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Active gels are a class of biologically-relevant materahiaining embedded agents that spontaneously generaesfacting
on a sparse filament networkn vitro experiments of protein filaments and molecular motors havealed a range of non-
equilibrium pattern formation resulting from motor motialong filament tracks, and there are a number of hydrodynamitels
purporting to describe such systems. Here we presentsesidktensive simulations designed to elucidate the mioqis basis
underpinning macroscopic flow in active gels. Our numescheme includes thermal fluctuations in filament positiersluded
volume interactions, and filament elasticity in the form ehiding and stretching modes. Motors are represented chdilly
as bipolar springs governed by rate-based rules for attanhrdetachment and unidirectional motion of motor headsgthe
filament contour. We systematically vary motor density apelesl, and uncover parameter regions corresponding to aihusu
statics and dynamics which overlap but do not coincide. Twralous statics arise at high motor densities and takeotine f
of end-bound localized filament bundles for rapid motorsl, @xtended clusters exhibiting enhanced small-wavenuddiesity
fluctuations and power-law cluster-size distributionsslorv, processive motors. Anomalous dynamics arise for,gdoocessive
motors over a range of motor densities, and are most evidenu@erdiffusive mass transport, which we argue is the cpresee
of a form of effective self-propulsion resulting from thel@ocoupling between motors and filaments.

1 Introduction transparent theory. It is therefore often prudent to tireaitro
systems of known composition and reduced complexity.

Living matter fundamentally differs from dead (or passive) This approach has been applied with some success to the
media in that it is driven by spontaneously-activating inte cellular cytoskeletopa dynamic scaffolding of protein fila-

nal processes, depleting some energy reservoir maintaingflents and associated proteins that contributes to the mecha
by the organism’s metabolisir®. This should be contrasted cal, structural and motility properties of eukaryoticleef-2.

with passive materials which may be driven externalllelly.  Thjs can be classified as antive gel both because it contains

an imposed boundary, or simply agitated by thermal noisemolecular motors that generatépN) forces on the filaments,

An immediate and crucial consequence with regards quantiang because the filaments themselves can translate or-‘tread
tative modeling of living systems is that they do not obey themj|I” due to different growth rates at either end. It is pdssi
principles of thermodynamic equilibriufi¥, necessitating the ~ with reconstitutedn vitro active gels to inhibit treadmilling
development of novel analytical and theoretical pringpfe  and add permanent biotin-avidin crosslinks between filasen
such systems are to be understood on the same level as eqpdsulting in a static gel with both thermal and athermal sesir
librium matter. Ideally, such a program should proceiedn-  f noise, the latter deriving from the action of motor protei
cremental improvements to theory in tandem with experimengn, the networR19-12 These athermal noise sources have been
tal verification and guidance, but the enormous compleity 0 shown to violate the fluctuation-dissipation relafidd, cate-

real organisms eliminates facile comparison with any ljta  gorically placing active gels outside the realm of equilib
thermodynamics, and the athermal noise spectrum can be re-
t Electronic Supplementary Information (ESI) available:etils of any  lated to the properties of motor protefis!®

supplementary information available should be includetelhe See DOI: - . .
10.1039/b000000x/ Without permanent crosslinks, the filament network can

a Theoretical Soft Matter and Biophysics, Institut fiir késperforschung, _plas_tically eyqlve and macrosc_opic flow may emerge, result-
Forschungszentrum Jillich 52425, Germany ing in non-trivial pattern formation as observedrrvitro sys-

® Computational Biophysics, University of Twente, 7500 ABdBede, The  tems consisting of microtubules and various associated mo-

L\'Efrrf:iﬁ”;flea d@fz-juelich.de torst®18 and actin-myosin complex&$ This richer problem
d E-mail: g.gompper@fz-juelich.de has inspired the development of analytical theories inzorp
¢ E-mail: w.j.briels@tnw.u-twente.nl rating filament flow and active drivirid3". One approach
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extends the hydrodynamic equations of liquid crystals @irth great efforts to control variation with system size for dlttoe
nematic phas& to include active terms (with phenomenologi- quantities considered.

cal coefficients) obeying the required symmetffe$® These One of our central findings is that the action of the motors
active nematodynamic equations admit stable solutions witcan drive the formation of non-trivial structure formation

line defects in the director field, include cylindrical s  one region of parameter space, and anomalous dynamics in a
that rotate due to active proces$&sthese were likened to different, albeit overlapping parameter regime. Motdein

the vortices seen in quasi-2D microtubule experim&té  structure formation is most evident for high motor densitie
although no quantitative comparison has yet been made. Awhere the nematic ordering breaks down and filament clus-
alternative approach extends the Smoluchoswki equat@ns f ters form. The nature of these clusters depends on the motor
rigid rods®® to include active driving’~33 and although these speed. For motors sufficiently fast to dominate over thermal
active terms were derived from microscopic considerationsdiffusion, localized clusters form in which the filament® ar
some coarse-graining is still required, resulting inwhaatbe  bound at theif+]-ends, as evident in Fig. 1(b). This can be
regarded as a mesoscale model. viewed as non-equilibrium polar ordering on scales compara

