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UNFITTED FINITE ELEMENT METHODS USING BULK MESHES
FOR SURFACE PARTIAL DIFFERENTIAL EQUATIONS

KLAUS DECKELNICK *, CHARLES M. ELLIOTT t, AND THOMAS RANNER *

Abstract. In this paper, we define new unfitted finite element methods for numerically approx-
imating the solution of surface partial differential equations using bulk finite elements. The key idea
is that the n-dimensional hypersurface, I' C R*t1, is embedded in a polyhedral domain in R™*!
consisting of a union, .7, of (n + 1)-simplices. The finite element approximating space is based on
continuous piece-wise linear finite element functions on ;. Our first method is a sharp interface
method, SIF, which uses the bulk finite element space in an approximating weak formulation ob-
tained from integration on a polygonal approximation, Iy, of I'. The full gradient is used rather
than the projected tangential gradient and it is this which distinguishes SIF' from the method of [42].
The second method, NBM, is a narrow band method in which the region of integration is a narrow
band of width O(h). NBM is similar to the method of [13] but again the full gradient is used in the
discrete weak formulation. The a priori error analysis in this paper shows that the methods are of
optimal order in the surface L? and H! norms and have the advantage that the normal derivative
of the discrete solution is small and converges to zero. Our third method combines bulk finite ele-
ments, discrete sharp interfaces and narrow bands in order to give an unfitted finite element method
for parabolic equations on evolving surfaces. We show that our method is conservative so that it
preserves mass in the case of an advection diffusion conservation law. Numerical results are given
which illustrate the rates of convergence.

Key words. Unfitted finite elements; cut cells; error analysis; narrow band; sharp interface;
elliptic and parabolic surface equations

1. Introduction.

1.1. Model equations and motivation. In this article we propose and analyse
numerical methods based on bulk finite element meshes for the following model elliptic
equation on a stationary surface.

Model elliptic equation on stationary surface: Let I' be a smooth hypersurface in R"**1
and f € L*(T"). We seek solutions u: I' — R of

(1.1) —Aru+u=f onl.

The methods can be extended in natural ways to deal with variable coefficients and
nonlinearities. The approach may be extended to the following advection diffusion
equation on a moving surface.

Model parabolic equation on evolving surface: Let {I'(t)} be a family of smooth hy-
persurfaces in R"*! for ¢ € [0,T]. We seek solutions u: |J, I'(t) x {t} of the advection
diffusion equation

(1.2a) 0®u+uVr-v—Aru=f on U L(t) x {t},
te(0,T)
(1.2b) u(-,0) =ug on I'(0).
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Here, 0°u denotes the material derivative of v and v is the velocity vector. See §5 for
notation.

Surface partial differential equations or partial differential equations (PDEs) on
manifolds arise in a wide variety of applications in materials science, fluid dynamics
and biology, [54, 39, 49, 5, 40, 37, 27, 33, 28, 2, 32, 30, 46, 38]. Often the surface on
which the PDE holds is unknown and has to be found as part of the solution pro-
cess. Thus complex applications involving surfaces and interfaces frequently require
the formulation and approximation of equations on unknown stationary and moving
surfaces and are not only coupled to equations for the surface but also to equations
holding in the bulk. A number of computational approaches have been developed in
recent years, see [24]. They are often designed in the context of solving the surface
equations in a more complex application. In particular we mention:-

Surface finite elements on triangulated surfaces: This approach was pioneered in [18]
for computing solutions to the Poisson equation using piece-wise linear elements on tri-
angulated surfaces. This was extended to nonlinear and fourth order surface parabolic
equations in [20]. Using an appropriate weak formulation and the transport property
of finite element basis functions an evolving surface finite element method was devised
in [19] in order to treat conservation laws on moving surfaces. The key idea is to use
the Leibniz (or transport) formula for the time derivative of integrals over moving sur-
faces in order to derive weak and variational formulations. Further numerical analysis
of surface finite element methods may be found in [16, 15, 20, 25, 23, 26].

Bulk finite element or finite difference meshes for the approzimation of implicit surface
formulations: The idea here is to use implicit surface formulations. The starting point
is to use a level set function ® to define a degenerate partial differential equation whose
solution solves the surface equation on all level sets of ®. Such methods are formulated
in [9, 35, 10, 21, 22]. Approaches to obtaining a non-degenerate level set equation
may be found in [34, 11].

Bulk finite element or finite difference meshes on narrow bands: A natural disadvan-
tage of the approach 1.1 is the fact that formulation is in the ambient space rather
than just on the surface. This leads to solving PDEs in one space dimension higher
than the hypersurface. Narrow band methods confine the use of bulk finite elements
to a narrow band around the surface and the region of integration is the narrow band.
In particular the level set approach in [13] is confined to an O(h)-narrow band. An-
other direction is to solve the bulk PDE in a narrow band of width e, say. The solution
of this problem converges to the solution of the surface PDE. This is the basis of the
finite difference method in [50].

Bulk finite element methods and phase field diffuse interfaces: This approach is mo-
tivated by the diffuse interfaces that arise in phase field approximations of interface
problems, see e.g. [12]. The idea is to exploit the methodology to generate methods
for solving partial differential equations on the interfaces, [47], [29].

Bulk finite element meshes and sharp interface weak forms If one takes the width
of the narrow band to be zero in the approach of [13] one obtains the appealing
method of [42] for equations on stationary surfaces. The authors prove that for piece-
wise linear elements one obtains second order convergence in the L? norm. There
is an issue about the dimension of the resulting linear algebraic equations and their
conditioning. This is addressed in [41]. For other developments we refer to [17] which
concerns an adaptive version and [44] which concerns the surface meshes induced
by the bulk mesh on level sets. This approach has been extended recently to a novel
Eulerian space-time formulation using space-time bulk finite element meshes, [43].
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An important feature of the methods described above is the avoidance of charts
both in the problem formulation and the numerical methods. For example, the sur-
face finite element method is based simply on triangulated surfaces and requires the
geometry solely through the knowledge of the vertices of the triangulation whereas
methods based on implicit surfaces require only the level set function ® which encodes
all the necessary geometry.

Another feature of some of these methods is the use of unfitted bulk meshes.
Here we use the terminology unfitted finite element methods (sometimes called cut
cell methods) when the underlying meshes that form the computational domain are
not fitted to the domain in which the PDE holds. The motivation for using finite
element spaces on meshes not fitting to the domain came from the desire to solve free
or moving boundary problems. Such methods were introduced in [3, 4] for elliptic
equations in curved domains. See also [36, 8, 31]. In this setting we are concerned
with bulk meshes independent of the surface.

