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1. Introduction

Systems of nonlinear partial differential equations, integrable by the inverse transform
method, can be obtained as reductions of generic integrable systems corresponding
to Lax operators with matrix coefficients. For example, the coeflicients of a generic
Lax operators are elements of the Lie algebra sl(N,C) and simplest reductions are
just restrictions on (simple) subalgebras of A C sI(N,C). Restrictions on Kac-
Moody subalgebras of the loop algebras C[A\,A\7!] ®c A lead to interesting classes
of integrable equations [II [6 [8 [10]. Further generalizations give rise to the concept
of automorphic Lie algebras, which are subalgebras of A(\) = C(A\) ®@c A [8] 12} [5].
In the latter approach the subgroups of the group of automorphisms of the loop
algebra or more general of the algebra A()) play the central role. In the context of
the reduction problem these subgroups (the reduction groups) were introduced and
studied in [6, [7, 8, 1T, 12]. In order to apply the inverse spectral transform to the
reduced equations one needs to give a characterization of the reduction in terms of
the spectral data. The reduction group naturally acts on the analytic fundamental
solutions of the linear problem corresponding to the Lax operator, on the scattering
and Riemann-Hilbert data. Continuous and discrete spectrum of the operator are
orbits of the reduction group [8] [9].

According to Cartan (see [4]) the local structure of a symmetric space is
determined by an involutive automorphism ¢; of the relevant Lie algebra g, known
as Cartan involution, and the corresponding decomposition g = g(© @ gV, g =
{a € g|pi(a) = (—=1)"a}. In this paper we begin with the algebra si(N,C) and

use the automorphism ¢.(a) = —a' to reduce sl(N,C) to @p.—invariant subalgebra
g ={a € sl(N,C)|p.(a) = a}, thus g = su(N). Choosing the Cartan involution of the
form p1(a) = Jrad with J, = diag (1,...,1,—1,..., —1) we obtain the decomposition

of su(N) which reflects the local structure of the compact A.ITI-type symmetric space
SU(N)/S(U(k) x U(N —k)). The automorphisms ¢, ¢1 can be extended to the loop
algebra Ay = C[\, \"1®@csl(N,C) as @, (a(N) = —a’(A*) and @1 (a(N)) = p1(a(=N)).

In Section 2 we analyze Lax operators that are linear in A and invariant with
respect to the reduction group generated by the automorphisms @, (a(A)), @1 (a()).
They give rise to the integrable system

iuy = ((1 —uuhu,),, ulu=1,, (1)
where u is (N — k) x k complex matrix and 1y is a unit matrix. System () is
S(U(N — k) x U(k)) invariant and in this sense isotropic. In particular, if ¥ = 1
equation () can be seen as a U(N — 1) invariant integrable system on CPN~1. In
Section 2 we discuss this reduction in details.

The loop algebra Ay has automorphisms of the form ®(a()\)) = Joa(A~1)J;5 L.
The simplest Lax operator which is invariant with respect to automorphisms @, , ®
and ®, is a “symmetric” Laurent polynomial and has simple poles in A at points
{0,00}. In Section 3 we study Lax operators and integrable equations related to such
operators. The simplest non-trivial system of this type is of the form:

Uy = Uz — (w(uw ug + v*0,)), + 800", (2)
0 = Vgp — (VU Uy + 0 0))e — Suutv, (3)
where v and v are functions of x and ¢ subject to the condition:

[u?| + v?| =1 (4)
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i.e. the vector with components u and v sweeps a 3-dimensional sphere in R*. System
@), @) can also be seen as an anisotropic deformation of (Il) with k =1, N = 3.

In Section 4 we formulate the spectral properties of the Lax operator on the class
of potentials satisfying (). We outline the construction of the fundamental analytic
solutions of L. As a result we are able to reduce the inverse scattering problem for L to
a Riemann-Hilbert problem. This Riemann-Hilbert problem does not allow canonical
normalization due to the nontrivial asymptotics of fundamental analytic solutions both
for A = oo and A — 0 — the two singular points. The canonical normalization can be
partially replaced by the requirement of the invariance of the fundamental analytic
solutions with respect to the reduction group (see [9]).

In Section 5 we analyze the mapping F between the potential and the scattering
data of L. Using the Wronskian relations we introduce the ‘squared solutions’. Thus
the mapping F can be interpreted as a generalized Fourier transform [2].