What is lacking despite this plethora of modelling is a ble to the filament length, that becomes isotropic on much
clear picture of the microscopic mechanisms driving thé sel larger lengths. The dynamics of such states is anomalous in
organization observed in experiments. Ideally the lagdes  that the mean-squared displacement of filament centers ex-
equations could be found by coarse-graining a suitableamicr hibits asuperdiffusiveéegime in which it scales faster than lin-
scopic model, but this would inevitably involve approxima- early in time, but this effect becomes less pronounced as the
tions whose validity would need to be assessed. Furthermorgnotor speed increases, a non-intuituve finding that we éxpla
the only coarse-graining attempted so far failed to gerezthit  below in terms of a vanishing population of mobile motors.
of the terms expected on symmetry grounds, with implication  Maintaining a high motor density but decreasing the motor
for the formation of vortice¥. It is into this state of affairs speed so that motor motion and thermal effects compete, we
that simulations can play a key role, permitting as they dlo fu find a region of parameter space that exhibits both anomalous
control and access of all microscopic details. Non-Brownia diffusion and non-trivial structure formation; see Figd)L(
simulations mimicking the microtubule experiments geteera Extended, polarised clusters form that can span the system
asters and apparently vortidés 74941 put did notinclude ex-  size, generating large voids between the high-densityenisis
cluded volume interactions between filaments and thus thckethat is evident as an increase, possibly a divergence, of the
nematic elasticity, making comparison to the nematodynamistatic structure factos(q) as the wavenumbeg — 0. Su-
theorie€%-26 problematic. Further simplified models with- perdiffusive mass transport is most pronounced in thisrpara
out filament growth found no defeé& Point-like defects eter regime. Nonetheless the polarity of filaments sepatste
were also claimed in two-dimensional simulations of inetas distances comparable to a filament length or more are uncor-
rods*>-48 put these were somewnhat coarse-grained and agailated, in contrast to the prevalent assumption of contimu
provided no microscopic picture for the role played by indi- modelling that the polarity field is slowly-varying over $uc
vidual motors. lengths.

Here we present the results of extensive simulations of a We also identify a third region of parameter space in which
two-dimensional model for active gels, with the goal of com-the system is structurally similar to the equilibrium limiith
plementing existing analytical and experimental appreach no motors, exhibiting nematic ordering similar to Fig. 1(e)
by providing a microscopic underpinning for any observedbut nonetheless displays anomalous, superdiffusivepgmahs
non-trivial macroscopic pattern formation. Our chosen atm This regime corresponds to the same motor speeds that gener-
ical scheme includes: (i) Mobile motors as the originataalbf —ate the extended clusters described above, but a lowertglensi
non-equilibrium effects; (ii) Excluded volume interactmbe-  of motors. The key observation underlying this quandary is
tween filaments, so nematic elasticity is present; (ii) /i@l that although thenematicordering of the filaments appears
diffusion of filaments, which will be relevant to actin if not normal, thepolarity of nearby filaments are nonetheless cor-
microtubule systems; (iv) Mechanical elasticity of filanteen related over distances corresponding to a number of filament
which can store and release elastic energy in the form of-bendliameters. Since the coupling between motors and filaments
ing and stretching modes. Filaments are polar, that is theis polar, such correlations can result in a persistent ile of
have well-defined+-] and[—]-ends, and motors move strictly motor forces acting between filaments, generating netlrans
towards[+]-ends, breaking microscopic reversibility. Some tional motion that can be viewed as a form of emergent self-
snapshots are given in Fig. 1. The structures evident irethegpropulsion. This intuitive idea is supported by showing fil-
snapshots, and associated dynamic anomalies, are fulty chaament velocity and polarity are most strongly correlated fo
acterized below. Given the large aspect ratio of single filaparameters for which anomalous transport reaches its maxi-
ments, finite-size effects are pronounced and we have takemum.
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This paper is arranged as follows. In Sec. 2 we describe
in detail the numerical model, before turning into Sec. 3 to
briefly describe the behavior of passive systems in which mo-
tors do not move. This provides a comparison for the results -
of active systems presented in the succeeding sectionewher f/;
we separately focus on static quantities in Sec. 4.1 and then
the dynamics in Sec. 4.2. Despite performing a systematic
investigation of parameter space, and including the physic
mechanisms thought to be necessary for the emergence of th
structures seen in the microtubule experiméht§ we never
observe vortices. Possible causes are discussed in Sec. 5.

2 Model

We are interested in determining the universal features of &5
motor-driven filament systems, independent of the atomic de N \\
tails of either the filaments or the motors (or motor clugters

a simplified manner requiring only a few degrees of freedom,
and focus on the collective effects of many motors and fila-
ments. See Fig. 2 for a schematic representation of eskentia
aspects of the model, which we now describe in detail.
Filaments are described as polar semi-flexible polymers of
monomers with lattice spaciry Rigidity and contour length
are maintained by elastic energies penalizing local flutina
in both monomer separation and bending. For the former, two
monomers instantaneously separated by a distaimoeurs a
cost SESeh — 1?E (r — b)2/2b, whereE is the material’s
Young’s modulus ana the radius of the cross-section (as-
sumed circular)®. In addition, the energy for bending by a
local angleg is given bydEPe"d= k¢?/2b with k the bend-
ing modulus, which for a rod with a circular cross-section of
radiusa is given byk = nEa*/4%0. Once thermal fluctua-
tions from the solvent are included (see below), and assum-
ing sufficient resistance to stretching to inhibit contandth
fluctuations, this gives a persistence lenéghx k/2kgT in 2
dimensions. For our parametefg/L ~ 10/3 in terms of the
filament length_, so our filaments are semiflexible. Fig. 1(Color) Snapshots for systems with varying motor density
Excluded volume is incorporated as a repulsive potential beand speeds. The left-hand column (a), (c) and (e) corresptonal
tween non-bonded monomers. We use the repulsive part of tHew motor density, and the right-hand column (b), (d) anddfhigh
Lennard-Jones potential with rangeand energy, truncated ~ motor density. Similarly, the top row (@), (b) corresponaléaist
and shifted to ensure continuity of the first derivative a th Motors, the middie row (c), (d) to slow, processive motons| te
maximum range 26, i.e. VeY(r) = 4e(a/r)® [(G/r)G B 1} N bottom row (e), (f) to static motors. Filaments are shadgot li

€, with r the distance between monomer centers. To avoid dark) towards theif ] ([]) ends, respectively, and the blue-green

lf . f imol " b while £ — ue is arbitrary. Motors are shown as red lines. The systeewgis
proliteration of parameters we simply set= b, while & = 4L x 4L in all cases. Larger snapshots and movies are available from