1.2. The new methods. The new unfitted finite element methods for surface
elliptic equations proposed in this paper are variants of the bulk finite element ap-
proaches using a sharp interface or a narrow band. The new scheme for advection
diffusion on an evolving surface is a hybrid of these. In the following we sketch the
main ideas of these methods describing the details in §3-§5.

1.2.1. Sharp interface method (SIF). Given an interpolation I'y, of T, we
use a bulk finite element space V! of the form

Vi = {¢n € C°(U})) | ¢nr € Pi(T) for each T € F/},

where 7! is a set of elements which intersect I', and U/l = UTeghf T, see §3. The

discrete scheme approximating the model elliptic equation (1.1) is:- Find uj, € V)
such that

(13) / (Vuh . V¢h + uhrj)h) doy, = fe¢h doy, for all Qbh c VhI,
Fh Fh

where f¢ is an extension of f.
The method is related to the following method of Olshanskii et. al., introduced
in [42]:- Find uy, € V}I' such that

/ (Vrhuh . Vr‘hgf?h + uhgbh) doy, = fe¢h doy,  for all ¢y, € Vhr.
Fh Fh,

Apart from the use of the full gradient in (1.3) as opposed to the tangential gradient,
another difference relates to the use of the finite element space V{ , which essentially
consists of the traces on I'j, of elements in VhI . However, while VhI has a natural basis,
this does not seem to be the case for V{ .

1.2.2. Narrow band method (NBM). We use the bulk finite element space
V;B on the triangulation 7,7

V.B = {¢y € CO(UP) | onjr € P1(T') for each T' € TBY.

Here 7P consists of those triangles intersecting a narrow band domain Dy, defined by
the +h level sets of an interpolated level set function I, ® and UP = U g T. T he
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discrete scheme approximating the model elliptic equation (1.1) is-- Find uy € V,?
such that

(1.4) / (Vuh -Vopn + uh¢h) VI, ®| dz = / feon VI, ®| dz  for all ¢y, € VhB.
Dh Dh

This is similar to the method in [13] except that NBM uses the full instead of
projected gradients thus avoiding the resulting degeneracy. As a result we are able to
prove an optimal L?-error bound which was not obtained for the method in [13]. It
is also the case that the normal derivative of the discrete solution converges to zero.

1.2.3. Hybrid unfitted evolving surface method. The discrete problem ap-
proximating (1.2) is:- Given u}? € V;",m =0,...,N — 1, find uZ”l € th+1 such
that

/ +1 uhm+1¢h dop — / up' (- + T ) doy,
m

Iy

+ = Vuyth Ve, [VI,2" | do =7y fem e, doy,
2h D et

for all ¢, € th'H. Here v™ denotes an extension of the surface velocity at time
level m. We use time step labelled analogues of the notation for the narrow band
method, see §5 for the details. Here, u?L is appropriate initial data. An important
property of solutions of (1.2) is conservation of mass in the case that f = 0 and
our numerical scheme preserves this property under some mild constraints on the
discretization parameters, see §5.

1.3. Outline. The paper is organized as follows: in §2 we introduce our notation
and collect some auxiliary results. In §3 and §4 we present and analyse unfitted
methods for the model elliptic equation (1.1). In §5 we describe how a combination
of these two approaches can be used to calculate solutions of the advection-diffusion
equation on evolving hypersurfaces, (1.2). Details of the implementation and several
numerical examples illustrating the orders of convergence are presented in §6.

2. Preliminaries.

2.1. Surface calculus. Let ' be a connected compact smooth hypersurface
embedded in R"™! (n = 1,2). We assume that there exists a smooth function & :
U — R such that

F={zeU|®(x)=0} and V&(z)#0,zecU,

where U is an open neighbourhood of I'. For a function z : ' — R we define its
tangential gradient by

(2.1) Vrz(p) == VZ(p) — (VZ(p) - v(p))v(p), peT,
where z : U — R is an arbitrary extension of z to U and

Vo (x)

v(z) = ———

V()|
is a unit vector to the level sets of ®. It can be shown that Vpz(p) is independent of
the particular choice of z. We denote by D,z,1 <4 <n + 1 the components of Vrz.
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Furthermore, we let

n+1
Arz=Vr-Vrz=Y DD,z

i=1

be the Laplace-Beltrami operator of z.
In what follows it will be convenient to use special coordinates which are adapted
to ®. Consider for p € T" the system of ODEs

o VO,
22 W= a0, )P

It can be shown that there exists § > 0 so that the solution vy, of (2.2) exists uniquely
on (—¢,6) uniformly in p € T, so that we can define the mapping F' : T x (—4,0) —
RnJrl by

7;0(0) =D

(2.3) F(p,s) =7(s), pel,|s| <a.

Since L ®(v,(s)) = 1 and 7,(0) = p € T, we infer that ®(v,(s)) = s,[s| < § and
hence that © = F(p, s) implies that |®(z)| < 4. As a result, we deduce that F' is a
diffeomorphism of I x (=4, ) onto Us := {z € U ||®(z)| < 6} with inverse

(2.4) F~H(z) = (p(z), ®(x)), = € Us,

where p : Us — R"*! satisfies p(x) € I',x € Us. For later purposes it is convenient to
expand p and its derivatives in terms of ®. Let us fix x € Us and define the function

n(r) = F(p(z), (1 - 7)®(x)),7 € [0,1].

Since %—I;(p, s) = 7,(s) we have

V() (L= 1) 2(2))
[V (10 (1 — 7)®(2)))|”

Observing that v, (®(x)) = F(p(z),®(x)) = 2 and using similar arguments to
calculate 1" (7) we find that

1'(7) = =0(2) Yy (1 = ) 0(2)) = —

, o, (r) ) R ( 2¢>zk<x>¢>zr<x>> O, ()8, (2)
0)=—-P(x) ———=, 0) =o(x Oy — ,
7:(0) @ emp O =2 Z K o) Vo)

k=1,...,n+ 1. Since n(1) = p(z),n(0) = = we deduce with the help of Taylor’s
theorem that

(2.5)
B O, (x) 1 = 20, (2)By, () Pu, (2) Py, ()
) e 2 2 e et ) e

+ ®(z)rp(z), k=1,...,n4+1,
where 7, are smooth functions. In a similar way we may write

(2.6) Vo(x) = VO (p(x)) + ¢(2)G(x),
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where G(x fo D*®(p(z), 7®(2)) 2E (p(x), 7®(z)) dr.
Let us next use the function p in order to define a particular extensionof z : I' — R
by

(2.7) 2%(x) == z(p(z)), =z €Us.