2. Lax representation. The isotropic case

Let us consider two linear differential operators (the Lax representation) with N x N
matrix coefficients

_ . Ok /\uJr
p=posi( 9 o), )
iN2ufu  —)af
A=Di+ ( Aa  iXuuf ) ’ (6)

where D,, D; are operators of differentiation, 05 denotes a square s X s zero matrix,
u and a are complex (N — k) x k matrices whose entries are differentiable functions
of independent variables (z,t), u',al denote Hermitian conjugated matrices and \ is
a spectral parameter.

The commutativity condition [L, A] = 0 is equivalent to the system of equations

ula+alu=—-ulu—ufu, (7)
ual +au’ = u,u’ + uuf (8)
iuy = a,. (9)

It follows from (T)),(8) that (tr(ufu)”), = 0, n € N, thus the eigenvalues of the matrix
ufu are functions of ¢ only. In the case k = 1, we have u'u = f(¢) € R and changing
the variable t — T, so that D, = f(t)Dr, we can set u'u = 1 without any loss of
generality. If 1 < k < N — k then we shall assume that ufu = 1, where 1, is the unit
k x k matrix (this choice is consistent with the system (Z)-(@), but is not the most
general one). Then, it follows from (@)-(&) that

a=(1—uuu, +iy(z,t)u

where v(x,t) € R is an arbitrary real function which without loss of generality can be
set to zero after an appropriate change of the coordinates ¢t — ¢, x — X(x,t). Thus
we assuime

a=(1—-uu)u, (10)
and equation (@) takes the form
iug = (1 —uuMu,), , ulu=1;. (11)
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System () is U(N — k) x SU(k) invariant. In the case k = 1, N > 3 system (LIl
is U(N — 1) invariant vector equation and it can be seen as an integrable system on
2N — 3 dimensional real sphere:

Uy = Upe — (G- V) — (V- Uiy))U)a

—

— U = Uge + (€ Ta) — (V- Uz))V)a
where & = Reu, ¥ = Imu.
The Lax representation (B) can be naturally related to a reduction group

generated by two automorphisms. Let us consider general linear operators of the
form

L =D, + Ao + My, A= Dy + By + AB;1 + A\’ B> (13)

where Ag, A1, By, B1, B2 € sl(N,C) are matrix functions of x,¢. On the Lie algebra
Ay = C[\|®sl(N,C) (i.e. the polynomial part of the corresponding loop algebra) there
is the outer automorphism @, : Ay — Ay defined as ®.(a()\)) = —al(A\*). It is obvious
that the @, invariant subalgebra {a(X) € Ax|®.(a(N)) = a(A)} = C[A] ® su(N).
Restriction to this subalgebra is an obvious reduction of the general Lax pair (and the
corresponding equations). In terms of operators L, A this restriction is equivalent to
the condition

(@-d)+ (@-0)=1, @, 7RVt (12)

LT(X) = L), AT() = A, (14)

where LT stands for the Hermitian conjugation of the operator L and L*! for the
adjoint operator of L.

Further restriction can be achieved using the Cartan involutive automorphism ¢ :
su(N) — su(N) which is defined as 1 (a) = JraJy where J, = diag (j1,...,4n), Jj1 =

oo =Jgr =1, jr41 =--- = jn = —1 and we also assume N — s > s. Automorphism
1 induces a grading in the algebra g = su(N)
o=9g%0g", ¢ ={acg|Iad = (-1)"a}. (15)

The Cartan automorphism ¢; can be extended to the automorphism of the
corresponding loop algebra

@y : CIA] @ su(N) — C[A] @ su(N), D1 (a(N)) = Jpa(=N) Ty,

Operator L ([3) restricted on the subalgebra invariant with respect to the both
automorphisms @, and ®; satisfies the symmetry conditions (I4)) and

JeL(-N)J = L()\) (16)

and is of the form

L_Dx+i< (17)

R af
A Q ) ’
where R, ) are Hermitian matrices of the size k x k and (N — k) x (N — k) respectively.
By an appropriate gauge transformation L — G'LG, G € S(U(k) x U(N — k)) we
can set R = 0 and @Q = Onx_x. Then the operator A can be found from the condition
[L, A] = 0 as described above. The operator A also satisfies the symmetry condition
JeA(=NT = AN,

