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ON THE EFFECT OF NONLINEARITIES IN MULTIVARIABLE
FIRST ORDER PROCESS CONTROL

D.H. Owens, University of Sheffield, U.K.

SUMMARY

The paper considers the use of discrete and continuous, first
order, linear, multivariable, approximate models as the basis
of controller design for large-scale and/or badly-defined
linear engineering systems where the output measurement is the
sum of memoryless bounded and finite incremental gain forms,
The techniques have the advantage that high performance closed-
loop systems can be designed using only simple properties of
system matrices or plant transient response data, and bounds
for the transient behaviour of the real, nonlinear system can
be computed from the responses of the approximate, linear
systems.




Taking r € E, assumption (i) ensurcs that
¥].& I and hence that equation (7) takes the
functional form y = Wy where, using (ii)and
(iii) W: B =+ E is causal and a global
contraction. The well-known contraction-
mapping thcorem (sce (6) or (6)) immcdiately
indicates that equation (1) has a unique solu-
tion in E obtainable as the strong limit of
the sequence yk+1=Wyg, kz1, for any initial
quess Y1 & E. The nonlincar feedback system
is hence stable. Standard results (sec (6))
indicate that ||y-ya|| < (3/(1-2))|yz-y1l
and hence equation (5) follows by choosing

y1 = 0 (when yz=y, ) and truncating. This com-
pletes the proof of the thecorem.

The condition (4) is an 1ncrcmentﬂl gain
condition' on the nonlinearity error’ N-F and
is the crucial assumption. More precisely it
guarantees that the stability of Fig. 3 imp-
lies the stability of Fig. 1 and prQVJdes the
casily computed upper bound of equation (5)
for the modelling error expressed entirely in
terms of the responses of the linear feedback
system. For example, if E is the Banach space
of bounded continuous mxl vector functions of
time on the interval o g t < + « with the .
normal uniform norm, then equation (5) implies,
for any t > o, that

1max [Y ()= (YL(t)l' TéT lzifm|{yL(S)) I @

£1gm

ossst

which has the obvious interpretation in pro-
viding an upper bound on the transient model-

ling error y(t) - yp(t).

The following corollary is of great interest
in the next section:

Corollary 1: With the assumptions of theorem
1, suppose also that F has a bounded causal
in verse on E. Then the nonlinear feedback
system is stable if

ne=

A

1 = HEEI 2y <1 )

o
where

sup sup | [PyLF TNy-y)

¢ 10y, Lef;

- (F Nz—z)]|]/|[PT(y-z)|J (10)

Moreover we can choose A = Ay so that, when
NO = 0, cquation (5) holds with 3 replaced by
11.
Proof: Write L, = (L. F)P and deduce from
the properties Df norms that (4) holds with
A=)

1°

Example 1: If the system is m-input/m-output

with N a diagonal nonlincarity, yi{ —=

fij{yj)ls¢ism, satis{ying the conditions,
0. f,00) - £,(2)

€ e < B.
i TR < By

lsgizgm,

(mn

for some strictly positive scalars aj,?j
Choosing I = diag tiaj + 81)/2)1si<m, then
it is ecasily verificd that we cuan choose
El 1}

lgi 4

ism i

(1

\0 = max §

The validity of cquation (%) now depends only
upon the value of §|LCF\|.

A More General Class of Nonlincarities

Consider now the situation when

No= N v N (13)
where N, satisfies an incremental pain condi-
tion of the form of (4) or (10) and N:iEgq + E

is bounded nonlincarity (sce ref (4)) of the

form
q
/2 \{ 2 EE E0

We can now statc the following theorem
generalizing that used in ref. (4):

[Ny 2l (14)

Theorem 2: Suppose that

(i) the linear configuration of Fig. 3
is input-output stable

(ii) Lc(Ng - F) is causal and maps E
into itself,

(iii) equation (4) holds with N replaced
by Ng and

(iv) Nj:Ep + E satisfies equation (14).

Then the nonlinear feedback system of Fig. 1
is stable and, if NyO = O,

HPp(y-yo) s o5 1Pyl

1
+ oy P13 V10 (15)

Proof: Noting that v = 1 - Nyy& E whenever
r& E and reconstituting Fig. 1 in the form
of Fig. 4, it is clear from theorem 1 that

y & L and hence that the system is stable.
Also if yy is the linear system (Fig. 1) res-
ponse to input V, then, using equation (5),

gty 1] < 5 Hegryl 1 YT >0 (16)

It is trivially verified thd[ e kLchly and
hence that P iyv-y1) I o< ]IC |q/2 and
[IPTyvil < lif‘T)'L'M + 'lI‘TlL [a/Z. Clearly

[P (V"VLJfEsIIPT(y—yv)||+|iPT(YV'YL)|

‘1 by 1|PTYV|E I'PTLC|I q/2

A 5 e MR O | q o
51,.\ ’T\LII ;lp'r«\l":!l z) * |‘PTLC|[2 [1"}

which is simply equation (15).