Since p(F(p(x),s)) = p(z) we deduce that s — 2°(F (p(z), s)) is independent of s and
therefore

(2.8) Vz(z) -v(z) =0, x€Us.

In order to express the derivatives of z¢ in terms of the tangential derivatives of z we
first deduce from (2.5) that

D, ()0, (2)  O(2) Py, (2) = % mx )
z; \ & :5i - 2 - 2 mk
Pha(2) =01k = = 0o ) Vow? 22~ ioem
n+1
i CI)(I)CI)M (x) Z ((5]” B 2‘I)zk (x)q)zr (37)) P, ( ) aczxr(x) + (I)(.’L‘) az(x)

Vo () Vo (x)|*

l,r=1

Combining this relation with (2.6) we deduce that
(2.9) pra () = dir — vi(p(x))vi(p(2)) + air(2) (),
D, (x)¢xk$7‘ () (I)rj (z)@mkmq ()

N 7 10  Z T
T i\ &= T)Pgpa, (T 1% i
(2.10) B> 2t g oy () + 1Y ()80

=1

where alk,ﬂg,’yfj are smooth functions. Differentiating (2.7) and using (2.9), (2.10)
as well as the fact that 337 D, z(p(x))vk(p(z)) = 0 we obtain

(211) Vz(x) = (I + () A(2)) Vrz(p(a)),

1 €
n+1 n+1
= (Ar2)(p(@)) + (@) (Y bul@) DDy (p(@) + 3 en(@) Diz(p(2))),
k=1 k=1

where A = (a;x), by, and ¢ are again smooth.

2.2. Bulk finite element space and inequalities. In what follows we assume
that the set U is polyhedral. Let (%4, )o<n<n, be a family of triangulations consisting of
closed simplices 7' with maximum mesh size h := max h(T), where h(T) = diam(T).

€Thp

We assume that (7, )o<n<h, is regular in the sense that there exists p > 0 such that

(2.13) diam By > ph(T'), forall T € %, 0 < h < hyg,

where Br is the largest ball contained in T'. Let us denote by X} the space of linear
finite elements

X =A{¢n € C°(U) | ¢nr € PT), T € Tp},
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and by Ij, : C°(U) — X, the usual Lagrange interpolation operator. We have, for
newr(U)

(2.14) I = Tnnllwrogry < CRT ™ [nllyasery . T € T,

for k=0,1and 1 < p < oo with 2 — "Tfl > 0. As a consequence,

(2.15) 1 = 1@l o ) + BV (R = [n®) | oo 1) < OB,
so that we may assume that there exist constants cg, c; such that
(2.16) co <|VIL®(z)| <e1, z€U,0<h<hg.
Let us next define

Ty ={zeU|I;®(x) =0}

Dy :={z e U| |I[;®(x)| < h},

as approximations of the given hypersurface I' and the neighbourhood D" := {z €
U| |®(z)| < h} ; see Figure 2.1 for example. Note that I'y, is a polygon whose facets
are line segments if n = 1 and a polyhedral surface whose facets consist of triangles
or quadrilaterals if n = 2. The corresponding decomposition of I';, is in general not
shape regular and can have arbitrary small elements.

Fig. 2.1: A cartoon of the domains of the sharp interface (left) and the narrow band
(right) method. The surface I resp. the set D" is displayed in red, the approximations
'), resp. Dy, in blue and the domains UL, UP in grey.

Furthermore, we introduce F}, : U — R™*! by
Fa(z) i= F(p(x), ®(x)), €U,
where F' was defined in (2.3). From the properties of F' we infer that
(2.17) p(Fr(z)) =p(x) and @(F(x)) = I,®(z), if Fi(z) € Us.

The following lemma collects the relevant properties of Fj,.
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LEMMA 2.1. There exists 0 < hy < hg such that for 0 < h < hy the mapping
Fy : Dy, — D" :={x € U| |®(x)| < h} is bilipschitz with F},(Ty,) = T. Furthermore,

(2.18) 1 = 1d]| poe 1y + P IDEy = Il po o7y < €h®,
I,
(2.19) H|detDFh| _ Vi) < ch?.
IVO| ] oo (1)

Proof. Since F(p(z), ®(z)) = x we deduce with the help of (2.15)
|Fu(2) — 2| = |F(p(2), [n®(x)) — F(p(x), ®(2))| < c[[nP(z) — ®(z)| < ch®.
Differentiating the relation F;(p(z), ®(x)) =z;,i=1,...,n+ 1 we obtain

n+1 an
> DFi(p(a), ©@)pra, (@) + 5 (p(@), B(0))Ba, () = b5 30f = 1o im+ 1,
k=1

and hence

n+1

Fhi,xj (I) - ZQkFl(p(x)a Ihq)(x))pk,zj (I) + aFZ
k=1

Js

(p(2), [n® () (In®)a, ()

= 6 + 88]:” (p(z), ®(2)) (1@ — @), (2)

n+1
(2.20) +3° (QkFi(p(x), I,®(x)) — D, Fi(p(), é(x)))m,xj (z)
h=1

+ (%(ﬁ(z),lh‘@(x)) - %(”(x)’ (b(gg))) 1), (@)

s (I)wi(x) _ 3
=i + NI (I,® @)Ij (z) + rij(z),

where |r;;(x)| < ch?® in view of (2.15). This implies (2.18). In particular we deduce
that Fj, is bilipschitz provided that h is sufficiently small, whereas the properties
F,(Dy,) = D" and F,,(T,) =T follow from (2.17). Finally we deduce from (2.20) that

Vo Ve . -VI,®
det DFyp| =1+ —— - V[, - = ——
|det DFy| =1+ NI V(I ) +cn Sk ch
VL 1| VL Ve |2 |VLO| VIO

d
|V(I)| + dp,

Ch =

Vo] 2 ||VL®| V|| |V

where |cy|, |dn| < ch? proving (2.19). 0

Given a function ¢ : T, — R we denote by ¢* : I' — R, ¢’(z) := ¢(F, '(z)) the
lift of ¢. Note that

(2.21) (¢°)°(2) = ¢'(p(2)) = &(F;, ' (p(x))) = 6(z), x €Ty,

since Fy(z) = F(p(x),0) = p(x) for x € T'j,. Finally, let us introduce pp, : Ty, — R via
do(p(x)) = pp(z) dop(x). Tt is well-known that

(2.22) 11— pp| < ch®  onTy.
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Using the properties of F}, together with the coarea formula and (2.9),(2.10),
(2.11), (2.22) one can prove the following result on the equivalence of certain norms.