Taking other simple Lie algebras and replacing the automorphism ¢; by an
appropriate Cartan automorphism the construction described in this section can be
easily extend our construction to other symmetric spaces.
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3. Lax representation. The anisotropic case

The loop algebra Ay = C[A,A7!] ® su(N) has a richer group of automorphisms
than its polynomial part C[A] ® su(N). Let us take an involutive automorphism
w2 : su(N) — su(N), p2 # 1. In this paper we shall assume that automorphism ¢o
is inner and of the form

wo2(a) = Joas, J3 =1, [J2, J1] = 0. (18)

Therefore it commutes with the Cartan automorphism ¢, discussed in the previous
Section (more general construction of the reduction groups and corresponding
automorphic Lie algebras, including outer and non-commutative automorphisms are
discussed in [8, [12]). The map ®; : Ay — Ay defined as

Oa(a(N)) = pa(a(ed™)), €#0, c€R

is an automorphism of the loop algebra. In what follows we shall assume that the
matrices Ji, Jo are of the form

-1 0 10
J1:< 0 1), J2=(0 J>, J2=1

where 1 is a unit (N — 1) x (N — 1) matrix.

The Lax representation with operators L, A having simple and double poles in A
respectively and invariant with respect to the automorphisms ®,,®; and 5 can be
written in the form

. 0 ufA
L_D””_Z<Au 0 )’

19
—4e(ufJu) +ufA?u  —ialA > (19)

A=Di+ido+i ( iAa AuufA

where a is given by ([I0), A = AI+e\1J and Ay is a real constant matrix of the form

A0_<8 2) [A,J] = 0.

The compatibility condition [L,A] = 0 of the above operators ([[J) leads to an
anisotropic (deformation) integrable system (II]) with k = 13:

iu; = (0, —u(u' - u,)), +4eu(u’ - Ju) + Au, uu=1, ueCV . (20)

In the next Sections we shall develop the spectral theory for the operator L in the
simplest nontrivial case N = 3. We take automorphism ¢, with J; = diag (1, -1, —1),
automorphism ¢y with Jo = diag (1, —1,1) and set ¢ = 1. In this case the Lax operator
L ([I9) we shall write the form

L=iD, +U(xz,)\), U(x,\) = ALy + X 'L (21)

1 Here we have to note that when this paper had been completed, one of the authors (AVM) contacted
V.V.Sokolov to discuss equation ([20). Sokolov draw our attention to his paper [3], where a similar
equation and the corresponding Lax representation had been found. His system was related to
sl(N,R) algebra (rather than to su(lN), as in our case) and it was more general: in [3] the matrix J is
an arbitrary real matrix, without the condition J2 = 1. In [3] the Lax operators were not related to
any reduction group. The reduction group reflects symmetries of the operator which are very useful
for the spectral characterization of the operators (see next sections of this paper).
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where
U v 0 —u v
Ll = u* 0 0 y L,1 = @Q(Ll) = —u* 0 0 (22)
v® 0 0 v* 0 O
and the corresponding system of equations (20 is
= ey = (U0 Uz + "0 —dulful® = o) oau, o e oy
U v]*=1.
0 = Ve — (VU Up + V7 0,)) e — dv(Jul? = [v|?) + v,
In this case the constant matrix Ao is diagonal Ay = diag(0,a1,a2). Constant

solutions of the system (23]) depend on the choice of the constants a1, as. If @1 = s
and || < 4 then the constant solution of (23] is

- 4—|—041 01 - 4—0&1 0
’U/—H 3 e N ’U—H 3 (&

and 61,0, are arbitrary phases. Let us choose a; = —as = 4. In this case the system
@3) can be written in the form (@), (@) and has two constant solutions

a) u(z,t) = e v(x,t) =0,
b) u(z,t) =0, wv(z,t)=-e".

where 6 is an arbitrary phase.