SkeT is set sufficiently high to ensure excluded volume dom-get 49 |, terms of the model parameters (see SeckJkp = 20

inates over thermal fluctuations for overlapping monomers. for (a), (c), (€) and 40 for (b), (d), (Fkwm T, = 75 for (a), (b), 075
Thermal fluctuations arise due to the interaction betweetor (c), (d) and 0 for (e), (f).

the filaments and the solvent. Assuming the usual low-

Reynolds number limit for biophysical systems, we adopt a

Brownian dynamics algorithm that describes forces duelto so

vent fluctuations in the non-inertial linfit. To better model
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the anisotropic friction coefficients for elongated pdetc®,

we first project forces parallel and perpendicular to thaloc
filament axis, and then apply the usual displacement incre-
ments with solvent friction coefficientg andy! = 2yl, re-
spectively. Note that solvent forces and drag obey the usual
fluctuation-dissipation relatiovia the temperaturles T, so the |
solvent is in equilibrium; all non-equilibrium effects des " L l

from the motion of motors, which we now describe. Fig. 2(Col line) Schematic of model ers. Fil .
ig. olor online) Schematic of model parameters. Filamen
Motors (or motor clusters) are modeled as tWO'he"me%olarity is defined by+] and[—]-ends as denoted in the figure.

harmonic springs that are simultaneously attached t0 W@ are 2-headed springs defined by attach, detach aridrmot
monomers; motors with one or no attached heads are N@jtesky, kp andky, respectively, where the movement rate is

explicitly represented. The spring extension is defined inattenuated by an exponential factor depending on the iseriga

terms of the separation between the monomer centers eelatispring energyAE for the proposed moveAE = 0 if this change is

to its natural length, here taken to be the excluded volumeaegative). See text for details.

range 2/a, and the spring stiffness is fixed kT /b%. At-

tachment, detachment and motor motion are defined by the ) _

following rate-based rules. (i) Motors attach at a rigtebe- ~ Mmean squared displacement of filament centres—of—r{tss

tween any two monomers on different filaments whose centerér? (tw, tw +t)) = ([X(tw +1) — x(tw)|?), ceases to depend on

are within a specified distance, which for simplicity we take tw and only varies with the lag timei.e. becomesAr?(t)).

to be the spring’s natural lengtd/$o. (i) Both motor heads The results from the simulations will be described in terms

simultaneously detach at a rakg that does not depend on Of the two dimensionless parametégs'kp andkuT,, where

the positions of heads along the filaments, nor on the springd = LPy/4ksT is the time for an isolated filament's centre—

tension, except in that severely stretched motors withtielas 0f—mass to translationally diffuse over one monomer diam-

energies exceeding 7.5kg T detach immediately. Increased ©ter. Thuska/kp gives a rough measure of motor den-

detachment rates at filament ends, thought to be important f¢ity, andkut, measures the competing effects of motor mo-

the formation of vortices (but not astetd)could easily be in-  tion to thermal diffusion over lengths of the monomer spac-

cluded at a later stage. (iii) Each motor head moves in a Montéd b.  We fix the value ofko to be small relative ta,*,

Carlo-like manner: The change in motor spring enéxgyfor ~ 1-€- koTh = 7.5 10 < 1, and consideky varying from

a head to moven > 1 monomers towards the attached fila- kv < ko to km > kp, where the former case corresponds to

ment's[+]—end is calculated, and this trial move is acceptednOn-processive motors that detach before significant motio

with probability kye2E/%T per unit time ifAE > 0, or ky and the latter to processive motors which may move many

if AE < 0. Eachmis drawn uniformly from the fixed range Monomers before detaching.

[1,mmay, @nd the acceptance probability is suitably normal-

ized to ensure invariance with respectiigax. Motorsalready 3 passive systemsky = 0

in tension are less likely to move due to the increase inrstrai

energy, giving an effective stall force of the orderl@fT /b.  Wwe first summarize the behavior of passive systems with

Motors already af+]-ends simply do not move, but may de- ky, = 0, before turning to active systems wify > 0. With-

tach at the usual rate. Motors do not move if to do so wouldout motor motion, filament polarity is irrelevant and theéim

exceed the maximum spring energy described in (ii). averaged effect of motor attachment and detachment is to
All filaments haveM = 30 monomers and hence are of generate an effective attraction between filaments. As the

lengthL = 30b, giving an aspect ratib/b = 30. Typically ratio ka/kp between attachment and detachment rates in-

we use a 8 x 4L box, but to check for convergence with sys- creases, the magnitude of motor-mediated attractionasese

tem size for any given quantity, we also simulatddx66L. ~ and induce a heterogeneous density distribution as evident

and 8 x 8L boxes for a representative sample of parameteFig. 1(f). Increasinda/kp even further gives a percolating

space, corresponding to 2 vertical and 2 horizontal linésén network that nonetheless does not fully phase separate over

parameter space discussed below. The area fraction of filaur simulation time.

ments was fixed ap ~ 21% throughout, which was checked To identify the length scales associated with the den-

to give a nematic order parameter close to unity in the alesencsity fluctuations, we calculate the static structure factor

of motors. Att = 0 filaments are placed in a smectic con- S(q) of filament centers, defined as the angular average

figuration to ensure no significant initial overlap, with Bac of S(q) = N~%(|n(q)|?) over § =q/q with q = |q|. Here,

filament's polarity independently chosen to-h@ with equal  n(q) = YN_, e 9" is the Fourier-transformed distribution of

probability. Steady state is identified as when the two-timethe filament center-of-masse$, a = 1...N. Results for

4| Journal Name, 2010, [vol] 1-14 This journal is © The Royal Society of Chemistry [year]
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Fig. 3(Color online) Static structure fact&q) for ky = 0 and the Fig. 4 (Color online) Mean squared displacemétit?) for ky = 0

ka /kp given in the key on log-log axes. The horizontal and vertical andka /kp given in the key for the same systems as Fig. 3. The thick
dotted lines correspond &(q) = 1 andq = 211/L, respectively, with  dashed line has slope 1 corresponding to normal diffusisiérgs

L the filament length. Error bars give the spread between (Ar?) [t, and the solid horizontal line corresponds to displacement
independent runs. In all cases the system size was@d. . equal to the filament length.