LEMMA 2.2. There exist constants ci,co > 0 which are independent of h, such
that for all z € HY(T)

€1 \|Ze||L2(rh) < ||Z||L2(r) < e ||Ze||L2(1";,)
1. - Lo
Clﬁ B ||L2(Dh) = ||Z||L2(F) < C2ﬁ & HLZ(D;L)
1 ||vze||[,2(rh) < ||V1“Z||L2(r) S e Hvze”m(rh)
1 . 1 e
U V2l 2,y < IVr2ll g2y < 2 IV2©ll L2(p,) -

If in addition z € H?(T') then

1 €
1= 1222 o,y < Mol

2.3. Variational form of elliptic equation and Strang’s second lemma.
It is well-known [1] that for every f € L?(T") there exists a unique solution u € H*(T)
of (1.1) which satisfies

(2.23) HUHH?(F) < CHf”L?(F) .
Let us write (1.1) in weak form
(2.24) a(u, ) =1(p) for all p € HY(T),

where
a(w, ) = /(pr -Vre —|—w<p) do, I(p) = / fpdo.
r r

Next, suppose that V}, is a finite-dimensional space and V¢ := {v®|v € H}(T)}.
Assume that ap, @ (Vi + V) x (V) + V) — R is a symmetric, positive semidefinite
bilinear form which is in addition positive definite on Vj x V}. Furthermore, let
lp : Vi, — R be linear. Then the approximate problem

(2.25) an(up,vp) = lp(vp) for all v, € V},
has a unique solution u, € V4. Introducing
o]l :== Van(v,v), veV,+Ve

we have by Strang’s Second Lemma

. ap(u®, —1
(2.26) Ju€ = upll, <2 inf [ju® —vpl|, + sup lan(w, én) = In(¢n)|
vn€Vh PrEVR H(bhHh

In the following two sections we shall present two differenct choices of a;, and [
along with the corresponding analysis of the resulting schemes.

3. Sharp interface method (SIF).
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3.1. Setting up the method. Let us begin by observing that if ' € .9, satisfies

(T NTy) > 0, then the following two cases can occur:

1. Ty, Nint(T) # 0, in which case s™(0T NT},) = 0;

2. TNTy, =0T NIy, in which case T NI, is the face between two elements.
We may now define a unique subset 7,/ C .7, by taking all elements satisfying case
1 and in case 2 taking just one of the two elements 7. The numerical method does
not depend on which element is chosen. We may therefore conclude that there exists
N C 'y, with #"(N) = 0 and a subset .7,/ C 7}, such that every x € ', \ N belongs
to exactly one T € ,%LI . We then define

vi=J T

e,

Clearly U ,{ C U provided that h is small enough. We define the finite element space
Vi by

Vil ={¢n € C°(UL) | ¢nyr € P1(T) for each T € '}

Note that V¢y, is defined on I'y, \ N in view of the definition of 9,{ . In particular the
unit normal vy, to 'y is given by

VI, ®

3.1 =
3-1) YTV L9

on 'y \ N,

and we use (3.1) in order to extend vy, to Uf. Let us next turn to the approximation
error for the space V,/. Note that for a function z € H?(I') we have 2¢ € C°(Us) so
that Iy, 2¢ is well-defined.

LEMMA 3.1. Let z € H*(T'). Then

(3.2) 12 = In2%\l p2ryy + B IV (2 = 102l g2y < h® 2] oy -

Proof. We first observe that Theorem 3.7 in [42] yields
(3.3) 12 = In2%ll g2,y + P IV, (2 = 102 | g2y < €l 2] oy -

Hence, it remains to bound [|V(2° — 152°) - val| p2(p, - To do so, we start by consid-
ering an element T' € ﬁhl . Then we see that

/ |V(Ze - Ihze) . l/hl2 dO’h
TNy,
< 2/ V2% - up)? doy, + 2/ IV(I,2°) - vp|? doy,
TNy TNy
< 2/ V22 - (vp — )| don + ch(T)—l/ V(12) - vp? da = T + I,
TNy, T

in view of (2.8) and the fact that s (T NT}) < ch(T) 12"+ (T). Note that by
(3.1) and (2.15)

Vd  VI,®

I < eh(T
Vo] VI, eh(T)

Le(r)

(3.4 v = ol gy = H
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so that
I < ch2/ IVz¢)? doy,.
TNy
Furthermore, recalling (2.14) and using again (3.4)
-1 e 2 e ey|2 e
I, < ch(T) / (V2 (vp — )"+ |V(2° = 1nz%)|") do < ch|2 2 ) -
T

We use the bounds for 7, I and sum over all elements T' € yhf , then apply Lemma 2.2
to see

e e 2 e en2 2
A |V(Z — Ihz ) . l/h| dO’h S Ch2||v2 ||i2(rh) + Ch ||Z ||H2(Dc1h) S Ch2 ||Z||H2(F) 5
h

since T C D,y for all T € T, in view of (2.16). |

3.2. The method. Let us write (1.3) in the form:- Find u; € V! such that
(3.5) an(un, ¢n) = In(¢n)  for all ¢, € Vy/,
where

an(wn, dn) = / (Vwn - Vo +wnon) don,  In(on) = | fCbndon.

Tn IVY

In order to verify that the symmetric bilinear form a; is positive definite on
VI x Vi we note that ap(én, ¢n) = 0 implies that

/ (|V¢5h|2 +¢7)dop =0 forall T € Z;.
I'ynT

Since (T NT}) > 0 for T € F! we infer that V¢, = 0 and hence ¢y, is constant
on these elements. Using again that 5™ (T'NT";) > 0 we deduce that ¢, = 0 on each
T € Z] so that ¢, = 0 in V}/. Hence (3.5) has a unique solution u;, € V;/ which
satisfies

1
(36)  unlly = (IFunlZa0yy + NunlZa) ® < elfelam, < el -

REMARK 3.2. The right hand side l,(-) may be defined using other sufficiently
accurate extensions of f.

