either drive the detonation speed in the explosive up to the
sound speed of the inert or drive a precursor wave ahead of the detonation in the
explosive. Transonic cases, where the inert sound speed is close to the detonation
speed, are also considered. It is shown that the confinement affect of the inert on
the detonation is enhanced as sonic conditions are approached from either side.

Keywords: Detonation, explosives, shock waves, transonic

1. Introduction

In many applications of condensed phase (solid or liquid) explosives,
the explosive is surrounded by or adjacent to an inert medium, which,
if sufficiently strong has a ‘confinement effect’ on the propagation of
a detonation wave in the explosive. Of interest for applications is not
only how the confinement affects the dynamics, shape and speed of
the detonation wave, but also in what the detonated explosive does to
the surrounding inert. The lateral confinement provided by an adjacent
inert acts to support the high pressure generated in the detonation re-
action zone, thereby helping to sustain detonation in even thin samples
of explosive. Conversely, the high detonation pressures can be used to
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2 G. J. Sharpe & J. B. Bdzil

both accelerate confinement layers, such as in the copper cylinder test,
e.g. [1], or to fragment rock, as when explosive is detonated in a bore
hole for mining.

The interaction between the detonation dynamics in the explosive
and the deformation of the confining inert are highly coupled. A first
step towards understanding the types of interactions that can occur in-
volves performing a standard shock polar match at the point where the
shock waves intersect the explosive-inert interface, e.g. [2]. Figure 1(a)
shows a diagram of the flow near the shock-interface intersection point.
This diagram is based on the assumption that the flow in the reaction
zone is subsonic as measured in the reference frame of the shock-
interface intersection point: steady and subsonic flow precludes the
existence of any reflected shock back into the explosive (since steady,
subsonic flows admit only smooth solutions, as they are governed by
elliptic partial differential equations).

In either material, given the speed that the shock propagates along
the undeflected interface, D0, (which is the detonation speed for a
steady detonation propagating along a cylinder or slab of confined
explosive) and the angle which the shock normal makes with the undis-
turbed interface, φ, then the standard shock jump conditions give the
shock pressure and post-shock interface (streamline) deflection angle, θ.
Increasing the shock normal angle, φ, results in an interface deflection
angle-shock pressure curve, e.g. as shown in figure 1(b), where the
upper branch curve corresponds to a subsonic shocked state and the
lower branch corresponds to a supersonic shocked state. There is a
maximum streamline deflection that can occur via an oblique shock.
This value is referred to a the Crocco point [3]. For sufficiently weak
confinement or no confinement the streamline deflection in the explosive
can exceed what is possible from a simple oblique shock state. Under
these conditions, a reflected Prandtl-Meyer fan centred at the sonic
flow state of the shock allows the streamline angle to increase further
and pressure to drop (all the way to zero for a completely unconfined
explosive) e.g. [4]. Since the pressures and streamline deflection angles
in the explosive and in the inert confiner must match at the interface,
the points where the explosive and inert shock polars cross give the
possible solutions (shock normal angles, shock pressures and interface
deflection angles) for a given explosive-inert pair and detonation speed,
D0.

Several types of possible matches are shown in figure 1. Figure 1(b)
shows theoretical calculations of shock polars for the high-density ex-
plosive PBX 9502 confined by copper. In this case, the match point
is such that the post-shock flow in the PBX 9502 is subsonic at the
interface, while it occurs on the low pressure branch of the copper
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Figure 1. (a) Schematic of structure near intersection of shocks and explosive-inert
interface, and shock polars (shock pressure against streamline deflection angle) for
(b) copper (solid lines) and unreacted PBX 9502 explosive (dashed lines) running
at D0 = 7.60 km/s, (c) copper (solid lines) and ANFO (dashed lines) running at
D0 = 4.55 km/s and (d) copper (solid lines) and ANFO (dashed lines) running at
D0 = 4.25 km/s.

shock polar, so that the flow is supersonic in the confiner. This type of
match is the typical case for high explosives confined by metals.

However for weak explosives as typically used in mining applications
and by terrorists, such as ammonium nitrate fuel-oil (ANFO), one finds
different types of matches. Two feature changes are noteworthy: (i) the
pressures and detonation speed are reduced substantially; (ii) owing to
the porous nature of such explosives, the streamline turning angles can
achieve greatly increased values. For example, figure 1(c) shows theoret-
ical shock polars for copper confining a porous ANFO for a detonation
speed of 4.55 km/s. In this case the match point of interest occurs on
the upper branches of both explosive and inert, so that the post-shock
flow is subsonic in both materials. Figure 1(d) shows a similar plot,
but when the detonation speed in the ANFO is 4.25 km/s. It should be
noted that the detonation speed depends on both the diameter of the
explosive charge and on the thickness of the confining inert, a decrease
in explosive charge diameter leads to a decrease in detonation speed.
For D0 = 4.25 km/s there is no match point for the shock polars, apart
from a non-physical very small pressure and deflection angle. This is
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becuase for lower detonations speeds, the sound speed of the pressurized
copper becomes greater than the detonation speed. There is of course
still a solution for such problems, but it consists of a totally shock-free,
subsonic flow in the confiner. Such a situation rarely exists for high
explosives. The one notable exception is when beryllium serves as a
confiner for the high explosive PBX 9502.

Although the shock polar matches give an indication of the differ-
ent types of interactions that can occur for a given explosive-confiner
pair, it is important to note that it is a point match, i.e. it only tells
one the conditions at the point of intersection of the shocks and the
interface. The shock-polar match gives no information about the flow
in the interior of the explosive or the inert. For the propagation of
detonation in the explosive, there exists a set of rigorous asymptotic
theories called detonation shock dynamics (DSD), based on the limit of
small shock curvature. See [5] for a review. DSD determines the speed
of the detonation and the shape of the shock in the explosive in addition
to determining the structure of the detonation reaction zone.

However, Bdzil [4] found that for confined explosives, there exists a
boundary layer in the explosive of size O(θ) (where θ � 1) adjacent to
the interface where the DSD approximations break down. Bdzil [4] did
not obtain the detailed solution in this region, but instead determined
a coupling condition between the pressure along the interface and the
interface deflection. This was done for the case of an infinitely thick
inert and a supersonic inert polar match point. Bdzil [4] then used this
condition to determine the shock normal angle boundary condition to
be applied at the edge of the DSD region of the explosive, which gives a
modified edge shock angle to that predicted by the shock polar match.
In order to solve the complete problem, i.e. the flow in both the DSD
region and edge boundary layer of the explosive, together with the
solution in the inert, one requires a coupling condition between the
explosive and the inert, i.e. a relationship between the pressure and
the deflection angle along the interface.

The purpose of this paper is to: (i) determine the interfacial coupling
conditions between the explosive and inert, including how this condition
depends on the thickness of the inert; (ii) classify the different types of
explosive-inert interactions that may occur; (iii) determine the types
of inert deformations that detonations can induce. In order to achieve
these results, we consider the asymptotic limit where the inert confiner
is sufficiently strong such that the disturbances to the inert induced by
the detonation in the explosive are weak.
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Figure 2. Explosive-shock fixed Cartesian co-ordinates for the deformation in the
inert confiner, ψ = 0 is the explosive-inert interface and ψ = h is the outer boundary.
(Shock waves are also possible in the inert - not shown in schematic).