(Note: writing Le = Lo F ™1 lcads to a
natural analoguc of co10111|\ 1 dcftnlng Ao
(10) with N veplaced by Ny but this is

straightforvard and omitted here).

CONTROL

MULTIVARIARLE FIRST ORDER

A major difficulty in the application of the
above results is the HPku to compute usecful
hounds for A and {{PpLelt and/er || LeF|].
This nwav be riTtlLU|;11} irficult if the

design of K procecded by analysis ol the
.wmo\mltc w::lwu:utlmi Fig, 2. More
previously, ass ny tervo initial Londltlone
and writing the soletion o cquation (27 In
the Torm vy = Lear where Loy is the linear
operator in 1 'prfﬂ\iﬂi[ihﬁ' 1o, we may Kknow
the respoase vpy and the operator Ley but we

do not necessarily Anow the response Yy, or
the operater Lo, Clearle, in such a situa-
tion, the abeve resaits vannot be Wdirectly
applicd, nov can the conditions of the theo-
rems be Jivectly checked. 1t 15 the purpose



of this scction to indicuate how this prohlem
can be overcome (in a certain sensc) in the
case of multivariable first order control,
For simplicity we consider only the discrete
casce and note that the results carry over to
the continuous case by replacing 'sample rate’
h-1 by gain k, the space Eg by the continuous
m-vector valued functions on fb, + =| and E
by the linear subspace of L of bounded func-
tions. The norm on E is the normal uniform
norm.

Let Eg by the natural vector space of infinite
sequences {yo,¥1,...} of real m-vectors and
let K be the Banach subspace of vectors of
finite norm ||y]|l=sup||yk||m where ||.]}|, is
the normal uniform norm on RM, Consider the
m-input/m-output linear discrete plant G in Eg
described by the mxm invertible, minimum-phase
discrete model 5(#¢,4,C) n

» X € R

Xk+1 i @Xk + l\uk.

Yk = C X , k20 (18)

with inverse z-transfer function matrix (TFM)
1(z) = (z-1)B; + By + B_H(z) (19)

with |B | # 0 and H(z) proper. We assume that

S(*,4,CY is derived from a minimum- phase con-
tinuous model S(A,B,C) with JCB| and syn-
chronous sampling of period h.

Suppose now that G is to be approximated, for
the purposes of controller-design, by the
(multivariable!) first order approximatc model
Gp in Eg with inverse mxm z-TFM

G;l(z] = (z-1)B, + B, (20)

obtained from G by neglecting H or deduced
frem plant step responses Consider now the
unity-feedback system LcAF realised in the
form of Fig. 5 where F is realized by an mxm
constant, invertible matrix. Choosing the
proportional controller K such that KF has the
suggested 'first-order' form (see ref(3))

K(z)F = B diag {1- k311< em - B (21)
with |kjl <1, 1€ j € m, then it follows (ref
(3)) that Fig. 5 (and hence Fig. 2) is stable,
that

Hiearll = max tf
11m LeaF = max — {22)
o [*51)
and that ¥ H
lim L L =0 (23)
h+o+ cA

We are lead therefore to the result:

Theorem 3: With the above construction,
posce that N has the 'summation' form of
equation (13), is independent of sampling rate
and

sup-

(i) N0 is causal and maps E into itself
(ii) Ny:Eg ™ B satisfies cquation (14),
gnd {Tde. 3
i 5 - : )
GEL): 2ig o1¥dn — 2= 1 (with A
; o
a-lx.h
J
defined by cquation (10) with N replaced by
Np) .  Then the nonlincar lecedback system of
Fig. I is stable for all fazt enouph sampling
rates. M also Ny0 = G, then, assuming zcro

initial conditions

Tim supl [P ty-y )l 2 ; .
. TEIAT NS Tim || Py, ]
h+o + 1 Yo Kiow LA

(1-k.)
= 1=l q >
-rrf-ﬂ_j_ljli' Hm 2 ;VT 0 (24)

max
1-22 1¢j¢m

In essence, the result states that a propor-
tional controller K designed on the basis of
the simple, approximatc, first-order Gy of the
complex (possibly partially unknown) plant G
will not only produce cxccllent approximate res-
ponscs yjA (see rel (3)) under fast sampling
conditions but will alsn cnsure the stability
of the real system G in the presence of a

large class of nonlinearities N. The error

Y - ypa in the prediction of the output res-
ponse can also be accurately bounded (equation
(24)) under fast sampling conditions using

only control data F,k1,...,kyp and the (known!)
Tesponse yj,.