4 Active systemsiky > 0
1 < ka/kp < 80 are shown in Fig. 3. For loka /kp, S(q)
exhibits a small peak around the wavenumber correspondin§ne movement of motor heads along the polar filaments gen-
to the filament lengtlh, suggesting a slight degree of smectic erates equal-and-opposite forces that drive relativeandie-
ordering with filaments aligned end-to-end, before deagyin tween filaments or filament clusters. Non-trivial flows and
quadratically for smaller;. Increasingka /kp to around 40, Pattern fqrmation may thus become _stable. In this sectio_n
corresponding t (10) motors per filament, dramatically en- We describe the structure and dynamics of active systems in
hances the height of this peak. Snapshots such as Fig. 1¢§rms of the 2 dimensionless paramet@rkp, which broadly
reveal local filament bundles that align end-to-end, exgtgi ~ corresponds to the density of motors, and the bare motor
this peak. Foka /kp in the range 60—80, the(q) collapse ~ SPeedkmTp.
onto a single curve witl$(q) ~ 1— 3 asq — 0 and snapshots
reveal similar pictures of percolating networks. Itis cldeat 4.1 Statics
the system does not phase separatekfoikp > 60 on our
simulation times, but instead undergoes kinetic arrest it
long-lived metastable gel. We therefore restrict attentm
ka /kp < 40 for the active systems in Sec. 4.

Snapshots for systems with mobile motors reveal similar fila
ment ordering as for static motors whieqy/kp remains below
some crossover value. This crossover value depends on pa-
rameters such as filament length and motor spring stiffness,
One of our key findings for active systems is the existenceand for the systems considered here occurs arduikp ~
of enhanced diffusion, so for comparison we present in Fig. 4.5. Whenka /kp exceeds this value, the increased motor den-
the mean-squared displacements for passive systems. Givsity induces filaments clustering and non-trivial struettor-
the lack of motor-mediated driving, the sole effect of metor mation, the nature of which depends on the speed of the mo-
is to bind filaments and thus reduce self-diffusion, and thisors. Forky < kp, motors detach at a faster rate than moving
trend is immediately apparent from the figure. For low mo-and become non-processive. Filaments form apolar bundles
tor densities the mass transport is roughly diffusive, vath similar to the passive casg = 0. Conversely, fokytp > 1
diffusion constant that decreases with increasingkp and  motor motion dominates over thermal diffusion and we ob-
the binding between filaments increases. At high attacls rateserve filament clusters bound at thei-ends as in Fig. 1(b).
the mass transport is substantially reduced, and nevenixo For the intermediate regimeyTp < kyTp < 1, motors are
fully diffusive over our data window, instead giving wealbsu  processive but compete with diffusion in structure formati
diffusion (Ar?) ~ t with a ~ 0.9 at the maximum time lags This results in the extended clusters evident in Fig. 1(d).
available. We nonetheless expect normal diffusion with 1 Underlying the observed clustering is a monotonic increase
to be recovered at late times. of the density of attached motors as the rdtig’kp is in-
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Fig. 5 (Color online) Number of motors per filamemy /N versus Fig. 6 (Color online) Mean number of filaments in a clustes) _
ka /kp for the dimensionless motor ratlg T, given in the key. The ~ Versuska /kp for the motor speeds given in the key. The system size
thick black line segment has slope 1. For all lines, symbs a was fixed at & x 4L and error bars are smaller than the symbols.

larger than the error bars.

changes as the parameter space is traversed, see Fig. 7. For

creased. As plotted in Fig. 5, the number of motors pefMost of the parameter space consideRide) is well approx-
filament is roughly proportional téa /kp, with a prefactor imated by a simple exponen_tlal decay, and do<es not vary with
that decreases with motor spelegl. This linear dependency SyStem size. However, for higta /kp andku Ty ~ 1, the dis-

on ka/ko can be understood as the steady state solution dfiPution P(nc) deviates from an exponential, in two ways.
the simple rate equatiodNmot [ ka — Nmotko governing the F|rstly,. a second peak correspondlng to system-spannirsg cl
numbeme; of attached motors between two monomers held(€'s Withne ~ N emerges fokuT, ~ 1. Secondly, and only
within the proscribed attachment range. Deviations frafotst 0T SIOW, processive motors wib T, ~ kw Ty ~ 1, the smallre
linearity are evident at higka /kp > 0(10) when motors in- de_cay b(_acomes power law rather than exponenUaI_. Although
duce clustering and the global attachment rate becomes col}9!Sy: this algebraic decay can be approximately fitted by an
pled to structure formation. The decrease in motor density f €XPONent-2, as shownin Fig. 7. We note that the region of pa-
highk is likely due to the greater fraction of motors stretched @meter space for whicR(nc) exhibits power-law decay co-
close to the detachment limit mentioned in Sec. 2. but this efincides with those parameters that exhibit anomalous small

fect is reduced for higheka /kp when the densities become wavenumber density fluctuations, as described in Sec..4.1.2
similar for all motor speeds. The magnitude of the second peak decays monotonically

with increasing system size, suggesting it will vanish ia th
limit of large system size. This is apparentin plots of thein
o grated area of the second peBkn: > N/2) = ZEC:N/Z P(nc),
which can be understood as the probability to find a cluster
Jhat is comparable in extent to the system size. The lower

ered to belong to the same cluster if there is at least one mdut-off N/2is arbitrary, but as long as it falls into the middie

tor simultaneously attached to both. The mean cluster sizEFgIon whereP(nc) ~ 0, as here, its precise ch10|ce doe; not
(ne) = Sn.NcP(ne) is plotted in Fig. 6, and reveals a mono- measurably alter the result. As shown in the inset to Fig. 7,
c 1

tonic increase witha /kp following a roughly exponential re- th's, quantity decays “?Ugh'y wl P(nc > N/2) .also mono-

lationship. It alsadecreasesvith increasing motor spedd;,  onically decreases with increasikgty as show in the figure,

in part because the density of motors decreases (see Fig. gz)('afore vanishing entirely wheiuty > 0 (1).