2. The model and governing equations

Here we consider a slab of explosive which is adjacent to a slab of a
confining inert of thickness h. The geometry of the problem is shown
in figure 2. We consider the steady state problem, such that a deto-
nation propagates through the explosive at constant speed D (which
will in general depend both on the thickness of the explosive slab and
the nature and thickness of the confining inert). The detonation is
assumed to propagate right to left in the laboratory frame. We work
in the detonation rest frame, such that the upstream flow is oncoming
with speed D, and the point where the explosive shock intersects the
explosive-inert interface is at x = 0.

Since the typical detonation induced pressures are very high, we
make the assumption that the deformation of the inert can be described
by the Euler equations [6]. However, here we use the x co-ordinate
and the stream function, ψ, as the independent variables so that y is
then one of the solution state dependent variables [7, pp. 182-184]. The
dimensionless governing equations are then

∂y

∂x
=
v

u
,

∂y

∂ψ
=

1

ρu
,

∂v

∂x
+
∂p

∂ψ
= 0, (1)

c2 =

(

dp

dρ

)

S

=

[

p

ρ2
−
(

∂e

∂ρ

)](

∂e

∂p

)

−1

, (2)

[7, pp. 182-184] together with Bernoulli’s equation:

e(p, ρ) +
p

ρ
+

1

2
(u2 + v2) = e(p0, ρ0) +

1

2
, (3)

where u and v are the material velocities in the x and y directions,
respectively, as measured in the steady frame, ρ is the density, p is the
pressure, c is the sound speed and e(p, ρ) is the internal energy given
by an equation of state for the inert (for example, Bdzil [4] considered a
simple Tait equation of state, e(p, ρ) = (p+ an)/((n− 1)ρ), with a and
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6 G. J. Sharpe & J. B. Bdzil

n constants). The zero subscript denotes values in the initial, quiescent
state of the inert and the S subscript denotes evaluation at constant
entropy. We have used the approximation that the upstream pressure
is negligible, p0 ≈ 0. The streamline deflection angle at any point, θ,
i.e. the angle the streamline makes with the x-direction is given by

tan θ =
v

u
. (4)

Here we have non-dimensionalized using the following scalings:

p =
p̃

ρ̃0D̃2
, u =

ũ

D̃
, v =

ṽ

D̃
, ρ =

ρ̃

ρ̃0
, e =

ẽ

D̃2
, c2 =

c̃2

D̃2
,

x =
x̃

x̃∗
, y =

ỹ

x̃∗
, ψ =

ψ̃

ρ̃0D̃x̃∗
, (5)

where a tilde denotes a dimensional quantity. Here the scaling for
length, x̃∗, is chosen to be a characteristic length scale of the reaction
zone in the explosive, measured at the interface. Hence the dimension-
less initial thickness of the inert, h, is the ratio of the thickness of the
inert slab to the interfacial reaction zone length scale.

Since the explosive and inert are in mechanical equilibrium, the
boundary conditions to be applied along the explosive-inert interface,
ψ = 0, are the assumed pressure profile of the detonation and follow-
ing flow in the explosive along the interface, and the balancing of the
components of material velocities normal to the interface across it.

The boundary conditions to be applied on the far side of the inert,
ψ = h, depend on the confinement condition on the far side. Two simple
possibilities are a free boundary-condition p(ψ = h, x) = 0 (the limit
of no external material) or a rigid wall condition v(ψ = h, x) = 0 (the
limit of a very strong external material). For a very thin confining inert
(h � 1), the explosive will not feel the inert, and hence in this case
the free-boundary condition provides no confinement while the rigid
wall condition provides perfect confinement. On the other hand, for a
very thick inert confiner (h � 1), the far side inert material boundary
condition will have little effect on the explosive confinement problem.
Here we will mainly consider intermediate problems with h = O(1) and
consider both the free boundary and rigid wall problems.

Supplementary to equations (1)-(3) we have the shock conditions.
Suppose a shock exists in the inert along a locus x = xs(y), then the
jump conditions give

ρsun = cosφ, ps+ρsu
2
n = cos2 φ, e(ps, ρs)+

ps

ρs
+

1

2
u2

n = e0+
1

2
cos2 φ,

(6)
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Inert confinement of explosives 7

ut = sinφ, (7)

where an ‘s’ subscript denotes shock values, φ(y) is the angle the shock
normal makes with the x-direction, and un and ut are the components
of the post-shock material velocity normal and tangent to the shock,
respectively. Hence

tanφ =
dxs

dy
, vs = sinφ cosφ−un sinφ, us = sin2 φ+un cosφ, (8)

tan θs =
vs

us
, (9)

where θs is the streamline deflection angle at the shock.
We will consider the asymptotic limit that the typical dimensionless

pressure p = p̃/(ρ̃0D̃
2) is small. Define the quantity δ = p̃Is/(ρ̃0D̃

2),
where p̃Is is the explosive shock pressure at the interface, which is
therefore the shock polar match value and hence the pressure in the
inert at (ψ, x) = (0, 0). For the examples in figure 1, we find for the
case of ANFO and copper (ρ̃0 ≈ 9 g/cm3) with D̃ ≈ 4.5 km/s, that
δ ≈ 0.06, while for PBX9502 and copper with D̃ = 7.6 km/s, then
δ ≈ 0.07. Hence this is a valid limit for a weak enough explosive or
strong enough confinement.

We therefore expand the variables as

p = δp1+O(δ2), ρ = 1+δρ1+O(δ2), u = 1+δu1+O(δ2), v = δv1+O(δ2),
(10)

c2 = c20 + δc21 +O(δ2), y = y0 + δy1 +O(δ2), θ = δθ1 +O(δ2), (11)

where, from equation (2), c20 = −eρ0/ep0, with

e0 = e(0, 1), eρ0 =

(

∂e

∂ρ

)

p=0,ρ=1

, ep0 =

(

∂e

∂p

)

p=0,ρ=1

, (12)

and we expand e(p, ρ) as

e(p, ρ) = e0 + δep0p1 + δeρ0ρ1 +O(δ2). (13)

Note our asymptotic assumption of small pressures in the inert is hence
equivalent to small overall changes in the sound speed of the inert or
small deflection angle of the interface.

Substituting into equations (1) gives y0 = ψ at O(1) and

∂y1

∂x
= v1,

∂y1

∂ψ
= −(ρ1 + u1),

∂v1
∂x

+
∂p1

∂ψ
= 0 (14)

at O(δ), while equation (3) gives

(ep0 + 1)p1 + eρ0ρ1 + u1 = 0 (15)
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at O(δ).
Expanding the shock jump conditions (6)-(9) gives

ρ1s =
1

c20
p1s, v1s = p1s

√

1

c20
− 1, u1s = −p1s, (16)

tanφ0 =

√

1

c20
− 1, θ1s = p1s

√

1

c20
− 1. (17)

Since, apart from shock waves, the flow is isentropic, equation (2)
gives, to leading order

p1 − c20ρ1 = k, (18)

where k is a constant (which may be different on different streamlines).
If there are no shocks in the inert, then clearly k = 0 everywhere (since
p1 = ρ1 = 0 in the initial inert state, i.e. as x → −∞). If there is
a shock, then k = p1s − c20ρ1s, where p1s and ρ1s are the values at
the point where the streamline in question intersects the shock locus.
However, in this case the first jump condition in (16) shows that again
k = 0. Thus ρ1 = p1/c

2
0 everywhere in the inert in either case.

