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Kripke-Platek set theory
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Abstract

The paper relativizes the method of ordinal analysis developed for Kripke-
Platek set theory to theories which have the power set axiom. We show
that it is possible to use this technique to extract information about Power
Kripke-Platek set theory, KP(P).

As an application it is shown that whenever KP(P) + AC proves a
I1} statement then it holds true in the segment V; of the von Neumann
hierarchy, where 7 stands for the Bachmann-Howard ordinal.

Keywords: Power Kripke-Platek set theory, ordinal analysis, ordinal
representation systems, proof-theoretic strength, power-admissible set
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1. Introduction

Ordinal analyses of ever stronger theories have been obtained over the
last 20 years (cf. [1, 2, 3, 20, 21, 24, 25, 27, 28, 29]). The strongest theories
for which proof-theoretic ordinals have been determined are subsystems of
second order arithmetic with comprehension restricted to H%—comprehension
(or even A%—comprehension). Thus it appears that it is currently impossible
to furnish an ordinal analysis of any set theory which has the power set axiom
among its axioms as such a theory would dwarf the strength of second order
arithmetic. Notwithstanding the foregoing, the current paper relativizes
the techniques of ordinal analysis developed for Kripke-Platek set theory,
KP, to obtain useful information about Power Kripke-Platek set theory,
KP(P), culminating in a bound for the transfinite iterations of the power
set operation that are provable in the latter theory. It is perhaps worthwhile
comparing the results in this paper with other approaches to relativizing
the ordinal analysis of KP. T. Arai [4] has used an ordinal representation
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system of Bachmann-Howard type enriched by Skolem functions to provide
an analysis of Zermelo-Fraenkel set theory. In the approach of the present
paper the ordinal representation is not changed at all. Rather than obtaining
a characterization of the proof-theoretic ordinal of KP(P), we characterize
the smallest segment of the von Neumann hierarchy which is closed under
the provable power-recursive functions of KP(P) whereby one also obtains a
proof-theoretic reduction of KP(P) to Zermelo set theory plus iterations of
the powerset operation to any ordinal below the Bachmann-Howard ordinal.’
The same bound also holds for the theory KP(P) + AC, where AC stands
for the axiom of choice. These theorems considerably sharpen results of H.
Friedman to the extent that KP(P) + AC does not prove the existence of
the first non-recursive ordinal w{'® (cf. [12, Theorem 2.5] and [17, Theorem
10]).

Technically we draw on tools that have been developed more than 30
years ago. With the pioneering work of Jager [14] on Kripke-Platek set
theory and its extensions to stronger theories by Jéager and Pohlers [15] the
forum of ordinal analysis switched from subsystems of second-order arith-
metic to set theory, shaping what is called admissible proof theory, after
the standard models of KP. We also draw on the framework of operator
controlled derivations developed by Buchholz [23] that allows one to express
the uniformity of infinite derivations and to carry out their bookkeeping in
an elegant way.

The results and techniques of this paper have important applications.
The characterization of the strength of KP(P) in terms of the von Neu-
mann hierarchy is used in [32, Theorem 1.1] to calibrate the strength of the
calculus of construction with one type universe (which is an intuitionistic
type theory). Another application is made in connection with the so-called
existence property, EP, that intuitionistic set theories may or may not have.
Full intuitionistic Zermelo-Fraenkel set theory, IZF, does not have the ex-
istence property, where IZF is formulated with Collection (cf. [13]). By
contrast, an ordinal analysis of intuitionistic KP () similar to the one given
in this paper together with results from [31] can be utilized to show that
IZF with only bounded separation has the EP.

!The theories share the same X7 theorems, but are still distinct since Zermelo set
theory does not prove A}-Collection whereas KP(P) does not prove full Separation.



2. Power Kripke-Platek set theory

A particularly interesting (classical) subtheory of ZF is Kripke-Platek
set theory, KP. Its standard models are called admissible sets. One of the
reasons that this is an important theory is that a great deal of set theory
requires only the axioms of KP. An even more important reason is that
admissible sets have been a major source of interaction between model the-
ory, recursion theory and set theory (cf. [6]). Roughly KP arises from
ZF by completely omitting the power set axiom and restricting separation
and collection to set bounded formulae but adding set induction (or class
foundation). These alterations are suggested by the informal notion of ‘pred-
icative’.

To be more precise, quantifiers of the forms Vz € a, 3x € a are called set
bounded. Set bounded or Ag-formulae are formulae wherein all quantifiers
are set bounded. The axioms of KP consist of Extensionality, Pair, Union,
Infinity, Ag-Separation

JzVulu € x — (u€a N Alu))]
for all Ag-formulae A(u), Ag-Collection
Ve € adyG(z,y) — IzVr € ady € 2G(x,y)
for all Ap-formulae G(x,y), and Set Induction
vz [(Vvy € 2C(y)) — C(x)] — Vo C(x)

for all formulae C(x).

A transitive set A such that (A, €) is a model of KP is called an admis-
sible set. Of particular interest are the models of KP formed by segments of
Godel’s constructible hierarchy L. The constructible hierarchy is obtained
by iterating the definable powerset operation through the ordinals

LO = (2)7
Ly = (J{Lg: B <A} Alimit
Lgy1 = {X: X CLg; X definable over (Lg,€)}.

So any element of L of level « is definable from elements of L with levels
< « and the parameter L,. An ordinal « is admissible if the structure
(La, €) is a model of KP.

If the power set operation is considered as a definite operation, but the
universe of all sets is regarded as an indefinite totality, we are led to systems



of set theory having Power Set as an axiom but only Bounded Separation
axioms and intuitionistic logic for reasoning about the universe at large. The
study of subsystems of ZF formulated in intuitionistic logic with Bounded
Separation but containing the Power Set axiom was apparently initiated
by Pozsgay [18, 19] and then pursued more systematically by Tharp [34],
Friedman [11] and Wolf [36]. These systems are actually semi-intuitionistic
as they contain the law of excluded middle for bounded formulae.

In the classical context, weak subsystems of ZF with Bounded Sepa-
ration and Power Set have been studied by Thiele [35], Friedman [12] and
more recently at great length by Mathias [17]. Mac Lane has singled out and
championed a particular fragment of ZF, especially in his book Form and
Function [16]. Mac Lane Set Theory, christened MAC in [17], comprises
the axioms of Extensionality, Null Set, Pairing, Union, Infinity, Power Set,
Bounded Separation, Foundation, and Choice. MAC is naturally related
to systems derived from topos-theoretic notions and, moreover, to type the-
ories.

Definition 2.1. We use subset bounded quantifiers 3¢ C y ... and Vax C
Y ...as abbreviations for 3x(z Cy A...) and Va(z C y — ...), respectively.