and also because they drive the formationafalisedfila- 4.1.2 Small-wave number density fluctuations: Al-

ment clusters bound at their ends. Increasing the system sizhough useful for considering connectivity, the clustestd

increases cluster sizes for high/kp, but the effect is small  bution P(n;) gives no information regarding spatial distribu-

on logarithmic scales. tion of clusters, and in particular exhibits no signatureeo
Considering only the mean cluster sig®) obscures the sponding to the large void formation evident in snapshot of

fact that the shape of the full distributid?®(nc) qualitatively ~ Fig. 1(d) for highka /kp andkpty < kmTp < 1. To consider

4.1.1 Cluster size distributions: To quantify the cluster-
ing apparent in snapshots, we first consider the distributi
P(nc) of clusters consisting ofic filaments, averaged over
time and independent runs, where two filaments are consi

6| Journal Name, 2010, [vol] 1-14 This journal is © The Royal Society of Chemistry [year]
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Fig. 7 (Color online) Log-log plot of the distributioR(n¢) of Fig. 8 (Color online) Static structure fact&q) for ka /kp = 40
cluster sizesi for ka /kp = 40, kmT, = 0.075 and the system sizes  and the motor speeds given in the key, for system sizes®._. For
given in the key. The thick, dashed diagonal line has a slbpe2p clarity only error bars foky 1, = 0.075 are shown; others are
and the vertical lines correspondrig= N with N = 175, 400 and comparable. The horizontal and vertical dotted lines spweds to

711 the total number of filaments in the systdinset) Rnc > N/2) S(q) = 1 andq = 21t/L respectively.
versusN on log-log axes for (from top to bottonky, T, = 0,
7.5x10°3,7.5x 1072 and 75x 10~L. P(n. > N/2) = 0 for higher
kmTp. The thick black line segment has a slope-df. reversal invariance in driven stafeswe shall later argue for

a form of emergent directed motion in our system when dis-

cussing the dynamics in Sec. 4.2, which derives however from
the distribution of mass centers it is useful to look at tla¢ist  the polar coupling between motors and filaments. It is possi-
structure facto§(q) as defined in Sec. 3. Fig. 8 shows the vari- ble that emergent directed motion drives the small wavenum-
ation of §(q) with ku Ty for fixed ka /kp = 40. Focussing on  ber density fluctuations in both systems. As described in
the S(q — 0) behavior reveals a non-monotonic dependenceSec. 4.2.1, the parameter values for which exponenrtsd
on motor speed: for fast motokg i, > 0(1), or slow, non-  arise coincide with those for which superdiffusive masagra
processive motorky < kp, S(q) decays to some small value port is most pronounced. It is interesting to note that aa@aus
asq— 0. For intermediatéy, S(q) increases, possibly di- link between superdiffusion and small wavenumber fluctua-
vergently, with decreasing, which coincides with the void tions has been hypothesized from systems lacking orienta-
formation evident in snapshots. tional degrees of freedotd, in broad agreement with our find-

The limited number of data points and poor statistics forings.

smallg makes it difficult to characterize the behavior3§f)
in this limit. Nonetheless some semi-quantitative observa
tions can be made by fitting ea&q) to the formA+ B +
Ce(9/2WL1-1%/D? gyer the range < 2q., which provides a
stable fit for all parameters considered. Although the fitte
exponent is somewhat susceptible to finite size effects, we
consistently observe values closecte: 2 for low motor den- )
sitieska /kp & 1, or very slow or fast motorsy < kp and ~ parametefsp is then defined bySp)* = 2||(Q;j)||", where
kmTp > 1 respectively. For higha /kp and intermediatky tp, (Qij) =N"1y, j and].. .HZ denotes the Euclidean norm
c decreases and becomes negative. Althougmagnitudeof HAH' H =i A121 Syp varies from 0 to 1, with 1 for perfect
the fitted exponent depends strongly on system sizesifi'e  nematic ordering and 0 when there is no net preferred orienta
does not, suggesting some form of small-wavenumber strugion, such as for an isotropic state, astetes A contour plot of

4.1.3 Nematic and polar ordering: We now move be-
yond density fluctuations and consider the orientational de
grees of freedom. Lgi® denote the unit polarity vector from
OIthe [—]-end to the[+]-end for each of the N filaments =
1...N. From this can be defined the traceless nematic order
tensorQj; = Py pf — %6”‘ . The two-dimensional nematic order

ture will persist for large system size. Sop for ka /kp andky Ty is given in Fig. 9, and confirms what
A divergentS(q) was predicted from hydrodynamic equa- is visible from snapshots in Fig. 1, namely that nematic prde
tions of active nematic systems with an exponest —2°2, ing breaks down foka /kp < 15 and processive motors with

and was interpreted as emergent directed motion derivingy > kp. This data is for the smallest system size, for which
from the coupling of elastic modes with the breaking of time-we have most data points; the effects of system size have been

This journal is © The Royal Society of Chemistry [year] Journal Name, 2010, [vol], 1-14 |7



checked and confirms the crossover to I8y is robust. The
value ofSp may be approaching zero for points in the upper
right of this plot, but the poor statistics and limited numbg
points rules out extrapolation to the infinite system-sizgtl

