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Abstract We use the evolving surface finite element method to solve a Cahn-
Hilliard equation on an evolving surface with prescribed velocity. We start by
deriving the equation using a conservation law and appropriate transport for-
mulae and provide the necessary functional analytic setting. The finite element
method relies on evolving an initial triangulation by moving the nodes accord-
ing to the prescribed velocity. We go on to show a rigorous well-posedness
result for the continuous equations by showing convergence, along a subse-
quence, of the finite element scheme. We conclude the paper by deriving error
estimates and present various numerical examples.

Keywords Evolving surface finite element method - Cahn-Hilliard equation -
triangulated surfaces - error analysis

1 Introduction

In this paper, we will study a Cahn-Hilliard equation posed on an evolving
surface with prescribed velocity. The key methodology is to discretise the equa-
tions using the evolving surface finite element method [8] originally proposed
for a surface heat equation. The idea is to take a triangulation of the initial
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surface and evolve the nodes along the velocity field. This leads to a family of
discrete surfaces on which we can pose a variational form of the Cahn-Hilliard
equation.

There are two key results in this paper: first, we show well posedness of
the continuous scheme and, second, we show convergence of a finite element
scheme. The well posedness result is proven by rigorously showing convergence,
along a subsequence, of the discrete scheme. In contrast to the planar setting,
there are extra difficulties in this work since the classical Bochner space set-up
is unavailable to us. The finite element method is analysed under the assump-
tion of higher regularity of the solution and shown to converge to the true
solution quadratically with respect to the mesh size in an L? norm. The pa-
per concludes with some numerical examples to show various properties of the
methodology.

1.1 The Cahn-Hilliard equation

We assume we are given an evolving surface {I'(t)}, for ¢ € [0, T], which evolves
according to a given underlying velocity field v which can be decomposed into
normal (v,) and tangential components (v,) so that v = v, + v,. We seek a
solution u of

O°u+uVr-v=Ar (sApqu iw'(u)) on U re) < {&+ (1.1

t€(0,T)
subject to the initial condition
u(-,0) =ug on I'(0) = Ip. (1.2)

Here 0®u denotes the material derivative of v and Apu the Laplace-Beltrami
operator of u. The function 1 is a double well potential, which we will take to
be given by

Y(z) = i(z2 — 1) (1.3)

The behaviour of the Cahn-Hilliard equation in the planar case is well stud-
ied [15]. Extra effects such as spatial or concentration dependent mobilities or
more physically realistic potentials could also be solved with similar methods
to those suggested in this paper. Such considerations are left for future work.

This Cahn-Hilliard equation is a simplification of the model for surface
dissolution set out in [14,21] arising from a conservation law. The model [27]
takes a different approach and considers a gradient flow for an energy consisting
of the sum of the Ginzburg-Landau functional and a Helfrich energy on a
stationary surface. One could alternatively couple the evolution of the surface
to the surface field u and recover a gradient flow of the Ginzburg-Landau
functional [17,18].

The results in this work can be seen as a generalisation of the work of [6]
to evolving surfaces. That work considers a fully discrete approximation of
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a Cahn-Hilliard equation posed on a two-dimensional stationary surface with
boundary (with a zero Dirichlet boundary condition) under the assumption
up € HY(I') N H*(I') and Arug € HY(I) N WH2H(I) for v € (0,1). The
method uses a triangulated surface for the spacial discretisation and a Crank-
Nicolson scheme in time. They show an error estimate of the form

max Hu}’f — “_E(tm)HLQ(Fh) < c(h? +72),

where 0 =tg <t < ... <ty <...<ty =T is a partition of time with fixed
time step 7 and u~¢ is the inverse lift (3.25) of the continuous solution wu.

1.2 Outline of paper

The paper is laid out as follows. In Section two, we will derive a Cahn-Hilliard
equation on an evolving surface using a local conservation law. We introduce
the notation for partial differential equations on evolving surfaces taken from
[5,11] and state any assumptions on the smoothness of the surfaces and its evo-
lution we require. The third section introduces a finite element discretisation of
the continuous equations. We describe the process of triangulating an evolving
surface and how we formulate the space discrete-time continuous problem as a
system of ordinary differential equations. This section is completed by showing
some domain perturbation results relating geometric quantities on the discrete
and smooth surfaces. Well posedness of the continuous equations is addressed
in the fourth section. An existence result is achieved by showing convergence,
along a subsequence, of the discrete solutions as the mesh size tends to zero. In
Section five, we analyse the errors introduced by our finite element scheme and
go on to show an optimal order error estimate. Some numerical experiments
are shown in the sixth section backing up the analytical results.

We will use a Gronwall inequality as a standard tool in the analysis which
leads to exponential dependence on € in most bounds. We are not interested in
taking e — 0 in this work so will simply write c. for a generic constant which
depends on €.

2 Derivation of continuous equations

In this section, we will derive a Cahn-Hilliard equation on an evolving surface
as a conservative advection-diffusion equation. We will also introduce func-
tional analytic setting and definition of solution that will be used.

2.1 Assumptions on the evolving surface

Given a final time T > 0, for each time ¢ € [0, T, we write I'(¢) for a compact,

smooth, connected n-dimensional hypersurface in R"*! for n = 1,2 or 3 and
I'y = I'(0). We assume that I'(t) is the boundary of an open, bounded domain
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time
S

Fig. 2.1: A sketch of the space-time domain Gr.

£2(t). It follows that I'(t) admits a description as the zero level set of a signed
distance function d(-,¢): R**' — R so that d(-,t) < 0 in £2(¢) and d(-,t) > 0
in £2(t)°. We denote by Gr for the space-time domain given by

Gr=|J I ={t (2.1)

t€[0,T]

For our analysis, it is sufficient to consider d(-,t) locally to I'(t). We restrict
our considerations to N (t), an open neighbourhood of I'(t). We choose N (t)
so that |[Vd(z,t)| # 0 for x € N (¢) and assume that

d?dt7d$i’d$i$]‘ EC'Q(-/\/'T) for ia.jzla-~-7n+1;

here N7 = U, (o7 N (t) x {t}. The orientation of I'(?) is fixed by choosing
v as the outward pointing normal, so that v(x,t) = Vd(z,t). For (z,t) € Gr,
we denote P = P(x,t) the projection operator onto the tangent space T, I'(¢),
given by P;;j(z,t) = 6;; — vi(x, t)vj(z,t) and by H = H(z,t) the (extended)
Weingarten map (or shape operator),

Hij(x,t) = (Vi(2,1))e; = daya, (z,1).

We will use the fact that PH = HP = H.
For a function n: I'(t) — R, we define its tangential gradient V rn by

Vrn=Vny—Vn-vv= PV,
where 77 is a smooth extension of n away from I'(¢). It can be shown that

this definition is independent of the choice of extension. We denote the n + 1
components of V7 by

VFT] = (2177) e aQn-{-ln)'



Evolving surface finite element method for the Cahn-Hilliard equation 5

The Laplace-Beltrami operator is given by

n+1
App=Vrp-Vrm=>» D;Dmn.

j=1

We will denote by do the surface measure on I'(t) which admits the fol-
lowing formula for partial integration for a portion M(t) C I'(t) [11, Theo-

rem 2.10]:
Vrndo :/ nHuda—i—/ nudo, (2.2)
M(t) M(t) OM(t)

where p is the co-normal to M (t) which is normal to dM(t) but tangent
to I'(t). If M(t) = I'(t) and has no boundary, the boundary term vanishes.
Furthermore, we have a Green’s formula on I'(t) [11, Theorem 2.14]:

/ Vrn-Vripdo = —/ pArndo. (2.3)
I(t) I(t)

These formulae allow the definition of weak derivatives and Sobolev spaces.
We define the space Wh4(I'(t)) by

Wh(D(t)) := {n € LY(I(t)) : D;n € LYI(t)) for j =1,...,n+ 1},

with norm

1

Il = (o + 1V )

This can be easily extended to higher order spaces. See [11] for details. We
will use the notation H*(I'(t)) for W*2(I'(¢)).
We will make use of the following Sobolev embeddings:

Lemma 2.1 For I'(t) as above, we have

Lm/(n=a(P(t))  forq<n

CO(I(t)) for g >n. 24)

whi(r)) c {

Furthermore there exists a constant ¢ = c¢(n, q), independent of t, such that for
any n € WHa(I(t)),

0l pnas - ey < €l forq<n (2.5a)

1M Loo (reeyy < € lnllwracre for g >mn. (2.5b)
(' (1)) (Ir'(t))

Proof A proof is given in [25] in Theorems 2.5 and 2.6. O
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In particular, this allows us to embed H*(I'(t )) in LS(I'(t)) for all dimen-

sions (n = 1,2,3) so that [[¢'(n)llp2(p@)) < ¢ (||77||H1(r @) 10l ey )-
Further, we assume that for each (m t) € Nr there exists a unique p =
p(z,t) € I'(t), such that

x =p(x,t) + d(z, t)v(p(z,t),t). (2.6)

See [23, Chapter 14] for a proof. We extend v, P and H to functions on Nt by
setting

v(z,t) =v(p(z,t),t) = Vd(z,t),

and similarly P(z,t) = P(p(z,t),t) = Id — v(z,t) @ v(z,t) and H(z,t) =
V2d(z,t) for (x,t) € Nr.

Although it is sufficient to describe the evolution of the surface through
a normal velocity, we wish to consider material surfaces for which a material
particle, at X (t) on I'(t), has a material velocity X (t) not necessarily only in
the normal direction. The normal velocity of the surface can be calculated to
be v, = —d;v. We say v, is a tangential velocity field if v, -v = 0 in N7. Given
a tangential velocity field v, we call

Vi=Ur + Uy

a material velocity field. We assume that we are given a global velocity field v
so that points X (¢) evolve with the velocity X (t) = v(X (¢),t). We will assume
that v € C?(N7).