The Ag—formulae are the smallest class of formulae containing the atomic
formulae closed under A, V, —, — and the quantifiers

Ve € a, 3x € a, Vx C a, dz C a.

Definition 2.2. KP(P) has the same language as ZF. Its axioms are the
following: Extensionality, Pairing, Union, Infinity, Powerset, Al’-Separation,
Al-Collection and Set Induction (or Class Foundation).

The transitive models of KP(P) have been termed power admissible sets
in [12].

Remark 2.3. Alternatively, KP(P) can be obtained from KP by adding
a function symbol P for the powerset function as a primitive symbol to the
language and the axiom

Vyly € P(z) <y C 7]

and extending the schemes of Ay Separation and Collection to the Ay for-
mulae of this new language.

Lemma 2.4. KP(P) is not the same theory as KP +Pow. Indeed, KP +
Pow is a much weaker theory than KP(P) in which one cannot prove the
existence of Vi1 .



Proof: Note that in the presence of full Separation and Infinity there
is no difference between our system KP and Mathias’s [17] KP. It follows
from [17, Theorem 14] that Z + KP + AC is conservative over Z + AC
for stratifiable sentences. Z and Z + AC are of the same proof-theoretic
strength as the constructible hierarchy can be simulated in Z; a stronger
statement is given in [17, Theorem 16]. As a result, Z and Z + KP are of
the same strength. As KP + Pow is a subtheory of Z + KP, we have that
KP + Pow is not stronger than Z. If KP 4+ Pow could prove the existence
of V4w it would prove the consistency of Z. On the other hand KP(P)
proves the existence of V,, for every ordinal « and hence proves the existence
of arbitrarily large transitive models of Z. ]

Remark 2.5. Our system KP(P) is not quite the same as the theory KP”
in Mathias® paper [17, 6.10]. The difference between KP(P) and KP7 is
that in the latter system set induction only holds for X7 formulae, or what
amounts to the same, 11} foundation (A # 0 — 3z € Az N A = { for U}
classes A).

Friedman [12] includes only Set Foundation in his formulation of a formal
system PAdm® appropriate to the concept of recursion in the power set
operation P.

3. A Tait-style formalization of KP(P)

For technical reasons we shall use a Tait—style sequent calculus version of
KP(P) in which finite sets of formulae can be derived. In addition, formulae
have to be in negation normal form (cf. [33]). The language consists of: free
variables ag, a1, - - -, bound variables xg, x1, - - - ; the predicate symbol €; the
logical symbols =, V, A, V,3. One peculiarity will be that we treat bounded
quantifiers and subset bounded quantifiers as quantifiers in their own right.

We will use a,b,c¢,---, x,y,2,---, A,B,C,--- as metavariables whose
domains are the domain of the free variables, bound variables, formulae,
respectively.

The atomic formulae are those of the form (a€b), —(a€b).

The formulae are defined inductively as follows:

(i) Atomic formulae are formulae.

(ii) If A and B are formulae, then so are (A A B) and (AV B).

(iii) If A(b) is a formula in which = does not occur, then VzA(x), 3zA(x),
(Vzea)A(x), (Jx€a)A(x), (Vo C a)A(z), and (Jz C a)A(z) are formulae.

The quantifiers 3, Va will be called unbounded, whereas the other quan-
tifiers will be referred to as bounded quantifiers. A Ag)fformula is a formula



which contains no unbounded quantifiers. The Ag—formulae are those AJ-
formulae that do not contain subset bounded quantifiers.

The negation —A of a formula A is defined to be the formula obtained
from A by (i) putting — in front of any atomic formula, (ii) replacing
AV YV, Jz, (Vo € a), (Fz € a), (Ve C a),(Fz C a) by V,A, Tz, Ve, (Jz €
a),(Vxea),(3xr C a), (Vz C a), respectively, and (iii) dropping double nega-
tions. A — B stands for =A V B.

a, 5, ¢,--- and Z,%, 7, --- will be used to denote finite sequences of free
and bound variables, respectively.

We use Flay,--- ,a,] (by contrast with F(a,--- ,ay)) to denote a for-
mula the free variables of which are among aq,--- ,a,. We will write

a={zxeb:G(x)} for (Vxea)lrebNG(x)] A (Vxed)|G(zx)—zecal.

a = b stands for (Vx € a)(z € b) A (Vz € b)(z € a). a C b stands for
(Vz€a)(xeb). However, as part of a subset bounded quantifier (Vo C a) or
(3x C b), C is considered to be a primitive symbol.

Definition 3.1. The sequent-style version of KP(P) derives finite sets of
formulae denoted by I';) A, ©,=,---. The intended meaning of I' is the dis-
junction of all formulae of I". We use the notation I'; A for TU{A}, and T', 2
for ' UE.

The azioms of KP(P) are the following:

Logical azioms: T',A,=A for every Al—formula A.
Extensionality: ~ T',a=bA B(a) — B(b) for every Al-formula B(a).
Pair: I',3zxfacx Nbex]
Union: '3z (Vyea)(Vzey)(z€x)
AY ~Separation: T,3y(y = {r€a: G(x)}) for every AF—formula G(b).
Set Induction: I Vu[(Vz € u) G(z) — G(u)] — YuG(u)

for every formula G(b).
Infinity: Daz[Fyex)yex N (Vyex)(Fzex)y € 2.
Power Set: I'3z (Vx Ca)x € 2.

The logical rules of inference are:



(A) FD,Aand+0,B = FI,AAB

(V) FI,A; forie{0,1} = FIT,AyV A4

(bv) FT,a€b— F(a) = FT,(Vxeb)F(x)
(pb¥) FTL,aCb— F(a) = FI,(VzxCb)F(x)
(V) FT,F(a) = FTI,VzF(x)

(b3)  FT,a€bA F(a) = FI,(3reb)F(x)
(pb3) FT,aCbAF(a) = FI,(3z Cb)F(z)
(3) FT, F(a) = FI,32F(x)
(Cut) FI'Aand FT1,-A = FT.

In the foregoing rules F'(a) is an arbitrary formula. Of course, it is de-
manded that in (bY), (pbV) and (V) the free variable a is not to occur in the
conclusion; a is called the eigenvariable of that inference.

The non—-logical rule of inference is:
(AP-COLLR) FT,(Vz€a)IyH(z,y) = FT,32(Veca)Fycz)H(z,y)

for every Al —formula H (b, c).
This rule is not weaker than the schema of AJ-Collection since side
formulae (those in I') are allowed: Using logical rules we have

F—=(Ve € a)Jy H(z,y), (Vx € a) Iy H(x,y).
Thus if H(b,c) is A} we can employ (A)~COLLR) to conclude
F (Ve € a)IyH(z,y), 32 (Vo € a) 3y € 2) H(z,y)
so that, by applying (V) twice, we arrive at
F (Ve €a)IyH(z,y) — Jz(Ve € a)(Jy € 2) H(x,y).