Equation (15) then gives

u1 = −p1, (19)

so that equations (14) can be rewritten as

∂y1

∂x
= v1, p1 =

(

1 − 1

c20

)

−1 ∂y1

∂ψ
,

∂v1
∂x

+
∂p1

∂ψ
= 0, θ1 = v1, (20)

giving the following coupled set of equations for p1 and v1 (or θ1):

∂v1
∂x

+
∂p1

∂ψ
= 0,

∂v1
∂ψ

− β
∂p1

∂x
= 0, (21)

or alternatively a single equation for y1:

∂2y1

∂ψ2
+ β

∂2y1

∂x2
= 0, (22)

where

β =

(

1 − 1

c20

)

. (23)

Note that for supersonic flow in the inert (1 > c20) β < 0, and
hence equation (22) is the (hyperbolic) wave equation with wavespeed
C =

√
−β, while for subsonic flow (1 < c20) β > 0 and equation (22)

is essentially the (elliptic) Laplace equation. Note also that for the
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expansions that lead to equation (22) to be valid, we require β = O(1).
In section 5 we determine the appropriate scalings for cases where
β = O(δ), which leads to nonlinear transonic flows. In the follow-
ing, we consider the supersonic and subsonic cases in turn, and for
each we determine relationships between the pressure profile along the
explosive-inert interface and the induced velocity (or deflection angle)
of the interface.

3. Supersonic inert flow

For supersonic inert flows, the typical case for high explosives confined
by metals, the shock in the explosive will drive a shock into the inert.
From the shock jump conditions of equation (16), to leading order the

shock lies along the straight line locus xs = ψ
√

1/c20 − 1. Bdzil [4]

previously considered the supersonic case, but for an infinitely thick
inert.

The solution of the wave equation (22) is of the form

y1 = f(ξ) + g(η), (24)

where
ξ = x+Cψ, η = x−Cψ (25)

are the characteristic co-ordinates. Equations (20) then give

p1 =
1

C
[g′(η) − f ′(ξ)], v1 = f ′(ξ) + g′(η). (26)

Hence the Riemann Invariants are

Cp1 + v1 = constant on lines η = constant (27)

and
Cp1 − v1 = constant on lines ξ = constant. (28)

In this case the problem is solved straightforwardly by the method of
characteristics, which reveals that the solution for the finite thickness
inert problem is split into a series of regions, as shown in figure 3. Here
we denote the pressure along the explosive-inert interface as p1(ψ =
0, x) = pI(x), with pI = 0 for x < 0 (undisturbed state ahead of
the shock). We shall denote the value of v1 along the explosive-inert
interface by vI(x) and the pressure and velocity along the outer edge
of the inert (ψ = h) by ph(x) and vh(x), respectively. For the free
outer boundary problem ph(x) = 0, while for the rigid outer boundary
problem vh(x) = 0.
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Figure 3. Solution regions for supersonic case (free outer boundary condition
shown).

The first region behind the shock, which is bounded to the right by
the ξ characteristic x = −Cψ + 2Ch, is not affected by the boundary
condition at ψ = h (note that for the infinite thickness inert case
considered by Bdzil [4], the whole interior of the inert consists only
of this first region). In this region all the ξ characteristics originate
on the leading order shock locus x = Cψ. Using the shock conditions,
equation (16), on the ξ characteristics gives

Cp1 − v1 = Cp1s − v1s = 0 (29)

i.e. v1 = Cp1 everywhere in region 1. In particular vI(x) = CpI(x) on
ψ = 0 for 0 ≤ x ≤ 2Ch. Hence at a point (x, ψ) on any η characteristics
that pass through region 1, we have

Cp1(x, ψ) + v1(x, ψ) = 2CpI(x− Cψ), (30)

where x−Cψ is the point at which the η characteristics originated on
ψ = 0. Thus within region 1, where v1 = Cp1,

p1(x, ψ) = pI(x− Cψ), v1(x, ψ) = CpI(x− Cψ). (31)

Note that since the leading order shock locus is itself the η characteristic
x = Cψ, we have

p1s = pI(0) = 1, v1s = CpI(0) = C (32)

everywhere on the shock.

3.1. Free outer boundary

The solution in the subsequent regions depends on the choice of bound-
ary condition on ψ = h. Here we consider first the free outer boundary
case. Region 2 is bounded by the ξ characteristic x = −Cψ+ 2Ch and

Confinement_revised.tex; 23/02/2009; 10:40; p.10



Inert confinement of explosives 11

the η characteristic x = Cψ + 2Ch. The solution must be discontinu-
ous across x = −Cψ + 2Ch, and hence also across subsequent region
boundaries. Just to the left of x = −Cψ + 2Ch, the ξ characteristics
originate at the shock, where p1 = 1, while just to the right of it the
ξ characteristics (which pass through region 2) originate from ψ = h,
where p1 = 0. Note that these discontinuities at the region boundaries
represent to leading order weak shocks or weak expansion fans in the
full nonlinear problem.

Constructing the solution in region 2 by the method of characteris-
tics, using the information from region 1 gives

p1(x, ψ) = pI(x− Cψ) − pI(x+ Cψ − 2Ch), (33)

v1(x, ψ) = CpI(x− Cψ) + CpI(x+ Cψ − 2Ch). (34)

Similarly, in the manner outlined above, we can proceed to obtain the
solution in subsequent regions using information from previous ones.
One finds that the general solution is

p1(x, ψ) =
n−1
∑

i=0

pI(x− Cψ − 2iCh) −
n
∑

i=1

pI(x+ Cψ − 2iCh), (35)

v1(x, ψ) = C
n−1
∑

i=0

pI(x−Cψ− 2iCh) +C
n
∑

i=1

pI(x+Cψ − 2iCh), (36)

in solution region 2n (n = 2, 3, 4, . . .), and

p1(x, ψ) =
n
∑

i=0

pI(x− Cψ − 2iCh) −
n
∑

i=1

pI(x+ Cψ − 2iCh), (37)

v1(x, ψ) = C
n
∑

i=0

pI(x− Cψ − 2iCh) + C
n
∑

i=1

pI(x+ Cψ − 2iCh) (38)

in solution region 2n+ 1 (n = 1, 2, 3, . . .).
The y-velocity perturbations along the explosive-inert interface and

outer edge of the inert are hence given by

vI(x) = CpI(x) + 2C
n
∑

i=1

pI(x− 2iCh) (39)

for 2nCh ≤ x ≤ (2n+ 2)Ch, n = 1, 2, 3, . . ., and

vh(x) = 2C
n
∑

i=1

pI(x− (2i− 1)Ch) (40)
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12 G. J. Sharpe & J. B. Bdzil

for (2n− 1)Ch ≤ x ≤ (2n+ 1)Ch, n = 1, 2, 3, . . .. Equation (39) is the
principal result of this section. It relates the pressure along the interface
to the deflection angle of the interface and gives the interfacial coupling
boundary condition with which one can determine how the flow in the
explosive reaction zone is influenced by the confinement and vice versa.
Since vI(x) ∝ C, then as C → 0, i.e. as the detonation speed approaches
the sound speed of the inert, the interface deflection also tends to zero.
Equation (39) therefore shows that the confinement effect of the inert
is enhanced as sonic flow conditions, C = 0, are approached. However,
it should be noted that as C → 0 nonlinear effects must be re-instated
as the flow becomes of transonic type, see §5.

Denoting the y-position perturbation of the explosive-inert interface
and the outer edge of the inert by yI(x) and yh(x), respectively, these
quantities are given by

dyI

dx
= vI(x),

dyh

dx
= vh(x). (41)

Equation (41) together with equation (39) give a further relationship
between the pressure along the explosive-inert interface and shape of
the deflected interface.