2.2 Material derivative and transport formulae

Given a family of surfaces {I'(¢)} evolving in time with normal velocity field
v, we define the normal time derivative 0° of a function n: Gr — R by

o°n = % + v, - V1. (2.7)
Here, 7 denotes a smooth extension of 1 to Nr. This derivative describes how
a quantity n evolves in time with respect to the evolution of I'(t). It can be
shown that this definition is an intrinsic surface derivative, independent of the
choice of extension.
Given a tangential vector field v,, we define the material derivative of a
scalar function n: Gr — R, by

on
0*n:=0n+wv,-Vrn= a—i—v V.
The following formula shows the significance of the material derivative.
The result is a generalisation of the classical Reynolds’ Transport Formula to
curved domains.
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Lemma 2.2 (Transport formula) Let M(t) be an evolving surface with
normal velocity v, . Let v, be a tangential velocity field on M(t). Let the bound-
ary OM(t) evolve with velocity v = v, + v,. Assume that n, ¢ are functions
such that all the following quantities exist. Then, we obtain the identity

d
— ndo = / 0°n+nVr-vdo. (2.8)
dt J ame M(t)
Furthermore, we have
d
— ngod(f:/ *ne+nd*e+npVr-vdo. (2.9)
dt J M)

Let A = A(z,t) be a matriz which is positive definite on the tangent space to
I'(t). Denote by D(v) the rate of deformation tensor given by
n+1
1 .
D(v);; = = Z (AiDyv; + AjeDyv;)  fori,j=1,...,n+1, (2.10)

2
k=1

and by B(v) the tensor
B(v) :==0"A+ V- -vA—2D(v). (2.11)
Then we have the formula

d
— AVrn-Vrpdo = AVro®*n-Vrp+ AVrn-V5rd®pdo
dt Jpm M(t)

+/ B(U)Vﬁﬁ'thde'.
M(t)

(2.12)
Proof A proof of (2.9) can be found in [8, Lemma 2.2]. Equation (2.9) follows
from the product rule 9°(ny) = 9°n ¢ +n0°*p. The result of (2.12) is given in

detail for 7 = ¢ by [8, Lemma 2.2] and the polarised form (n # ¢) is given by
[12, Lemma 2.1]. O

We conclude this subsection with a result allowing us to extend functions
defined on one surface to the whole space-time domain.

Lemma 2.3 Fizt € [0,T) and let n € H*(I'(t)), respectively C*(I'(t)). Then
there exists an extension 1: Gr — R such that 7|y = n and 7 € HY(I'(s)),
resp. CY(I'(s)), for all times s € [0,T] and 9°5) = 0.

Proof The ordinary differential equation:
4
ds

determines a flow ¢s(z) on Gp for x € I'(t) such that

X(s) =v(X(s),s) forse][0,T], X(t) =,

ds(x) € I'(s) forall s€[0,7] and ¢i(z) = =.
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Our assumptions on v imply that ¢: I'(t) — I'(s) and (¢s)~t: I'(s) — I'(t)
are both C! mappings [24, Theorem 3.1].
We define the extension 77 by

7z, 5) = n((¢s) "' (@) for (z,s) € Gr.

It is clear that since (¢s)~t € CH(I'(t); I'(s)), we have 77 € HY(I'(s)) (resp.
CL(I'(s))) for all times s € [0, T].
Finally, we can calculate for y = (¢5) ! (z),

- d _ d
0°n(x,s) = &ﬁ(%(y)as) = &U(y) =0 for (z,s) € Gr,

which shows the result. O

2.3 Derivation of Cahn-Hilliard equations

We will consider a conservation law on an evolving surface with a diffusive flux
driven by a chemical potential. This is the approach taken by [21]. In general,
the Ginzburg-Landau functional on I'(¢) will not decrease along the trajectory
of solutions.

Let u represent a density of a scalar quantity on I'(t). Following [12], we
arrive at the pointwise conservation law

O°u+uVr-v,+Vr-q=0. (2.13)

Here ¢ represents the tangential flux of u on {I'(¢)}.
We will assume that the flux ¢ is the sum of a diffusive flux ¢4 and an
advective flux q,:
qa=—-Vrw and ¢, =uv,.

The diffusive flux is driven by the gradient of chemical potential w gives us
the split system [16]

u+uVr-v—Arw=0 (2.14a)
—cAru+ 1w’(u) —w=0. (2.14b)
5

This leads to the fourth order Cahn-Hilliard equation on Gr:
. L
®u+uVp-v=Ap | —cAru+ gw (uw) ). (2.15)

We close the system with the initial condition
u(-,0) =wuy on Ip. (2.16)

There are no boundary conditions since the boundary of I'(t) is empty.
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Remark 2.1 One can derive the Cahn-Hilliard equations posed in a Cartesian
domain as an H~! gradient flow of the Ginzburg-Landau functional. To obtain
a gradient flow on an evolving surface, there would need to be a model for v and
which would lead to a coupled system for v and v. In terms of modelling, we
feel these extra terms are geometric terms determining an evolution equation
for the surface, which we assume is given. Therefore, we do not consider such
terms in this work.

2.4 Solution spaces

In standard parabolic theory one looks for solutions in Bochner spaces. Con-
sidering our Cahn-Hilliard equation on a Cartesian domain 2 [15], one would
expect solutions to live in the spaces

u e L®0,T; H'(2)),« € L*(0,T; H*(2)),w € L*(0,T; H' (12)).

These spaces are constructed by considering u as a function from (0,7) into
the Hilbert space H!(§2). We would like to extend this definition so that w(t)
is in the now time-dependent Hilbert space H'(I'(t)). We consider Sobolev
spaces over the space-time domain Gr. We will write Vg, for the space-time
gradient and dor for the space-time measure on Gr. This approach is similar
to the Eulerian formulation of [28]. We contrast our approach with that of
[33], who proposed using an equivalent formulation using a reference domain.

We start by presenting the space-time domains L?(Gr) and H'(G7) defined
by

L2(QT) = {’17 S Llloc(gT) : / 772 dor < +OO}
gr

HY(Gr) = {n € L2(Gr) : Vo1 € Lz(gT)}.

1
2
1l 2 = ( | doT)
gr
1

2 2 2
19l a1y = (173202 + 1913 2(6r) )

with norms

Proposition 2.1 The space H'(Gr) is compactly embedded into L*(Gr).

Proof The result follows from the Rellich-Kondrakov theorem for manifolds
shown in [25, Theorem 2.9]. O

Using the identities,

dUT ’

T
] wdoar= [
0 JI() 91 /1 + |v, |2
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and

°nw, 0°n )

Ve,n=|Virn+ ,
ng < FT] 1—|—|’UV|2 1+|UV|2

our assumptions on v imply that the space-time norms can be replaced with
the equivalent norms

T
Il g = / / 7 do dt
L2(Gr) o Jre

T 3
111 gy = (/0 /F(t) n? +|Vrn® + (8°n)2dadt> .

We will use the equivalent primed norms (dropping the prime) on L?(Gr) and
H'(Gr) in the following.
We define the space L2L2 by

T
L3, = {n € Lo (Gr) : / / ndodt < +oo} ,
0o Jre

with the inner product

(77a§)L2L2 = /OT/F(t) né do dt.

It is clear that L%z is equivalent to L?(G7) and hence is a Hilbert space.
Next, we define the space L%Il as

N|=

L%ﬂ = {77: gr—-R:npe€ L2L2 and Vpn € (Lsz)n—H},

with the inner product

T
09, = [ [ Ve re+ngaoa
H 0o Jr@

where V7 should be interpreted in the weak sense. Notice that elements of
this space are weakly differentiable at almost every time.

Lemma 2.4 The space L%p is a Hilbert space.

Proof 1t is clear that ()2 | is an inner product space and we are left to
H

show completeness. Let 7, be a Cauchy sequence in L?,,. This implies that
ni and Vpny are Cauchy sequences in L?(Gr) and (L?(Gr))™*!. This means
that there exists n € L*(Gr), & € (L*(Gr))™*! such that

ke — 7I||L2(gT) + |V, — me(gT) —0 ask — oo.
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Fix t* € (0,7) and let ¢ € C*(I'(t*)) and a € C(0,T). Using Lemma 2.3, we
can construct @: Gy — R such that ¢(-,t) = ¢ and ¢ € C1(I'(t)) for each
time ¢ € (0,7). Then, for j =1,...,n+ 1, we obtain

T
[ ] abyd)+ap)doar
o Jrw
T
- / / (n—m)D,(0F) + (D, (o) + & (aP)) dodt
o Jrw

- /0 /F(t) (n —mx)D;(ap) + (—=Dnk + &) () do dt,

where we have used the fact that 7y is weakly differentiable at almost every
time. Taking the limit £ — oo, we infer

T
/ o / nD;p +&jpdo | dt = 0.
0 e

Since this holds for all & € C(0,T), by the Fundamental Lemma of the Calculus
of Variations, at t = t*, we have

/ nD;p +&jpdo=0 for all o € CH(I(tY)).
I(t*)

Since the choice of t* was arbitrary, we infer that ¢ is the weak gradient of n
for almost every time t € (0,7") and the proof is complete. O

The equivalence of norms implies that n € L%p with 0%u € L2L2 if, and
only if, n € H*(Gr).
For 1 < ¢ < 0o, we will define the space L%, by

Ly = {n€ L%Gr) : Inll s, < +o0},

1
T q
Lqu =

esssup || g1 (p ey for ¢ = co.
te(0,T)

with norm

It is clear that L$%, C L%, and that

Inllze < \/THnHLOOI for all n € L.
H H

Finally, we define L9, and L?p by

LY. = {77 € L*(Gr) : esssup 71l g2 ey < +oo}
te(0,T)

T
0
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Remark 2.2 As a restriction on our analysis we will only consider d®u as a
function in L%z since we do not wish to consider a weak material derivative.
Such considerations are left to future work.

We conclude this section with a result which will take an integral in time
equality into an almost everywhere in time equality. The proof is the general-

isation of a similar result given in [30, Lemma 7.4] for planar domains.

Lemma 2.5 Letn € L%p with

T
/ Vrn-Vr+nédodt =0  for all{EL?p. (2.17)
0 Jr@)
Then for almost all times t € (0,T),
/ Vrn-Vrp+nedo =0 for allgoeLffl. (2.18)
()

Proof Fix ¢ € L3, and o € C([0,T]), then choosing £ = ap € L%, and

T T
0:/ Vpn~Vp§+n§dadt:/ a< Vpn-Vp<p+77<pda> dt.
0o Jr@) 0 I'(t)

Since the choice of a was arbitrary, the Fundamental Lemma of the Calculus
of Variations implies the result. O

2.5 Weak and variational form

We start by multiplying (2.14a, 2.14b) by a test function ¢ and apply integra-
tion by parts to the Laplacian terms to give the weak form. This will be the
definition of solution used throughout this paper. Existence and uniqueness of
solutions will be shown Section 4.