We shall conceive of axioms as inferences with an empty set of premisses.
The minor formulae (m.f.) of an inference are those formulae which are
rendered prominently in its premises. The principal formulae (p.f.) of an
inference are the formulae rendered prominently in its conclusion. (Cut) has
no p.f. So any inference has the form

(¥) Foralli<k FI'E;, = FI,E=

(0 < k < 2), where = consists of the p.f. and Z; is the set of m.f. in the i—th

premise. The formulae in I" are called side formulae (s.f.) of (x).
Derivations are defined inductively, as usual. D,D’, Dy, - - - range as syn-

tactic variables over derivations. All this is completely standard, and we



refer to [33] for notions like “length of a derivation D” (abbreviated by
| D), “last inference of D”, “direct subderivation of D”. We write D F T if
D is a derivation of T

4. A representation system for the Bachmann-Howard ordinal

Definition 4.1. Let 2 be a “big” ordinal, e.g. 2 = N; or wfk. By recursion
on «a we define sets C(a, ) and the ordinal q(«) as follows:

closure of fU{0,Q}

under:

Cﬂ(avﬂ) = + (€ wg) (1)
(5 — ¢Q(§))§<a
Yo(a) ~ min{p<Q: CHa,p)NQ=p}. (2)

It can be shown that g («) is always defined and thus
(o) (Oz) < Q.

In the case of Q being w$*, this follows from [23]. Moreover,

[ha(a), Q) N C%a,a(a)) = 0.

Thus the order-type of the ordinals below €2 which belong to the set
C*a,vYa(a))is o(a). Ya(a)is also a countable ordinal. In more pictorial
terms, o(a) is the o' collapse of (.

Let eq4+1 be the least ordinal o > € such that w® = «a. The set
of ordinals C%(eq;1,0) gives rise to an elementary computable ordinal
representation system (cf. [14, 8, 23, 26]). In what follows, C®}(eq1,0) will
sometimes be denoted by 7 (£2).

In point of fact,

C%(e0+1,0) N Q= Yo(cat).

The ordinal ¥q(eq+1) is known as the Bachmann-Howard ordinal. Its

relation to KP is that it is the proof-theoretic ordinal of this theory as was

shown by Jéger [14]. Moreover it is the smallest ordinal such that Ly, (e, )

is a IIy-model of KP (see [22, Theorem 2.1] or [30, theorem 4.3]), i.e.,

whenever KP proves a Il sentence C' of set theory, then Ly (cq, ) EC.
For later it is also worthwhile recording the following fact.

Lemma 4.2. For all a, C%*(a,0) = C%(a, ().



5. The infinitary proof system RSE

The purpose of this section is to introduce an infinitary proof system
RSS . The letter combination “RS” is used for traditional reasons. They
stand for “ramified set theory”, following [14].

Henceforth all ordinals will be assumed to belong to C*(gq1,0).

The problem of “naming” sets will be solved by building a formal von
Neumann hierarchy using the ordinals < €2 belonging to this set (i.e., ordi-

nals < ¥a(eqs1))-

Definition 5.1. We define the RS@ —terms. To each RS@ —term t we also
assign its level, |t|.

1. For each o < Q, V, is an RSJ-term with |V, | = .

2. For each o < (), we have infinitely many free variables af, a$,a$, ...
which are RSH—terms with |a? | = a.

3. If F(x,7) is a Af-formula of KP(P) (whose free variables are exactly
those indicated) and § = s1,---, s, are ng—terms, then the formal

expression
{x eV, | F(x,8)}

is an RSH—term with |{z € V,, | F(z,5)}| = a.

The RSS —formulae are the expressions of the form F(si,...,sy), where
F(ai,...,ay) is a formula of KP(P) with all free variables exhibited and
S1y...,Sy are RSg—terms. We set

| F(s1,..-y80) | = {Isi],---,]snl}

A formula is a Al-formula of RS] if it is of the form F(sy,...,s,) with
F(ay,...,a) being Al-formula of KP(P) and s1,...,s, RSS-terms.

As in the case of the Tait-style version of KP(P), we let =A be the
formula which arises from A by (i) putting — in front of each atomic formula,
(ii) replacing A, V, (Vx€s), (Fx€s), (Vo C s), (Fz C s), Vo, Iz by V, A, (Fz e
s), (Vzes),(Fx C s), (Vo C s), Iz, Vr, respectively, and (iii) dropping double
negations. A — B stands for -A V B.

Remark 5.2. Note that in contrast to the infinitary system used for the
ordinal of KP (see [14, 8]) the terms of RSS may contain free variables.
This will be crucial in proving the Soundness Theorem 8.1.

Observe that the impredicativity of Powerset is reflected in the formation
rules for RSS -terms in that, owing to clause 3 of Definition 5.1, terms of
level @ can be generated by referring to terms of higher levels.



Convention: In the sequel, RS?; —formulae will simply be referred to as

formulae. The same usage applies to RSS —terms.

We denote by upper case Greek letters I', A, A, ... finite sets of RSS —
formulae. The intended meaning of I' = {A;,---, Ay} is the disjunction
A1 V-V A, T',E stands for 'UE and T, A stands for I' U { A}.

Definition 5.3. The azioms of RS’E are:

(A1) T, A, =A for Ain A].

(A2) T, t=t.

(A3) P, S1 75 tl,...,Sn 75 tn,—\A(Sl,. . .,Sn), A(tl,...

for A(s1,...,s,) in AL,

(Ad) T, seV,if |s| < a.

(A5) T, s CV,if |s| < a.

(A6) It ¢ {z eV, | F(z,5)},F(t,5)
whenever F(t,5) is A} and |t| < a.

(A7) I',=F(t,5),t e {x €V, | F(z,5)}

whenever F(t,5) is A} and |t| < a.

10



The inference rules of RSS are:

LA TA
(n) T.ANA
I, A iy _
% —t jf =0 =1
(V) T AoV A, if ¢ or i
(b) I'set— F(s) forall |s| <|t]
T, (Veet)F(x)
I'setNF(s) .
b3 : fls] <]t
(63) I, (3zet)F(z if]sf <]t
I,sCt— F(s) forall |s|<|t]
V)oo =
(P T e COF ()
I,s CtAF(s)
b3 : f <|t
®3)  F G cnr@ eIl
) I, F(s) for all s
> I'Vz F(x)
I, F(s)
= _ . ES)
S I, 3z F(x)
@) Iret—r#s foral |r] <|t]
> I, s¢t
IretANr=s .
: f <|t
© SLAT=S i<y
I''rCt—r+#s forall |r|<|t
AN z
> I sZt
(©  BEELLI=S <))
I''sCt
T
(SP-Ref) —A it Ais a $P-formula,

T, 3z A7

where a formula is said to be in X% if all its unbounded quantifiers are
existential.
AZ results from A by restricting all unbounded quantifiers to z.