4. Spectral properties of L

The spectral properties of the Lax operator crucially depend on the choice of the
class of admissible potentials. Below we will consider two different classes satisfying
different boundary conditions:

a) lim w(z,t) =e%s  lim o(z,t) =0,

r—+o0 r—+o0 (24)
b) lim wu(z,t) =0, lim v(x,t) =%,

r—to0 r—too

This choice of the boundary conditions ensures that the asymptotic potentials Uy (\) =
lim, 400 (AL1 + A71L_1) satisfy

1 1 0 elox
a) U as(N) = tho,£Ja(\)g 1, o+ = 7 e7x 0 -1 |,
2 0 -1 0
Jo= (A= A"HK7, K, = diag (1,0, —1),
( ) 1 1 g( ) . (25)
) 1 0 —eid:
b) U as(A) = 10,25 (M)t 1 Yo+ = —= 0 1 0 :
\/5 e~ 1
o =(A+ATHKy, K = diag (1,0, -1),

The Jost solutions are fundamental solutions defined as follows

dim g (2, A)e NV yg L =1, (26)
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Due to the existence of reductions the Jost solutions satisfy the symmetry relations

"/J:ft(xv)‘*) = ("/Ji(‘rv)‘))_lv (27)
lezl:('rv_/\)*]l = 1/}:E(IaA)7 (28)
JQUJ:I:('rvl/)‘)JQ = 1/}:t(IaA) (29)
Next we introduce the auxiliary functions
0 (2, 0) = g L (2, N)e V7, (30)
7+ (x, ) is solution to the associated system:
d
i+ U (@, N (,0) = e (@, )T (V) = 0, (31)
where
_ 1
Us(2,\) = ¥ 1 (ALl(UC) + XL—1($)> Yo+, (32)

and satisfies the boundary conditions limg 4o 7+ (2, A) = 1.
Equivalently 74 (z,A) are solutions of the following Volterra-type integral
equations:

ne(z,\) =1+ i/ dyeiJ()‘)(zfy) [Us(y,\) — J(N)]n+(y, )\)efi'](A)(mfy), (33)
+oo

In case a) the Jost solutions are well defined on the real axis in the complex
A-plane.
Once the Jost solutions are introduced one defines their transition matrix 7'(\)

b (2, ) = by (2, )TN, AeR. (34)

As a consequence of symmetries (27)—(29) the scattering matrix T(\) obeys the
following conditions

) =T, (35)
JT(-\)J1 =T, (36)
JoT(1/N) s = T(N). (37)

From the Lax representation there follows, that the scattering matrix evolves according
to the differential equation

10, T+[f(\),T] =0 = T(t,\) = eI (0, )e TN (38)
where
2
BT k
F) = lim Y AP A (), (39)
k=—2
is the dispersion law of nonlinear equation.
In what follows we will construct the FAS for the special case ¢4 = ¢_;
without restriction we can assume that ¢ = ¢_ = 0. Then Uy s = U_ »s and

Uy (2, ) = U_(z,\).
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4.1. Case a)

The main tool in constructing the spectral theory of the Lax operator is the
fundamental analytic solution. In the case a) we construct the solutions xT(z, \)
which are analytic functions for A € C4 — the upper and lower half planes respectively.
In this subsection J(X) = Jo)(A) = (A = A1) K.

First we define &4 (z, A) as the solutions of the following set of integral equations:

Eh(@,\) = 0 +1i / dye!Tee =)= (U_(y, X) — J(A)EF (1, M), (40)
for k <l and
&z, ) =i / dye!Tee =IO (U (y, X) — J(N)ET (1, M), (41)

for k > 1. Obviously £T(x, ) is a fundamental solution to eq. ([24). Besides, due to
the appropriate choice of the lower integration limits in eqs. ([@0) and (@) one finds
that the exponential factors in the integrands are falling off for all A € C,. From
these basic facts there follows that £ (z, A) is a fundamental analytic solution of eq.
24) for X € C4.

The fundamental analytic solution x*(x,\) of the Lax operator L is obtained
from &7 (x, \) by applying the simple transformation:

xH (@, \) = tho, € (, N)e? NV (42)

The fundamental analytic solution x~(x, A) of the Lax operator L analytic for
A € C_ is obtained by applying the same transformation:

X (@, ) = do-€ (, Nl . (43)
where £~ (z, A) is a solution to the equations
€@, A) = 0 +1 / "y TG (U (y,3) — TONE (5.V) (44)
for k <l and h
Eale,)) =i / Ty OO (U (y, ) — TA)E (0 V), (45)
for k > 1. -

The fundamental analytic solutions are linearly related to the Jost solutions for
A € R. These relations are expressed through the factors of Gauss decomposition of
T(t,\)

