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Abstract

In the following work, a new trajectory planning algorithm has been developed,
where the minimum-time history of the movement of the robot end-effector is defined.
Planning is made in the joint-mode by combining a new approach to polynomial
splines along with an exhaustive search technique to identify the best minimum-time
trajectory. The uniqueness of this algorithm emerges from (1) unique combination of
cubic and quadratic polynomials, and (2) the ability to perform the search on local
parts of each joint trajectory. A scaling process is applied to these local segments to
ensure maximum performance. The method proposed considers all physical and
dynamical limitations inherent in the manipulator design, in addition to any geometric
constraints imposed on the path. Thus a significant contribution is made through
selecting the most accurate, minimum-time, high performance trajectory for a robot.

Simulation programs has been written for a study case, and results are reported for a
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I. Introduction

The Minimum-Time Trajectory Planning problem (MTTP) of robot manipulators
is of increasing importance. Recent developments in robotics applications require pre-
cise and swift motion to accomplish a specific task. A task is generally defined as the
movement of the robot end-effector from a start point to a pre-defined final point.
However, it is obvious that an infinite number of solutions exists. Therefore, selecting
the minimum-time path among a set of possible solutions is an objective. Such a path
would yield better utilization of the capabilities of the manipulator, and leads to a
more satisfactory completion of the task.

Over the last few years, research literature has been full with modest contribu-
tions in an attempt to solve for the MTTP problem. Such a problem owes its extreme
difficulty to several facts, one of which is the nonlinear, coupled nature of the arm
dynamics [Paul 1981] , while another is the inherent limitations on the joints actuators.
In addition, the presence of any obstacles in the robot work space would introduce the
additional significant burden of searching for the best path for the end-effector to
traverse. Due to all these difficulties, the solution for the Optimal Control of robot
manipulators is divided into two approaches, namely : trajectory planning and trajec-
tory tracking. The intention of this work is directed towards the former, which is usu-
ally performed off-line. A trajectory Planner (TP) has the job of describing specific
manipulator motion, and generating a suitable space curve (i.e. path) for the robot
end-effector to traverse. A time history of positions, velocities, accelerations and
torques should be supplied to drive the control loops on the robot joints. Hence, accu-
rate modelling of such a TP is required to maintain correct motion.

Trajectory planning is performed in either Cartesian (World) coordinates or Joint
coordinates. A path is usually more realizable in cartesian coordinates, where it is
expressed as a set of positions and orientations for the robot end-effector [Lee et al
1986,Fu et al 1987]. In contrast, torques (forces) bounds on the actuators are
expressed in joint coordinates. Therefore, one can either transform the given set of the
tip locations to joint coordinates, and then solve for the joint-path planning, or alterna-
tively transform the actuators bounds to cartesian coordinates and solve for the
cartesian-path planning [Paul 1979]. The latter was investigated in [Paul 1979,Taylor
1977 & 1979,Luh 1981] , and was shown to involve a heavy computational burden
[Luh et al 1980]. On the other hand, planning in the joint mode would only involve
the transformation of cartesian positions and orientations to its equivalent joint values.
Therefore, this type of planning has been investigated extensively [Lee et al 1986]. To
achieve such a planning scheme, the cartesian end-effector path is transformed to its
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equivalent joint-space paths by means of the Jacobian Transformation [Orin and
Schrader 1984]. However, since such a transformation is defined only as pointwise ,
selected points on the cartesian path should be chosen. Hence, apart from the start and
end points, several via-points are required. The term via—points is widely adopted in
research literature, and is adequate for our purposes. These via-points can vary in both
number and separation, depending on the path followed. Thus, a longer path may
require a larger number of points. In addition, certain geometric constraints may be
imposed on the path as in the case of the presence of obstacles, for which more
closely-separated via-points are needed.