11



5.1. H—controlled derivations

In general in RS}, we cannot remove cuts that have A} cut formulae.
What’s more, the rule (X7-Ref) poses an obstacle to removing cuts in-
volving ¥ formulae. Notwithstanding that, it will turn out that cuts of a
complexity higher than Ag can be removed from derivations of ¥ formulae
if they are of a very uniform kind.

For the presentation of infinitary proofs we draw on [8]. Buchholz devel-
oped a very elegant and flexible setting for describing uniformity in infinitary
proofs, called operator controlled derivations.

Definition 5.4. Let
P(ON) ={X : X is a set of ordinals}.

A class function
H: P(ON) — P(ON)

will be called an operator if H is a closure operator, i.e monotone,
inclusive and idempotent, and satisfies the following conditions for all

X € P(ON):

1. 0 € H(X) and 2 € H(X).
2. If a has Cantor normal form w®! 4 --- 4+ w**, then

aeH(X) < aq,...,ap e H(X).

The latter ensures that H(X) will be closed under + and ¢ — w?, and
decomposition of its members into additive and multiplicative components.

For a sequent I' = {44, ..., A, } we define
IT| = |A1|U...U|A,].
If s is an RSH-term, the operator H[s| is defined by
H[s|(X) = HX U{|s]}).
Likewise, if X is a formula or a sequent we define
HX](X) = H(X U|X]).

If 9, is a term, or a formula, or a sequent for all 1 < i < n, we let

H[D1,D2] = (HD1]) D2, HD1, D2, Vs3] = (H[D1,D2])[Vs], ete.

12



Lemma 5.5. Let H be an operator. Let s be a term and X be a formula or
a sequent.

(i) VX, X' € P(ON)[X' C X = H(X') C H(X)).
(ii) H[s] and H|X] are operators.

(iii) | X| C H(0) = H[X]=H.

(iv) |s| € H(0) = H[s] = H.

Since we also want to keep track of the complexity of cuts appearing in
derivations, we endow each formula with an ordinal rank.

Definition 5.6. The rank of a formula is determined as follows.

1. rk(s € 1) = rk(s¢t) == max{|s|+1,|t| + 1}.
2. rk((3 € t)F(z)) = rk((Vz € )F(z)) = maz{|t |, rk(F(V,)) + 2}.

3. rk((Fw C )F(x)) := rk((Yz C £)F(x)) := maz{| t|+1,7k(F(Vo))+2}.
4. k(32 F(2)) = rk(Va F(z)) := maz{Q, rk(F(Vo)) + 2}.

5. k(AN B) :=rk(AV B) := max{rk(A),rk(B)} + 1.

Note that for a A]’ formula A we have rk(A) < Q.
There is plenty of leeway in designing the actual rank of a formula.

Definition 5.7. Let H be an operator and let A be a finite set of Rng
formulae. H }%A is defined by recursion on a.

If A is an axiom and |A| U {a} C H(0), then H }%A.

Moreover, we have inductive clauses pertaining to the inference rules of
ng , which all come with the additional requirement that

[A] U {a} CHD)

where A is the sequent of the conclusion. We shall not repeat this require-
ment below.

Below the third column gives the requirements that the ordinals have
to satisfy for each of the inferences. For instance in the case of (V)s, to
be able to conclude that ‘H }%F,VwF (x), it is required that for all terms s

13



there exists a such that H|s] }% I'F(s) and | s| < as + 1 < . The side
conditions for the rules (bY)oo, (PbY) oo, (€)oo, (€)oo below have to read in the

same vein.
The clauses are the following:

V) H }%A,Al
H % T, Ag V A
o (o)
(Cut) H A B aH =2 A,-B
H IS A
(oY) H[s]}%I‘,setaF(s)forall|s\<|t|
h HET, (Vo € t)F(x)
(3) H ZOF,SEt/\F(S)
HET, 3z € t)F(x)
(o) H|s] Zsf,sgtﬁF(s)foraH|s|§|t\
PbY¥)oo -
H }; I, (Ve Ct)F(x)
(pb3) H 20 Is CtAF(s)
HET, 3z Ct)F(x)
) Hs] js I, F(s) for all s
- H }%F,VmF(w)
QaQ
a Hap T, F(s)
H }; I, 3zF(x)

14

oy < &

o <
ie{0,1}

o <
rk(B) < p

|s| <as < a

oy <
[s] <[t
|s| < a

|s| <as < a

oy < &
[s] <|t]
|s| <«

|s|<as+1<a

ag+ 1<«
|s| <o



HIr] }%I’,Tét%r#sforalllr|<|t]

(g)oo |7"’§OZT<O[
H}%F,s%t
HEET, retAr=s Qo < o
(€) E— || <t
H};I‘,set |r‘<a
Hlr aTF,rgt—w“;ésforaH r| <t
(€)oo i = rl <t 7| <ar <a
'H};F,s,@t
HIEED,rCtAr=s o <«
(©) ik vl <]
H}?F,sgt 7| <
HICT, A
(5P-Ref) rx ot
HET, 32 42 €
Remark 5.8. Suppose H }%F(sl, ...,8n) where I'(ay,...,ay) is a sequent
of KP(P) such that all variables ay,...,a, do occur in I'(ay,...,a,) and
S1y- .., 8n are RSH-terms. Then we have that | sy |,...,|s,| € H(0}). Stand-

ing in sharp contrast to the ordinal analysis of KP (cf. [14, 8]), however,
the terms s; may and often will contain subterms that the operator H does
not control, that is, subterms ¢ with |¢| & H(0).

The following observation is easily established by induction on «a.

Lemma 5.9 (Weakening).
HET Aa<a eHd) Ap<p A[A|CHO) — H}j—:F,A.

Lemma 5.10 (Inversion). (i) If H }%F,A\/ B and rk(AV B) > Q, then
HET,AB.

(ii) If H 5T, Ag A Ay, i € {0,1} and k(Ao A Ar) > Q, then H 5T, A;

(iii) H ST, Ve F(z) A yeH®) A y<Q = HET, (Vo e V,)F(z).
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(iv) If H }%F, Vo € t) F(x) and rk(F (Vo)) > Q, then for all | s| < |t| we
have H|s] };F,Sét—)F(S) .

(v) If H }%F, (Vz Ct) F(x) and rk(F (Vo)) > Q, then for all |s| < |t| we
have H|s] }% sCt— F(s).

Proof: All proofs are by induction on a. Note that a formula C' of
rk(C) > € cannot be an active part of an axiom, i.e., if C' occurred in
an axiom sequent the sequent obtained by deleting C or replacing C with
another formula would still be an axiom.