Example 2: If, o ¢ kj <1, 1 ¢ j s m, and N,
has the form defined by example 1 with «j > 0,
1 £1&m, then it is clear that Az= Ay < 1
and the nonlinear fcedback system with the
defined controller is stable under fast samp-
ling conditions with

A

o)
lim SUIJ\ IP (y- }],A] | IS_—]__AO TYLAi |

lim |[|P
h+o+ h+o+

+ max i \j T>0 (25)
1=%% 1gj¢m (ufs

Proof of Theorem 3: We verify that the con-
ditions of theorem 2 are valid for h-+o+.
Certainly Lcy and hence (equation (23)) Lc are
causal and bounded in E and hence stable.

Also L. (Ng-F} is causal and maps E into it-
self, and, using the definitions,

lim sup||P _L_{(Ny-Fy) - (Nz-Fz)}|

h+o+ L €

s }lim llPTLCF[i Ao Hy-zll [ly-z]

h+0+
(26)
as lim |IP.L rl] < lim ]IL F|| = lim L ,F
Lin |1y 1= tinl LG, F|

by equation (23). Flnﬁl)\ if NgO = 0, then

(24] follows from (13) noting that ||yL yral
\I(Lﬁ-Lc\ rll + o as h~o + by (2 and
llm viA exists (sece ref (3))

TLLUSTRATIVE EXAMPLE

Consider the open-leoop unstable continuous

system (rel (1)) deseribed by
A= |2 1 0.1 , B=[1 1
A 0.2 o 1
ln.s 0.8 -1J 0 0
co= {1 0 0
lO 1 Q 27)
amd note that TCRP A 0 and the system is
miniwmum-phase. The design problem considered
is the choice of proportional controller K in

the cenfisuration ef Fig. 1 with a Jdiagonal
feedback nonlincarity Vi-(ilyi),i=l,2 of the
farm



(1+1.05 |y11)

flyy) =

(1 + 0.95|y]

N I)«'ZI £ 0.05

fz(yz) - (28)
. yz-.0.0S SEn Y,

describing small deviations from lincarity in
mecasurement of y1 and a deadzone in the mecasure-
ment of y2. Discretizing the system with a
sample interval h = 1/20, the approximating
first-order lag matching the high frequency

and stecady state plant characteristics is de-
fined by

19.52  -21.0 -0.95 -1.92

B, = B, =
-0.5 20.51 -1.1  0.84
(29)

and we attempt the design of K by analysis of
Fig. 2, with F = I,(2Zx2 identity matrix). More
precisely, using the controller K defined by
equation (21) with k; = kz = 0.0 leads to the
excellent, deadbeat Tesponse y LA to a unit step
demand in y; of the form indicated in Fig. 6.
The remaining problem is to estimate the degree
to which the calculated response yjA deviates
from the real system response y. If the plant
model is known exactly one need only simulate,
If, however, the plant model is not known (i.e.
By, and By were computed from plant transient
tests) we can use the results of theorem 3 and
the observation that the plant sampling rate is
high to predict (a) that the nonlincar feedback
system is stable if A = Ay < 1 and (b) that
the peak transient error can then be estimated
from cquation (24) by deleting the limits i.e.
the relation

A
2
||PT(Y‘YLA]II ‘j:j;— |IPTYLA|I

i (1-k.) o
i = jfoz tT:Ti;T}IIF I, 3 (30)

holds to high accuracy for all T > 0. Both of
these predictions are verified in Fig. 7 where
the rcsponses ypLa and y of the approximate and
real feedback configurations are plotted
together with the estimated error bounds imp-
lied by equation (30) with the data Az= kg =
0.105 and q = 0.1. It is clear that X» < 1 and
that the estimated error bounds arc highly
pessimistic.

CONCLUSIONS

Previous work (1) - (3) has demonstrated the
viability of using very simple models of linear
plant dynamics as the basis of linear control-
lev design for a well-defined class of discrete
or continuous multivariable plant. The (first-
order) approximate models used have the advan-
tage thay they are casily computed from a
complex plant model (if available) or, if the
system is open-loop stable, from risc-time and
steady-state properties obtained from plant
step response tests.  In the sccond case it is

" clear that a detailed plant model is not

required!

The work dJdescribed in this paper has cxtended

that of ref (4) by demonstrating that the

effect of measurement nonlinearities on closed-

loop system stability and performance can also

be assessed using clementary caleulation based
an the nonlincarity and the responses of the
approximate linear feedback system,  The

results obtained are oniy strictly correct
under high gain/Tast sampling conditions but
examples show that they provide vscetful working

estimates under a relaxation of these®
conditions.
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Figure 1 Nonlincar Feedback System

LI ¢ YLA
e h G
A
= = - 1 e
Figure 2 Lincar feedback system with linecar
plant and measurvement approximations



Figure 3 Linear feedback system with linear
measurement approximation.