Of course, the complete solution in the explosive and the inert is a
coupled problem. However, in order to explore the types of deformations
we may expect to occur in the inert, we can now determine the solution
in the interior of the inert by prescribing the interfacial pressure, pI .
As an example, we consider the case where the interface pressure is
prescribed by a shock jump followed by a two-step exponential decay
of the form

pI(x) =

{

H(1 − x) exp(−α1x) +H(x− 1) exp(−α1 − α2(x− 1)) x > 0
0 x ≤ 0

(42)
This interface loading is designed to mock up the typical decaying
pressure profile along streamlines in the explosive, i.e. the detonation
reaction zone followed by the pressure release wave in the detonation
products. In summary, this interface loading begins with a shock dis-
continuity at x = 0, followed by a first decay step, corresponding to the
explosive reaction zone, which is followed by a the second decay step,
corresponding to the detonation products release wave.

Note that the terms on the right hand side of equations (35)-(38)
correspond to a contribution to the solution from a point on the inter-
face which is closer to the shock the higher the value of i. Since pI(x) is a
monotonically decreasing function of x for x > 0, the terms correspond-
ing to points closest to the shock will make the largest contribution to
the solutions. For the even numbered solution regions, it is the i = n
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Figure 4. Profiles of p1 and v1 on ψ = 0 (solid lines), ψ = h/2 (dashed lines) and
ψ = h (dotted lines), for C = 1, α1 = 0.5, α2 = 0.0625 for (a) and (b) h = 0.2, (c)
and (d) h = 1 and (e) and (f) h = 5. (Supersonic case with free outer boundary).

term which makes the largest contribution (note this makes a negative
contribution to p1 in these regions), whilve the pI(x−Cψ−2nCh) term
is largest in the odd numbered solutions regions (note in both cases,
these terms correspond to contributions from points on the interface
within solution region 1).

Figures 4 shows the pressure and y-velocity perturbation profiles
along ψ = 0, h/2 and h for inert thicknesses of h = 0.2, 1 and 5,
respectively, when C = 1, α1 = 0.5 and α2 = 0.0625. Figure 5 shows
the profiles of yI and yh for these three inert thicknesses. Note first
that v1 and the interior profiles of p1 jump at the boundaries between
solution regions. As can be seen in figure 5, the slope in yI and yh are
also discontinuous at the boundaries which follows from equation (41).
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Figure 5. Profiles of (a) yI (y1 on ψ = 0) and (b) yh (y1 on ψ = h), for C = 1,
α1 = 0.5, α2 = 0.0625 and h = 0.2 (solid lines), h = 1 (dashed lines), h = 5 (dotted
lines). (Supersonic case with free outer boundary).

These ‘reverberations’ along the interface and outer edge of the inert
are known as ‘ringing’. The pressure is negative in the even numbered
solution regions since the −pI(z+Cψ− 2nCh) term makes the largest
contribution to p1 in these regions. This indicates the inert is in tension
here. In real materials, if the degree of tension is sufficiently large
then spall will occur. It should also be noted that when the pressure
becomes sufficiently low, material strength effects will be quantitatively
important [6]. However, these effects are not the focus of attention in
this paper.

As h increases, the contribution to the solution of any given term
with i < n in equations (35)-(38) comes from a point on the interface
which moves further from the shock (corresponding to lower interface
pressures), so that the contribution is smaller the larger the value of h.
Hence the i = n terms (corresponding to contributions from points on
the interface in region 1) become increasingly dominant in the solution
as the inert thickness is increased. One ramification of this can be seen
in figure 4. For larger h the minimum values of the pressure perturba-
tion in the even numbered solution regions is lower since the positive
terms in equation (35) are smaller and hence have less of a balancing
effect on the −pI(z + Cψ − 2nCh) term. Secondly, the increase in the
local maximum values of v1 (at the solution region boundaries) with
region number, occurs more slowly for larger h. This is because the
additional terms generated as one moves across the boundaries have a
smaller contribution. Hence as expected, the thinner the inert, the more
rapidly the inert is deflected by the explosive (see figure 5), and thus
thinner inert layers will have less of a confining effect on the explosive.

Figure 6 shows p1 and v1 profiles for h = 5 but with α2 = 0.25
and α2 = 0.5 (note that the pressure release in the detonation prod-
ucts is more rapid for higher α2). Figure 7 also shows the y-position
perturbations of the edges of the confiner for the different α2 values.
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Figure 6. Profiles of p1 and v1 on ψ = 0 (solid lines), ψ = h/2 (dashed lines) and
ψ = h (dotted lines), for C = 1, α1 = 0.5, h = 5 and (a) and (b) α2 = 0.25, (c) and
(d) α2 = 0.5. (Supersonic case with free outer boundary).
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Figure 7. Profiles of (a) yI (y1 on ψ = 0) and (b) yh (y1 on ψ = h), for C = 1,
α1 = 0.5, h = 5 and α2 = 0.0625 (dotted lines), α2 = 0.25 (solid lines) and α2 = 0.5
(dashed lines). (Supersonic case with free outer boundary).

Note that, as α2 increases, and the pressure drops more rapidly along
the interface in the region x > 1, the contributions from the i < n
terms in equations (35)-(38) decrease and hence the contribution from
the i = n terms becomes more dominant. Thus, the degree of tension
increases somewhat in the even numbered solution regions, indicating
that spalling of the confiner is more likely with more rapid pressure
releases. Also, the rate of overall increase in the v1 values as one moves
into subsequent regions decreases. Hence the inert is deflected less
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16 G. J. Sharpe & J. B. Bdzil

rapidly. Note the ringing along the inert edges is more apparent for
cases with a more rapid pressure release.

3.2. Rigid wall outer boundary

For the rigid wall case, vh(x) = 0, the method of characteristics yields
for the solution in region 2

p1(x, ψ) = pI(x− Cψ) + pI(x+ Cψ − 2Ch), (43)

v1(x, ψ) = CpI(x− Cψ) − CpI(x+ Cψ − 2Ch), (44)

while the solution in region 2n (n = 2, 3, 4, . . .) is

p1(x, ψ) =
n−1
∑

i=0

(−1)ipI(x− Cψ − 2iCh) −
n
∑

i=1

(−1)ipI(x+ Cψ − 2iCh),

(45)

v1(x, ψ) = C
n−1
∑

i=0

(−1)ipI(x−Cψ−2iCh)+C
n
∑

i=1

(−1)ipI(x+Cψ−2iCh),

(46)
and the solution in region 2n+ 1 (n = 1, 2, 3, . . .) is

p1(x, ψ) =
n
∑

i=0

(−1)ipI(x− Cψ − 2iCh) −
n
∑

i=1

(−1)ipI(x+ Cψ − 2iCh),

(47)

v1(x, ψ) = C
n
∑

i=0

(−1)ipI(x−Cψ−2iCh)+C
n
∑

i=1

(−1)ipI(x+Cψ−2iCh).

(48)
The interfacial coupling condition is hence

vI(x) = CpI(x) + 2C
n
∑

i=1

(−1)ipI(x− 2iCh) (49)

for 2nCh ≤ x ≤ (2n + 2)Ch, n = 1, 2, 3, . . . Equation (49) is the
principal result of this section.