We show (iii). Firstly, suppose that Va F'(x) was the principal formula
of the last inference. Then we have H[s }& I',Va F(x), F(s) for all terms
s, using weakening (Lemma 5.9) if Vz F ( ) was not a side formula of the
inference. Moreover, |s| < as + 1 < « holds for all s. Inductively we
have H]s }—F Vo € V,)F(x), F(s) for all |s| < 7. Hence, using (V),
H]s] }zs—F, (Vx € V,)F(x),s € V, — F(s) holds for all |s| < +, so that

via an inference (bY) we arrive at 'H }%F, (Vx e V,)F(x).

Now assume that Vz F'(xz) was not the principal formula of the last in-
ference. Then the assertion follows by applying the induction hypothesis to
its premisses and performing the same inference. O

6. Embedding

To relate KP(P) to the infinitary system RS}, we show that KP(P) can
be embedded into RS}. Indeed, the finite KP(P)-derivations give rise to
very uniform infinitary derivations.

Definition 6.1. For I' = {A,..., A, } let
no(T) := wrk(x‘h)# . #wTk(A
Here “no” stands for “norm”. We define
IFT' :<= for all operators H, H[I' }ﬂ T

and

Er . J#
-, T <= for all operators H, H[I' }7 r.
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Lemma 6.2. (i) For all formulae A,

- A, —A.

(ii) (AF-Collection)
I (Va € s)y F(z,y) — 32 (Vz € 5)(3y € 2) F(x,y)
if F(Vo, Vo) is in AL

Proof: (i): We proceed by induction on the syntactic complexity of A.
For A in A} this is an axiom of RSJ. Suppose A is of the form VzF(z). Let
H be an arbitrary operator. Let as := |s|+ no({F(s),~F(s)}) and o :=
no({VeF(x),3x—F(x)}). Note that |s| < as+ 1 < a since rk(VzF(x)) =
max{Q,rk(F(Vy)) + 2}. Inductively we have

HIF(s), 5] 122 F(s), ~F(s)
for all terms s. Using an inference (3) we get

no({F(s),3z—F(z)})
'0

H[F(s), s] F(s),Jz-F(x).

Hence, via an inference (V), we arrive at H[VzF(z)] }%VxF(x), dx—F(z),

noting that H[F(s),s] C (H[Vz—F(z)])[s].
The other cases are similar.

(ii): By (i) we have IF =~(Vx € s) 3y F(z,y), (Vo € s)Jy F(x,y). Since the
formula (Vz € s) 3y F(z,y) is £¥ an inference (X7-Ref) yields

F2 —(Va € 5) 3y F(z,vy), 32 (Vo € 5) (y € 2) F(x,y).
Thus, by applying (V) twice, we arrive at

e (Vo € 5) Fy F(z,y) — 32 (Vz € s)(Ty € 2) F(x, y).

Lemma 6.3. (Equality and Extensionality)
H—p S1 75 tl, ..y Sp 75 tn,—\A(Sl, .. ‘,Sn),A(tl,. . .,tn)

where p = max(rk(sy #t1),...,rk(s, #tn)) + 1.
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Proof: We proceed by induction on the buildup of A(§). Let H be an
arbitrary operator.
If A(5) is A} then this is an axiom.

Suppose A(5) is a formula Va F(z, 7). Let 5 # t stand for s1 # t1,...,5, #
tn. Let Ty := {5 # t,-F(r,5),F(r,1)} and o, := no(T,). Inductively we
have

H[T,] BT,

for all terms 7. Using an inference (3) we obtain H[T',] }% T, where

—.

T, :={§#t32-F(z,5), F(r,t)}

and &, := no(I'y), noting that |r| < Q < no(3z—F(x,§)). Thus, using an
inference (V)oo, we have

no(T")
i) 2

where I' := {5 # t,3z—F(x,5),YzF(z,t)}. In the latter we used the fact
that H[[';] € (H[T))[r].

Suppose A(F) is a formula (Vz C s1) F(z, ). Inductively we have

||—pQ7£r7§7ét_:_'F(Q7§)vF(T7F)

where |q| < |si| and |r| < |t;]|. As ¢ Z s1,q C s1 is an axiom we can use
(A) to infer

”‘p(J#ﬁg#iﬁF(T’tﬂ)’qZSL(IQ51/\F(q7§)~ (3)
Via (bp3) followed by two (V) inferences, (3) yields
II—pqgsl—>q7£r,§’7éf;—|F(r,f‘),(ElmQsl)F(:E,E’) (4)
for all g satisfying |q| < |s1|. Thus, applying (Z)e to (4) we have
IFPTZ31,§7E£ﬂF(T,f),(3xQsl)F(x,é'). (5)

Since s; # t1,r € t1,r C s; is an axiom we can apply a cut with (5),
obtaining

by §# e €ty ~F(r, D), (32 C 1) F(w, 5) (6)
where 6, = no(r C s1). To (6) we can apply (V) twice so that

Il—i"+2 §#4t.r Cty — —F(r,t),(3z C s1)F(z,5) (7)
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holds for all  with |r| <|¢;|. Hence, by applying (bpV)s to (7), we arrive
at

I, §# T, (Yo C t)=F(r,t), 3z C s1)F(x,3)

The other cases are similar. O

Lemma 6.4. (Set Induction)
- Vo [(Vy € 2)F(y) — F(x)] — VzF(x).

Proof. Fix an operator H. Let A = Vz[Vy € z)F(y) — F(z)]. First,
we show, by induction on | s |, that

'rk(A)#w|5|+1

(+) HIA, 5] f—""— =A, F(s).

So assume that
rh(A) gyltl+1

HIA, ] }:7 -A, F(t)
holds for all |¢]| < |s|. Using (V), this yields

w'rk(A)#w\t|+1+1

HIA, s, |5

—Ates— F(t)

for all |¢| < |s]|, and hence

1) HAs R A (Ve € 5)F(a)

via (bY)so. Set 1g 1= w™ W 4ulsl 4 2. By Lemma 6.2 we have
H[A, s] }% —F(s), F(s). Therefore, using (1) and (A),

HIA, 8] 5= A, (Vy € 8)F(y) A=F(s), F(s).
From the latter we obtain
HIA,s] [ =4, 30 [(Vy € ) F(y) A =F(a)], F(s)

via (3). This shows (+).
Finally, (4) enables us to deduce, via (V)s, that

Work(A)
HIA, 8] |22 A Ve F(x)

From this the assertion follows by applying (V) twice. O
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Lemma 6.5. (Infinity Axiom) For any operator H we have
H }:—Hﬂm[(ﬂyex)yEm N Myex)(3zex)y € 2.