T(t,\) = TTD*(s*)~! (46)
and have the form:
X (2, A) = (2, ) ST = ¢y (2, ) TF(A)DF(N). (47)

From the reduction conditions ([B5)-([3T7) and eq. (@6l there follows:

(SNt = (s (DFA)T =D)L () = (T )T
JISE(=N)JL = ST\, DE(=N) =D%(\), JTH(=N)J =T\, (48)
JoSE(L/N)J2 = SF(N), DF(1/X) =D*(\), JLTH(1/AN)J2 =T*(\),
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As a consequence there follow reductions on the FAS:
()@, A7) = x" (2, 0),
JixF(z, =N = x" (2, 0), (49)
JoxF(z, 1/0) T2 = xF (2, \).
From the relation (@) one obtains
X, A) = x (2, )G, ), Gz, \) =e?MN7(e)7IsT(Ne VN2 Ne R, (50)

which can be seen as a Riemann-Hilbert problem. Thus the inverse spectral problem
can be reduced to a Riemann-Hilbert problem to find matrix functions analytic in the
upper and lower half plains of A and satisfying (B50]) on the real axis. This Riemann-
Hilbert problem does not allow canonical normalization neither for A — oo, nor
for A = 0. The symmetry conditions replaces (partially) the normalization of the
Riemann-Hilbert problem (compare with [9]).

Remark 1 The Riemann-Hilbert problem allows singular solutions as well. The
simplest types of singularities are simple poles and zeroes of the FAS and generically
correspond to discrete eigenvalues of the Lax operator L. Due to the reduction
symmetries the discrete eigenvalues must form orbits of the reduction group. Generic
orbits contain octuplets, so if p1 is an eigenvalue, then —py, £u5, £1/p1 and £1/p3
are eigenvalues too. However, we can have degenerate orbits. If the eigenvalue uo lies
on the unit circle |u2| =1 (resp. if ps = —p3 lies on the imaginary axis) we will have
quadruplets of eigenvalues. The smallest degenerate orbit consists of two points only
equal to +i.

4.2. Case b)

Due to the fact that now J(A) = Jy) is proportional to A + A~! we find that the
continuous spectrum of L fills up the real axis and the circle with radius 1 in the
complex A-plane, see the figure [I1

The Jost solutions and the scattering matrix are introduced as in the previous
case (see (20) and (B4)). Their domain now is the union of the real axis and the unit
circle (that is on the continuous spectrum only). The regions of analyticity are four,
denoted by 1, s, Q23 and Q4.

The construction of the Jost solutions is formally possible only for potentials
whose z-derivatives are on finite support. Skipping the details we outline the
construction of the fundamental analytic solutions in each of the domains Q;, j =
1,...,4.

The fundamental analytic solutions of eq. (24)) in the domains Q; Uy satisfy the
following integral equations

l(j)(% A) =0 + i/

— 00

aye NI (U ()~ TN, Y) 61
for k <l and

@) =1 [ dyel O O@ (U (5,2) - JONED 0 0) (52)

for k > [. In the equations above s = 1 and 4 and A is assumed to take values in the
domain Q%)
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The corresponding fundamental analytic solutions of the Lax operator L is
obtained from £()(z, \) by applying the simple transformation:

X(S)(x, A) = wo,_ﬁ(s) (z, )\)ei‘](’\)w. (53)

The fundamental analytic solution X(S/)(x, A) of the Lax operator L analytic for
X € Q) is obtained by applying the same transformation:

X (2, A) = o, €67 (2, A)el/ M2, (54)
where £657) (2, \) is a solution to the equations

650 0) = 8 1 [ dyel IO (U (,3) = JO)ED @), (6

oo

for £ <1 and
67N =i [ g (@ (g0 = JOE 0 0) (56)

for k > [. In the equations above s’ = 2 and 3 and ) is assumed to take values in the
domain Q).