3.3. Error analysis. THEOREM 3.3. Let u be the solution of (1.1) and up, the
solution of the finite element scheme (3.5). Then

(3.7) [u =l g2,y + 2 IV (@ =un)llpagp,y < h? |1 fll 2 -

Proof. In view of the definition of ||-|[,, (2.26) and Lemma 3.1 we have for e;, :=
u® — up,

2 2 3
(||ehHL2(Fh) + HV@hlle(r,,,)) ’

e e|2 e e\|2 3 |ah(u67¢h) - lh(¢h)|
<2(flu® = Ihu 72,y T V(W = Ihu )||L2(F,L))2 + sup
snevi [énlln

¢ —1
< chllull gy + sup 14l —(Gn)l
dneVy! P lln
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In order to estimate the second term we let ¢, € V)/ be arbitrary and denote by
on = ¢% € HY(T) the corresponding lift. Then

an(u®, on) — ln(dn) = (an(u®, on) — alu, on)) + (Uen) = n(dn)) =1+ I1.
Using the transformation rule, (2.11) and (2.21) we obtain

/(VFU -V + upp) / (Vrw) op- (Vrgn) op+ (wop) (¢n o p))un doy,
r T,

)

/ (T +®A)'Vue - (I +DA) "'V + u® ¢p) pn doy,

h

—

so that by (2.15) and (2.22)

|I| < / |(en (I + @A) T (I + @A)~ — I)Vu® - V| doy, +/ |(ier, — Ducoy| doy,
Fh Fh

< ch? [[uflly, énlly, < ch? ull gy lonll,

by Lemma 2.2. Similarly,

(1] =

/f@hdo— e n do s/ 11— un 7] ] don
I'n Ty

< || £N e,y 1l < ch? £l 2y Il -

Combining these estimates with (2.23) we obtain

(3.8) sup |an(u®, én) — ln(dn)|
onevy! llénlln

< ch?| fllzery,

so that we have in conclusion
(3.9) lenllzzr,y + IVerll e,y < chllfllpzery -

In order to improve the L2-error bound we employ the usual Aubin-Nitsche argument.
Denote by w € H2(T) the solution of the dual problem

a(p,w) = /Fefbgo do for all ¢ € HY(T),
which satisfies
(3.10) lwll gr2ry < elleh ] ) -
We have in view of (1.3)
lef |2y = alehw) = (alehw) — an(en, w®))

(311) + ah(eh,we — Ihwe) —+ (ah(ue, Ihwe) — lh(Ihwe))
=1+11+111.

Similarly as above we deduce with the help of (3.9) and Lemma 2.2

1 < ch? [lenlly, 1wl < eh® 1]l oy Il ry -
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Next, Lemma 3.1 and (3.9) imply
111] < lenlly llw® = Tnw®lly, < ch® [ fll ey Il oy -
Finally, (3.8) and Lemma 3.1 yield
[IT1| < ch® 1N L2y Hrw][, < ch? 1N L2y 1wl gz ry -
Inserting the above estimates into (3.11) and recalling (3.10) we obtain

||6€l||L2([‘) é Ch2 Hf||L2(F) ’

which together with Lemma 2.2 and the fact that (ef)¢ = e yields the LZ-error
bound. d

4. Narrow band method.

4.1. Setting up the method. Let us consider for D), = {z € Us | |I,®(x)| < h}
the set

FB ={T € 9, | ™" (T n D) > 0},

along with

vi=J T

TegP
We define the finite element space VhB on the triangulation %B by
VP ={¢n € CO(UL) | dnr € Pi(T) for each T € ZP}.

Let us first examine the approximation error for the space VhB.
LEMMA 4.1. We have for each function z € H?(T):

1 € e e €
—= [12° = In2ll 12 (p,) + V||V (2 = T2 Mrzpny < h? Izl g2 qry -

(4.1) o .

Proof. We infer from (2.14) and Lemma 2.2 that

1
12 = 12 Fe ) + IV = Iz,

1 (& e
<) (EHZe — In2°|[ T2y + RV (2 = 1n2)[72(r))
TNDy#D

< ch? Z 12°0 2 () < Ch3||ze||§12(D(1+cl>h) < ch|z |32y,
TNDy,#0

since T C D(14¢,)p for all T N Dy # 0 in view of (2.16). 0
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4.2. The method. Let us write (1.4) in the form:- Find uy;, € V;P such that

(4.2) an(un, o) = lp(¢n)  for all ¢, € V7,

1
an(wn, dn) = ﬁ/ (Vwy - Vo + wiop) VIR @] dz,
Dy,

1
In(on) = %/, fon |VIL®| da.
h

Note that the factors % in each of the above terms are there to aid the notation
for the error analysis. In a similar way as for the sharp interface method one can
verify that ay, is positive definite on V;Z x V,Z. Hence, the finite element scheme (4.2)
has a unique solution uy € VhB which satisfies

1 3
an  ud= (g [ (Vw4 )98l < el e

Dy,

REMARK 4.2. The right hand side l,(-) may be defined using other sufficiently
accurate extensions of f.

4.3. Error analysis. Before we prove our main error bound we formulate a
technical lemma which will be helpful in the error analysis.

LEMMA 4.3. Suppose that u € H*(T) is a solution of (1.1). Then,
(4.4)

1 _ 1 |VIIL(I)|
e _ e F 1 P - e. A
n(,0) = [ sro0 R 190l dat g [ (90T (90-0) HGE e (5,0),
for all ¢ € HY(Dy,), where ny, = I,® — ® and
(8, 0)| < Ch* [[ull oy 1], -
Proof. To begin, we derive from (2.12) and (1.1) that
1
(45) — WV . (|V<I>| VU€> + Ue = fe + R in U(;,
where
n+1 n+1
(46)  R@) =-2@)( Y w(@)DDulp() + Y er(@)Dyulp(a)) ).
k=1 k=1

We multiply (4.5) by ¢ o F; '|V®|,¢ € H'(Dy,) and integrate over D". Since

0
auy =0 on OD" we obtain after integration by parts

Vu® - V(po F, )|V| dr + / u®¢o Fy | VP| do
(4 7) Dh Dh

=/ fe¢th’1|V<I>|dm+/ R¢o F, |V da.
Dh Dh
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Observing that V(¢o F; ') = [(DF,) T o F; '|V¢o F; ! the transformation rule and
Lemma 2.1 imply that

I ::/ Vu-V(poF; )|V dx:/ VuoFy,-(DF,) " TV¢|V®oFy,| |det DF,| d.
Dh Dy,

Recalling (2.7) and (2.17) we have

(4.8) 2°(z) = 2(p(x)) = 2(p(Fh(z)) = 2°(Fa(z)),
from which we deduce by differentiation