Again, by prescribing the pressure along the interface we can now
solve for the deformation of the inert. Figure 8 shows the pressure and y-
velocity perturbation profiles when the interface pressure is prescribed
by equation (42), while figure 9 shows the resulting interface shapes.
For the rigid outer boundary case, figure 8 shows that the velocity
of the interface alternates discontinuously from positive to negative
values across the solution region boundaries. Hence, as can be seen in
figure 9, the interface is first deflected outwards by the pressure load-
ing. However, the presence of the outer wall causes the interface to be
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Figure 8. Profiles of p1 and v1 on ψ = 0 (solid lines), ψ = h/2 (dashed lines) and
ψ = h (dotted lines), for C = 1, α1 = 0.5, α2 = 0.0625 and (a) and (b) h = 0.2,
(c) and (d) h = 1 and (e) and (f) h = 5. (Supersonic case with rigid wall outer
boundary).

subsequently deflected back in again, followed by further ‘ringing’ along
the interface, with the deflection alternating directions. Note that for
large x, the interface oscillates around the initial, undisturbed position,
yI(x) = 0. These results for the interface shapes agree qualitatively well
with those of the numerical simulations of confined explosive slabs in
[2], which also used a rigid wall boundary condition. Note also from
figure 9 that the amplitude of the oscillation decreases with decreasing
inert thickness. Hence, in the first region behind the shock, the interface
is initially deflected less far in the y-direction for thinner inerts. As
expected, for the rigid wall outer boundary cases, the confinement effect
on the detonation is enhanced as h→ 0.
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Figure 9. Profiles of yI (y1 on ψ = 0) for C = 1, α1 = 0.5, α2 = 0.0625 and h = 0.2
(solid lines), h = 1 (dashed lines), h = 5 (dotted lines). (Supersonic case with rigid
wall outer boundary).

Figure 8 also shows that again the interfacial pressure loading re-
sults in the interior of the inert consisting of alternating regions of
compression and tension, including along the outer edge in this case.

4. Subsonic inert flow

For the case of subsonic flow in the inert (e.g. for ANFO confined
by copper corresponding to figure 1c), equations (21) are elliptic, and
so the solution formally senses data from all four of the boundaries
(ψ = 0, ψ = h and x→ ±∞). For this case, we subject the solution to
the following boundary conditions:
1. p1 and v1 remain bounded as x→ ±∞;
2. p1 is prescribed by p1 = pI(x) along ψ = 0,
3. p1 = 0 along ψ = h (for the free outer boundary problem) or v1 = 0
along ψ = h (for the rigid wall outer boundary problem).

In this case we utilize the boundedness of p1 and v1 to seek the
solution in terms of a Fourier transform of the form

p1(ψ, x) =

∫

∞

−∞

C(ψ, k)e−ikxdk. (50)

Substituting equation (50) into equations (21) then lead to the condi-
tion

∫

∞

−∞

(

∂2C(ψ, k)

∂ψ2
− βk2C(ψ, k)

)

e−ikxdk = 0 (51)

which the solution must satisfy.
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4.1. Free outer boundary problem

For the free boundary case, the nontrivial solution to equation (51)
which satisfies the boundary condition p1(h, x) = 0 requires

C(ψ, k) = Ĉ(k)
sinh (kB(h− ψ))

sinh (kBh)
, (52)

where B =
√
β and Ĉ(k) is set by requiring p1(0, x) = pI(x), which on

using the inverse transform yields

Ĉ(k) =
1

2π

∫

∞

−∞

pI(x)e
ikxdx. (53)

Substituting equation (52) into equation (50) gives

p1(ψ, x) =
1

2π

∫

∞

−∞

(
∫

∞

−∞

pI(x)e
ikx̂dx̂

)

sinh (kB(h− ψ))

sinh (kBh)
e−ikxdk.

(54)
Then substituting equations (54) into equations (51) gives

v1(ψ, x) =
iB

2π

∫

∞

−∞

(
∫

∞

−∞

pI(x̂)e
ikx̂dx̂

)

cosh (kB(h− ψ))

sinh (kBh)
e−ikxdk.

(55)
Equation (55) is the principal result of this section. It relates the
deflection of the streamlines to the interface pressure, including the
deflection of the interface itself by evaluation on ψ = 0. Hence this
equation evaluated on ψ = 0 serves as the coupling condition between
the explosive and inert.

To understand how the interface and the flow in the interior of
the inert respond to the pressure loading, we can again prescribe the
pressure along the interface. In particular, we examine what the two
stage decay example with pI(x) given by equation (42) predicts for the
subsonic case. For this example, evaluating the Fourier transform of
the pressure along the interface in equation (53), we have

∫

∞

−∞

pI(x̂)eikx̂dx̂ =
1 − exp(ik − α1)

α1 − ik
+

exp(ik − α1)

α2 − ik
. (56)

The pressure in the interior of the inert is then

p1(ψ, x) =
1

2π

∫

∞

−∞

(

exp(−ikx) − exp(−ik(x− 1) − α1)

α1 − ik
+

exp(−ik(x− 1) − α1)

α2 − ik

)

×sinh (kB(h− ψ))

sinh (kBh)
dk. (57)
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We can evaluate this integral by using contour integration and the
Cauchy integral formula of complex variable calculus, with k considered
to be a complex variable. After some analysis, one finds that

p1(ψ, x) =







p1a(ψ, x) x < 0
p1b(ψ, x) 0 ≤ x ≤ 1
p1c(ψ, x) x > 1

, (58)

where

p1a(ψ, x) = −
∞
∑

n=1

(−1)n exp(nπx/Bh)

(α1Bh+ nπ)
sin(nπ(1 − ψ/h))

−(α1 − α2)Bh
∞
∑

n=1

(−1)n exp(−α1 + nπ(x− 1)/Bh)

(α1Bh+ nπ)(α2Bh+ nπ)
sin(nπ(1 − ψ/h)),

(59)

p1b(ψ, x) = exp(−α1x)
sin (α1B(h− ψ))

sin(α1Bh)

−
∞
∑

n=1

(−1)n exp(−nπx/Bh)
(α1Bh− nπ)

sin(nπ(1 − ψ/h))

−(α1 − α2)Bh
∞
∑

n=1

(−1)n exp(−α1 + nπ(x− 1)/Bh)

(α1Bh+ nπ)(α2Bh+ nπ)
sin(nπ(1 − ψ/h)),

(60)

p1c(ψ, x) = exp(−α2x− (α1 − α2))
sin (α2B(h− ψ))

sin(α2Bh)

−2π
∞
∑

n=1

(−1)n exp(−nπx/Bh)
(α1Bh− nπ)

sin(nπ(1 − ψ/h))

−(α1 − α2)Bh
∞
∑

n=1

(−1)n exp(−α1 − nπ(x− 1)/Bh)

(α1Bh− nπ)(α2Bh− nπ)
sin(nπ(1 − ψ/h)).

(61)
Again using complex contour integration to determine the integral

in equation (55), we also obtain

v1(ψ, x) =







v1a(ψ, x) x < 0
v1b(ψ, x) 0 ≤ x ≤ 1
v1c(ψ, x) x > 1

, (62)

where

v1a(ψ, x) = −B
∞
∑

n=1

(−1)n exp(nπx/Bh)

(α1Bh+ nπ)
cos(nπ(1 − ψ/h))
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−(α1 − α2)βh
∞
∑

n=1

(−1)n exp(−α1 + nπ(x− 1)/Bh)

(α1Bh+ nπ)(α2Bh+ nπ)
cos(nπ(1 − ψ/h)),

(63)

v1b(ψ, x) =
1

α1h
−B exp(−α1x)

cos (α1B(h− ψ))

sin(α1Bh)

+B
∞
∑

n=1

(−1)n exp(−nπx/Bh)
(α1Bh− nπ)

cos(nπ(1 − ψ/h))

−(α1 − α2)βh
∞
∑

n=1

(−1)n exp(−α1 + nπ(x− 1)/Bh)

(α1Bh+ nπ)(α2Bh+ nπ)
cos(nπ(1 − ψ/h)),

(64)

v1c(ψ, x) =
1

α1h
+

1

h

(

1

α2
− 1

α1

)

exp(−α1)

−B exp(−α2x− (α1 − α2))
cos (α2B(h− ψ))

sin(α2Bh)

+B
∞
∑

n=1

(−1)n exp(−nπx/Bh)
(α1Bh− nπ)

cos(nπ(1 − ψ/h))

+(α1 − α2)βh
∞
∑

n=1

(−1)n exp(−α1 − nπ(x− 1)/Bh)

(α1Bh− nπ)(α2Bh− nπ)
cos(nπ(1 − ψ/h)).