As in case a), the fundamental analytic solution are linearly related to the Jost
solutions as follows through the Gauss factors of T'(\):

Xz, \) = w,(x NS =y (2, )T~ DH(N), AeRoUS,,
XP (@, \) = (2, )8~ (\) = ¢y (z, ) TTD™(N), AeRyUS_, 57)
XD (@, ) = ¢ (2, )87 () = ¢ (& NTTD7(Y),  A€RIUS,,
xP (@, \) = (2, \)ST(\) = ¢y (z, )T~ DT(N), AeRUS_,
where S*(\), T*(\) and D*()\) are the Gauss factors of the scattering matrix (see
eq. (6) and
Ro ={-1<ReA <1}, R ={-00<ReA < -1}U{l <Re\ < o0}, (58)
Sy ={|]\ =1, 0<arg\ <m}, S_={|]\ =1, # <arg\ < 2n},
The fundamental analytic solutions of adjacent regions are connected via
ED(z, ) = €@ (2, )G (z,t, ), A € Ry,
(x,A) = 3 (2, )G(,1, ), AERy, (59)
(@, ) =¥ (2, NG, t,N), X €Sy,
@ (2,A) =P (2, \)G(x,t,N), AeS.,
where
G(x,\) = /N7 (§7) "1 g+ (\)e TNz, (60)

Thus the inverse spectral problem can be reduced to a generalized Riemann-Hilbert
problem to find piecewise analytic matrix function satisfying conditions (B9)) across
the contour defined by the continuous spectrum (see Fig. 1).

The reductions imposed on the Jost solutions, T'(A) and its Gauss factors are the
same like in eqs. 27) — (29) and (@8]). They result in the following relations between
the FAS:

)@ X) =xP(2,2), W) (@,2) =xP (@),
Jix W (@, =2 = xP (@, \), Tz, =N = xP(z, ), (61)
JoxW(z, 1/0) Ty = xD (2, ), JoxP (2, 1/X)Jo = x®(z, \).
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0 Q3

Qo Q

Figure 1. Continuous spectrum of L, case b).

Remark 2 Just like in the previous case (see remark[ll the Riemann-Hilbert problem
allows singular solutions as well. which correspond to discrete eigenvalues of the Lax
operator L. So, like before, generic eigenvalues form octuplets: if p1 is an eigenvalue,
then 1, £u3, £1/p1 and £1/pf are eigenvalues too. Since now the unit circle is
part of the continuous spectrum of L we can not have discrete eigenvalues on it, but
we still can have quadruplets of eigenvalues on the imaginary azxis Lins and %i/na,
12 # +1 and real.

4.8. Asymptotics of fundamental analytic solution for X — oo

Below we will need the matrix g;(z,t) which diagonalize the potential L;(x,t):

1 0 O
Ligr = gi(z,t)K1, Ki=|( 0 0 0 |,
0 0 -1 -
1 1 —1 1 1 U v (62)
g=—7| v ,gl = — 0 V2ux —V2u* ,
V2 v* —\/—u \/5 -1 U v
0 0
a=g1.9," = O wiu 4+ v v* uiv — ’UI’U,* . (63)
0 viu—uyv* Viv+ugu
For A — oo we have to solve the equation
d as
1 AL (@A) = 0 (64)
and determine the asymptotic behavior of x,s(x, A) for A — oo. We introduce:
)NCaS (Ia A) = g_l(x)Xas ({E, )\)e_iKl kma (65)
which satisfy:
122 g7 101 Xas (@A) + ALK, Xas( V)] = 0. (66)

With properly chosen asymptotic conditions Xas(x, A) will provide the asymptotics of
the fundamental analytic solution. Therefore it will allow an asymptotic expansion of
the form:

Xas x, )\ Z)\ Xk ab (67)
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Inserting this expansion into eq. (G6]) for the first two coefficients of Xas(z, A) we get:
[K1; Xo,as(2)] = 0

-dXO,as P ~ ~

1 dx - 191@91)(0,&5(:[:) + [K17 Xl,as(x)] = 07 (68)

.dN as Pa— ~ ~

1 ﬁlx) - 191;91)(1,215(:[:) + [K17 XZ,aS(x)] =0.
Thus we conclude that ¥o,as(z) must be a diagonal matrix of the form:

1 x
Ro.as(2) = diag (), e, @) pa) = 3 /i dy(uuy + 07w, (69)
and for the off-diagonal part of X} ,.(z) we have
; 0 V2(vug —uvg)e ™ (uFug + vtug)eP /2

Nias(@) = 5 | —V2(urv; —vrup)e? 0 —V2(uvy —vtug)er | (70)

—(urug + V*0,)eP /2 V2(vuy — uvy)e P 0
As a result the asymptotic behavior of x(z, \) for A = oo is given by:

— ~ 1 ~ i T
X(‘Tu )‘) = gl ! (XO,as(:E) + _Xl,as(x) + o ) e Kix . (71)
A—00 A

Thus we conclude that the fundamental analytic solution x* do not allow canonical
normalization for A — oo. This difficulty can be overcome by applying a suitable
gauge transformation.