(4.9) V%o Fj, = (DF,)"TVz°,

so that

I= / (DFh)_TVue . (DFh)_Tqu [V® o Fp||det DFy| d.
Dy,
We infer from (2.20) that

(DFy) " =1 Vin @ v+ By,  with [By| < ch?,

L
V|
and hence

1

(DEw)™TVu* = Vu + BuVat,  (DFW) V6 = Vo - =

(Vo -v)Vn, + BV,

since Vu® - v = 0. Furthermore, Lemma 2.1 implies that
|V® o Fy| |det DF)| = |[VI,®| + 4, where |y,| < ch?,

so that in conclusion

VI,

1
|V(I)| dx + <Rh7¢>7

I= / Vu®- V¢ |VI®| dx 7/ (Vu® - V) (Vo - v)
Dh Dh
where
‘<R}1m¢>’ < ch? ||Vue||L2(Dh,) ||V¢||L2(Dh,) < ch? ||“||H2(F) ¢l
in view of Lemma 2.2 and the definition of [|-||,. Similarly, (4.8) and (2.19) yield
/ u o F; ' |VP| do = / u®p |VI,®| do + (R2, ¢)
D" Dy,

with [(R},¢)| < ch? [l zr2(ry 10]l5,-  Inserting the above identities into (4.7) and

dividing by 2h we derive

(4.10)
1 1
ah(ue,¢):7/ fedoF VY| dx+—/ Rpo F, V| dz
2h Dh Qh Dh
1 . \VI,®| I 1,
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In order to rewrite the integral over D" we recall that F is a diffeomorphism from
I x (—h,h) onto D". Tt is not difficult to see that

1

4.11) dx = p(p,s)do,ds, where -
(A1) e =plp ) doy Ve(E (.5

w(p, s)

’<C|8|, |s| < h,peT.
Hence,
h
/ Reo F; VO dx:/ /RoF¢oF,;10F|vq>oF|udapds
DM —h JT
h h
:/ /RoFgZ)th_loFdapds—&—/ /ﬁ;ﬁoF{loFdopds
—h JT —h JT
ET1+T2,

where 7(p, s) = R(F(p, s))(u(p, s) [V®(F(p,s))| — 1). In order to treat 77 we deduce
from (4.6) and the fact that ®(F(p, s)) = s that

n+1 n+1
R(F(p, ) = =s( 3 b (F(p, ) DDyu(p) + 3 ex(F(p, ) Dyulp) ).
k=1 k=1

Since ffh sds = 0, the first term in T} can be written as

h n+1
‘// > sDDup){bi(F(p. ) 60 Fy  (F(p,5)) ~ bur(p) 6 © Fy ' (p) } dory ds.

k,l=1

Treating the second term in 73 in the same way and observing that p = F(p,0) we
deduce with the help of the fundamental theorem of calculus that

1
5 12 112 2
ITa| < ch® |lull gz (/D (]W)th T+ o B )da:) < ch? l[wll g2y 11215, -

h

Next, we infer from (4.6) and (4.11) that

[7(p, s)| < es®(|Vru(p)| + | DRu(p)|),

so that

1
5 12 2 .
el < O fulley ([ [0 Bt )< O o -

The result now follows from (4.10) together with the bounds on R}, and R3. d

We are now in position to prove optimal error bounds for our scheme.

THEOREM 4.4. Let u be the solution of (1.1) and up the solution of the finite
element scheme (4.2). Then

1 3
1 / IV — ) P[] dz ) < eh? (£l o -
2h Jp,

h

(412)  lu® = unll o,y + 1 (
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Proof. Let us write ey, := u® — u. We infer from (2.26) and Lemma 4.1 that

ap(u®, ¢p) — 1
(4.13) ||eh||h§Ch||U||H2(p)+ sup |an( ”;) h(¢}z)|.
$rEVE nlln

The second term on the right hand side can be estimated with the help of
Lemma 4.3. The transformation rule together with (4.8) yields

i/ fepno F7|VO| do = i/ fo Fy, ¢y |V® o Fy,| |det DFy| da,
2h Dh, 2h Dh

so that we deduce from Lemma 4.3

VI, 2|
Ve

(0, 60) = lon) =55 [ (V- V) (Fn-0)

1
+ o | fon(IV@ 0 Fil |detDE,| - [V1,®1) do + (S, én).
2h Ip,

Using (2.19), (2.15), Lemma 2.1, (2.23) as well as Lemma 2.2 we infer that for ¢, € V,?
(4.14)

1
2
|an(u®, dn) = In(dn)] < c|[Vusll 2 (p,) </D Vo - v|? dI)
h

+ch £l 2o, 00l L2, + b Iull ey Il

1 2
<l (g5 [ 9o vRde) + 1l lonl

Dy,

so that (4.13) implies the following intermediate result:

1 3
(4.15) lenll, = <2h/D (IVen]? +eg)|whq>dx> < ch || fllpary -

In order to improve the L?-error bound we define €, := ey, o F{l as well as

h
Ba(p) = o / B(F(p)ds peT

with F as above. We denote by w € H?(I') the unique solution of
—Arw +w = Eh onI',
which satisfies

(4.16) ol ey < || B

L2(r)’
Similar to (4.5) the extension w® solves

1

—WV . (|V<I>| V’U}€> +’LU6 = ’Ev‘}el + E in Ug,
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where R is obtained from (4.6) by replacing u by w. Using the transformation rule
together with (4.11) we obtain

~ (|12
HEIL

1 h ~ ~ 1 h e =
L2(1‘):%/,h/thehOFdapdS:%/,h/thOFehOF‘VCI)OFWdUpdS

I
_’_7/ /EhehoF(l—\VQOFW)dal,ds
2h J_p Jr

1 ~ IR
:—/ Ef epo F, 1|V dx—i——/ /EhehOF(1—|V<I>OF\,u)dUpds.
2h Dh 2h —hJID

The first term can be rewritten with the help of Lemma 4.3 (applied to w instead of
u) to give

A S ! VI,®
|8y = nttsen) = Buen) = 3 /D (Vus - V) (Ve - v). 3 ldx
h
h
—&-i /Eh'e“hoF(l—W(I)oFm)deds
2h —h JT

4
= Zlk.
k=1
In view of Lemma 4.1, (4.14), the fact that Vw® - v = 0 and (4.15) we have
1|+ |Ta] < Jan(w® — Iyw®,en)| + |an(u®, Tw®) — I (Inw®)] + [(S, en)]
<ch ||wHH2(F) llenll,, + ch? ||f||L2(I‘) [ZTnwe|l),