Although only a few points would be transformed to joint space, the history of a
joint trajectory should be continuous in time. To answer for this need, each set of
transformed points of each joint is to be fitted by a function. Several methods of
curve-fitting were approached. In the case of a set of n via-points, fitting a single n—1
polynomial is one approach, which is generally accomplished using the Lagrange inter-
polating polynomial [Burden at al 1974]. Such a polynomial was adopted for the
interpolation of robot joint paths in [Finkel 1976]. However, this method has disad-
vantages in terms of overshooting and wandering [Paul 1972,Lewis 1974,Press et al
1986]. Another approach is by employing polynomial splines, where a low-order poly-
nomial is fitted for each interval between successive via-points. The fitting is made to
be smooth by setting the derivatives of adjacent polynomials to the same value at their
connecting points. Among all, cubic splines are considered the most common [de
Boor 1978,Vandergraft 1978]. These splines are found to be less prone to oscillations
because they are limited to third order variations. This approach was widely adopted,
and can be found extensively in the literature [Lin et al 1983,Lin and Chang 1985,Jeon
and Eslami 1986]. In addition, quadratic splines [Khalil 1984,Castain and Paul 1984] ,
B-splines [Thompson and Patel 1987] , and least-square approximations [Luh and Lin
1984] have been suggested.

Although several approximation techniques were used, emphasis has been on the
planning and minimizing of a single pre-defined path. However, such a path cannot be
guaranteed to be the best choice. Several attempts have been made to perform a
search sequence in order to identify the best trajectory in the sense of having the
minimum traversal time, while conforming to any arm-design limitations. In [Lin et al
1983] , an algorithm was developed to minimize travelling time of a trajectory,
employing a direct search method. Also, [Sahar and Hollerbach 1986] introduced a
state-space search method created by the tesselation of the path points. Both methods,
particularly the second, are computationaly heavy. Similar attempts can be found in



[Rajan 1985,McKay and Shin 1986,0zaki et al 1987]. However, although having
different approaches to all previous algorithms, minimization was made as a global
process for all joints, and over the entire trajectory. Such an implementation would
utilize the full capabilities of one joint while severely under-utilizing another. One
idea for the local-path planning was introduced independently in [Kim and Shin 1985].

In the following work, a new attempt has been made for defining the minimum-
time trajectory for a robot manipulator. A unique combination of cubic and quadratic
polynomial splines is introduced for the planning of each trajectory in the joint-space.
The algorithm, as described, is highly structured, allowing for the maintenance of high
manipulator performance for selected repetitive segments of each joint trajectory. As a
result, greater time reduction can be achieved. In addition, such a structure allows the
use of a highly effective search technique which consequently leads to a more
significant travelling-time minimization. The proposed algorithm considers all physical
limitations related to the manipulator design, namely: the joints limits on position,
velocity, acceleration and jerk. In addition, the dynamics equation of motion [Paul
1981] was considered to ensure the absence of any violations in the torque limitations
on the actuators.

The proposed work is presented as follows: In section II, a statement of the prob-
lem is defined, while the algorithm is fully illustrated in several parts, in sections IIL
The significance of the proposed method is discussed in section IV, and simulations

and case study results are included in section V. Finally, conclusions are drawn
in section VL.



II. Problem Statement

The aim of this work is to construct the optimum trajectories for a mechanical
manipulators in joint space. Thus, the main issue under consideration would be the
best minimization of travelling time. This class of planning problems was discussed in
[Luh and Lin 1981,Brady et al 1982] , where the aspect of fine motion [Kim and Shin
1985] is less significant compared to gaining optimality in the travelling time.

The input to the planner would be N sets of points, where n is the number of
via-points and N is the number of degrees-of-freedom of a given manipulator. In addi-
tion, time intervals between each successive points should be supplied by a task
planner [Brady et al 1982,Snyder 1985] , which gives an estimation for the total travel-
ling time. Thus, the following must be supplied:

6, i=12,.,n, =12, N (1)
ki, i=12,..n-1 2)
where 4 indicates the time intervals.

The set of values in (1) are provided by considering a set of positions and orien-
tations of the robot arm, where each element of such a set is defined as:

(r) s@) a(r) P(fi)] 3)

n
mm:[o 0 0 0

where,
n(z;) = unit normal vector,
8(t;) = unit slide vector,
a(z;) = approach vector, and
P(¢;) = position vector.
Hence, applying an Inverse Kinematics algorithm to each position matrix, H(z,),
would yield a set of n-length vectors, one for each degee-of-freedom, as expressed in

(1). Different inverse kinematics schemes are refered to in [Lee and Ziegler 1984,Paul
et al 1981,Bazerghi et al 1984]. L