Definition 2.1 (Weak solution) We say that the pair (u,w): Gr — R?,
with w € L, NH(Gr) and w € L?,,, are a weak solution of the Cahn-Hilliard
equation (2.15) if, for almost every time t € (0,7,

O®up +upVr-v+Vrw-Vrpdos =0 (2.19a)
)

1
/ eVru-Vrep+ =9 (u)p —wedo =0, (2.19b)
() €

for all ¢ € L%p,

and u(-,0) = up pointwise almost everywhere in IG.
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Restricting our thoughts to ¢ € H(Gr), applying the transport formula
to the first two terms in (2.19a) gives the variational formulation:

d
— / updo | + / Vriw-Vrpdo = / ud®pdo (2.20a)
dt \ Jre I I(t)

1
/ eVru-Vip+ = (u)pdo = / wedo. (2.20b)
I(t) € I(t)

We remark that this formulation has no explicit mention of the velocity field
v and will be the basis of our finite element calculations.

It will be useful to write these equations using abstract bilinear forms. We
define the following three to describe the above equations for n, ¢ € H*(I'(t)):

m(n,w):/ nedo a(fw):/ Vrn-Veedo
r(t) r(t)

g(vin, ¢) = / neVr -vdo.
()

This lets us write (2.19) as

m(0%u, p) + g(v;u, @) + a(w, p) =0
1 (2.21)
6(1(’[1,, QD) + gm(w (u)a SO) - m(wa SD) = Oa
and (2.20) as

d
—m(u, a(w, ) = m(u,d®
3w 0) +a(w, ) = m(u, 0°¢) 2.2

calu, o) + 2mlW/ (w), @) = m(w, ).

We may also write the results of Lemma 2.2 in this form:

d (] (]
am(n,sﬁ) =m(0°n,¢) +m(n,0%p) + g(v;n, »)

d [ ] (]
dta(n, @) = a(d*n, ¢) +a(n,d%p) + b(v;n, ),

with the addition of

b(v;n, ) = B(v)Vrn-Vredo,
()

using A = Id in the definition of B(v).

3 Finite element approximation

In this section, we propose a finite element method for approximating solu-
tions of the Cahn-Hilliard equation (2.15) based on the evolving surface finite
element method [8].
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3.1 Evolving triangulation and discrete material derivative

Let I, be a polyhedral approximation of the initial surface I with the
restriction that the nodes {on}évzl of I, lie on I'y. We evolve the nodes
{X; ()}, by the smooth surface velocity:

Xj(t):U(Xj(t),t), Xj(O):XJQ, fOYjZl,...,N.

Linearly interpolating between these nodes defines a family of discrete surfaces
{In(t)}. At each time, we assume that we have a triangulation 7, (t) of I},(¢),
with h the maximum diameter of elements in 7, (t) uniformly in time:

h:= sup max diam FE(t). 3.1
te(0,T) E(W)E€Tn(t) Q 31)

We assume this triangulation is quasi-uniform [2] uniformly in time.
Lemma 3.1 Under our assumptions on {I}(t)}, we have that
Sup(vr'vhoo + I1Br(Vi)l 7 o )Scsup V|| 2 )
0 (195 Vil )+ 1B 0R o) < € 50 ol
(3.2)

Proof The result follows from applying the geometric estimates (3.27) and
(3.42) along with our assumption that v € C?(N7). |

Remark 3.1 In practical situations, assuming a uniformly regular mesh may
not be feasible. Large surface deformations can lead to poor quality triangu-
lations with deformed elements. In such cases, re-meshing may be required [4,
14]. Alternatively, one may use an arbitrary Lagrangian-Eulerian formulation
by allowing extra tangential mesh motions [19,20].

We define v, element-wise as the unit outward pointing normal to I},(t)
and denote by Vp, the tangential gradient on I, (¢) defined element-wise by

Vrnn =V, — (Vi - vp)vp = (Id — vy @ vp) Vi, =: PRV,
This is a vector-valued quantity and we will denote its components by
Vi, = (Qh,ﬂ?h, ce th,n+177h)
We define the finite element space of piecewise linear functions on I, (¢) by
Sn(t) :=={¢on € C(In(t)) : dnlp() is affine linear, for each E(t) € %(t)(} )
3.3

We will write {¢ (-, ¢)}7_, for the nodal basis of Sy, (t) given by ¢ (X;(t),t)
8ij-
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The definition of a basis of Sj,(t) allows us to characterise the velocity of
the surface {I,(¢)}. An arbitrary point X (¢) on I},(t) evolves according to the
discrete velocity V}, given by

N

X () = Va(X(0),0) = D X (0)o] (X (1)) = Y 0(X; (1), )] (X (1), ¢)-

j=1 j=1
(3.4)
We will write G, 7 as the discrete equivalent to Gr:

Gnr = |J In(t) x {t}. (3.5)

te(0,T)

The discrete velocity V}, induces a discrete material derivative. For a scalar
quantity 7, on G, 7, we define the discrete material derivative Opny, by

Opnn == O, + Vi, - Vi, (3.6)

where 7, is an arbitrary extension of 7;, to Np. This leads to the remarkable
transport property of the basis functions {¢§V }.

Lemma 3.2 (Transport of basis functions)
Let ¢§V: Gnr — R be a nodal basis function as described above, then

Moy =0. (3.7)
Proof See [8, Proposition 5.4]. O

From a practical view point, a key advantage of this methodology is that,
since basis functions have zero discrete material velocity, there is no mention
of the velocity or curvature in the resulting finite element scheme.

These discrete quantities also satisfy a variant of the transport formula
from Lemma 2.2. We label the surface measure on I},(t) as doy,.

Lemma 3.3 (Transport lemma for triangulated surfaces)

Let {I'(t)} be a discrete family of triangulated surfaces evolving with ve-
locity Vi,. Let mp, ¢, be time-dependent finite element functions such that the
following quantities exist. Then, we have

d

— Nh doyp, = / 8}:77}1 + ﬁthh -V, doy,. (38)
dt Jr, ) Th (%)

In particular, for the L? inner product this means that

d
4 / nnén o, = / (O b+ (D) + bV r, - Vindon, (3.9)
dt Jr, 1) 1 (t)



16 Charles M. Elliott, Thomas Ranner

and for the Dirichlet inner product, we obtain
d
dt F}L(t)
= [ IO gt Vo Vr@o) o (g
I

Vr.m - Vr,ondoy

+ / By(Vi)Vr,nn -V, o doy,
E(t)eT(t) Y E®
where
1 1
Bh(Vh) = i(vfh'vh)ld_Dh(Vh) cmd Dh(Vh)ij = i(Qh’th’j—i_Qh’th’i)'
Proof See [12, Lemma 4.2]. O

3.2 Finite element scheme

We will assume that there exists a mesh size hg > 0 such that |[Uol| 1, ) i
bounded independently of A for h < hg. This implies that there ex1sts C >0
such that for all h < hg, we have

1
£l m / [V ,Uof? + Z6(Uo) doy < C. (3.11)
I'h,0 €

Remark 3.2 One particular choice of initial condition will be to take Uy as a
suitable approximation of ug (for example, IT,ug defined in (3.45)) for ug €
H?(I).

Our solution spaces will be

SE = {én € C(Gnr) : dn(-,t) € Sp(t) for all ¢ € [0,T]}

_ (3.12)
Slq; = {¢h S S;:f : 8,;<;$h S C(Qh,T)}.

The finite element scheme is: Given Uy, find U}, € Sg and W), € 5}7; such
that for almost every time ¢t € (0,7

d
T Unondoy | + VWi Vr,ondoy, = / Un0Opén dop,
t\Jr.@ In(t) In(t)
(3.13a)
1
/ eVrUn -V, én + =0 (Up)on doy = Whon dop,
Iy (t) € Iy (t)
(3.13b)

for all ¢y, € Sy (t),
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subject to the initial condition
Uh(-,O) =Up. (3.14)

The transport formula (3.9) implies that, for ¢, € SF, (3.13a) is equivalent
to

/ ( OUwon + Unon Vi, - Vi + V1, Wi - Vi, ¢, doy, = 0. (3.15)
Iy (t)

We can write these equations in matrix form. First, we will introduce vec-
tors a(t), B(t) € RY for the nodal values of Uj, and W}, by

Zaj (z,t), Wh(x,t) Zﬁ] (x,t) for (z,t) € G 1.

In place of the bilinear forms, we have the mass matrix M(t) and stiffness
matrix S(t):

M= [ Ve don Sy = [ Vre Ve don,
Fh(t) Fh(t)

and in place of the non-linear term, we will write

N
Fla(t)); = / ( )w’ (Z ai(t)qﬁﬁV) oY doy.
Tt i=1

Using the transport of basis property (Lemma 3.2), we can write (3.13) as

< (M(1)a(0) +S1)A(1) = 0 (3.162)
S(t)alt) + é}"(a(t)) — M@®)B(t) = 0. (3.16b)

Alternatively, eliminating (), this can be written as

d

= M(a(t) + SOMH) ™! (eS(t)a(t) + i]—"(a(t))) —0. (3.17)

One could also use lumped mass integration [32, Chapter 15] instead of the
full mass matrix.

Notice that this is the same structure as a finite element discretisation
of a Cahn-Hilliard equation posed on a planar domain. We now have time
dependent matrices which need to be assembled each time step. Various time
stepping schemes have been considered for second-order parabolic problems
on evolving surfaces [10,13,26].
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Next, we introduce abstract notation which permit a more compact writing
of the analysis that follows:

mp (M, on) = / Nhén don an(Mh, dn) = V.-V, ondop
() I (t)
9 (Vi Mh, On) = / MmérVr, - Vi dop.
Fh(t)

The lets us write (3.13) as

%mh(Uh, én) + an(Wh, én) = mu(Un, O, ¢n)

ean(Un, én) + %mh(wl(Uh),QSh) = mp(Wh, ¢n),
and (3.15) as

mp (08 Un,y dn) + gn(Vi; Un, é1) + an(Wh, ¢r) = 0.

The transport laws from Lemma 3.3 transfer to the abstract setting also:

d
amh(nha én) = mu(Opnn, én) + mu(n, Onén) + gn(Vai nn, én)

d
&ah(nha én) = an(Opnn, &n) + an(n, Ofdn) + ba (Vi nn, én),

where

b (Vi s dn) = Br(Vi)Vr,nn - Vi, ¢n dop.
E()ent) E®

Before showing stability of the finite element scheme, we will show a gen-
eralised Gronwall inequality:

Lemma 3.4 Let yp,(t), z1,(t) > 0 and satisfy the following differential inequal-
ity

%yh(t) +2n(t) < clyn(t) + hyn(t)? + W2yn(t)® +C)  for0<t<T,

yr(0) = yo.
(3.18)
If 1 — h(yo + C)?(2(+Met — 1) > 0, then yy, 2, satisfy the bound
t e(1+h)ct + 5«
w(®)+ [ an(s)ds < (40 + O) (3.19)
0

\/1 — h(yo + C)2(e2(+h)et — 1)
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Proof Let np(t) = yn(t) + fg zn(s)ds + C and 19 = yo + C. We note that
yn(t)? < np(t)? (¢ =1,2,3) and n(t) > 0. Then 7, satisfies

d

() = c(nn(t) + han(8)* + P2 (1)%) < (L4 h)in(t) + (h+ B )nu(t)?).
This implies

1 d10< mn(t)? >_ S (t)
2t 2ndt S\1+hm(®)2)  (L+ h)n(t) + (b + h2)n(t)

Assuming that h is sufficiently small so that 1 — hng (et — 1) > 0, inte-
grating this inequality in time implies

<c.