The nematic order paramet8i tell us nothing about cor-
relations in thepolarity of filaments. To consider correla-
tions in filament polarity, we must go beyond this nematic de-
scription and consider order parameters that respectsewver
in polarity p — —p. Firstly we note that the mean polarity
(p) = N~15,p“ vanishes for the entire parameter space con-
sidered here. This is in agreement with the theoreticalipred 10§
tion that states with non-zero mean filament polarity are onl
stable if the motors are poldre. have attachment rates that
depends on the relative filament polaffyunlike the apolar 107
motors considered here for which the attachment rate depend
only on separation.

kym,

-3
Itis natural to consider spatial correlations in polarityray 1 5 0-0
directions parallel to the filament axis separately to thase ky/ky
perpendicular directions. We therefore define the perpendi
lar polarity correlation functioﬁlép(r) as Fig. 9(Color online) Nematic ordering parame®p for ka /kp

andky Ty, for fixed system sizeldx 4L. In this figure, and in Fig. 12
below, the white discs denote actual data points; linearjatiation
Sap pe - f)BES(r —|x%— XB|) sin’ 0 within the enclosing triangle is used between points. Thekth

Cl(r) = i ite li _
pp( ) Za,Bé(r T xa XB|) SI2e horizontal dashed white line correspondip= kp.

1)

wheref is the angle betwegif andx? —x® (pP could equally
have been chosen due to the symmetry of Eq. (1)). The corre-

sponding parallel functioﬁ‘F‘,p(r) is defined analogously, with

the sirf® weighting factors replaced by & Both pro- — : :
jections exhibit approximate exponential decay withwith 100l w s : Z*‘j:“f:g |
. . s A/ D —

longer-range correlations for higher motor densikigskp, as oo Iy /iy —10
demonstrated in Fig. 10. These correlations become shorter o a ky/hy=5
range aky — 0, confirming the smooth approach to the pas- v kafhp=2

. .. . . .. < ky/kp=1
sive limit ky = O when all polarity correlations trivially van-

ish. It should be noted that significant polarity correlai@re =
not mutually exclusive with nematic ordering. With regards ©
to finite-size effects, the data shows no apparent trend with
system size for all of the parameter space except for the high

ka /kp andkpTp < kwTp < 1 when extended polar clusters arise, 107t
for which the range of polarity correlations was still inase
ing for the largest system sizes simulated. Finally, we neve ‘ ‘ ‘ ‘ ‘ ‘
observe significant correlations on lengths larger tharilde 0.0 0-2 0.4 ‘jﬂ?L 0.8 1.0 1.2
ment lengthL, which will be discussed in Sec. 5 in relation to

hydrodynamic modelling.

Fig. 10(Color online) The transverse polarity correlation fuonti

Cﬁp(r) for kytp = 0.075, system sizeldx 4L and the attachment

4.2 Dynamics rates given in the key. For clarity only errors barskar'kp = 40
are shown; the others are comparable or smaller. The thitked

Motor motion represents an energy flux driving relative fila- line is proportional tee"/[-/2,

ment motion in violation of the principles of thermodynamic

equilibrium, and might therefore be expected to result in

anomalous transport properties. Data confirming this expec

8| Journal Name, 2010, [vol] 1-14 This journal is © The Royal Society of Chemistry [year]
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Fig. 11(Color online) Emergence of directional motion on the
one-filament level under the action of motors, denoted bystioet Fig. 12(Color online) Correlation between individual filament
horizontal lines. (a) Net zero displacement for parallaifients. velocity and its polarity{v - p) /v, versuska /kp andky 1. As this
(b) Net displacement towards the]—end for both filaments in an quantity is relatively insensitive to system size, the éstcavailable
anti—parallel pairing. system was selected for each point.

tation is provided in this section. The key observation unde  4.2.1 Super-diffusive mass transportMass transport is
lying these findings is that the coupling between motors an@onveniently quantified by the mean squared displacements
filaments is polar, in that motor heads move strictly towardsof filament centers(,ArZ(t)>, where for simplicity we average
filament[+]-ends. Filaments are thus expected to move in thever filament polarity. For the available time window, which
direction of their[—]-ends in response to the motor forces, astypically corresponds to displacements from a fractiorbof
seen by considering connected parallel and anti-pardkel fi to a fewL, a slow, diffusive or sub-diffusive region is ob-
ment pairs as in Fig. 11. This effect also emerges from oneserved at small times, sometimes followed by a crossover to
dimensional continuum modelif$®. Thus filaments may super-diffusive scaling at later times in whi¢hr2(t)) ~ t°
move persistently in a direction that is coupled with their p - with o > 1. See Fig. 13 for some examples. The variation of
larity. This scenario is reminiscent of self-propelledtpar these curves with system size is weak or non-existent. As wit
cles that are known to typically exhibit enhanced mass 4iffu the passive case in Sec. 3, we presume an eventual crossover
sion, such as an anomalous scaling with time of displacesnento normal diffusion witha = 1 for lag times exceeding our
transverse to particle moti6f>8 or a longitudinal diffusion  achievable time window.
constant increased by the activiy In this light, anomalous 14 guantify the extent of deviation from normal diffusion
transport should also be expected here. as a function of the microscopic parameters, it is convenien
To confirm the correlations between filament motion andto condense the variation of logarithmic slap@ver the data
polarity, the filament velocity must be defined, for which it window into a single scalar. To do this, we first smooth the
is necessary to average over a finite time interval sinceetherdata by fitting each curve to the sum of two power laws,
is no instantaneous velocity in Brownian dynamics. We de-(Ar?) = Cit% + C,t%, which gives a reasonable fit in all
fine the velocity of filamentr at timet to bev® = [x*(t+  cases. We then take the logarithmic slope of this fit at the
At) —x9(t)] /At whereAt ~ 651, corresponding to trajecto- point when(Ar?) = L2. The result is given in Fig. 14, and
ries spanning a few monomer diameters. Correlations betweeshows a decrease in anomalous diffusion away from the peak
polarity and velocity are then easily quantified @s p)/v  value at highka /kp and motor speeds roughly in the range
with v=/(v-v) the mean filament speed. This is plotted \_, <k, 1, < 1. Choosing a different point along the curve to

in Fig. 12, and shows higher correlations for lafge/ko  extract the slope results in different values but similantts.
andkutp ~ 10°2— 101, which we will show below is also

roughly where the degree of anomalous mass transportis higla
est. Note also that the correlations are negative, confgmin
filaments move in the direction of thdir]-ends.