For a planning procedure to be accurate, it should take into consideration all real-
istic constraints which may limit the manipulator performance [Brady et al 1982]. The
constraints to be considered in this work are the Joint’s limits on angular position,
velocity, acceleration and jerk. The first of these is imposed by the manipulator
geometric design, while the second and third limits are defined by the capabilities of
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the arm actuators. The limit on jerk is imposed to prevent wear and tear in the actua-
tors [Chand and Doty 1985,Lin et al 1983,Brady et al 1982] , which should yield a
longer life cycle. Thus, the following limitations are set:

8limi; < 8,(1;) < Blimit! 4)
8(t) < | Blimit; | (5)
0,(t) < | Blimi, | (6)
6,(t) < | Blimit; | ™

where,

Blimit; = lower bound on position,

Olimit] = upper bound on position,
Blimit; = bound on velocity,
Olimit; = bound on acceleration,

J

6limitj = bound on jerk.

and, je {12,..N}.

In practice, violations of any of these constraints may cause considerable devia-
tions from the planned path.

Another major constraint to be considered is the dynamic equations of motion.
These equations have the characteristics of being coupled and highly nonlinear [Luh et
al 1980] , and are expressed in terms of positions, velocities and accelerations of each
joint. Thus, whilst these limits might appear to be satisfied when the trajectory is
defined using static equations, dynamic effects may cause a violation in the value of
the allowable torque limit for a joint. The limit on the torque values is given as:

tj(t,-) < "Elimitj | (8)
for the same range of i and j.

Including the dynamics equations of motion in the planning of manipulator trajec-
tories was approached by [Lin and Chang 1985,Sahar and Hollerbach 1986]. An algo-
rithm was independantly visualized in [Hollerbach 1984] for the time-scaling of trajec-
tories. This aspect will be discussed in section III.7 following.

The interpolating scheme for this work is chosen to be the Cubic Splines, as they
have attractive characteristics. Such a scheme is well known and has its deep roots in
mathematical literature [de Boor 1978 Hildebrand 1974,Vandergraft 1978]. Special
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formulations of cubic splines are required for this application, as discussed in section
I11.5.



III. The OCQS Algorithm

The algorithm proposed in this work is termed the Optimum Cubic-Quadratic
Splines , or the OCQS for short. This naming will be referred to hereafter.

The OCQS Algorithm will be illustrated over the following sections as follows:
II.1 : Splines Formulations.

II.2 : Time Scaling.

II1.3 : Interval Contraction.

I1.4 : Time Compensation.

IIL5 : Quadratic Approximations.

1.6 : The Search Technique.

II1.7 : Dynamics Considerations.

Since almost all stages of the algorithm can be applied to all N joints simultani-
ously, the procedure will be illustrated for only one joint as far as possible. An indica-
tion will be made when it is necessary to consider other joints.

III.1 Splines Formulations :

To meet the requirements of the algorithm, the number of via-points n is
increased to

m=3n )

yielding m—1 subintervals. This is achieved by subdividing each of the original n—1
intervals into three equal subintervals. Thus, for a time interval [z , 7;41] the following
is defined:

0(ti11) — 8(z)

0(;) = 8(z) + . (10)
0(1:11) — 0()
0(z) = 0(t;,,) - —*—1-3— 1)
I
Sk S (12)
F S —
By ity — (13)

An exception is made for intervals 1 and n—1, which are divided into four equal
subintervals, in the same manner. As a result, of these subdivisions, a total of m

- 10 -



points would be available. The initial aim of creating such a construction is to provide
enough intervals to fit cubic polynomials and quadratic polynomials together in the fol-
lowing manner : within each group of three intervals, two successive intervals would
be expressed by cubics.and the next by a quadratic. Thus, the path would eventually
be of the form ( Cubic - Cubic - Quadratic - Cubic - Cubic - ... - Quadratic - Cubic -
Cubic ). The path structure is illustrated in figure(1) (segment A), where the thickened
adjacent intervals are to be expressed by cubic polynomials , while other intermediate
intervals are to be expressed by quadratic polynomials. As a result, continuity of
second derivatives between cubics and quadratics is to be waived, and only continuity
in velocity is to be accounted for. This will be discussed in section IV.

Initially, a cubic spline is set through the m points, where boundary conditions for
velocity and acceleration would be accounted for, as well as continuity of the first and
second derivatives at mid-points. The linear system of equations involved was derived
in [Lin et al 1983], and is included in Appendix (A) for reference.