62(1+h)ctn%

2
()" < 1 hnZ (e20het — 1)

Rearranging this inequality gives the desired result. a
Under the above assumptions, the following estimates are possible.

Theorem 3.1 (Well-posedness of the finite element scheme (3.13))
Under the above assumptions on Uy and {I},(t)}, there exists a unique solution
pair (Up,Wp) € S} x gg, both with C' in time nodal values, to the finite
element scheme (3.13) and th(t) Uy, doy, is conserved:

/ Uy, doy, = / Updoy,  forallt € (0,T). (3.20)
Iy (t) I'ho

Furthermore, there exists hy, 0 < hy < hg, and Cy > 0, which depend on the
final time T and the Hl(Fh,o)—norm of the initial condition Uy, such that for
all h < hy the following bound is satisfied:

€ 1 1 /7
sup / B IV, Unl? + =9(Uy) doy, + 5/ ||VphWh\|iQ(Fh(t)) dt < Cy.
te(0,T) J I (t) € 0 ( )

3.21

Proof Considering (3.17), since M(t) is positive definite, S(t) positive semi-
definite and F is locally Lipschitz, standard theory of ordinary differential
equations gives a unique short-time solution a € C1([0, Tp]; RY) for some
To < T. From (3.8), we know S(t) and M(t) are C! in time, and M(¢)~! € C!
by the Inverse Function Theorem. Thus, we infer

1
Bt) = M) SOM(E) " (eS(t)alt) + SFla()) € ([0, T}, RY).
This is easily translated into solutions Uy, W}, in the appropriate spaces.

Since ¢, = 1 is an admissible test function in (3.13a), it is clear that
th(t) Uy, doy, is conserved.
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To extend to the long-term solution, we construct an energy bound. We
start by testing (3.13a) with W}, and (3.13b) with 0pU; and sum to see

1
eap(Un, OUn) + gmh(¢,(Uh)a OnUn) + an(Wp, Wh)

d
= —&mh(Uh, Wh) + mu(Un, Op W) 4+ mp(0h Un, Wh,).

Applying the transport formulae from Lemma 3.3, we obtain

% (sah(Uh, Un) + émh(w(Uh), 1)) + an(Wh, W)

£ 1
= §bh<Vh; Un,Up) + ggh(Vh; Y(Un), 1) = gn(Vi; Up, Wh,).

Next, we introduce the L?(I},(t)) projection Ap: L*(I(t)) — Sh(t). For
z € L3(I,(t)), we define Az as the unique solution of

mu(Anz, on) = mp(z,¢n)  for all ¢, € Sp(t). (3.22)

For z € H(I',(t)), we will make use of the following bounds:

A2\ 1 )y < €2l e ey » 12 = Anzll p2(r, 1)) < P2l e r, oy -
(3.23)
These bounds follow since our triangulation is quasi-uniform.

We first note that from our assumptions on v, we have Up(Vp - v)_é S
HY(I(t)) with ||U, (V- “)_ZHHlm,(t)) < ¢\ Unll g1, 1)) Next, we test (3.13b)

with Ay, (Un(V r-v)~%) and using (3.23) and the Sobolev embedding (Lemma 3.6),
we see that

Wi A (Un(V - 0) ) doy,
I'n(t)

<e¢ |ah(Uh,Ah(Uh(Vp . ’U)ie))| + é |mh(1//(Uh), Uh(Vp . ’U)é)|

+ % |mh(z//(Uh), Ap (Uh(Vp -U)_Z) - Uh(Vp . ’U)e)‘

1 ch
< (con(0n, V) + 20O 1)) + L 100 o
Similarly, testing (3.13b) with W}, leads to

1 c
mp(Wh, Wy) < ceap(Un,Up) + §ah(Wh7 Wh) + = ||UhH?—Il(Fh’(t)) .
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Applying the geometric bound (3.42), the two previous bounds, a Poincaré
inequality and the fact that the mass of Uy, is conserved, we infer that

|9(Vi; Un, Wi
< |mh(Wh, Uh(Vph -V = (VF -U)_Z))| + \mh(Wh,Ah(Uh(Vp . v)_e))|
< th(Uh, Uh) + Ch2mh(Wh,Wh) + !mh(Wh,Ah(Uh(Vp . U)_e))|

1 1
<c (Eah(Ufu Un) + gth(Uh), 1)) + §ah(Wha Wh)
+ ¢ (han(Un, Un)? + h* an(Uy, Up)?) + Co(Uy),
where éo(Uo) is a constant which only depends on the integral of Uy on I, .

This leads to the estimate

i (con@. 00 + Jmn (0. D)) + n (%3, W)
<ce (wh(Uh, Uh) + %mh(d}(Uh), 1) + hah(Uh, Uh)2 + h? ah(Uh, Uh)3>
+ Co(Uo).

We will use the generalised Gronwall inequality from (3.19) with y, =
Eah(Uh,Uh) + %mh(dJ(Uh),l), Zp = ah(Wh,Wh) and C = Oo(Uo). Given T,
there exists hy, 0 < h; < hg, such that for h < hy, we have

1 — h(EL + Co(U))2(e2HHMet — 1) > 0.
This gives the energy bound in (3.21) with Cy given by

o eHNCT (gh 1 Cy(Un))
V1= h(E} + Co(Up))2(e21+0)et — 1)

Co

This implies, that if h < hy, we have an energy bound on (0,7") and hence
can turn the short-time existence result in to existence over (0,T") where T is
arbitrary. O

3.3 Lifted finite elements

The following analysis will rely on lift operators defined using a time dependent
closest point operator p (2.6). This lifting process will also be applied to the
surface triangulation. This will induce a further discrete material velocity vy,
which will describe how the lifts of triangles on {I'(¢)} evolve.
First, for a function 0y, : G 7 — R, we define its lift, nﬁ : Gr — R, implicitly,
by:
b (p(a. 1), 1) = mi(a. 1), (3.24)
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and, for a function 7: G — R, we define its inverse lift, n~*: G, 7 — R by

n~ (x,t) = n(p(x, t),1). (3.25)

It is clear that these operations are inverses of each other

m'=n and ()" =m.

Furthermore, (2.6) allows us to define a lifted triangulation Z;(t) of I'(t)
by

Tt ={e(t) = E*t) : E(t) € Fu(t)}, EYt) == {p(x,t) 1z € E(t)g :
3.26
This defines an exact triangulation of I'(t).

Lemma 3.5 (Stability of lift) Let ny: Gnr — R, with lift nf: Gr — R, be
such that the following quantities exist. For 1 < q < 400, there exists c¢1,cy >
0, independent of h, but depending on q, such that for each time t € [0,T)]
and each element E(t) € F,(t) with associated lifted element e(t) € FE(t), the
following hold:

e 1l ey < Immllacay < e2 Il o) (3.27a)
“a vanfLHLq(e(t)) < vahnhHLq(E(t)) < HVFn[;iHLq(e(t)) (3.27b)
Hv%hnhHLz’(E(t)) s¢ (Hv%nf;HL%e(t)) +th Hvl—‘nf;HL2(e(t))) : (3.27¢)

Proof The result for ¢ = 2 given in [8] can be easily extended to the case
q 72 0

This result allows us to give Sobolev embeddings for discrete surfaces:

Lemma 3.6 For I',(t) as above,

L/ =0(L(t))  forq <n

L (I (1)) for g > n. (3.28)

Wha(I,(t)) C {
Furthermore there exists a constant ¢ = ¢(n,q), independent of h, such that
for any ny, € WHa(I,(t))

||77h||LntJ/(nfq)(rh(t)) <c H77h||W1,q(ph(t)) forq<n (3.29a)
thHLOO(Fh(t)) <c H’?h”Wl.q(rh,(t)) for g >n. (3.29Db)

Proof To see the embedding result, we apply Lemma 2.1. The bounds then
follow using the stability of the lift (Lemma 3.5). O

We will write S (t) for the space of lifted finite element functions:

Sh(t) = {on = o} : dn € Su(t)}.

This space comes with the standard approximation property:
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Proposition 3.1 (Approximation property) The Lagrangian interpola-
tion operator Ip: C(I'(t)) — Si(t) is well defined and, for = € H*(I'(t)),
satisfies the bound

Iz = Inzll 2 peyy + R IVEGE = 2l 2 rgyy < h® N2z - (3:30)
Let 1 < q < 0o be such that HY(I'(t)) embeds into LI(I'(t)), then
IV r(z = In2)ll pagreeyy < e PO 2] o gy - (3.31)

Proof The proof is given in [7] for the case ¢ = 2 and can be easily extended
using standard interpolation theory [3, Theorem 3.1.6] to the case ¢ #2. O

Remark 3.3 For the remainder of the paper, we will write lower case letters for
the lift finite element functions with capital letters (i.e. Uf; = uy, and W,f = wp)
and ¢y, for the lift of ¢y.

The motion of the edges of the simplices in the triangulation {Z‘(¢)}
defines a discrete material velocity for the surface {I'(t)}. Let X (t) be the
trajectory of a point on {I(t)} with velocity V(X (¢),t). We set Y (t) =
p(X(t),t) then define vy, by

_ o

(Y00 = V() = 5

(X (1), 1) + Vp(X(2),t) - Va(X (1), 1), (3.32)
so that for x € I',(t), using (2.6), we have
vp(p(z,t),t) = (P(x,t) — d(z, t)H(z, t))Vi(x, t) — de(z, t)v(z) — d(z, t)ve(x, t).

This defines another discrete material derivative for functions ¢y (-, ) € St (t).
We define the discrete material derivative on Gy element-wise by

Opon = Ovpn +vp - Vp. (3.33)
A quick calculation [12] shows that for all ¢, € Sy (), with lift ¢, € S (2),
Onpn = (Onon)". (3.34)

It can be shown, similarly to (3.7), that 85 (¢})" = 0. We will write Sf;’T and
SiT for the lifts of the spaces ST and S defined by (3.12). It is clear that
from Lemma 3.5 that

Si’T Cc H'(Gr) and §£’T C L.