1 1
+ e |1 Fll gy ( /D IV (T — w) - v[2dz) ® + ch? ]y r lenll,
h

2h
< ch? || fll oy 1wl gz ey -

Furthermore, (2.15), (4.11) and (4.15) imply

el < o (o, + | B

L?(r)) ’

o) w2 1oy (ollery + [ B
so that we obtain together with (4.16)

|

2
L2(r) <ch ||f||L2(F) :

Next, since F(p,0) = p we may write for p € T’

~ _ IR L. OF
) =20 = 57 [ [ VeFm.n) - G dras,

and hence we obtain with the help of (4.15)

1
. 2
|Bn-al| ,  <evh ( / |vah|2dx) < ch|Venlly < b £l 2y
L2(T) Dh

In conclusion we deduce that

< ch? ||fHL2(F)

lenllaqyy < elEnla < [Ba—anl),, o+ [ B]

and the theorem is proved. ]
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5. A hybrid method for equations on evolving surfaces.

5.1. The setting. The aim of this section is to combine ideas employed in §3
and §4 for the stationary problem in order to develop a finite element method for an
advection—diffusion equation on a familiy of evolving hypersurfaces. More precisely,
let (I'(t)):efo,r) be a family of compact, connected smooth hypersurfaces embedded
in R"*! for n = 1,2. We suppose that

I't)={z e N(t)|®(z,t) =0}, where V®(z,t) # 0,z € N(t)

and N (¢) is an open neighbourhood of T'(t). We assume that A/(¢) is chosen so small
that we can construct the function p(-,t) as in §2.1.

Given a velocity field v(-,¢) : T'(¢t) — R™*! we then consider the following initial
value problem

(5.1a) Ou+uVr-v—Aru=f on |J T() x{t},
te(0,T)
(5.1b) u(-,0) =ug on I'(0).

Here, 0°n denotes the material derivative of a function 7 : UtE(O 7 T(t) % {t} - R
which is given by

0°n=0m+v-Vn,

if 7 is extended into a neighbourhood of ;¢ 1) I'(t) % {t}.

5.2. The method. In order to discretize the above problem we choose a parti-
tion 0 =tg <t; <...<ty=Tof [0,T] with 7, := typ41 —tm,m =0,...,N—1 and
T i= MaXm=0,.. N—1Tm. Also, let 7, be an unfitted regular triangulation with mesh
size h of a region containing N (¢),t € [0,T]. For m = 0,1,..., N we set

Zl = {1‘ € N(tm) |Ihq)($7tm) = O}
D ={x e N(tm) | [ In®(z,tm)| < h},
as well as

Tt =A{T € | A" TND};") >0} and U= J T
TeFm

Here we assume that 0 < h < hg, where hg is chosen so small that there exists
co,c1 > 0 such that

o < |VL0(x,t) < ety (mt)e () N@)x{t}

te(0,T)
Finally, we introduce
Vi = {¢y, € COU™) | én|r € Pi(T) for each T € F;™}.

In what follows we shall frequently use the abbreviation 2™ (x) := z(z, t,,).
In order to motivate our method we fix m € {0,1,..., N — 1} and let ¥ be the
solution of

Uy (z,t) + DY (z,t)v%(z,t) =0, U(z,tmy1) = 2,
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where v¢(x,t) := v(p(z,t),t). For a sufficiently smooth function ¢ : N(t;p41) — R
we define n(x,t) := p(¥(x,t)). Clearly, n(-,tm+1) = ¢ and a short calculation shows
that 9°n = 0. Assuming that u is a solution of (5.1a) we obtain with the help of the
Leibniz formula and integration by parts

d
— undop—y,,,, = / (0% (un) +unVr -v) do
dt Jre) D(ts)
= / @(8'u +uVrp - v) do = / (cpAFu + @f) do
F'(tm+1) C(tm+1)

:—/ VFU'VFQDdO'+/ fedo.
T(tm+1) T'(tm+1)

Since U(-, t,;,+1) = id, a Taylor expansion shows that
\I’($,tm) = \I/(l',tm_;,_l — Tm) ~ I — qu/t($7tm+1)
=2+ T DY (2t )00 (2) = 2 4+ 700 T (2).

Thus we may approximate the left hand side of the above relation by

d 1
ﬁ/ undoji=,, , = — / u™ M pdo —/ U™ Q(- + Tv® ™) do p
P(t) Tm F(t'm+1) l—‘(tnl)

The above calculations motivate the following scheme, in which we use the narrow
band approach in order to discretize the elliptic part. Givenuy* € V;*,m=1,...,N—
1, find uZlH € V,Z”H such that

/ . up g doy, — / up on (- + Tpve ™) doy,
(5.2) FZHT w
oy | VT Von VI dr = Tm/

Dyt

m
Iy

N et doy,

for all ¢y, € thH. Here, u) = I,u’. Existence and uniqueness of uTH follows in a
similar way as for the narrow band method in the elliptic case.

5.3. Mass conservation. An important property of solutions of (5.1a) is con-
servation of mass in the case that fF(t) f(-,t)do = 0. The following lemma shows
that our numerical scheme preserves this property under some mild constraints on

the discretization parameters.
LEMMA 5.1. Suppose that fFZZH femttdo, =0,m=0,...,N —1. Let u" €

Vit,m=1,...,N be the solutions of (5.2). Then
(5.3) / up doy, = / uy doy,,
rn ro
provided that 0 < h < hy and 7 < 'y\/ﬁ,
Proof. Let us first observe that

(5.4) {4+ 1" (2) |2 € TP} C UMY, m=0,...,N—1

provided that h, T are sufliciently small. To see this, let z € I'}* and choose an element
T € 9, such that x € T. Then,

" (2 + 7,00 (2)) = O™ () + 7, VO (1) - 0O (@) + T @i (2, tn) + Ron (),
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where |R,,(z)| < 2. Observing that ®; + V®-v = 0 on Useo,r) F() x {t} we may
write

VO™ () - v (2) + @y (2, ) = VO™ () - 0™ T (p™H (2)) + 4 (2, t1)
= (VO (x) — VO™ (p™H(2))) ™ (p" () + @42, tn) — C(p™H (@), tnra),
so that