II1.2 Time Scaling :

For each pair of adjacent cubic intervals, a scaling procedure is performed to
achieve two purposes: (a) Ensure the velocity, acceleration and jerk of both intervals
do not exceed certain limits specified by the manipulator design for each of its joints,

and (b) Pull up the performance of the manipulator to a maximum, while taking (a)
into account.

Thus, for the sample segment B in figure(1), the following is calculated :

MAX é,‘_l(r) MAX éi(t)
K, = MAX — |, — 14
! te [r 1) Blimiz;, | "% € litil Blimit, —
X = JRAR 6i1(ty) 0:(z) 0,(tis1) (15)
2 Olimit; * Olimi; * Blimit,
6'_ t._ ) é tx'
K, = Max | 2l ) (16)

LI
Blimig Glimitj

and,
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K=MAX[K1,JT<',3\/K_3] 17)

where, é, 0 and 9 denote velocity, acceleration and jerk, respectively, and K denotes
the Scaling Factor.

Applying the factor K to the two-interval segment B of figure(1) yields

hiy=K.h_, (18)
hi=K.h (19)

0, 1(ti)) = % 0,y (ti) (20)
6t) = = - 6,0 1)
6i(tur) = = - Byt 22)
O 1(tim) = _I;_Z  04(ty) (23)
60) = = - 60 (24)
0i(riyy) = El,;  0(ti4y) (25)
é‘-_l(t-_l) = —[;—3 : é,-_l(r,-_l) (26)
60) = — . 60 @7)

where the marker (.) denotes scalar multiplication.

The scaling procedure can be verified by considering
Ou1=6;+6,. h;+0;, . B2 +0,. K} (28)
then, multiplying 4; by a factor K would cause 6, 0 and 6 to be multiplied by -Il?’ '[?12_
and %, respectively. This method not only assures that joint performance, for this

particular segment, is kept within limits, but also that it is pulled up to a maximum,
yielding a minimum of time.
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IT1.3 Interval Contraction :

For each interval in the two-cubic segment, location of maximum velocity is
found, and the corresponding position cubic function is truncated accordingly. Thus,
for a time interval [z;;,;], the maximum velocity could be at ; , #;,; or t € [1;,;4],
which would cause the corresponding time interval to vanish, remain as it is, or be
truncated at some value, respectively, in accordance with the standard properties of a
cubic equation.

IT1.4 Time Compensation :

At this stage, as all segments of two-cubics are optimised, they are to be con-
nected by approximated quadratic segments similar to that shown in segment C of
figure(l). Values of the first derivative (i.e. velocity) at the end points are already
specified by the neighbouring cubics. Since the second derivative of a quadratic is a
constant, each quadratic interval is initially set so as to get the maximum allowable

acceleration 6limit;,

0i2(tis3) — 849(ti2)

Olimit;

hguad

| |
g :
| l

Hence, as a result of this approximation, corresponding intervals of each of the N
joint-paths will have different values, leading to a different total travelling time
between szart and end points. This situation is best simulated by figure(2), assuming a
4 via-points path, (i.e. n=4, m=12), and 6 joints (i.e. N=6). Thickened lines represent
cubic equations, while light lines represent quadratics. Obviously, since each joint is
being treated individually, a different total travelling time occurs for each one. One
joint is expected to reach the end point faster than the others (e.g. joint 4 in figure(2)).
Thus, it is appropriate to add some additional time

#4  j=1,2,.N (30)

for each lagging joint to make its total travelling time equal to that of the leading joint.
In figure(2), £ time is added for j € {1,2,3,5,6} to achieve equal travelling time for
all six joints. '

However, t]"dd can be added in two ways. It could be added so as to maintain
equal time between each successive pair of original via-points, i.e. the n points given
by the inverse kinematics transformation. This could be undertaken when path
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constrains are imposed, and the end-effecter is to be forced to go exactly through cer-
tain positions during movement. Alternatively, £ could be added in a manner where
no constraints are put on the end-effector’s path, and all that is needed is to move it
between start and end points. It should be mentioned that any time addition should be
made to the quadratic intervals only. As for the minimization of time, the first
approach would cost more, since certain restrictions were made on the path.