We remark that the continuous and discrete material velocities on {I'(¢)}
only differ in the tangential direction. This implies that the difference between
the two material derivatives on {I'(¢)} only depends on the tangential gradient
of the original function and not on any time derivatives.

These definitions also permit transport formulae:
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Lemma 3.7 (Transport lemma for smooth triangulated surfaces) Let
{['(t)} be an evolving surface decomposed at each time into a family curved
elements { Z,X(t)} whose edges evolve with velocity vy,. Then the following re-
lations hold for functions ny, wp: Gr — R such that the following quantities
exist:

d

— npdo = ornn + eV - v do, (3.35)
dt S r)
and
d ] (]
@m(nm ©n) = m(pnn, pn) +m(nn, Onen) + g(vn; n, on) (3.36)
d
34 en) = alOfnn, on) + a(nn, Opn) + b(onsmn, ). (3.37)
Proof See [12, Lemma 4.2]. O

3.4 Geometric estimates

In this section, we will simply state the following geometric estimates without
proof. Details can be found in [12] except where stated.

Lemma 3.8 Let u;, denote the quotient of surface measures do on I'(t) and
doy, on I(t) such that py dop, = do; then

sup sup |1 — up| < ch? (3.38a)
te[0,T] I'n(t)
sup [|0h tinl oo (1)) < (3.38D)
te[0,T

Proof See [12, Lemmas 5.1 and 5.4].

Lemma 3.9 Let Zy,, ¢, € Si(t) with lifts zp,, pn € Sy (t). Then the following
estimates hold for the given bilinear forms:

Ima(Zns dn) = m(zn, on)| < h® 1 Znll L2 1, ) 00l L2 (1, 00) (3.39a)
lan(Zn, én) — alzn, ¢n)| < ch? ||thZhHL2(['h(t)) ||VDL¢h||L2(rh(t))

(3.39D)

190 (Vas Zn, 81) — 9(0n; 20y 00)| < h? (| Znll L2, o9y 190 L2 ) (3.39¢)

b1 (Vas Zny &1) = b(0n; 20, 00) | < eh? IV 1, Zol 2y ) IV 1O 2 0 -
(3.394)

Proof The first two results are given in [12] and the second two are shown in
[29, Lemma 3.3.14]. O
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Using the same reasoning, it is also clear that

[ma (W' (Zn), ¢n) = m(' (zn), on)| < h® 10" (Zn)ll 2 o9y 190 ] 22 ) -
(3.40)
Similar results apply if the first argument is the material derivative of a
finite element function:

Lemma 3.10 For Z,, € S}, ¢y, € 5,? with lifts zy, @ € Si(t) for each time,
we have

| (07 Zn, on) = m(Opzn, o)l < D 108 Znllpar, oy 10nl 2y (341)

|an (9% Zn, on) — a(@hzns )| < h? IV 1, (On Zi) L2 o) 1V 0w 00l 221 ) -
(3.41b)

Proof Both results follow by using the fact, (8;Zh)z = Oy 2, and applying the
results from Lemma 3.9 [12, Lemma 5.8]. O

The next lemma bounds errors from the approximation of v by vy:

Lemma 3.11 The difference between the continuous velocity v and the dis-
crete velocity vy, on I'(t) can be estimated by

[v —vp| + A | V(v —uvp)| < ch? [vllezamy < ch?. (3.42)

Proof See [12, Lemma 5.6]. O
This allows us to bound the error between the material derivatives on I'(¢):

S

Corollary 3.1 Suppose that n: Gr — R and 0°n and Opn exist. For 7
HY(I'(t)), we have the estimate

10°n — 31:77||L2(r(t)) < ch? ||VF77||L2(I‘(t)) ) (3.43)

and for n € H*(I'(t)), we obtain
IVr(0®n — 8}:77)”L2(F(t)) < ch® ||77||H2(r(t)) : (3.44)
Proof See [12, Corollary 5.7]. O

3.5 Ritz projection

We conclude this section by constructing a discrete projection operator, similar
to an interpolation operator. We define the Ritz projection operator, Iz €
Sh(t), of z € H(I'(t)) as the unique solution of

an(ITz, ¢n) = a(z, @) for all ¢, € Sp(t), with lift o, € Sh(t)  (3.45)

and

I zdoy, = / zdo.
T (t) I(t)

We will write 7,2z = (IT2)* for the lift of the Ritz projection.
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Remark 3.4 This operator is the Ritz projection used by [6], but different to
that used in other surface finite element analyses such as [9,12], which use the
operator Ry,: H?(I'(t)) — Sf(t) given as the unique solution of

a(Rinz, on) = a(z,¢p) for all ¢, € SE(t)  and Rpzdo = 0.
I(t)

The following bounds are immediate:

Theorem 3.2 For z € HY(I'(t)),

I7n 2l g ryy < ellzllmre) » Imnz = 2l L2 (ry) < chllzllgn ey -
(3.46)
For z € H*(I'(t)),

[mhz — ZHLZ(I’(t)) +h|Vr(mhz — Z)HLz(r(t)) < ch? ||Z||H2(F(t)) ) (3.47)

and for 1 < q < oo, such that H*(I'(t)) embeds into Li(I'(t)),

IV r(mnz = 2)lpacrqy) < b OB 2| o gy (3.48)

Proof The H! stability result is clear and the L? error bound for a H' function
follows from an Aubin-Nitsche trick. The L? results for z € H?(I'(t)) follow
from standard error estimates for the surface finite element [7]. The L7 result
follows from the same splitting argument along with an inverse inequality. 0O

Corollary 3.2 The Ritz projection is bounded in L°° and we have the bound
0zl oo 0y < 702l Loe () < €Mzl 20y - (3.49)

Proof Let 1 < g < oo be such that H(I'(t)) embeds into L9(I'(t)) and such
that W14(I'(t)) embeds into L>(I'(t)). The previous result, a Poincaré in-
equality and (3.38a) imply that

170 = 2l < IV ERE = 2) gy + /F e

< CHZ”Hz(F(t))v

for h sufficiently small. We use a Sobolev embedding (Lemma 2.1), to see

7mnzll oo (rey) < €llmnzllwrarey < cllzllmzra) -
It is clear that
HInz ] oo () = 702l e (p0)) 5

which completes the proof. O
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Since Oy Iz # 11,05z, we also wish to have a bound on the discrete ma-
terial derivative of this error for a function. We will assume that z € H2(I'(t))
and 0°z € H?(I'(t)) for each t. Under this assumption, we may take a time

derivative of (3.45), so that for all ¢y, € ST with lift ¢, € Sf;’T,
an(OpdInz, ¢n) = a(Onz, on) + (b(vn; 2, 0n) — br(Va; Hnz, ¢1)). (3.50)

In fact using similar arguments to Lemma 2.3, we can construct a similar
extension of a finite element function ¢, € Sj,(t) to a function ¢y € S;q; by

N N
5h(3:, s) = Z’ngbj-v(gm s) for (z,s) € G where ¢p(x) = Zvj¢>§\[(x,t).
j=1 j=1

Hence, we deduce that (3.50) applies at each time t € (0,T") for ¢ € Sp(t).
We start by proving two technical lemmas:

Lemma 3.12 Given z: Gr — R with z € H*(I'(t)) and 0°z € H*(I'(t)) for
almost every time t € (0,T), then Op I,z exists and we have the bound

||VF;L (32Uh2)||m(ph<t>) < C( ||ZHH2(F(t)) + ||3.Z||H2(F(t)) ) (3.51)

Proof To show the bound, we start from (3.50), using a Young’s inequality,
(3.47) and (3.39d) gives

@ (@3 02,0n) < (1970 + Ielacrn) + 5 19500 3, 0
Applying this bound with ¢, = O} ITjz gives the estimate (3.51). O
Lemma 3.13 Define the function Ty, on Sf.(t) by

Th(pn) = a(Oh(mhz — 2), ¢n). (3.52)
Then we have the bound
|Th(n)| < ch (||Z||H2(F(t)) + HB‘lem(r(m) ||VF90h||L2(r(t)) : (3.53)
Furthermore, for any n € H*(I'(t)), we have that
[ Th(eon)| < ch HZ||H2(F(t)) IV r(en — 77)HL2(F(t)) +ch® HZHHz(r(t)) ||77||H2(F(t))

+ ® (Il s oy + 10" azs ey ) 1V r el ooy
(3.54)

Proof Using (3.45) and (3.50), we see for ¢y, € Sy,(t), with lift @5, € Sf(t),

Th(en) = a(Opmnz, n) — a(Orz, vn)
= b(vn; 2 — Tz, 0n) + (a(Opmnz, on) — an(Of iz, ¢n))
+ (b(vn; Tz, on) — ba(Vas Iz, ¢n)).
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Using our bound on the Ritz projection (3.47), and two geometric estimates
(3.39d) and (3.41b), we have that

ITh(en)| < chllzll gzepy IV renll L2 ey
+ch?( IVrormnzllpareyy + IV rmnzll g2 ry) ) IVrenllpz ra)
<ch (HZHH2(r(t)) + \|3'2||H2<p(t>>) IVrenllpzr) -

We can improve this estimate by comparing v, to the smooth velocity v
and introducing a smooth function € H?(I'(t)). Then, we split the first term
in Ty (¢p) into

b(vp; Thz — 2z, ¢n)
=blvp, —v;mhz — 2,0n) + (v TRz — 2,00 — M) + b(v;TRZ — 2, 7).

Using the smoothness of 7, the final term, b(v; 7,2z — z,71), is bounded using
an integration by parts argument given by [12, p. 21]:

b(v;p,n) = /
()

Hence, we obtain

n+1 n+1

> Hy;B(v)ij ¢ Dyndo — /F( @ > D;(B(v)i;D;n) do.
i,j=1 t

b(v; 0. < cllell2cry) 1M g2y -

Combining these calculations with (3.42) and (3.47), we get

b(vas Tz — 2,0n)| < ch |zl g2 (pey IV P (n = M)l L2 (r )

+ ch? 121l 2 ey (”VI“PhHLz’(r(t)) + 10l 2 rey) )-

Hence, we have

ITh(en)| < ch ||Z||H2(r(t) IVr(en — 77)||L2(p(t)) +ch? ||Z||H2(F(t)) H77||H2(r(t))

o+ ch® (Ilzs gy + 10"z ey ) IV 0l ey

which is the second estimate. O

These results allow us to show an estimate for the difference between the
material derivative of a function and its Ritz projection.