(65)
The streamline shapes, including the interface and outer edge of the
inert, can be straightforwardly obtained by integrating equation (62)
with respect to x for constant ψ.

Figure 10 shows profiles of p1 and v1 along different streamlines for
B = 0.5, α1 = 0.5, α2 = 0.0625 and inert thicknesses of h = 0.2, 1
and 5. Figure 11 shows the shapes of the explosive-inert interface and
the outer edge of the inert for these parameters and values of h. Also
shown in figure 11(c) are interior streamline shapes for h = 5.

Note first from figure 10 that although there is a discontinuity in
the pressure along the interface, the flow in the interior of the confiner
is smooth, albeit with rapid changes in the interior pressure near the
origin. As the inert thickness increases, these rapid changes in pressure
also become more diffuse as one approaches the outer edge. The y-
velocity on the interface has a negative spike at x = 0, indicating that
the interface is initially deflected into the explosive, as can be seen to be
the case in figure 11(a). The width of the spike increases with h. Thus
with increasing h, the inert is deflected further into the explosive and
over a larger region (see figures 11a and 12a). However, figure 10 also
shows that away from the origin, the y-velocities become independent
of ψ. So for large enough x, the streamlines all become parallel, as

Confinement_revised.tex; 23/02/2009; 10:40; p.21



22 G. J. Sharpe & J. B. Bdzil

 0

 0.2

 0.4

 0.6

 0.8

 1

-0.5  0  0.5  1  1.5  2  2.5  3
p 1

x

(a)

-2

 0

 2

 4

 6

 8

 10

-0.5  0  0.5  1  1.5  2  2.5  3

v 1

x

(b)

 0

 0.2

 0.4

 0.6

 0.8

 1

-0.5  0  0.5  1  1.5  2  2.5  3

p 1

x

(c)

-1

-0.5

 0

 0.5

 1

 1.5

 2

-0.5  0  0.5  1  1.5  2  2.5  3

v 1

x

(d)

 0

 0.2

 0.4

 0.6

 0.8

 1

-3 -2 -1  0  1  2  3  4

p 1

x

(e)

-1

-0.6

-0.2

 0.2

 0.6

-3 -2 -1  0  1  2  3  4

v 1

x

(f)

Figure 10. Profiles of p1 and v1 on ψ = 0 (solid lines), ψ = h (dashed lines) and
six equally spaced intermediate values of ψ (dotted lines), for B = 0.5, α1 = 0.5,
α2 = 0.0625 and (a) and (b) h = 0.2, (c) and (d) h = 1 and (e) and (f) h = 5.

can be seen in figure 11(c). Figure 11(b) shows that the y-position of
the outer edge of the confiner increases monotonically with x. As for
the supersonic case, the interface is deflected more rapidly for thinner
inerts. Thus, as h decreases, the inert will have less of a confining effect
on the detonation.

Figure 12 shows the interface shape for various values of h and B.
Figure 12(a) shows that as h increases for B fixed, the interface con-
tinues to be deflected further and further into the explosive, and over
a larger distance. In the limit of infinite confiner thickness, formally
the inert would provide compression of the interior of the explosive
ahead of the shock, which could lead to an increase in the detonation
speed. Figure 12(b) gives the interface shape for various values of B,
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Figure 11. Profiles of (a) yI (y1 on ψ = 0) and (b) yh (y1 on ψ = h) for B = 0.5,
α1 = 0.5, α2 = 0.0625 and h = 0.2 (solid lines), h = 1 (dashed lines), h = 5 (dotted
lines), and (c) y1 on eight equally spaced values of ψ from ψ = 0 to ψ = h for h = 5.
(Subsonic case with free outer boundary).
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Figure 12. Profiles of yI for α1 = 0.5, α2 = 0.0625 and (a) B = 0.5 and h = 5
(solid line), 10 (dashed line), 20 (dotted line), 40 (dot-dashed line) and 80 (dou-
ble-dot-dashed line), and (b) h = 80 and B = 0.1 (solid line), 0.25 (dashed line), 0.5
(dotted line) and 0.75 (dot-dashed line). (Subsonic case with free outer boundary).

with h fixed but large, which shows that as B decreases the interface
deflection into the explosive becomes less pronounced (note however
that formally as B → 0 nonlinear effects must be re-instated as the
flow becomes of the transonic type, see §5). The results in figure 12
hence are suggestive that, for large confiner thicknesses, if the pressure
profile along the interface is to be of the form of a lead shock followed
by a decaying pressure, the detonation speed would not be able to
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Figure 13. Profiles of p1 and v1 on ψ = 0 (solid lines), ψ = h (dashed lines) and six
equally spaced intermediate values of ψ (dotted lines), for B = 0.5, α1 = 0.5, h = 5
and (a) and (b) α2 = 0.25 and (c) and (d) α2 = 0.5. (Subsonic case with free outer
boundary).

drop below the ambient sound speed of the inert. Alternatively, the
assumption that the pressure on the interface ahead of the detonation
shock is undisturbed may break down for large h, in that the inert
may drive a precursor wave ahead of the detonation shock in the ex-
plosive. Indeed, Eden and Belcher [8] performed experiments on slabs
of the explosive EDC35, confined on one side by brass and the other
by beryllium. Their results indicate that on the beryllium side of the
explosive, a compression wave in the beryllium drives a shock in the
explosive ahead of the detonation wave. This is somewhat akin to what
happens at fast-slow interfaces in gases [9]. However, in our subsonic
inert flow case, we do not expect a shock in the confiner when steady
state is achieved.

Figure 13 shows the effect of more rapid pressure releases, i.e. profiles
of p1 and v1 for α2 = 0.25 and α2 = 0.5, when B = 0.5, α1 = 0.5 and
h = 5. Figure 14 also shows the interface and outer edge streamline
shapes for various values of α2. The p1 and v1 profiles for different
rates of pressure release are qualitatively similar, with the more rapid
pressure decay along the interface reflected in more rapid decays along
the interior streamlines (figures 13a and 13b), while the profiles of v1

along different streamlines become somewhat more spread out for x >
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Figure 14. Profiles of (a) yI (y1 on ψ = 0) and (b) yh (y1 on ψ = h) for B = 0.5,
α1 = 0.5, h = 5 and α2 = 0.5 (solid lines), α2 = 0.25 (dashed lines) and α2 = 0.0625
(dotted lines). (Subsonic case with free outer boundary).

0. Figure 14 shows that the pressure release rate has very little affect
on the region of the interface deflected into the inert or the outer edge
shape near x = 0. For larger x, the interface and outer edge shapes do
begin to diverge more, with more rapid pressure releases (larger α2)
producing smaller deflections of the inert at a given x-position.

4.2. Rigid wall outer boundary

The nontrivial solution to equation (51) which satisfies p1(0, x) = pI(x)
and v(h, x) = vh(x) = 0 is

C(ψ, k) = Ĉ(k)
cosh (kB(h− ψ))

cosh (kBh)
, (66)

where again Ĉ(k) is set by the pressure loading along ψ = 0 by equation
(53). In this case, the pressure and y-velocity are hence

p1(ψ, x) =
1

2π

∫

∞

−∞

(
∫

∞

−∞

pI(x)e
ikx̂dx̂

)

cosh (kB(h− ψ))

cosh (kBh)
e−ikxdk,

(67)
and

v1(ψ, x) =
iB

2π

∫

∞

−∞

(
∫

∞

−∞

pI(x̂)e
ikx̂dx̂

)

sinh (kB(h− ψ))

cosh (kBh)
e−ikxdk.