Proof: Let s be a term with |s| = n < w. Then H %5 € V,y1 and
we

0 . . .
H }BV”“ € V,, since these formulae are axioms. Via (A) deduce

H %VnH eV, ANseV,
and hence H }Z—H (3z € V,)s € z, using (b3). An inference (V) yields
HEEseV, - (3zeV,)sex.
Since this holds for all terms s with | s| < w, we conclude that
HI(WyeV,)BzeV)yez. (8)

Since Vy € V,, is an axiom we have H %Vo eV, N VygeV, via (A) and
thus

H%HZEV )z €V,, 9)
using (b3). Combining (8) and (9) we arrive at
H }g—“ (FzeV,)zeV, N (VyeV,)3zeV,)ye€z.
Thus an inference (b3) furnishes us with
H }:—Hﬂm[(ﬂz cx)zex N (Vyex)(Tzex)y € z].

O

Lemma 6.6. (A}-Separation) Let A(a,b,c1,...,cy) be a AL —formula of £
with all free variables among the exhibited. Let r,sy,...,s, be RSg—terms.
Let 'H be an arbitrary operator. Then:

5] };—%Hy[(Vx cy)xernAlz,rd) N Ve er)(Alz,r5) -z €y,

where a = | r| and p = max{|r|,|s1|,...,|sn|} +w.
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Proof: Define the RS@ -term p by
pi={xeVy|xzer A Alz,rs)}.

Then |p| = a. Let H := H[r,5]. We have H|[t] }—gt pter NAtrS)
for all |t| < « since this is an axiom (A6). Hence, using (V) twice,
Ht] }g—”t ep—ter AN At S), and therefore

HELE (Ve e p)(z e r A Alz,r,5)) (10)

by applying (b¥)so. We also have, on account of being axioms, H[{] % tgrter

and H|t] % —A(t,r,§), A(t,r,§). Using (A) and weakening (Lemma 5.9) we
conclude that

At ¢ & r—A(t,r,5),t €7 A At,r,5). (11)

Since H[t] % —(ter A A(t,r,§)),t € p holds on account of being an axiom
(A7), a cut applied to (11) and the latter yields

Hlt) bt ¢ r,-A(t,r,5),t € p (12)

since rk(t € r A A(t,r,§)) < p holds for terms ¢ with |¢| < a. Now use (V)
four times to arrive at

At 52t e r — (A(t,r,5) — t€p). (13)
Applying (BY)so to (13) yields

RS (vx € r)(Alz,r,5) — x € p). (14)
Combining (10) and (14) via (A) we have

H }Z—” (Vz ep)(xer A Alx,r,§)) N (Ve er)(A(z,r,§) — x €p).
Consequently, by means of (b3),
R Sy((ve e y)(z er A A1, 8)) A (V2 € 1)(Alz,r,5) — z € 1)].
O

Lemma 6.7. (Pair and Union) For any operator H the following hold:
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(i) H|s, }—ﬂz (s€zAt€z) where « = max(|s|,[t]) +
(i) H|s] }Eﬂz (Vy € s)(Vz € y)(x € z) where B =s]|.

Proof: (i): s € V,and t € V,, are axioms. Thus H]s, t] }— seVy ANteV,,
and hence H|s, ] }S—H Jz(s € z At € z) by means of (b3).

(ii): Let r and ¢ be terms of levels < 3. Since r € Vg is an axiom, we have

Hls, 7] %TEVQ.

Thus we get

olw

H|s,t,r]

}gi(Vxeterg
}}ﬁtESH (Ve e t)x € Vg

}? (Vy € s)(Vx € t)x € Vg

}BL Myes)(Vxet)r e z.

ret—revVg

—

[\

H|s,t

[e=]

o
W~

Lemma 6.8. (Power Set) For any operator ‘H the following holds:
a+3
[s] }O—Elz(V:L' Cs)x €z,
where o = | s|.

Proof: Let ¢ be a term with |¢| < o. Then ¢t € Vo4 is an axiom.
Whence, using (V), (pb¥)so, and (3), we have

Hls,t] 5t € Vair
H[Sat] (0;+1 tCs—te Va+1
H|s }g—” (Vz C s)x € Vot

[
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Theorem 6.9. If
KP(P) FTI'(ai,...,q)

then there exist m,n < w such that

Q+m

Hls1,-.-,51] }gjr(%m,&)
holds for all RS};—terms S1,-..,8; and operators H. m and n depend solely

on the KP(P)-deriwvation of I'(a).

Proof: One proceeds by induction on the length of the KP(P)-derivation
of T'(@). Note that the rank of an RS} -formula A is always < Q + w and
thus the norms of RSS -sequents will always be < w®.

If T'(@) is an axiom of KP(P) then the assertion follows from the earlier
results of this section.

If the last inference was (AJ-COLLR) then I'(@) contains a formula
(Vo € a;)Iy F(z,y,a@) with F(b,c,a@) being ¥ and inductively we have
no, mo < w such that

wﬂ+m0

H[5] }mf(é'), (Vo € s;)Fy F(x,y,5)

holds for all terms 5. Since (Vx € s;)3y F(z,y,5) is ¥ an application of
(XP-Ref) yields

wQ+mO+l

H[5] I'(s),3z (Vx € s;)(3y € z) F(x,y,5),

Q-i-’no

ie., HIF] T (s).

As an exa?nple of a logical rule we shall treat (pb3d). So suppose the
last inference of our KP(P)-derivation D was an instance of (pb3). Then
I'(@) contains a formula of the form (3x C a;) A F(x,d) and there exists
a shorter KP(P)-derivation Dy whose end sequent is either of the form
I'(@),c C a; N F(c,d) with ¢ not occurring in I'(@) or c¢ is a; for some
1 < j < I. In the former case the induction hypothesis supplies us with
ng, my < w such that

Q+mg

H[5] hr(g’),vo C s;i AF(Vy,5) (15)

holds for all terms §. As |Vo| =0 < |s;| we can apply an inference (pb3)
in yielding

wﬂ+m0 +2

H[5] }WF(E’), (Fz C s;)F(2,5) (16)
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Q+mg+2
and thus H[§ }70 INES (3x C s;)F(x,§) belongs to I'(§).