Lemma 3.14 For z: Gr — R with z,0°z € H*(I'(t)), we have

108 (T2 = 2l L2 (peyy + PNV POR(TRz = 2l L2 (p(1y)

k (3.55)
< ch® (112l g creyy + 10° 2l a2y ) -
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Proof We start by rewriting the error as
a(Op(mhz — 2), 0 (Thz — 2))
=a(Oh(mpz — 2), 00wz — In(0°2)) + a(Of (mhz — 2), [(0%z) — 0°2)
+a(0} (mhz — 2),0%2 — Op 2).
(3.56)
We can bound the first term on the right-hand side using (3.53) by

|a(OF (mhz — 2), 0r Rz — IR(0%2))| = |Th(Opmrz — I5(0°2))]
< ch(110° 2l gz reyy + 120 w2 (reyy ) 1V P @hmnz = 10(0°2) | 22 sy
< ch( 102l g2 ey + 12 2 (rey) ) IV rop(mnz — M2y
+ ch IV rop (mnz = 2)l172(rgy) -
The second term is bounded using the approximation property (3.30):
|a(05 (T2 = 2), n(8°2) — 0°2) < ch[|[VrOy(mhz = 2)|l L2y 10° 2l 2 (reey) -

Finally, we use our estimate of the difference of material derivatives (3.43) to
bound the third term:

|a(05(mhz — 2),0%% = Oh2)| < h? |V rdf(mnz = ) L2(p(ey) 12l 2 e -

Combining these three bounds in (3.56), we get the desired gradient norm
bound for h sufficiently small.

To show the L? bound, we use the Aubin-Nitsche trick. We start by writing
e = On(mpz — 2), then e is in L? so can be set as the right-hand side for the
dual problem: Find ¢ € H'(I'(t)) such that

a(p,¢) = mle—co,) forall p € HY(I'(t)), and (do =0, (3.57)

where ¢y = ﬁ fp(t) edo. We know [1] that (3.57) has a unique solution and
satisfies the regularity result

< cllell L2y - (3.58)

We note that from fﬂ (1 nzdoy = fp(t) zdo, that

1< a2y

T (1) |eo] = / O (nz — 2) do
Ir(t)

d
:—/ th—zda—/ (mhz — 2)Vr - vy do.
dt Jpe )

We remark that from (3.38a) and (3.38b), we have

d d 1
— Tz —zdo = — / ﬂ'hz(1> do
dt Jre) dt \ Jr@ Pn

< ch? (2l gz ry + 10° 20 2 reyy )
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and using (3.47), we infer
/F(t)(WhZ —2)Vp-vpdo < cfmpz — Z||L2(F(t)) < ch? ||Z||H2(F(t)) :

This implies
|co| < ch®( 12l g2 ey + 102l 2 ey )-
These calculations lead to

m(e,e) — [I(t)]* @ = a(C,e) = a(C — In¢, ) + Th(Ing). (3.59)

The first term on the right-hand side is bounded using the approximation
property (3.30) and the gradient norm bound on e, together with the dual
regularity result (3.58):

|a(¢ = In, )l < eh® lell 2 gy (121 2oy + 102l 2 0y )-

The second term is estimated using the improved bound (3.54) on T}, (Ix()
with n = (. Applying the approximation (3.30) we see

1 Th(InQ)] < Ch2( ||Z||H2(F(t)) + H5.2||H2(r(t))) ||€||L2(r(t)) :

Applying these two bounds in (3.59) gives the desired result. O

4 Well-posedness of the continuous problem
We use this section to show some properties of the continuous scheme based
on the energy estimates coming from Theorem 3.1 along with further some

estimates. We will use these properties in later sections but they are also
important results in their own right.

4.1 Improved bounds on the finite element scheme
In order to derive some improved bounds on 0;U, and W}, we will assume

that Uy o = Hpue with ug € H?(Ip). It is clear that assumption (3.11) still
holds in this case. In fact, we will make use of the bound

&) + Co(Uo) < ce(1+ woll 72y + w0l gy ) + Ci(uo) =: Ci(ug), (4.1)

3
/uoda /uoda /uoda .
Io ) Iy

where

2

+ +

él(u()) = ce (
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This implies the constant Cy(Up) from Theorem 3.1 can be bounded by

exp(cT)él (uo)
\/ 1 — (exp(2¢T) — 1) (hél(uo) + 120, (uo)z)
== Cl (’LLO)

Co(Up) < max ,C1(uo)

This is not essential for well-posedness of the finite element method but will
be used for the well-posedness results for the continuous problem.
First, we need a bound on Wj,|;—o:

Lemma 4.1 Under the assumption that ug € H?(Iy), the following bound
holds for Wh|i—o:

3
W0, 21 0y < €= (N0l g2y + l0llr2 ) ) - (4.2)

Proof Since a, 8 are C*([0,T];RY) in time (Theorem 3.1), we known that
(3.13b) holds at time ¢t = 0. We see that from the choice Uy, o = IIug, using
Green’s formula (2.3), we have

a/h(Uh,07 Wh(oa )) = a(U/O) wh(oa )) = _m(A[‘UO7 wh(07 ))
This implies that
1
mp(Wr(0,-), Wi(0,-)) = ean(Un,0, Wi(0,-)) + gmh(i//(Uh,o)» Wi (0,-))
< Ca( HUOHHZ(FO) + ||U0||§{2(p0)) Wi (0, ')HL2(Fh(O)) :

In the last line we have used (3.27) and the Sobolev embedding of H!(I'(t)) —
LS(I(t)) (Lemma 2.1). O

From Theorem 3.1, we see that 8 € C1([0,T],RY) so Of W}, exists. Hence,
we may take the time derivative of (3.13b) to see, for ¢, € SF,

e(an(O3Un; én) + bn(Va; Un, ¢1))
2 (ma @ UG, 61) + 91 (Vi ¥/ (U2), 0n) (4.3)
— (mn(OrWh, én) + gn(Vi; Wi, ¢n)) = 0.

Lemma 4.2 Under the assumption that ug € H?(Iy), we have the bound

T
° 2 2
: / IR0y A+ 51 Wl ar, o < o) (4.4)

with Ca(ug) given by

Ca(uo) = ce(I[uoll g2(ry) + ol 2 () + C1(uo) + Ci(uo)?).
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Proof We start by subtracting (4.3) tested with W}, from (3.15) tested with
€dpUy, and use the transport formula (3.9) to arrive at

%%mh(Wh, Wh)
= —e(9n(Va; O3 Un, Un) + b (Va; U, W)
(a8 UG Wi) + g0 (Vi 0/ (U), W) — 501 (Vi Wi, W)
(4.5)
Note that using a Holder inequality, Young’s inequality with e, and the Sobolev
embedding (Lemma 3.6) we have

emp(OpUn, Oy Uy) +

[mu (¢ (Un)ORUn, Wh)|

T/JH(Uh)a;LUhWh dU’h

/ (3U7 — 1)orU, W), doy,
Fh(t)

I, (t)
€ e 2 2 2 2
< 4 HahUhHL?(Fh(t)) + Ce( ||UhHH1(ph(t)) HWhHHl(rh(t)) + ||WhHL2(ph(t)) )

Applying this estimate in (4.5), we have

d
€mh(aZUh, a;th) + amh(Wiu Wh)

2 2 2 2
<ce (HUh“Hl(Fh(t)) T IWallz () + 10N a2 ) HWh”Hl(Fh(t))) :

Integrating in time using a Gronwall inequality gives us
T 2 2
e | [IORUl dt+ sup [[Wy|
/O hERNL2 (1 (1)) re(oT) L2(Iu (1))

T
2 2 2
< Wh( Oz, 0 + Cs/o (”UhHHl(I‘h(t)) + ||Wh||H1(rh(t))) dt

T
+c. sup ||Up 2, / Wh 2 dt.
Ete(O,T) [ ||H (I'n(t)) 0 | ||H1(Fh(t))

Applying the bounds from Theorem 3.1, Lemma 4.1 and (4.1) completes the
proof. O

4.2 Existence

The idea of the existence proof is to show that the lift of the solutions to finite
element scheme (3.13) converges, along a subsequence, to a solution of the
continuous equations.

We suppose that ug € H?(I) is a given function. In this section, we will
take Up,o = Hpuo with II, the Ritz projection defined in (3.45). Since the
Ritz projection is stable in H', the stability bound in Theorem 3.1 holds
independently of h. Furthermore, the stability bounds from Lemma 3.5 imply
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we may transform this bound to {I"(t)} and bound the lifts u;, = U} and
— et
wp, = W, by

5 1 T
sup / B IV run|® + =9 (uy) do +/ lwn g1 ey At < Ca(uo).
te(0,T) JI(t) 5 0

Our assumption that ug € H?(I}) allows the use of the improved bounds in
Lemma 4.2. Using similar lifting arguments we have

T
/O ||a.uh‘|i2(l“(t)) dt < Ca(uo).

These bounds, along with the conservation of mass property (3.20), imply
that wup is uniformly bounded in L$, N HY(Gr) and wy, in L?p. Hence, we
may extract subsequences (for which we will still use the subscript h), and
functions @ and w with @ € L3, N H'(Gr), and w € L3, such that

up, — 4 weakly in H'(Gr) wp, = W weakly in L. (4.6)

We remark that these results imply 0°u € L2L2 and 0%up — 0°u weakly in
L%Q. Furthermore, from the compactness result (Proposition 2.1) we infer that
we may take a further subsequence (still denoted wuyp) such that

up, — @ almost everywhere in Gr.

Using a Dominated Convergence Theorem-type argument [30, Lemma 8.3],
since [[¢"(un) | 2(gp) < € ”uh”iIl(gT) is bounded independently of h, we infer
that

V' (up) — Y’ (@)  weakly in L2,. (4.7)

We will show that @ and @ satisfy (2.19). For ¢ € L?,,, we write ¢5 = II1,,
where [T}, is the Ritz-projection (3.45), and @), = ¢f = m.
Using (3.13), we have
m(0°a, ) + g(v; 4, ) + a(w,¢)
= (m(8°a, ) — mp(93Un, 1)) + (9(v3 @, 0) — gn(Vi; Un, én))  (4.8)
+ (a(w, ¢) — an(Wh, 1))

and

cali, o) + Zm(y/ (@), ¢) ~ m(w, )

= £(a(7,9) — an(Un, 6n)) + (! (@), ) — ma (i (Un) 6n)) (49
— (m(@, @) = mn(Wh, ¢n))-

We may use the geometric estimates shown in Section 3.4 and the bounds
on the Ritz projection from Section 3.5 to see to bound the terms on the
right-hand sides of these equations. We will denote by ¢(h) a generic constant
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depending on h, which may also depend on ¢, such that ¢(h) — 0 as h — 0.
Integrating in time, this implies

T
/ m(0%a, @) + g(v: i, 0) + a(w, ) dt
0
T
< / m(0°u — 0%up, ) + g(v; U — up, ) + a(w — wy, p) dt
0

T
+ C(h)/o ( 10k unll z2(reyy + lunllg (rey) + ||vohHL2(F(t))) Il g1 ey dt,
and

r 1
| coao)+ Zmw@.0) - miw.p)
0

T
< [ <ol o)+ Zm(w/ (@) = ¢/ o) = m( — )

T
+ C(h)/o (”uh”Hl([‘(t)) + lwnll 22 ) 1l v ey dt-

We may send h — 0 in the right-hand sides of both previous equations, and
use the convergence results (4.6) and (4.7), so that for all ¢ € L%, we arrive
at

T
/ m(0*a, @) + g(v: @, ) + alw, ) dt = 0
0

[ cat@ o)+ Zm@' (@, ) = mw,¢) = .
0

Finally, we use Lemma 2.5 to transform this equality into a almost everywhere
in time equality so that the pair @, w satisfy (2.19).