(68)
Equation (68) evaluated on ψ = 0 is the principal result.

Let us once more see how the solution in the inert behaves if the
pressure loading along the interface is prescribed by the form in equa-
tion (42). Figure 15 shows profiles of p1 and v1 in the inert for various
inert thickness, while figure 16(a) shows the interface shapes for these
cases, and figure 16(b) shows the perturbation to the streamline shapes
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in the interior for h = 5. Figure 15 shows that in this case the pressure
sufficiently far downstream becomes independent of ψ, and that the
pressure along the outer wall is a diffuse form of the interface profile
(the larger h, the more diffused the pressure profile becomes at the
outer edge).

Figure 15 also shows that again there is a negative spike in v1 along
the interface, so that, as for the free boundary case, the inert is initially
deflected towards the explosive (figure 16). Subsequent to the spike,
vI becomes positive and then asymptotes back to zero, so that the
interface begins to move back out again. For sufficiently large values of
x, v1 tends to zero on all the streamlines, and figure 16(b) shows that
the confiner returns to its undisturbed position. Hence in this case, the
entire deflected portion of the interface is pushed into the explosive
(yI(x) ≤ 0 everywhere). Note also that for a given value of h, the inert
is deflected much further into the explosive side of the undisturbed
interface position for the rigid wall case than for the free boundary case.
Again, however, for fixed h, the deflection is smaller as B → 0. Thus,
as for the free boundary case, these results suggest that for sufficiently
large h, the deflection of the inert will drive the detonation speed up to
near the confiner sound speed or drive a precursor wave ahead of the
detonation in the explosive.

5. Transonic inert flows

In this section we briefly consider intermediate cases where the initial
inert sound speed is close to the detonation speed in the explosive.
These cases lead to transonic flows in which non-linearity is reinstated.

Consider the case where the initial sound speed in the inert is given
by c2 = 1+Aδ for some constant A, i.e. the sound speed is within O(δ)
of the explosive detonation speed, where δ is still the scaled shock-
match pressure. For such a case, we are led to expansions of the form
(cf [10, pp. 46-60]),

p = δp1+δ
2p2+O(δ3), ρ = 1+δρ1+δ

2ρ2+O(δ3), u = 1+δu1+δ
2u2+O(δ3),

v = δ3/2v3/2 +O(δ5/2), θ = δ3/2θ3/2 +O(δ5/2), c2 = 1+δc21 +O(δ2),

ψ = δνψν , x = δµxµ, y = δνψ+δν+2yν+2+o
(

δν+2
)

, 2µ−2ν = 1.

(69)
The selection for the scalings of the independent variables, µ and ν =
µ− 1/2, will in general be problem dependent [10]. They may, for ex-
ample, be selected by the choice of h in our inert confinement problem.

Confinement_revised.tex; 23/02/2009; 10:40; p.26



Inert confinement of explosives 27

 0

 0.2

 0.4

 0.6

 0.8

 1

-0.4 -0.2  0  0.2  0.4
p 1

x

(a)

-1.6

-1.2

-0.8

-0.4

 0

-0.4 -0.2  0  0.2  0.4

v 1

x

(b)

 0

 0.2

 0.4

 0.6

 0.8

 1

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

p 1

x

(c)

-1.2

-1

-0.8

-0.6

-0.4

-0.2

 0

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

v 1

x

(d)

 0

 0.2

 0.4

 0.6

 0.8

 1

-4 -2  0  2  4

p 1

x

(e)

-1.2

-1

-0.8

-0.6

-0.4

-0.2

 0

-4 -2  0  2  4

v 1

x

(f)

Figure 15. Profiles of p1 and v1 on ψ = 0 (solid lines), ψ = h (dashed lines) and
six equally spaced intermediate values of ψ (dotted lines), for B = 0.5, α1 = 0.5,
α2 = 0.0625 and (a) and (b) h = 0.2, (c) and (d) h = 1 and (e) and (f) h = 5.
(Subsonic case with rigid wall outer boundary).

Furthermore, there may be a number of different scalings needed in
different regions for any given problem.

Taylor expanding the internal energy gives

e(p, ρ) = ei+(epip1+eρiρ1)δ+

(

1

2
eppip

2
1 + epρip1ρ1 +

1

2
eρρiρ

2
1 + epip2 + eρiρ2

)

δ2+. . . .

(70)
Here an ‘i’ subscript denotes values in the initial quiescent inert state
(where p = 0, ρ = 1), and

ei = e(0, 1), epi =

(

∂e

∂p

)

(p=0,ρ=1)

, eppi =

(

∂2e

∂p2

)

(p=0,ρ=1)

, (71)
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Figure 16. Profiles of (a) yI (y1 on ψ = 0) for B = 0.5, α1 = 0.5, α2 = 0.0625 and
h = 0.2 (solid lines), h = 1 (dashed lines), h = 5 (dotted lines), and (b) y1 on eight
equally spaced values of ψ from ψ = 0 to ψ = h for h = 5. (Subsonic case with rigid
wall outer boundary).

etc. However, since c2i = 1 +Aδ, the internal energy at the initial state
will also have an asymptotic expansion, i.e.

ei = e(0, 1) = ei0 + δei1 + . . . . (72)

For example, for a simple Tait equation of state with e = (p+an)/((n−
1)ρ) and c2 = (np+ an)/ρ, then the transonic case would require c2i =
an = 1+Aδ, and hence ei = an/(n−1) = 1/(n−1)+ δA/(n−1). Sim-
ilarly quantities like epi will also have their expansions. In particular,
evaluating equation (2) in the initial state gives

eρi0 = −epi0, eρi1 = −(Aepi0 + epi1). (73)

Hence the complete expansion for the internal energy is

e(p, ρ) = ei0+(ei1+epi0(p1−ρ1))δ+

(

ei2 + epi1p1 − (epi1 +Aepi0)ρ1 +
1

2
eppi0p

2
1+

epρi0p1ρ1 +
1

2
eρρi0ρ

2
1 + epi0(p2 − ρ2)

)

δ2 +O(δ3). (74)

Substitution into the Bernoulli equation (3), together with the integra-
tion of equation (2) along an isentrope, gives

ρ1 = p1, ρ2 = p2 − p1(a1p1 +A), u1 = −p1, u2 = −p2, (75)

where

a1 =
1

2epi0
(1 − eppi0 − eρρ0 − 2epρi0) , (76)

Hence (ρu)−1 = 1 +O(δ2).
The governing equations (1) then give the nonlinear leading order

equations:

∂2yν+2

∂ψ2
ν

+ η1
∂2yν+2

∂x 2
µ

= 0, p1(a2p1 +A) =
∂yν+2

∂ψν
, (77)
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where
a2 = a1 + 1, η1 = 2a2p1 +A (78)

and η = c2 − (u2 + v2) = δη1 + O(δ2) is the sonic parameter. Hence
equation (77) is hyperbolic in regions of supersonic flow where η1 < 0
or p1 < −A/(2a2), elliptic in subsonic regions where η1 > 0 or p1 >
A/(2a2) and parabolic on sonic loci where η1 = 0.