Now let’s turn to the case Where cis a;. Then, by the induction hypoth-
esis, there are ng, my < w such that

Q+m0

}mfé’ 'gsi/\F(sj,s*) (17)

holds for all terms §. Owing to Lemma 6.3 we can find m; such that with
p = W™ we have

Y
H[S, 7] }Er#sj,sj Z s;,r C s

and H[S, r]| %)sj #r,~F(s;,5),F(r,§) hold for all r,5. By applying weak-
ening and (A) we thus get

HIS, Hp—ﬂr,@sz,r%sw—'F(s], 3),r Csi NF(r,§)

for all » with || < |s;|. Now apply (pb3), (V) (twice), (£)s, and (V)
(twice):
o pt2 o
HIs,r] 5= 1 & si,r # 55, 7F(s5,5), 3z C ;) F(x, )
H[5, 7] g+4 Cs;—r#sj,~F(s5,5),(3x C s)F(x,5)

+5

[

[
HIS] }g— s; € si,~F(sj,5),(3x C s;)F(z,5)

(8] 0 —(s; C 80 A F(s5,5)), (Ge C 8i)F(x,5). (18)
Finally, by applying a cut to (17) and (18) we have

wQ+m

HIS] }Q— I'(§), (3z C si)F(x, )

+n

Q+m
[§ }W—F §), where m = max(mg,m1) + 1 and n is chosen such
that n > ng and 'rk:(sj Cs; A F(s4,5)) <Q+n for all 5.

The case of the last inference being (b3) is treated in the same vein as
(pb3). All the other inferences are straightforward as the desired assertion
can be obtained immediately from the induction hypothesis applied to the
premisses followed by the corresponding inference in RSS . For example, in
the case of the (AJ-COLLR) one inductively finds mg, ng < w such that

HIS] }FFO , (Vo € s;)Jy H(x,y,§)
holds for all 5, where H(x,y,d) is ©7. Using (X7-Ref) one obtains

.§H—F0 ), 3z(Vx € s;)(Jy € z) H(x,y,5).
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7. Cut elimination

The usual cut elimination procedure works as long as the cut formulae
are not in A} and have not been introduced by an inference (X7-Ref). As
the principal formula of an inference (X7-Ref) has rank ) one gets the
following result.

Theorem 7.1 (Cut elimination I).
a wn(a)
Higomal = H}—QH r

where wy(B) = B and w1 (B) = wrB),

Proof: The proof is standard. For details see [8, Lemma 3.14]. 0

Lemma 7.2 (Boundedness). Let A be a X7 -formula, o < 3 < Q, and
BerH®). If .
HET, A
then
HET, A%

Proof: Note that the derivation contains no instances of (X7-Ref). The
proof is by induction on «. For details see [8, Lemma 3.17]. 0

The obstacle to pushing cut elimination further is exemplified by the
following scenario:

5 &s
HET A - Hls I'-As---(seT
5}5 (EP'Ref) [ Hﬁg ( ) (V)
H}EI‘,EIzAZ H}EF,VZ—'A'Z

= (Cut)
H th r

Fortunately, it is possible to eliminate cuts in the above situation pro-
vided that the side formulae I" are of complexity 7. The technique is known
as “collapsing” of derivations.

If the length of a derivation of XP-formulae is > Q, then “collaps-
ing” results in a shorter derivation, however, at the cost of a much more
complicated controlling operator.

Definition 7.3.
Hs(X) = {C e, B): X CC%a,B) A §<a}
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Lemma 7.4. (i) H, is an operator.
(ii) n <n' = Hy(X) € Hy(X).
(1it) If £ € Hy(X) and § < n+ 1 then ¥o(§) € Hy(X).

Proof: See [8, Lemma 4.6]. 0

Lemma 7.5. Suppose n € H,(0). Define B i=n+w?h,
(1) If « € H,) then &, (&) € Ha.
(it) If ag € Hy and o < « then Pa(ap) < Ya(d).
Proof: See [8, Lemma 4.7]. 0

Theorem 7.6 (Collapsing Theorem). Let T' be a set of %P -formulae and
n € Hy(0). Then we have

a Pa (&)
H?? }Q_-&—IF = 'Hd }mr

where & = 1 + W,

Proof by induction on a. Suppose H, }g—ﬂ I". We shall distinguish cases
according to the last inference of H,, };—H I'. Note that this cannot be (V)

since I consists of X7 -formulae. Note also that n € H,,(()) implies n € Ha(0),
and therefore

a € HU(Q) = Yal(&) € Ha(0). (19)

Case 0: Suppose I is an axiom. Then Hyg }zﬂ—ﬁ I' follows immediately by
o (&
(19).

Case 1: Suppose the last inference was (pb¥)so. Then there is an A € T" of
the form (Vo C t)F(x) and H,|s] }?ZLH I''s Ct— F(s) and as < a hold for
all s with |s| <|t|. By Lemma 4.2 we have

H,(0) = CH(n+1,0) = C%(n + 1,9q(n + 1)).

Since |t| € H,(0) it follows that |t]| € C%(n+ 1,vq(n + 1) N Q, whence
|t] < v¥a(n+ 1) and hence |s| < ¥q(n + 1) whenever |s| < [t|. As a
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result, | s| € C%(n+ 1,9q(n+ 1)) = H,(0) holds for all |s| < |¢|. Whence
Hyls] = H,, for all | s| < |t|. Therefore, by the induction hypothesis,

Ha, % T,sCt— F(s) (20)
[ACE]

for all |s| < |t|. Let |s| < |t|. Since |s| < ¥q(n + 1) one computes
that ¥q(d&s) < ¥a(&). Therefore, an inference (pbV)~ applied to (20) yields

Ha M r.

Yo (8)

The cases were the last inference is an instance of (bV)eo, (&)oos (Z)oos
or (A) are dealt with in a similar manner.

Case 2: Suppose the last inference was (3). Then there is a formula A € T’
of the form 3z F'(x) such that H, % I', F(s) holds for some term s and
ag + 1 < a. The induction hypothesis yields
Ya(ao)
5 I, F(s).
Hao byoan T 1)
Since v, | s| € Hy,(0) we see that
ao,|s| € CP(+1,4a(n+1)).
Consequently we have | s |, ¥q(é&o) < ¥q(&). Thus, via (3) we conclude that
Ha HZ”E‘”; r.
a(&

The cases were the last inference is an instance of (b3), (pb3), (€), (C),

or (V) are dealt with in a similar manner.

Case 3: Suppose J2 A* € I' and H,, %I‘,A with oy < a. This means
that the last inference was (XP-Ref). The induction hypothesis yields

Q(éo

Hayg }ZT; I', A and therefore, as A is a XP-formula, we get
Qo

He, }—wﬂ(%) I, AVvato)
0 Ypa(ao)
by Lemma 7.2. Since ¢q(do) € Ha and ¢a(do) < ¥a(&), an inference (3)
vields Ha 291 30 4% e M, 29D
Pa(d) Po(d)
Case 4: Suppose the last inference was (Cut). Then
[e7)) @
Hﬁ }Q_HF’A and HW }Q—HF,—\A,

where oy < @ and A is a formula with rk(A) < Q.
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Case 4.1: Suppose that rk(A) < Q. This implies
rk(A) € C%(n+1,9a(n + 1))

and hence 7k(A) < ¢¥a(n+1) < Ya(&). Inductively we have
Hag 2901 A and Hay 12901, -4
Ya(éo) Ya(do)
Thus Ha }ZQ—?; I' by means of (Cut).
o (&

Case 4.2: Suppose that rk(A) = Q. Then A or —=A will be of the form
3z F(z) with F(Vp) being A}. We may assume that the former is the case.