The two methods of adding t}‘dd will be discussed now; a quadratic interval will
be refered to as Ay,

1.4.1 Time Addition — Constrained path :

The value of g, in each of the n—1 segments of each joint is adjusted so as to
satisfy (a) The maximum allowable acceleration (egn.29), and (b) Equality of total
time of each segment over all joints. This would maintain via-point constraints. The
value of the added time would be

no. of quadratics MAX a ; 4
gu=""% FLZ’-- ) - h:;;m] 31
e

Now, to fit in a quadratic equation between any two positions 6,(z;) and 6,(z;,;),

and velocities 0 i(z;) and 6 i(t;11), the corresponding time interval must be given as
. 0,(t;,1) — 0,(z;
h-quad=2 ‘1( +1) ] z( 1)
0:(r;) + 0,(zi11)

(32)

However, since hg,,; cannot be guaranteed to equal h;m, an approximation for

the quadratic polynomial must be made. The derivation of (eqn.32) can be found in
Appendix (B).

I11.4.2 Time Addition — Unconstrained path :

It is realized that for a quadratic polynomial to fit correctly, its time interval must
be h;md of (eqn.32), while the initially assumed interval is hguaq- Thus a difference of
Paifr = hguad — Pouad (33)
must be compensated for. And for the whole path, .l
no. of quadratics i
hadq = El, hii (34)

must be added.
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However, since total compensation time was predefined as t“dd (eqn.30), the qua-
dratic interval of each segment i is set as

b [hdiﬁf,i

wati = |

add

where tj"dd is divided proportionally between all quadratic segments in the path,

depending on the value of hgyr of each. However, since the computed A, cannot be
guarenteed to equal hqmd, an approximation for the equation is again needed.

] LB =12, no. of quadratics (35)

As a result of applying the procedure of section IIL4.2 on the example of
figure(2), equal time trajectories would be expressed as in figure(3).

II1.5 Quadratic Approximations :

An approximation must be made for the quadratic polynomial between positions
8;(1;) and O(z;,;), and velocities 8; i(t;) and 6; i(tix1), in a period h4uaa- The approximation
is accomplished by utilizing an equal interval, large-number-of-segments cubic spline.
The time interval Rguaq is divided into / equal sub-intervals

h
hasy = ";“"’ (36)

Since the velocity during interval Pguaq 18 a first order polynomial (i.e. a straight
line), the corresponding velocity at the start of each hg;, interval is calculated as -

) 0.(r..,) — O.(z.
ew=e,-(n)+w.[ ‘(t‘“)l ‘(I‘)] . (37)

w=12..I-1

Thus a system of /-2 equatlons in I-2 position variables is constructed, taking
into account values of kg, and 9 calculated. The system is represented as

A.x=b (38)
where,
- -
N I :
hgiy kg,
3 -6 3
hcziiv hijv ht%iv
0
A= (39)
: 0
0 0 =
h’d;v hdiv J




and,

36,

i

B= : (40)

L J
and x is the required positions vector,

x=| (41)
612
- el_l =

It was found that as / — oo, then haiy = 0, and the cubic polynomials concerned
tend to form a quadratic. However, the value of / should be properly chosen for each
approximation, to assure minimum discontinuity among sub-intervals, and to avoid
unnecessary computational burden.

The linear system described has been derived utilizing the Hermir interpolation
polynomial. Detailed derivations are included in Appendix (C ).

IIL.6 The Search Technique :

Up to this stage, planning procedure has been concerned with a single pre-defined
path. However, the trajectory produced is not necessarily the best choice.
Therefore, a search procedure has to be employed to obtain optimality in terms of the
travelling time. B

The search is performed by varying the positions of the end-points of each two-
cubic segment of a joint-path, figure(1)-B, by a certain value, 0,,,. The variation is
done on the initial via-points of (egn.9), and the spline fitting of section IL.1 is applied
yielding a new trajectory. This new trajectory is then processed by the scaling and
contraction procedures of sections IIL2 and IIL3, yielding the minimum of time for
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each two-cubic segment. The scgments are then compared to their equivalents in the
original trajectory, according to the following:

Refering to figure(1), considering a two-cubic segment B with its middle point at
position 6,(z;), we define

éorig (ti—l) _ éorig ( l"-z)

Base = '8 + hE + - 42)
and,
énew 1) — éarig I,
g = e 4 pey (;!) (1_2) 43)

Olimit,

where superscripts orig and new denotes original and new trajectories, respectively.
Thus, for a new segment to be accepted, the following condition must be satisfied:

ks = L, (44)

This condition should be satisfied for all cubic segments in the trajectory, except
for the first, for which the following condition is imposed

RP + WY < h9rig + horig (45)

Thus, some of the two-cubic segments of the original trajectory will be replaced
by new less time-consuming segments from the new trajectory, and new corresponding
quadratics are fitted, leading to a further reduction in traverse time.