To show that u achieves the initial condition, we start by choosing ¢ €
C?(Gr) and continue with the notation ¢;, = 7. Using the discrete transport
formula (3.36), the lift of the finite element solution u;, satisfies

T T
/ m(up, op)acdt = */ (m(Bpun, en) + m(un, Open) + g(vn; un, on))adt,
0 0

for all @« € C2(0,T). Using similar limiting arguments as above, with the
addition of (3.55), we obtain the identity

T T
/ m(u,p)adt = —/ (m(8°u, ) +m(u, 8°¢) + g(v; a, @))adt.
0 0

In fact, by density of C?(Gr) functions in H'(Gz) [25, Theorem 2.4], we see
that this equality holds for all ¢ € H'(Gr). This implies that m(i, ) is
weakly differentiable as a function on (0,7T) with weak derivative m(9°a, @) +
m(i, %) + g(v; i, ). Since 4, € H'(Gr), this weak derivative is a function
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in L1(0,T), and hence we infer that m(@, ¢) is absolutely continuous on [0, T’]
22, Section 4.9, Theorem 1]. In particular, [[@|[ 2 (), is absolutely continuous,

which means that we can interpret u(-,0) as an L?(Ip) function. The absolute
continuity of m(u, ) for ¢ € C?(Gr) also implies that

m(ﬂ('vt)v ‘p('vt)) - m<ﬁ('70)7 QO(" 0))

¢ (4.10)
= /0 m(0%a, ) + g(v; 4, ) + m(a, 0°p) ds.

Next, we choose ¢ € C?(Gr) with ¢(-,T) = 0. It is clear that ¢ € L3,
hence we can use the limiting equation and (4.10) to see that

T
/O —m(@, 0°0) + a(@, @) dt = m(a(-,0), o(-, 0).

We can do the same in the finite element scheme for ¢, = I, using the
transport formula (3.9):

T
/ —mp(Un, Opén) + an(Wh, én) dt = my(Ipug, ¢n(-,0)).
0

The above calculations show that we are able to take the limit A — 0 (in the
appropriate sense) to see that

T
/o —m(@,0°¢) + (@, p) dt = m(ug, (-, 0)).

Therefore, by comparing terms, we have shown that u(-,0) = up almost ev-
erywhere in Iy by the Fundamental Lemma of the Calculus of Variations.
Hence we have shown the following result:

Theorem 4.1 Given ug € H?(Iy) there exists a weak solution pair (u,w)
of the Cahn-Hilliard equation in the sense of Definition 2.1. Furthermore the
solution satisfies the energy bound

€ 1 T
sup / B IVrul® + =4 (u) do +/ ||w||fql(r(t)) dt < Ca(ug).  (4.11)
te(0,7) J (1)) < 0

4.3 Uniqueness

To show the uniqueness result, we require an inverse Laplacian on I'(t). For
z € L*(I'(t)) with fF(t) zdo = 0, we define Gz the inverse Laplacian of z as
the unique solution of

a(Gz,p) = m(z,p) for all p € H(I'(t)), and Gzdo=0. (4.12)
re)
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We will write
1
2l _y = IV PGzl 12 (ry) = a(Gz,G2)>.

and remark that
217, = m(Gz, 2).

It is clear that if z € L2(I'(t)) then Gz € H(I'(t)). We also have a similar
result for the material derivative of Gz.

Lemma 4.3 If z € HY(Gr), with fp(t) zdo =0, then Gz € HY(Gr).

Proof It is clear that Gz € L%l for z € L%{I. It is left to show 9°Gz € L%z.
We start by taking a time derivative of (4.12) so that for £ € HY(Gr):

a(0°Gz,€) + a(Gz,0%€) + b(v; Gz, &) = m(0°2,&) + m(z,0°) + g(v; 2, ).

From Lemma 2.3, given ¢ € HY(I'(t*)), we can construct @: Gr — R, with
@ € HY(I'(t)) for all t € [0,T] and 9% = 0. Thus, we have that

a(9°Gz,¢) + b(v; Gz, ) = m(9°2,9) + g(v;2,¢)  fort € (0,T),
and, in particular, at ¢t = t*,
a(0°Gz, ) + b(v; Gz, ) = m(9°z, ) + g(vi 2, ).

Also, we have that

m(9%z,1) + g(v; 2,1) — b(v;Gz,1) = % zdo = 0.
)

These calculations imply that 9°*Gz solves the elliptic problem:
a(0°Gz, ) = m(8°z,¢) + g(v; 2,9) = b(v;Gz, ) for all p € H'(I(t*)).

This implies that 9°Gz € H(I'(t*)) with the bound

10" 3 gy < € (002 o ooy + Nollaqrgemyy + 112111 ) -
Integrating in time gives the desired result. a
Theorem 4.2 There is at most one solution to (2.19).

Proof We suppose that (up,w;) and (ug,ws) are solutions to (2.19). We will
write n* = w3 — ug and n* = w; — ws. For ¢ € L%l, we know that

m(9°n", @) + g(vin", ) +a(n”, ) =0 (4.13a)

ol ) + 20 () — ¥/ (u2), ) — m(n®, £) = 0. (1.130)
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Testing (4.13a) with ¢ =1 tells us that

/ n“daz/ n*do =0,
I(t) I

Hence, since Gn* is well defined and Gn* € H'(Gr), we may test the first
equation with Gn", and apply (2.9), to obtain

d R
% 0“1, +m(n™,n*) = m(n*,a°Gn"). (4.14)

Next, using the monotonicity of z — 23, testing the second equation with n*
gives

U U 1 U u w u
ea(n®,n*) = —m(n",n") < m(n*”,n"). (4.15)
Taking the sum of (4.15) and (4.14), we obtain
d w2 w2 1 uou U e u
3 N2+ eIV en® ey < Zm®n®) +m(n*, 0°Gn").

For the first term on the right-hand side, we see that

gm(ﬂ ) = ga(n on") < 5 IVrn HL?(r(t)) +ce )=y,
and for the second, we have
1d 1
m(n*, 9°Gn") = a(Gn",0°Gn*) = 5 alGn",Gn") = b(viGn",Gn")
< Z— | v,
< o I + el

Combining these terms, we obtain the estimate

d u (|2 w2 w2
ab I~y +€llVirn ||L2(F(t)) < ce[In*lIZ; -

We next use a Gronwall inequality and integration in time to see

T
2 2 2
sup [[n"]1%, + < / 19 7y < e lln“hi=oll? y = 0.
te(0,T) 0

Since || ra n*do = 0, we apply a Poincaré inequality to arrive at

T T
w2 w2
/0 17 W22 dtﬁ/0 IV eIz dt = 0.

This shows that u; = us.
Now, we know that n* = 0 and thus testing (4.13a) with n* gives

m(n” n") = ca(nn") + m( () — ¢/ (uz), ") = 0.

This shows that w; = ws. O
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4.4 Regularity

In this section, we show that the solution enjoys H? regularity.

Theorem 4.3 (Regularity) Let ug € H%(Iy) and (u,w) be the solution pair
of (2.19), then u € LS5, and w € L%, with the bounds

T
2 2
e swp fulleriy [ Mol < Catw). (416)
te(0,T) 0

Proof Using the improved estimates from Lemma 4.2, we have that

T
e [ 10 Uy + sup [l < Calun) (4.17)
0 te(0,7)

Now, we can translate the fact that (u,w) are solutions of (2.19) into

ga(u, @) =m(f1,¢)
a(w,p) =m(fa,) forall o € H(I'(t)),

for fi =w — 1¢/(u) and f, = 0°u+ uVr - v. Notice that

fido = fado = 0.
() I(t)
The above improved bounds combined with the bounds in Theorem 4.1 gives
fi € LY and fy € Liz. Standard theory of elliptic partial differential equa-

tions [1] gives u € LY, and w € pr. The proof is completed by using the
bounds in (4.11) and (4.17) on f; and fs. O

5 Error analysis of finite element scheme

In this section, we show an error bound for the surface finite element method
described in Section 3. The proof relies on decomposing the errors into errors
between the smooth solution and Ritz projection and between the Ritz projec-
tion and discrete solution. In contrast to previous studies of partial differential
equations on surfaces [7,8,12], we show an error bound on I',(t) instead of I'(¢).
This allows an easier treatment of the non-linear terms.

We will assume that ug, v and w are bounded in the following norms

T
2 2 2 o 112
lwollzr2(ryy + tes(%pT) [l g2 ey +/0 lwllzr2(rey) + 110Ul g2 pry) At < +o0.

(5.1)

Section 4.4 shows how to bound some of these terms. Again, we will assume

that the initial condition of the finite element scheme is given by the Ritz
projection:

Uh,O = HhuO. (52)

The error bound we will show is stated as follows:
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Theorem 5.1 Let u, w solve (2.15) and satisfy (5.1). Let Uy, Wy, solve (3.13)
with initial condition (5.2). We have that

T
.y 2 —0 4
Etes(‘é%) [ UhHL2(Fh(t)) +/0 | ||L2(r ) SO0, (5:3)

and

T
e sup [V, (u™ - Uh)”i?(l“h(t)) +/0 IV, (w™* = Wh)”;(r @) = on’,

te(0,T)
(5.4)
with C given by

T

. 2

C =c. sup ||U||§12(r(t)) + Ce/ ( 10 UHip(p(t)) + ||1UHH2(F(,:)) ) dt.
te[0,T) 0

5.1 Pointwise bound on the discrete solution

In the following error analysis, a pointwise bound on the discrete solution
uniformly in space and time will be extremely useful. This will allow us to
convert the local Lipschitz property of ¥ and ¢’ into global results.