Then the induction hypothesis applied to H,, }?ZLH I', A yields Hga, }% IA.
Q&0

Since ¥ (éo) € Ha, (D), we can apply the Boundedness Lemma 7.2, obtain-

ing

Hay L2 T, A vateo) (21)
Ya(éo)
By applying inversion (Lemma 5.10(iii)) to Hg, }?;LH I',—A we also get
V., -
Hay %F,W‘l valéo) (22)

Observing that T, ~AVvao0) is a set of YP_formulae, we can apply the in-
duction hypothesis to (22), yielding

Hay 2200 P A st (23)
Ya(a1)

where a; = g +wHe0 = 4o 4,0 <y e — G Moreover, we
have Yq(a1) < ¥a(&). Therefore (Cut) applied to (21) and (23) furnishes

Ya(a)
. }_ T. O
Ha Po(d)
Note that the Collapsing Theorem removes all instances of (X7-Ref).

Also note that we cannot eliminate cuts with Az)j—formulae since we don’t
have predicative cut elimination [8, Theorem 3.16] as in the case KP.

Corollary 7.7. Let A be a X -sentence of KP(P). Suppose that KP(P) -
A. Then there exists an operator H and an ordinal p < ¥q(eq+1) such that

H}—ZA.
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Proof: Let Hg be defined as in Definition 7.3. By Theorem 6.9 we have
wQ+m
Ho tormit 4

for some 0 < m < w. Applying ordinary cut elimination, Theorem 7.1, we
get

wm(wQ-Hn)
Hofor— A
Finally, using the Collapsing Theorem 7.6 we arrive at

p
me+1(wﬂ+m) b A

with p := Y (W1 (™). 0

8. Soundness

For the main Theorem of this paper, we want to show that derivability
in RS@ entails truth. Since RSg -formulae contain variables we need the
notion of assignment. Let VAR be the set of free variables of RSZ; . A
variable assignment ¢ is a function

0: VAR — Vo

EQ+1)

satisfying £(a®) € Va1, where as per usual V, denotes the o'’ level of the
von Neumann hierarchy.
¢ can be canonically lifted to all RSZ; -terms as follows:

(V) = Vg
{x eV, | F(z,s1,...,52)}) = {ze€Vy|F(x,l(s1),...,4(sn))}-

Note that £(s) € Vi (eq,,) holds for all RSE-terms s. Moreover, we have
(s) € V|s [+1-

Theorem 8.1 (Soundness). Let H be an operator with H(B) € C*(eq.1,0)
and o, p < Yaleqyr). Let T'(s1,...,s,) be a sequent consisting only of X7 -
formulae. Suppose

H }%F(sl,...,sn).

Then, for all variable assignments £,

V¢Q(€Q+1) ): F(E(sl)v s ’E(Sn)) )

where the latter, of course, means that Vy,(
of the formulae in T'(s1,...,8p).

cap1) U8 a model of the disjunction
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Proof: The proof proceeds by induction on «. Note that, owing to
a,p < €1, the proof tree pertaining to H }%F(sl, ...,8p) neither contains
any instances of (X%-Ref) nor of (V)s, and that all cuts are performed
with AZ-formulae. The proof is straightforward as all the axioms of RS};
are true under the interpretation and all other rules are truth preserving
with respect to this interpretation. Observe that we make essential use of
the free variables when showing the soundness of (bY)so, (PbV)oo, (€)oo and
(Z)oo- We treat (pb¥)s as an example. So assume (Vz C s;)F(z,5) € T'(3)
and

HIr] }%I‘(sl,...,sn),r Cs;— F(r,3)
holds for all terms r with |r | si| for some o, < . In particular we

| <
have H[a”] }p—Fsl,..., n),al C i—>F( ,8), whereﬁ | s;| and a? is a
free variable not occurring in I'(sy, ..., s,) and o' = ays. By the induction
hypothesis we have

Via(earn) FT(E(s1),- -, Lsn)), £'(a”) C €(si) — F(£'(a%),L(51),.., £(sn))

where ¢’ is an arbitrary variable assignment. This entails that either

szz(fm.l) ): F(ﬁ(sl), e ,E(Sn))

Via(easn) F (%) S Usi) — F(€'(a”), l(s1),. ... (sn))

for all assignments ¢'. In the former case we have found what we want and
in the latter case we arrive at Vi, (e, ) F (Vo C €(s:)) F (2, £(s1), ..., €(sn) )
and therefore also have Vi, ..,y = T(€(s1),...,€(sn))- O

Combining Theorem 8.1 and Corollary 7.7 we have the following:
Theorem 8.2. If A is a X -sentence and
KP(P)F A

then
V¢Q(€Q+1) ): A

The bound of this Corollary is actually sharp, that is, ¥q(eq1) is the
first ordinal with that property. This follows immediately from [22, Theorem
4.9].
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Corollary 8.3. Assume AC in the background theory. If A is a XP-
sentence and

KP(P)+ACH A
then Vg (cqi1) FE A

Proof: This follows from Theorem 8.2 since the axiom of choice, AC,
can be formulated as a I17-sentence. O

The previous results can be extended to H%’ sentences, basically by the
same proof as for [22, Theorem 2.1].
Theorem 8.4. Let A be a 1} -sentence.
(i) If KP(P) = A then Vi, (o, 1) F A
(ii) If KP(P) + ACF A then Vyg (e, ) FE A

Proof: (i): Assume KP(P) F Vu3wH (u,w) with H(u,w) being Al
Let 0 := Yqa(eqy1). Let b € V.. We have to verify that V, = JwH (b, w). o
is a limit, so there is { < o such that b € V¢. Since V¢ does not satisfy all
»P-sentences provable in KP(P), we have KP(P) - B and Vi = —B for
some Y.7-sentence B. Since X¥-reflection is provable in KP(P), we also get
KP(P) F 3a3z(z = V, A B*). Then, using AJ-Collection, we obtain

KP(P) - 3z3a3x[z = Vo A B* A (Vuex)(Jwez)H (u,w)].
Since this formula is equivalent to a ¥ —formula in KP(P), we get
Vo = Jadx[z = Vo A B A (Vuex)IwH (u, w)]

As the formula “z = V,,” has the same meaning in V, as it has in V, there
exists @ < o such that V,, = B and (Vu € V,)(3w € V,)H(u,w). By the
choice of B, this implies £ < «, hence b € V,, thus V, = JwH (b, w).

(ii) follows from (i) since AC can be expressed as a II] statement. O
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