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Abstract

An explicit series expansion for a Lyapunov function for a nonlinear analytic
system is presented using the Lie series.
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1 Introduction

In this note we shall consider the generation of an explicit expression for a

Lyapunov function of an asymptotically stable analytic system of the form

2= flr)

Many Lyapunov functions for special types of nonlinear system have been found
(see [1],[2] for the most common ones), but as yet no general method is known for
writing down a Lyapunov function for a given system. Recently a neural network
approach to the problem has been applied with considerable success ([3]) but the
method is still only approximate, being based on pattern recognition principles
with a finite number of state space samples. A generalization of Lyapunov’s
equation has been given for nonlinear analytic systems ([4]).

Here we shall use the Lie series to derive an explicit solution to this problem.
The Lyapunov function V' will be an analytic function of 2 and ¢ and we shall

find a representation for the coefficients of &' in the Taylor series expansion of

V.

2 Notation
In this paper an n-tuple of non-negative integers (iy, - - - ,in) will be denoted by
a boldface i. Moreover, we shall use the following abbreviations:

x' = et -l forany 2z € R",i= (i1, 1n)



oo oo o2

- >y

i1=0 1, =0

1=0

Thus, if f(z) is an analytic function of 2 € R”, then Taylor’s theorem can be

written

for some tensor a; = ag

1 1,00

We shall denote by 13 the n-tuple with 1in the k" place and zero elsewhere;

thus,
1, = (0:01...}\1/,0,---,0)
k
Finally, note that if we require a number of vector indices, say i;,...,1,,, then

we shall denote the 51" component of the vector ig by (iz);. (Thus, i; does not

mean the (' component of i.)

3 The Lie Series and Explicit Solutions

In this section we shall determine an explicit series solution for the nonlinear

analytic system
¢ =f(z), x(0) =20 € R" (3.1)

Using the notation introduced in section 2, let f be expanded in the Taylor series

T

oo oo
fla) = zgilxl,---,Za’i’xl (3.2)
1=0 1=0



The solution of (3.1) (provided it exists) is given by the Lie series ([5],[6]):

z(t) = exp (if{a,)gz)l
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Consider next the nonautonomous analytic system

= f(x,1), z(0) = 2o € R"

(3.3)

Iﬂ'k—l)ﬂ‘k T (ll + i3 - 102)03(i1)02'

(3.4)

(3.5)

By the usual trick of augmenting the state we can write this as an (n+ 1)

-dimensional autonomous svstem:

where

Then, if F is analy

(y1~"')yu)T =T, Yns1 =1.

tic in y we have the expansion



where

oo o1y =1, @ =0foralli+(0,0,...,0,1).

4 Lyapunov Functions
Consider first the nonautonomous system
y=F(yt), ye R*, F(0,)=0, te Rt (4.1)

and suppose that this system is exponentially asymptotically stable in the region
I'C R™ x R. Then we have the following result:

Lemma 4.1 A Lyapunov function for (4.1) in T is given by

V(to, vo) =/ ly(t;to, yo)|[*dt , (yo,t0) €T (4.2)

ta
where y(t;t0,y0) is the solution of (4.1) through (yo,to).
Proof Since the solution y(1;1g,y0) is exponentially stable by assumption

bl

the integral in (4.2) certainly exists, and
Vto,y0) >0 yo # 0.

Also, if y(t;10, yo) is the solution through (yg, 1) and y; = y(t1;to, Yp), then for

11 >ty we have

o )
Vito,yo) = ] (20 vo) Pl
1g

dael s
/ Ily(irfo,yo)ilﬂfﬁ+/ [ly(t; to, yo)||*dt
11 to



v

/ i!y(f;io,g/u)]ﬁgdt

t1

o 9
= / [Ju(tsty, 1) dt

ty

= Lr(i‘lxyl)

and so V' decreases along trjectories. O

Next consider the autonomous system

&= f(z), £(0)=0 (4.3)

which is assumed to be asymptotically stable in the connected region  C B
with 0 € Q. In general, however, this system will not be exponentially stable in

2. Thus we cannot define, in general, a Lyapunov function for (4.3) of the form
oo
Vao = [ ool (44)
since ||z||? may not be integrable. However, we can put
w(1) = e“ta() (4.5)
for some o > 0 and consider the nonautonomous system
y=e""[(e"y) — ay. (4.6)
This system is exponentially asymptotically stable on the region
I'={(y.t): yee *'Q}.