The asymptotic behavior of X.s(x,\) for A — 0 can be derived in a similar way.
One can also use the involution that maps A into 1/A.

5. The Wronskian relations and the squared solutions

Consider
(ixile(x, A) — z'B) ‘20:7

o0 ) . (72)
_ / dr (x"Y(\[L1, Bl + AN L1, B] + iBy)x(x, \) — iBy)

where B(z, A) is for now arbitrary function. We will use below two choices for B: the
first one will be B = Jy where Jj is a constant diagonal matrix; then

(ix_lJox(x, A) — z'JO) ‘io:ﬂ)o = / dx (X_l([/\Ll + AL, Jo])x(, )\)) , (73)
The second choice is B(x, A\) = AL1(x) + A~ L_;(z) which results in:
(Z.Xil(ALl + AilLfl)X(.I, )\)) |(;O:—00
> » ) (74)
_ / dr (x (M1 + A L)X (2, N)

A second class of Wronskian relations contain the variation of the fundamental
analytic solutions due to variations of the potentials L.

i% + ALy + A L_1)dx (2, A) + (MOLy + AY6L 1) x(z, \) = 0. (75)
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Thus we obtain:

ix 'ox(e N[ = —/OO dr (X7 ((AOLy + A1 L-1))x(@, N)) (76)

T=—00
=—00

The left hand sides of the Wronskian relations are expressed in terms of the
scattering data and their variations. The right hand sides can be viewed as Fourier-
type integrals. To make this obvious we take the Killing form of the Wronskian
relations above with the Cartan-Weyl generators.

Let us take the Killing form of eq. (@3] with one of the Cartan-Weyl generators
E,, assume that Jy = ¢2(Jp) and use the invariance of the Killing form to get:

(ix " ox(x, ) — ido, Ea)| 0
_ /i dz (x~ (\[L1, Jo] + A" L1, Jo]) x(@, ), Ea)
o0 77
_ /:7 dz {[L1, Jo], (\ea(z, ) + A Loa(ea) (2, 1)) (77)
= [ )
where
Py (2, ) = Aea(z, \) + A pa(en) (3, N), (78)
and
ea(z,\) = X ' Eox(z, \). (79)

Similarly, taking the Killing form of eq. ({4 with E, and using the invariance of
the Killing we find:

<iX71()\L1 + )flL,l)X(Ia A)s Eﬂ>‘(::foo
e Z/I:_OO d:L' (()\Ll,m + )\_1L—17I)7 eQ(x’ )\)) ’ (80)

= ’L/ d.I <L17m,(1)1(17, A)> .

Finally, for the second class of the Wronskian relations we have:

i<x715x(3:,)\),Ea>|zi_oo = —/ dz ((A0Ly + A"'6L_1), eq(z, )
o (81)
:-/ do (0L, D1 (2, M)

The Wronskian relations are the main tool in analyzing the mapping between
the scattering data and the potentials Lii(x) of L. Indeed, taking x(z,)) to be a
fundamental analytic solution of L we can express the left hand sides of eq. (B0)
(resp. (8I)) through the Gauss factors S*, TF and D* (resp. through the Gauss
factors and their variations). The right hand side of eq. (B0) (resp. (&I)) can
be interpreted as a Fourier-like transformation of the potential Li(z) (resp. of the
variation 6L (x)). As a natural generalization of the usual exponential factors there
appear the ‘squared solutions’ ®;(z, A). The ‘squared solutions’ are analytic functions
of A\ which is important in proving the fact that they form a complete set of function
in the space of allowed potentials of L.
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6. Conclusions

We analyzed the reductions of integrable equations on A.ITI-symmetric spaces and
constructed the FAS for the corresponding Lax operator ([21)), 22]) with N = 3. These
results can be generalized for N > 3, as well as for other classes of symmetric spaces,
such as A.II, D.ITI, C.I, BD.I.
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