Theorem 5.2 The discrete solution Uy is bounded uniformly in space and
time, independently of h, and we have the bound

sup HUhHL(X’(F;L(t)) < Ca(ug). (5.5)
te(0,T)

Proof Let Fy, = W), — 2¢/(Uy), then Fj, € L>(0,T; L*(I',(t))) with the esti-
mate

sup ||Fh||L2(Fh(t)) < Ca(uo). (5.6)
te(0,T)

This follows immediately from Theorem 3.1 and Lemma 4.2 combined with a
Sobolev inequality (Lemma 3.6) and (4.1). Furthermore, since ¢, = 1 is an
admissible test function in (3.13b), the mean value of F}, is zero:

F dO’h =0. (5.7)
I (t)

We define Fj, = F£/ut, so that

/ thO'—/ dO’—/ thah:O.
Ty (t)

Let w: G — R solve

—eApi=F, onI(t), and/

udo = / Up, doy, for each t € (0,T).
r(t) T (t)
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Then it is clear that IT,@ = Up,. Standard elliptic theory [1] and the L* bound
on [Ty, (3.49) gives that

Ul o (ry 1) = RG] oo (1 0y < €Ml g2y

<e|A

ey = ¢ 1l 2 o) -

We apply this inequality uniformly in time, with (5.6), to give the desired
estimate. O

5.2 Splitting the error

We split the error into two parts using the Ritz projection II;, from Section 3.5:
w = U, = (ut = Iyw) + (yu — Up) = p* + 6%
w =Wy, = (w™t — Myw) + (ITyw — W) = p® + 6.
We note that from Theorem 3.2, we already have estimates for p* and p* and
it is left to bound 6" and ™. Notice that, the assumptions in (5.1) imply that
0“ € Si and 0¥ € S}
To derive equations for % and 6%, we start by rewriting (3.13a) using the

definition of IT, and (2.14a) to obtain for ¢, € S?; with lift ¢, € S’f;’T that

(0, 01) + an (6 6n) — ma (6", 35n)
= (ma(Op My, ¢1) — m(Ofu, on)) + (gn(Vas Hpu, o) — glon; u, ¢n))
+m(u, 0%pn — hon)
=: E1(¢n) + E2(9n) + E3(on).
N (5.8)
Next, we rewrite (3.13b) using (2.14b) this time to see for ¢, € S} with lift
on € ST that

ean (0", én) + émh(iﬁ'(ﬂhu) — ' (Un), 1) — mn (0", on)

= é(mh(wl(ﬂhu),%) —m(y' (u), o)) — (mn(Ipw, ¢r) — m(w, n))
: Ey(én) + Es(én).

(5.9)

The quantities E;(¢p), for j = 1,...,5, are consistency terms involving

the approximation properties of the finite element spaces and the geometric
perturbation.

Lemma 5.1 For ¢, € ST we have
|E1(¢n)] < ChZ( ||6.U||H2(r(t)) + Hu||H2(F(t))) H(rzShHL?([‘h(t)) (5.10)
|E2(¢n)| < ch® ||U||H2(p(t)) ||¢h||L2(ph(t)) (5.11)
| Es(én)| < ch? [ull pa ey 1901l ar (o) » (5.12)
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and for ¢p, € S’v,?

h2
|Ea(on)| < - lull g2 r ey 1001 L2 ) (5.13)
| Es(én)| < ch? [[wll gz ey I0nll 2 ) - (5.14)

Proof The proof is a combination of the geometric bounds from Section 3.4
and the bounds of II;, from Theorem 3.2 and Lemma 3.14. O

5.3 Error bounds

In this section, we derive bounds on 8% and 6% based on the error equations
derived in the previous section and natural energy methods for the partial
differential equation system go on to show the final error estimate.

To bound 6* and 8% we start by testing (5.8) with 6" and (5.9) with 6%
and subtract to see that

d
E&mh(Q“, 0*) + mp(6*,0%)

= Emh(eu,aﬁeu) + émh(w’(ﬂhu) - wl<Uh)’ ew)
+ FE4 (59“) + Eg(@@") + E3(€9u) — E4(9w) — E5(9w).

Applying Lemma 5.1 and the transport lemma (3.9), with the local Lipschitz
property of 1/, this result gives that

ed
§amh(0u’9u) +mp(07,07)

s 10“N22r 0 + z 191 2 ) 10 2 0
+ ceh?(110%ul g2 iy + 1l ooy ) 100 22 o (5.15)

ch? w
+ ?( lull g2 pey) + ||w||H2(F(t))) 161 L2, (1)

+eeh® [[ull g2y 1V 0.0" | 21y o) -

We apply a Young’s inequality to find that

d w2 w2
5@ 0 ||L2(Fh,(t)) + 10 ||L2(Fh(t))

L w2 2
<3 10l 21, )y + € IV, 0l T2(r, 1) (5.16)

ch* . 112 2 2
+ 572( 10%ull 52 ey + ullzrzreeyy + 10l a2 ey )-

Next, in order to bound the V, §* term in the previous equation, we test
(5.9) with 6. Using Theorem 3.2 and Lemma 5.1 and the L* bound on u and
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U}, we have for some § > 0,
1
eap(6",6") = m(6",6") — —mn(J (Hyu) = ¢'(Un), 0) + Ea(6") + E5(6")

1 2
s 16N T2 ey + 16 1 p2(r i) 16 W22 )
h2
+ C?( el 2y + 0l gz creyy ) 10N, 0y

1 .2 w2
sz 162ty T N0 N 2@y

h4
+ 0;2( HUH?{?(F(t)) + ||w||§12(r(t)) )-
(5.17)
Applying this bound in the right-hand side of (5.16), we may choose J small
enough so that

d
ey 16%1 72 ey + 1022 o)
<ot 6" wLC]ﬁ(Ilf)"ull2 + JJull; + ol )
S e 02,y T o3 H2(I'(t) H2(I'(t) H2(I(t)) )-
(5.18)
We recall from (5.2): Up o = ITpup, hence we have that 0|9 = IIug —
Un,o = 0. Applying a Gronwall inequality and integrating in time gives the
following bounds on 6" and 6%:

T
2 2 4
e sup ||6" —l—/ ov dt < Ch*, 5.19
o 16122 ) ; 1621 4 (5.19)

with C = C(u,w,e,T) given by

T
° 2 2 2
C=c. / 1022y + Il ey + 0y )

Proof (Proof of Theorem 5.1) The previous bound can then be combined with
the bounds on p* and p® from Theorem 3.2 to give the L? error (5.3). One
can also apply an inverse inequality to derive gradient bounds on 8% and 6"
to give the H! error bound (5.4). O

6 Numerical results

The above finite element method discretised in time using semi-implicit time
stepping. Given Uy and a partition of time 0 = tg,ty,...,tpy = T, for k =
0,...,M —1, we find (Ugs1, Wit1) as the solution the matrix system

M (1) Ukgr + (b1 — t)S (g1 ) Wi = M(tr) Ui,
1
eS(th+1)Urt1 = M(tis1) W1 = ——F (Us).
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Full analysis of the fully discrete problem is left to future work. Based on
ideas from [10], we expect stability subject to 7 < & and convergence rate
order 7 + h? for the discrete version of the norms in Theorem 5.1.

The method was implemented using the ALBERTA finite element toolbox
[31] and the full block linear system solved using a direct solver.

6.1 Fourth-order linear problem

We start by showing the derived orders of convergence can be achieved for a
fourth order linear problem. We calculate with ¥ = 0 and choose ¢ = 0.1. We
couple 7 ~ h? to ensure we see the full order of convergence. The surface is
given by I'(t) = {z € R® : &(x,t) = 0} with

72

&(x,t) = W;)Jrz%Jr:zzg —1. (6.1)
We have chosen a(t) = 1.0+ 0.25sin(107t) and solve for ¢ € (0,0.1). The exact
solution is given by u(z,t) = e~%z124, where right hand side f is calculated
from

=u+v-Vu+uVp-v+eAiu.
f T

The convergence is shown in Table 6.1 for the errors in the L? norm. The
experimental order of convergence (eoc) is calculated via the formula (6.2):
Given an error E; and F;_ at two different mesh sizes h; and h;_1, we calculate
the experimental order of convergence (eoc) by

log(E;/E;—

(eoc), = M (6.2)

log(h;/hi-1)
The results for the H' norm are not shown here, however we observe first
order convergence in h.

h [ = Unll 2, () (eoc)
5.564983 - 10~ T 9.424750 - 103 —
2.866409 - 101 3.001764 - 10~3 1.724571
1.443332-1071 8.068147 - 10~* 1.914955
7.229393 - 10~2 2.033971 - 10—4 1.993007

h lw=" - Wh”LZ(Fh (1)) (eoc)
5.564983 - 10— 1 4.796888 - 10—3 —
2.866409 - 10! 1.432177-1073 1.821993
1.443332 - 101 3.824468 - 104 1.924429
7.229393 - 102 9.651516 - 10~° 1.991496

Table 6.1: Error table of the solution of a fourth-order linear problem with
surface defined by (6.1).
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Fig. 6.1: A plot of the Ginzburg-Landau energy over five levels of refinement.

6.2 Cahn-Hilliard equation on a periodically evolving surface

In this example, we consider the same surface as above but now with the
full non-linearity as considered in the above analysis over the time interval
t € (0,0.8).

The initial condition for the simulations was the interpolant of a small
perturbation about zero given by

uo(x,y,z) = 0.1cos(2mx) cos(2my) cos(2mz).

We present two plots to show the behaviour of the numerical solution.
First, in Figure 6.1, we see that for short times we have good convergence of
the solution. The second, Figure 6.2, demonstrates that the energy does not
decrease monotonically along solutions. Running for a longer time suggests
that the solution converges to a time periodic solution. We show a plot of the
solution at level 2 at different times in Figure 6.3. The system is solved with
a fixed time step of 1074,

6.3 An example with tangential motion

We show the flexibility of the method with an other example with larger surface
deformation and tangential motion. The initial condition is taken to be a small
random perturbation about zero.

We take a surface given by the level set function

&(z,t) = 27 + 25 + a(t)*G(23/L(t)) — a(t)?, (6.3)
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35 I I I I I i I
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Fig. 6.2: A plot of the Ginzburg-Landau energy over five levels of refinement
over a longer time interval.

where
G(s) = 200s(s — 199/100)
a(t) = 0.1 + 0.05 sin(27t)
L(t) =1+ 0.2sin(4nt).

In addition, we will prescribe a tangential velocity so that we will consider
points moving according to

x = (5020 508 x0 )

We plot the solution at different times in Figure 6.4. In particular, we notice
that under this flow the nodes remain uniformly distributed.
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