The previous procedure is then repeated with a negative added value to end-
points positions, namely -8, and a yet newer trajectory is constructed, where the
replacement process is carried out under the same conditions. The situation so far is
shown in figure(4) for an 8-via-points joint-path. It should be mentioned that the ori-
ginal n via-points are not altered during the search, but rather kept stationary.

Now, the value of 8, is to be increased to 20,;,, and rwo other new trajectories
are constructed and processed in a similar manner.

This task is to be continued for
Oa=u.65 , u=%123,. (46)
until no more two-cubic segments could be exchanged.

However, it should be emphasized that the value of 0,4s must not exceed the
position bounds imposed by (egn.4). If such a situation occurs, 6, should be set to
the corresponding bound value.
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The initial task of the search process is to vary the value of velocity for each
two-cubic segment, leading to a smaller scaling factor, K, and therefore less time.

The value of 0, is chosen to be relatively large at the start, (e.g. 10 degrees),

which was found to give better results than a smaller value. This will be illustrated in
section V.

The search is stopped once the total trajectory time for a path with an incremental

value B:ﬁg is equal to that with a value of 9:;{,, where u; € {1,2,3,..} and
u € {2,3,..}.

Nevertheless, since a large incremental value of 6,, was used, larger minimiza-

tion could be achieved considering a value 9:;[1, where
0,y < 0. < 6.1 (47)

Thus, a new search phase is initiated, with a start position of e:;id and an incre-
mental value of

9t:ﬁv
10

By =u. L u=%123,. (48)

where a new smaller travelling time would be achieved.

A difference tolerance is assumed,

tol = rtlora.l - ttzotal (49)

which represents the difference in the total travelling time between one phase of the
search and the proceeding phase. If the value of 7ol was not met by the first two search
phases described, then a third phase is to be initiated with

041y
100

and so forth until the value of zol is met.

0Ly =u. L u=+123,., (50)

Once the search is completed, the time compensation process of section IIL5 is
applied to the optimum trajectories obtained for all joints.

III.7 Dynamics Considerations :

The limits on the trajectory performance considered in (egns.4—7) are constant
approximate values that were deduced for simplicity [Paul 1979,Hollerbach 1984).
However, since the presence of interaction between different manipulator joints is a
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fact, such an approximation is not totally reliable [Hollerbach 1984]. Attempts were
made for the determination of exact time-dependent values for these limits by [Vuko-
bratovic and Kircanski 1982,Bobrow et al 1985]. Unfortunately, the proposed methods
proved to be computationally unacceptable, which emphasized the need for the
development of a time-scaling procedure of moderate computational burden. One
algorithm was independently developed by [Hollerbach 1984], while another algorithm
was introduced by [Lin and Chang 1985]. Both proposed methods proceed in the
direction of computing the modified trajectory’s dynamics by means of linear combina-
tion of the original dynamics values.

The equations of motion for a manipulator is defined by [Paul 1981,Fu et al
1987] as

=)Aij 2 % higm 8 0, + ¢ (51)
=1 g=1 m=1
» J= 1,2, N
or, alternatively, in matrix form as
(1) = DO@) 6() + h(B(1).0() + c(6(2)) (52)
where,
(1) = [ 1), 1), -, WO]T = Nx1 generalized torque vecror ,
0(1) = [ 0,(1), 850, - - - , 61T = Nx1 vector of joint variables ,
0() = [ 8,(1), 629, * - , BT = Nx1 vector of joint velocity ,
0(r) = [ 640, 6,0, -+ , BT = Nx1 vector of joint acceleration ,

D(O(r)) = NxN inertial acceleration— related matrix ,
h(G(t),é(t)) = NX1 nonlinear coriolis and centrifugal force vector , and

¢(8(r)) =Nx1 gravity force vector .

Thus, for a new constructed trajectory segment, and assuming a scale factor, K*,
the following is deduced for time g,

étW:E_

' K
o
e

substituting these values in (egn.51) gives :

= T8 =
































































