A striking feature of Fig. 14 is the non-monotonicity of the
egree of anomalous diffusion with motor spdegd which
approaches normal diffusion f& 1, > 1. The reason is not
hard to find. As evidentin Fig. 1(b), when motor motion dom-
inates over thermal diffusion, they rapidly reach the filatise

This journal is © The Royal Society of Chemistry [year] Journal Name, 2010, [vol], 1-14 |9
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Fig. 13(Color online) Mean squared displacements divided by S| P A A I N P
time, (Ar?) /t, so that normal diffusive scalin@r?) 0t shows up as

a horizontal line. Heréy 1, = 0.075, the system size wag & 8L

and theka /kp are given in the legend. The thick dashed lines are
fits toCqt® + Cyt® for each set of data points. The black horizontal
line is to guide the eye, whereas the diagonal black lineesponds
(on these axes) ta\r?) = L2 and confirms trajectories exceed the
filament length for these data sets.

Fig. 14(Color online) Scaling of the mean squared displacement
with timet, i.e.a = dIn(Ar2(t)) /dInt, at the point when

(Ar?) = L2, versusky Ty for theka /kp given in the key. For clarity
only error bars foka /kp = 20 are shown; others are comparable

[+]-end where they then stall. Indeed, the fraction of motors
with at least one head attached t¢4d-end never drops be-
low 80% forkytp > 1. Since such heads can no longer move,
they do not drive filament separation and the net motor agtivi
decreases, restoring normal diffusion.

10° N : :
N o—e [, /ky=40 [8L x8L]
. . . L N - = ky/kp=40 [6L x6L]
4.2.2 Velocity correlations:Using the same definition of ki/kz —40 [AL x4L)
filament velocityw® as above, it is possible to calculate spatial =m iy /kp =20 [8L xSL]
correlations in velocities projected paral@|,(r) and perpen- 107} o i*‘;ﬁnfi) Ei zzﬂ ]
A/MD —
dicularCy,(r) to the filament axis. Heré:\‘,‘(,l(r) are defined =
analogously to the polarity correlations in Eq. (1), exaeih 43
R 4 . O
the p% replaced bw® /v with v the mean filament speed as
before. Examples are given in Fig. 15, demonstrating a grow- 102 ¢
ing range of correlated motion as the motor density incriease
This trend was observed throughout the parameter space con-
sidered.
1055 02 0.4 0.6 0.8 1.0

Also shown Fig. 15 is an example of the variation with sys-
tem size for the highe¥a /kp, which demonstrates conver-
gence for the two largest system sizes considered. The dec
is exponential, approximately of the forn'é/¢ and thus

%Yg. 15(Color online) Velocity correlation€,(r) perpendicular to
the filament axis, foky Ty = 0.075 and theka /kp and system sizes

becomes negligibly small on lengths on the order of the ﬁl'given in the legend. The thick dashed lingig/(/6].

ament lengti.. We never observe correlations decaying on
lengths larger thah, and conclude velocities on lengths much
larger than the filament length are uncorrelated, a pointisha
discussed in Sec. 5.
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fascint®. A small fraction of passive crosslinks between adja-
cent filaments has also been predicted to significantly asze
their rate of alignment by mobile motdf$ Since no passive
crosslinkers were included in our simulation, this mightabe
factor in the qualitatively different structures found éeFur-
thermore, fascin is a bundling protein that promotes theésr
tion of polar actin bundle&*%5, thus its dominant role may in
fact be to permit non-zero mean polarity. If so, it may plag th
role of the polar motor clusters that preferentially binghay-
allel (as opposed to anti-parallel) filaments, which we@ah
theoretically to stabilize homogenous polarized statelgpao-
duce a correspondingly richer stability diagrémHowever,
there is no reason to suppose that polarity-dependentrigndi
of active or passive components played a role in the micro-
tubule experiments, and was not included in the associated
simulationg®17 suggesting this is not a reason for the non-
emergence of vortices in our work.

W\

Apart from molecular motors, a second form of non-
equilibrium activity in biofilament gels is the spontaneous
Fig. 16 (Color online) Example of asters at low density with area  translation of filament center-of-mas& unequal monomer

fraction@= 5.3%. The system parameters wépg'kp = 250, addition rates at opposite ends, known as treadmilling and
kmTp = 75. Motors are short straight lines concentrated at filament pre\/a]enin ViVOg. If present, this would p|ace the system into
[+]-ends. the class of self-propelled particles, for which a richetety

of structure and dynamics is expect€d>%6667 However,
treadmilling was thought not to play a role in the actin-nigios
experiment$®, and was inhibited to some extent by taxol in
the microtubule experiments (although microtubule growth
was present§®1’. Until the role of treadmilling or filament

5 Discussion

Itis apparent from the results described above that fordhe c

sidered density ofp ~ 21%, structures similar to the asters _ : ) i X X
and vortices in the microtubule experimet& are never re-  9"oWth is categorically denied experimentally this rensain

produced. The absence of asters may be a simple matter BPSSible missing factor, but without further experimegtat-

density. The end-bound clusters formed by rapid motors ifince we can merely _speculate on its pos;ible role. Includ!ng
Fig. 1(b) are not able to form circular structures due toister such features numerically should be straightforward, and i

hinderance with nearby clusters. Lowering the filament den-deed has already been performed for simulations of bragchin

sity removes this effect, permitting full asters consigtof a networks®7C

single layer of flaments to form, as demonstrated in Fig. 16.