’@mﬂ(x + vae’mH(x))‘ <D™ ()| + ¢Tim |x — pm'H(x)‘ + CT,Qn
< |2™(x)| + cTim |<I>m+1(x)| + 0731 < c(h2 + Tfn)7
in view of (2.5) and since |®™(x)| = |®™(z) — I[,®™(z)| < ch?. As a result,
|(Ih<I>m+1)(:1: + vae’m+1(x))| < ||Ih<1>m+1 - <I>m+1HLOO +c(h2+7'72n) < c(h2+7'3n) < h,

provided that 0 < h < hy and 7 < vvh. Hence, = + Tmve™H(2) € Dhm"’1 - UZL"H

proving (5.4). The result of the lemma now follows from inserting ¢5, = 1 € V"

into (5.2) and using (5.4) together with our assumption that [.m+1 f©™*doy = 0.
h

0

6. Numerical Experiments.

6.1. Notes on implementation. The methods were implemented using the
Distributed and Unified Numerics Environment (DUNE) [6, 7, 14]. Assembly of the
matrices is non standard in that the method requires integration over partial elements.
To do so we subdivide the integration areas in simplices using the Triangle [51, 52]
and Tetgen [53] packages. In each case, the linear system is solved with the conjugate
gradient method until the residual is reduced by a factor of 10~8 in comparison to its
initial value in the £2 norm. Due to the lack of shape regularity of I';, and Dy, the
matrix systems are ill conditioned and so we used a Jacobi preconditioner in order to
speed up the convergence of our iterative solver. In practice, we will take U}, to be a
subset of a cube shaped domain. The triangulation .7}, will be computed adaptively
refining only those elements which intersect the computational domain, either I'j, or
Dy,. Given errors F; and F;_; at two different mesh sizes h; and h;_1, we calculate
the experimental order of convergence (eoc) by

_ log(Ei/E;i 1)
IOg(hi/hl_l) ’

6.2. Poisson equation. To test our methods, we present two numerical exam-
ples. The first is on a torus and is taken from [42] and the second is on a potato-like
surface from [18].

We define the torus through the signed distance function:

I'={z € R®|d(x) = 0} d(z)—\/<\/x%+z%—R>2—|—x§—r,

for R =1,r = 0.6. To compute our exact solution, we parameterise the torus by

(6.1) (eoc),

21 = (R+rcosb)cosp, x9=(R+rcosf)sing, x3=rsinf, for0 ¢ec (—m, )
and take the exact solution

u(f, p) = cos(3p) sin(30 + ).
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h ‘ w —up” L2(Ty) (coc) ’ vt uhNBM’ L2(ry) (co0)
2-1/3 1.67739 — 1.61943 —
2723 7.10825 - 101 1.238650 7.07220 - 101 1.195260
2733 1.90004 - 10— 1 1.903470 2.32053 - 101 1.607700
2743 4.73865 - 10~2 2.003480 7.17605 - 10— 2 1.693190
2753 1.19721-1072 1.984800 1.97350 - 102 1.862430
2763 3.01376 - 10~3 1.990040 5.08158 - 103 1.957410

Table 6.1: Error tables of sharp interface method (SIF) and narrow band method
(NBM) for the first test problem. These calculations took successively 38, 69, 128,
240, 359, 641 conjugate gradient iterations for SIF and 33, 54, 97, 182, 392, 634
conjugate gradient iterations for NBM.

h ‘ ut - quF’ L2(Tp) (coc) ’ v uhNBM’ L2(Ty) (coc)
2713 3.31237 - 101 — 2.31128 - 101 —
2723 9.97842 - 102 1.730980 9.06054 - 10~2 1.351020
2733 2.57329 - 10~2 1.955200 2.57213 - 102 1.816630
2743 6.59538 - 10~3 1.964090 7.43214 - 1073 1.791110
2753 1.64586 - 103 2.002610 1.94710- 1073 1.932450
2763 4.10269 - 10~4 2.004200 4.99422 - 10~4 1.962990
2-7{/3 1.02735 - 104 1.997640 1.26086 - 10—4 1.985850

Table 6.2: Error tables of sharp interface method (SIF) and narrow band method
(NBM) for the second test problem. These calculations took successively 25, 53, 103,
196, 298, 585, 1151 conjugate gradient iterations for SIF' and 37, 68, 116, 153, 297,
580, 1137 conjugate gradient iterations for NBM.

For this example, (2.4) can be calculated analytically.
For our second example, we set I' = {z € R?®|®(z) = 0} using the level set
function:

O(z) = (7 — 22)® + 23 — 1.

From &, we calculate the normal v = % and the mean curvature by

3
Vo 1 Py, Py
H=V o= 3 | 0p— 25 | &y,
Vel [Vl 1<J |v<1>|2> ’

As exact solution, we take u(z) = x1x2 and calculate the right-hand side f as f =
—Aru+u as

f(z) = 2v1(2)va(z) + H(x)(zov1(x) + 2112(2)), 2« €T.

For this example, (2.4) can not be calculated exactly so we approximate using a
gradient decent like iteration from [48] originally for the closest point operator.

The errors ||u® — uh||L2(Fh) for SIF and NBM are shown in Tables 6.1 and 6.2.
The numerical results confirm the theoretical bounds from Theorems 3.3 and 4.4.
Results are also available for the H'-semi-norm error.

To compare with other methods, we also include a plot of the error in the L2-
norm against h for SIF and NBM along with the unfitted finite element methods of
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Fig. 6.1: Plot of the L? error of various methods for the first test problem.
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Fig. 6.2: Plot of the L? error of various methods for the second test problem.

[42, 13]. The plot shows that the error on I'j, is almost the same for each of the four
methods considered.
Further numerical examples are available in [45].

6.3. Parabolic equation on an evolving curve. For an example of an evolv-
ing curve we take ['(t) = {z € R? | ®(x,t) = 0} for

2
Blat)= — 2y,
(%) 1+ Lsin(2rt) 7
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Fig. 6.3: Plots of the computation domain (left) and solution (right) with h = 2761/3
for the second problem.

h maxm, |[u(t™) — U;Ln”LQ(r;") (eoc)
2-1/2 1.15457 - 101 —
272,/2 3.25344 - 10~ 2 1.82732
2732 8.64172- 1073 1.91258
2-4/2 2.13241 -10—3 2.01883
2752 5.42960 - 10~4 1.97357

Table 6.3: Results of the hybrid scheme for a parabolic equation on an evolving curve.

for ¢ € [0, 1]. We calculate a right-hand side f so that the exact solution is u(z,t) =
exp(—4t)x zy. Taking 7 = 2h?, the scheme demonstrates second order convergence
in the L?(I'}")-norm; see Table 6.3. Numerical experiments confirm the conservation
of mass result.
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