Let V (o, yo) be a Lyapunov function for (4.6) defined by lemma 3.1. Then we

have



Lemma 4.2 If V(t,y) is a Lyapunov function for ({.6) (in T ) then V (t,e~°tz)
is a Lyapunov function for (4.8) in Q .

Proof This follows {rom

: ‘ av av d(e™%'2)
r —at g Rl —at .
V(t,e %z) = 5 (t,e™%T2) + T (t,p) N —a
av av .
3 (LY + 51}( P) P:yy
< 0

O

It follows from lemmas 3.1 and 3.2 that there is no loss of generality in

assuming that (4.3) is ezxponentially asymptotically stable in Q. (Otherwise we

replace (4.3) by an exponentially stable nonautonomous system and use the
state augmentation trick.)

Thus, suppose that the system (3.1) is exponentially asymptotically stable.

Then a Lyapunov function is given by

o2 C() =
Vi) = /o eap(tfa)m dt (4.7)
00 09 0 pyr o on n n n oo 0o oo oo
- XY >y
D r=0¢=0 y=1lax=1 ox=1fa=1 /3£=111=U ]kzﬂjI:O Je=0

_vi1+iz+‘~+ik—101—---—10A.+j1+ja+~-+if—13:,~-‘--1,5“.%

where

C(kaf;’}'~a'i’:'":O’k!ﬁgs"'aﬁf«ils'"3ifc:j15"'ljf} =

(i1 + - +i),:_1 - ].Q:, — ].Q-‘3 — = }_o.k_l)ﬂk - (11 + 15 — 102)Q3(i1)02 *
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(jl = i@ '+.jf~—1 = ]-ﬁ:: - 1.53 - Iﬁt—l)ﬁ[ : (Jl +.]2 - 152)5301){32 X
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Since the integrand is analytic, we may write it in the form of a series in z with

coefficients which are analytic in t. Thus,

V(z) = fo Z g;(y)2idi

where

oo
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k=0(=0 v=las=1  og=1g,=1 Be=l i diende
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Jitdat o A)em1g, - m1g, =1

C(kﬂf;..r-1a‘gl Tt 10'3:1;321' B srﬁf)ila' : ';ikpjla e :jf) (48)

By the elementary properties of analytic functions we have

Via) = Zvim] (4.9)

1=0

where

vy = /Ox g;(t)dt. (4.10)

Summing up, we have proved
Theorem 4.1 Given an exponentially stable system of the form (3.1) (with
f(0)=0), a Lyapunov function is given by (4.9) where the coefficients can be
calculated from (4.8) and ({.10). O
Remark 4.1 In the case of a non-exponentially stable system we must obtain

an expression similar to (4.8) by using the state augmented system and lemma

4.2.

oD



Remark 4.2 In the linear case the Lypaunov function (4.9) is simply the

usual one given by Lyvapunov’s equation
ATP+PA=-I
since (4.7) becomes
O T
Viz) = / 2TeA telpdt,
0

(See also [4])

5 Conclusions

In this paper we have given an explicit expression for a Lyapunov function
for a nonlinear analytic system which Is exponentially stable,by using the Lie
series. In the general case of not necessarily exponentially stable systems we
can augment the state and reduce the problem to that of a nonautonomous
exponentially stable system. The solution is given as a Taylor series expansion
with an explicit characterisation of the coefficients of the monomials in the state
space coordinates. These coefficients can be evaluated approximately, possibly

by using a computer algebra package.
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