However, vortices did not arise at lower densities, evennwhe ~ Finally, the role of dimensionality should not be over-
increased motor detachment rateg-al-ends was included. looked. Our simulations are strictly two-dimensional, weses
We note that a continuum modlthat extended an earlier the actin-mysoin experiments were three-dimensithahd
version® to include, amongst other features, a form of stericthe microtubule experiments were performed in a thim5
hinderance between ﬁ|amentS, favored asters over vorgtes chamber that enforces almos’[-parallel filament oriematio
ative to the earlier work, suggesting excluded volume msy al While facilitating overlap, which can be regarded as a
be a factor. Here, we expand upon the relationship betweefiuasi-2D systertP” (the associated simulations were two-
our numerical findings and the related theory and experisnentdimensional but without excluded volume, thus also permit-

that has already been touched upon, with an emphasis on pd#2d free overlap). The interaction terms in the hydrodyiam
sible reasons for the non-observation of vortices. and mesoscale models were based on a three-dimensional ker-

nel®®3% Thus the excluded volume interactions included in
our simulations may be far more strict than the experiments o
models, possibly having an inhibitory effect on structwe f

In their in vitro actin-myosin experiments, Backoucheal. = mation. To numerically probe higher dimensionality is com-
claimed that active structure formation was only possibite w putationally expensive but should be possible with a retsi
the addition of a small concentration of the passive croksli  sampling of parameter space.

5.1 Comparison to experiments

This journal is © The Royal Society of Chemistry [year] Journal Name, 2010, [vol], 1-14 | 11



5.2 Comparison to hydrodynamic models 20

e—e Normal
¢ 4 Projected

An assumption common to many of the analytical models is
that the velocity and polarity fields are hydrodynamic, ia th
sense that they have long-wavelength components extending
across lengths much larger than the filament lehgtim con-

trast, as described in Secs. 4.1 and 4.2 above, we never ob-
serve polarity or velocity correlations that decay on léasgt
larger tharL. It is possible that long-wavelength correlations
emerge at much higher filament densities, but we were not & e
able to check this so far due to computational limitationk. A 5t e e
ternatively, our numerical scheme may be oversimplified, in - v AN
that momentum is not conserved by the solvent-filament in- Tt
teractions. Since the standard argument for the emergédnce o 0
a hydrodynamic velocity field requires momentum conserva-
tion’, this may explain its absence, but correcting for this

omission nume”_c"_’l”y is difficult and W'” required hpcmod- Fig. 17 (Color online) Variation of the dipole moment wiky for
ification of the driving terms such as in R&, or the incorpo- ka /Ko = 40 and system sizeL4< 4L in steady state. The upper line
ration of full hydrodynamic interactiors. gives the mean dipole momet= % Y (ap) FOB. (xP—x%) as

A slowly varying polarity field is assumed in all theoretical defined in the text, and the lower line gives the projectedvadpnt
models and coarse-graining scherted’. The short-ranged proj _ _1 5 {(FQB.ﬁa)(AXQB.ﬁa) + (FBa . pB) (AxBo. @B)}
decay of the polarity correlations in our simulations tliere _ AGZTE‘” (P _ ) .
makes the comparison of the results difficult. This may beWlth pY, p¥ the polarity unit vectors for filaments andf resp.
partly a question of time scale. For the density considered
here, the rotational diffusion time for filaments to sigrafitly
change orientation can be large. This is particularly trhemv
the nematic order paramet8sp is close to unity, when the
orientation autocorrelation function decays by as litdeb&b
over a production run. This may inhibit the formation of leyg
polarity-correlated regions. Nonetheless even in thigregf
parameter space, motor-driveanslationalseparation of fil- Acknowledgements
aments according to their polarity does occur. Furthermore

when S;p < 1, filament rotation is substantially enhanced. the 4ythors would like to thank J. Padding, | Gétze and J. El-
The lack of long-wavelength polarity correlations is ttfere geti for useful discussions. Financial support of this gcoj
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The nematodynamic theories take as an input parametgfjoint postdoctoral fellowship for DAH is gratefully acknb
the active stress generated on filaments, whose sign detegygeq.

mines if this stress is contractile or extend#é3. Our micro-

scopic approach does not impose the sign of the force dipoles

generated by motors, so instead it must be measured. THeeferences

mean dipole moment acting between filament pairs is defined

askK = Wlm 3 (ap) F%P - (xP —x%), where the sum is over all 1 B. Alberts, D. Bray, J. Lewis, M. Raff, K. Roberts and J. D.
Nip) filaments pairs(a, ) connected by at least one mo- Watson,Molecular Biology of the Cel{Garland, New York,
tor, andF°P is the total force oro due to motors connect- 1994). ) ]

ing a andB. Thusk > 0 corresponds to contractile dipoles, 2 1- B- Liverpool, Phil. Trans. Roy. Soc. 264, 3335 (2006).
andk < 0 to extensile ones. Preliminary results are given in3 S- Ramaswamy, Ann. Rev. Cond. Matt. Phiys323 (2010).
Fig. 17, demonstrating uniformly contractile stress Owith 4 A. W. C. Lau, B. D. Hoffman, A. Davies, J. C. Crocker, and
a magnitude that reaches a maximum for intermediate motorT- C. Lubensky, Phys. Rev. Lef1, 198101 (2003).
speedkpTp < kyTp < 1. An alternative measure in which 5 D. Mizuno, C. Tardin, C. F. Schmidt and F. C. MacKintosh,
both F® andx® — x® are first projected along the filaments’ Science315 370 (2007).

axes before summing, as defined in the figure caption, fol6 Mechanics of motor proteins and the cytoskeletan
lows the same trend. Thus our motor rules lead to contractileHoward (Sinauer, Massachusetts, 2001).
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active stresses, theoretically predicted to give the gthe-
haviour’®23. There is also a slight but measurable reduction
of =~ 0.4% in the mean filament contour length wheis at its
highest, confirming contractility.
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