Figure 4 A system decomposition

Figure 5 Lincar feedback system used for
Pesign ol K.

b
1.0+
Orpads
r
(YLA)Z [
T T T T
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Figure 6 Responsc y,, of approximate linear
feedback system to L unit step demand in
output one.

bounding.envelopes

Figure 7 Clascd-Toon of yeal, nonlinear and
approximate, ineary teedbach systems to a
vt step depamd i output one.
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INTRODUCTION

The viability of using both continuous and
discrete first order linear approximate models
as the basis for controller design for large-
scale and/or badly defined linear multivariable
engineering systcms has been investigated re-
cently by Uwens (1), Edwards and Owens (2) and
Owens (3). The techniques have the advantage
that high performance closed-loop systems can
be designed in a straightforward manner using
only simple properties of the system matrices
or graphical analysis of transicnt response
data obtained from plant trials or simulations.
More recently Boland and Owens (4) have demon-
strated that the approximate first order model
can be used to obtain easily computed esti-
mates of the effect of a common class of mea-
surement nonlinearities on the transient res-
ponse of the closed-loop system. The non-
linearities were restricted to bounded non-
linearities such as quantization and deadzone
and the results take the form of upper bounds
on the difference between the transient res-
ponses of the linear and nonlinear closed-
lcep system under comparable conditions.

The results presented in this paper extend
those of reference (4) to include the use of
approximate first order multivariable plant
models for the estimation of (a) the effect of
measurement nonlinearitics of finite incre-
mental gain on stability and transient recs-
ponsc and (b) the effect of nonlinearities
written as the sum of bounded and finite inc-
remental gain forms.

NONLINEAR FEEDBACK RELATIONS

Consider the (discrete or continuous) feed-
back system illustrated in Fig. 1 and regard
the reference signal r, error e, input signal
u and ocutput signal y as clements of a common
vector space Eg large enough to contain 'all
possible'. The plant and controller are as-
sumcd to be linear and characterized by causal,
linear operators G and K respectively mapping
Ep into itself. 1t is also assumcd that the
measured output signal y depends on the real
output v in a manner described by the cauvsal,
memorvless, nonlinecar map N:liy = Eg and hence
that the system is described hy the functional
equiations

y =GKe+y, , ¢=7T- Ny (1)
where vy is an initial condition term. let F
be a linear vector subspace of Ly, regarded
as a Banach space with norm \[.[?. Then the
fecdhiich system ol Fig. 1 is said to be input/
output stable if, for cvery demand 16 E and
for all initial conditions, the system cqua-

tions (1) have u unigue solution y that lies
In L.
Now let Foand Gy be causal, linear, approxima-

tions to N and G (respectively) to be used for
the purposes ol the design of the forward path

controller K, and supposc that the resulting
approximate, lincar fcedback system (Fig. 2)
described by the relations

Ypa = Gak & * Yop o
is stable and possesses 'satisfactory' per-
formance characteristics. We ask the follow-
ing questions:

e =r1 - FYLA (2)

fa) When does the stability of the linear,
approximate configuration of Fig. 2. imply the
stability of the real configuration of Fig. 1?7

(b) If PT is the truncation opecrator (see,
for example, Cook (5) or Holtzman (6)), then
can we find computable upper bounds for the
modelling error || Pp(y-yLa)!l, T » O, in terms
of yLa? The solution of these problems is of
vital impertance if F and Gy are to be useful
approximations for design purposes. Some
partial solutions are outlincd below in the
special case when the plant approximation Gp
is identical to the plant i.e. G = Gy when
Fig. 2 takes the form of Fig. 3. Thc applica-
tion of the results to the situation when Gp
is a first-order approximate model of the
plant G is left to the following sectien.

Nonlinearitics of Finite Incremental Gain

It is trivially verified that the configura-
tion of Fig. 3 is described by the lincar re-
lations

YL T GKe + Yo » ©=T- F YL (3)

and that, in the case of zero initial condi-
tions (yo = 0), we can write y], = Ler where
Le is a linear operator in Eg. We now state
the following theorem:

Theerem 1: Suppose that

(i) the lincar configuration of Fig. 3
is input-output stable,

(ii) Lg(N-F) is causal and maps E into
itself and

(iii) there cxists a real scalar VE[0,1[
such that

[Pl ¥y = Fy) = ¥z = F2)]]
I Hl‘-[(,\'—E)HVT‘JO V)’,:EE o

Then the nonlinear fecdback system of Fig. 1

is input,output stable and, if N0 = 0O,
Ve e, ) ¢ ks L1 T
Hepry ¢ 5 Heplt V100 (9
Proof: Writing cquation (1) in the form

vEURe 1y ¢ = {r + Fy - Ny} - Fy (0)

Yo §
and using equation (3) yvields

VoY + lu 1By - Ny) ("