In this case we cannot write down an explicit coupling condition
between the explosive and inert, i.e. a condition relating p1 and v1 (or
θ1) along the interface, since the nonlinear, mixed type equation (77)
would require numerical solution, e.g. using the methods in [11], which
we do not attempt here, especially since the results would depend on
the choice of form and parameters of the equation of state (e.g. for the
Tait eos example, a2 = (n + 1)/2). Hence the principal result of this
section are the transonic scalings (69), which show that in these cases
the deflection of the inert is higher order than for the β = O(1) cases,
since θ = v = O(δ3/2) when β = O(δ). Thus we find that for either
subsonic or supersonic flow, as the inflow speed approaches sonic values
(the detonation speed approaches the initial sound speed of the inert)
the confinement affect of the inert on the detonation is enhanced.

It is still also worth qualitatively classifying the types of flows one
may expect for the transonic case. For supersonic inflow, A < 0, the
detonation will still drive a shock into the inert. In this case, the shock
jump conditions give, on the leading order shock locus x = xs(ψ),

φ = δ1/2φ1 +O(δ3/2), ρs = 1+ δp1s + δ2(p2s + p1s(φ
2
1 + p1s))+O(δ3),

us = 1− δp1s − δ2p2s +O(δ3), vs = θs = δ3/2φ1p1s +O(δ3/2), (79)

where φ(ψ) is the angle the shock normal makes with the x-direction
at a point on the shock locus, and

φ1 = (−a2p1s + |A|)1/2 . (80)

Hence for the transonic case, the leading order shock locus is no longer
a straight line, but the local shock angle depends on the local value of
p1s, while the shock normal angle is smaller, only O(δ1/2) compared to
O(1) for the β = O(1) case considered in §3. Thus for transonic flows,
the shock is more nearly normal to the inflow. Equation (80) shows
that the shock is normal to the inflow (φ1 = 0) when p1s = |A|/a2,
and hence this is the maximum possible shock pressure. Note also that
equations (79) were used to determine that the constant of integration
of equation (2) along a isentrope behind the shock is zero everywhere,
up to and including O(δ2), for the supersonic case (A < 0).

Since the shock is more nearly normal in the transonic case, it is
hence possible to have subsonic post-shock states, which would require,
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p1s > |A|/(2a2) by equation (78). For example for the post-shock state
to be subsonic at the interface, i.e. at ψ = z = 0 where p1s = 1, we
require |A| < 2a2. This case would hence correspond to the type of
shock polar match shown in figure 1(c). More generally for the flow at
any point in the inert to be locally subsonic requires p1 > |A|/(2a2),
i.e. the pressure needs to be sufficiently large. Assuming a case where
we have subsonic post-shock flow at the interface and that the pressure
profile along the interface behind the shock is a decaying one, then
the flow on the interface would become supersonic once the interface
pressure dropped below |A|/(2a2). Hence for these types of shock polar
matches (subsonic post-shock states in both the explosive and inert)
one would only expect a small pocket of subsonic flow to exist in the
inert in a region behind the shock and adjacent to the interface.

For subsonic inflows, A > 0. Thus for the flow to become locally
supersonic anywhere in the inert, the pressure would have to become
sufficiently large and negative (hence the inert would have to be un-
der sufficient tension), the requirement being p1 < −2a2A. Assuming
that the pressure remained greater than this everywhere, equation (77)
would be a nonlinear equation of elliptic type in the inert, so that the
interior flow would be smooth. This is the situation which we would
expect to occur, for example, in the realistic case that the pressure
along the interface was non-negative everywhere.

Given our finding for the subsonic cases considered in §4 that suggest
for very thick inerts the detonation in the explosive may be driven up
to the sound speed of the inert, a special case of interest of the above is
sonic inflow, or A = 0. In this case sonic conditions are obtained when
p1 = 0, with supersonic flow only when p1 < 0. Assuming non-negative
pressure everywhere, equation (77) would be elliptic (and hence the
flow shockless) in the interior but parabolic on sonic loci where p1 = 0,
corresponding to x→ 0 and to ψ = h for the free-boundary problem.

6. Conclusions

In this paper we have used the asymptotic limit of small disturbances
in a strong inert confiner to obtain coupling conditions between a
detonation running in an adjacent explosive and the deformation of
the inert (confinement effect), in terms of relationships between the
pressure and the interfacial deflection along the explosive-inert inter-
face. The relationship was determined for cases where the detonation
speed in the explosive was greater than or less than the ambient sound
speed of the inert (subsonic and supersonic inert flow, respectively).
Although the complete solution in the explosive and inert is a highly
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coupled problem, by prescribing the pressure along the interface with
qualitatively expected explosive profiles, we then used the coupling
conditions to solve for the leading order solution everywhere in the
inert in order to determine the qualitative effects of detonations on
inert confiners of finite thickness, and how the supersonic and subsonic
cases dramatically differ.

Transonic flows, where the detonation speed is close to the sound
speed of the inert were also considered, but an explicit coupling condi-
tion cannot be determined in such cases due to the complex nonlinear,
mixed type nature of the resulting leading order equations. However,
the analysis showed that for either the subsonic or supersonic cases, as
the detonation speed approaches the ambient sound speed of the inert,
the confinement affect of the inert on the detonation is increased in
that the flow deflection angle becomes of smaller order.

The interfacial coupling condition provides the necessary informa-
tion to solve the complete coupled problem of a confined steady deto-
nation in an explosive, under the DSD weak curvature approximations
for the outer region of the detonation and the small induced distur-
bance approximations in the inert confiner. Such a study, solving for
the DSD explosive region, explosive inner boundary layers adjacent to
the interface and the flow in the inert is currently underway.

We also intend to perform fully nonlinear, multi-material numerical
simulations of the problem, and to compare with the asymptotic analy-
sis. However, for these types of problems the interface typically needs to
be numerically ‘tracked’ in some way and kept sharp in the numerical
solution (instead of allowing the interface to smear out via inherent
numerical viscosity), especially when the equation of state model for
the inert is markedly different to that in the explosive. While a num-
ber of tracking algorithms exist, the applicability and numerical issues
involved with the different algorithms for these types of reactive-inert
interface problems do not appear to have been properly studied (in-
deed ‘closure’ issues are known to exist). Hence it would first be worth
properly examining and understanding the strengths and weaknesses
of various tracking schemes when applied to such problems.

The asymptotic limit employed in this paper, namely small scaled
pressures or small overall change of the sound speed in the inert, is valid
for sufficiently strong inerts or sufficiently weak explosives. However, it
is also worth noting here that other interesting types of interactions are
possible between weak explosives and weak confiners. Figure 17 shows
theoretical shock polars for cardboard and porous ANFO, running at
shock speed, D0 = 5.2 and 4.0 km/s. For this explosive-inert confiner
pair, figure 17 shows that the shock polars for the two material almost
overlay over a wide region, and this behavior persists for a large range
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Figure 17. (a) Shock polars (shock pressure against streamline deflection angle) for
cardboard (solid lines) and ANFO (dashed line) running at (a) D0 = 5.2 km/s and
(b) D0 = 4.0 km/s.

of detonation speeds. Interestingly, experiments by Catanach and Hill
[12] and Bdzil et al. [13] found very different matches in terms of the
measured shock normal angles at the edge of the explosive for this
explosive-inert pair and for two different lots of ANFO: Catanach &
Hill [12] found edge shock angles of around 50o (this lot had expe-
rienced some separation and had a reduced fuel oil content), while
Bdzil et al.’s [13] results gave edge angles of around 25-29o. The near
overlay of the shock polars seen in figure 17 explains why a unique and
consistent interaction between the two materials is not seen, and why
the measured shock angle is so sensitive to lot.
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