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Abstract

In this paper we construct Yang-Baxter maps using Darboux-Lax representations,
which are invariant under the action of finite reduction groups. We present 4 and
6-dimensional YB maps corresponding to all sly automorphic Lie algebras with degen-
erated orbits. We also consider vector generalisations of these Yang-Baxter maps.

1 Introduction
The Yang-Baxter (YB) equation
Y12 ° Y13 ° Y23 — Y23 ° Y13 ° Y12, (1)

originates in the works of Yang [37] and Baxter [6]. Here Y% denotes the action of a linear
operator Y : U®U — U ® U on the 75 factor of the triple tensor product U @ U ® U, where
U is a vector space. In this form, equation () is known in the literature as the quantum
YB equation.

Drinfel’d in 1992 [12] proposed to replace U by an arbitrary set A and, therefore, the
tensor product U ® U by the Cartesian product A x A. In our paper A is an algebraic
variety KV, where K is any field of zero characteristic, such us C or Q.

In [35] Veselov proposed the term Yang Bazter map for the set-theoretical solutions of
the quantum YB equation. Specifically, we consider the map Y : Ax A — A x A,

Yo (z,y) = (u(,y), v(z,y)). (2)

Furthermore, we define the functions Y%/ : Ax Ax A — Ax Ax Afori,j=1,2,3, i # j,
which appear in equation (), by the following relations

YP(,y,2) = (u(z,y) v(z,y),2), 3)
YB(2,y,2) = (u(z,2),y,0(z,2)), (4)
YP(@,y,2) = (2,uly,2),v(y,2)), ()
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where x,y,z € A. The variety A, in general, can be of any dimension. Thus, elements z € A
are points in K¥. The map Y7, i < j, is defined as Y% where we swap u(k,) < v(l, k),
k,l = z,y, z. For example, Y2 (z,y,2) = (v(y, 2),u(y, z), 2).

The map ([2) is a YB map, if it satisfies the YB equation (Il). Moreover, it is called
reversible if the composition of Y% and Y7 is the identity map,

Y9 oY = Id. (6)

We use the term parametric YB map when u and v are attached with parameters
a,b € K", K = R,C, namely v = u(z,y;a,b) and v = v(z,y;a,b), meaning that the
following map

Ya,b : (x,y; a, b) = (u(:lt,y;a, b),v(:n,y;a, b))7 (7)

satisfies the parametric YB equation
12 13 23 _ y23 13 12
Ya,b o Ya,c o b,e — va,c o Ya,c o Ya,b‘ (8)

Following Suris and Veselov in [33], we call a Lax matriz for a parametric YB map, a
matrix L = L(x;c; \) depending on a variable x, a parameter ¢ and a spectral parameter X,
which

1. satisfies the Lax equation

L(u;a, \)L(v;b,\) = L(y;b,\)L(z;a,\), for any A\ € K and 9)

2. Zdet(L) = 0.

In what follows, the Lax matrix L in (@) is a Darboux Matrix for a Lax operator.

It is obvious that the Lax-equation (@) does not always have a unique solution, which
motivated Kouloukas and Papageorgiou in [19] to propose the term strong Lax matriz for
a YB map. This is when the Lax-equation is equivalent to

(u,v) = Yop(z,y). (10)

They also proved a sufficient condition for the solutions of the Lax-equation to define YB
maps [17) 19].

Equations like the Lax-equation (@) are being met quite often in the area of integrable
systems as, for instance, in the case of the Darboux transformations, where it represents
the compatibility condition of the Darboux transformation around the square. In this case,
it can be interpreted as a system of discrete equations.

One of the most famous parametric YB maps is the Adler’s map [I]

a—1b a—2b
T1,22) — (u,v) = | x2 + , T — , 11
(21, 22) ( ) (2 1+ T2 ! ZE1+332> (1)

which occurs from the 3-D consistent discrete potential KDV equation [25] 29]. In terms of
Lax matrices, Adler’s map ([II]) is obtained from the following strong Lax matrix [33] 36]

Lizia,\) = ( v 1) . (12)

2+a—\ x



In [30, 3] a variety of YB maps is constructed using the symmetries of multi-filed equations
on quad graphs.

It follows from the structure of the Lax-equation (@) that we can extract invariants of
the YB map, which we denote as I;(x1,x2). The invariants are useful if one is interested
in the dynamics of such maps. In terms of dynamics, the most interesting maps are those
which are not involutive. Although, involutive maps have also useful applications [14]. In
all the cases presented in the next sections the YB maps are not involutive. The dynamics
of YB maps is discussed in [36].

Now, following [13] [34] we define integrability for YB maps.

Definition 1.1. A N— dimensional YB map, Y, is said to be completely integrable or
Liouville integrable if

1. there is a Poisson matriz, J, of rank 2n, which is invariant under Y,

2. map Y has r—functionally independent invariants, which are in involution with respect
to the corresponding Poisson bracket, i.e. {I;,I;} =0, 1,7 =1,...,7r, 1 # j,

3. there are k = N — 2r in the number Casimir functions, C;, i = 1,...,k, which are
invariant under Y, namely C; oY = Cj.

In what follows, we explain what is a Darboux transformation for a given Lax operator,
introduce the Darboux matrices for the NLS equation, the Zsy reduction and the dihedral
reduction group and construct parametric YB maps.

2 Darboux Transformations

Darboux transformations and their relations to the theory of integrable systems have been
extensively studied [22, B2]. Such transformations can be derived from Lax pairs as, for
instance, in [32], or in a more systematic algebraic manner in [16] [1T].

We are interested in Darboux transformations corresponding to Lax operators of the
following form

where U belongs to an automorphic Lie algebra.

Darboux transformations can be viewed as gauge transformations which depend ra-
tionally on a spectral parameter, A. They map fundamental solutions, ¥, of the equation
L£(p(z); \)¥ = 0 to other fundamental solutions, ¥ = MWV, of the equation £(p(z); \)¥ = 0.

In this context, we say that a matrix M is a Darbouz matriz for a given Lax operator
of the form (I3 if

L £(p;\) = ME(p; )M,
2. £det M =0.

The first condition means that the resulting operator £ has exactly the same form
with £, but is evaluated on new potential, p(x). The second condition results from Abel’s



theorem, namely that the Wronskian of a fundamental solution is z—independent, since U
is traceless.

The structure of Lax operators has a natural Lie algebraic interpretation in terms of Kac-
Moody algebras and automorphic Lie algebras [20, 21, [8, [9]. While a Kac-Moody algebra is
associated with an automorphism of finite order, automorphic Lie algebras correspond to a
finite group of automorphisms, which is called the reduction group [23].

In the case of 2 x 2 matrices, which we study in this paper, the essentially different
reduction groups are the trivial group (with no reduction), the cyclic group Zs (leading to
the Kac-Moody algebra Al) and the Klein group Zy x Zo [24] 21].

We shall present 4 and 6—dimensional YB maps for all the following cases. The trivial
group associated with the nonlinear Schrédinger equation (NLS) equation [38]

Pt =Paa +4D°0 G = —Ger — 404> (14)
The Zso group associated to the derivative nonlinear Schrodinger equation (DNLS) equation
Pr=Pez —40°Q2s G = —Qew — 4(PT)a- (15)

and the Zs X Zs group associated to the deformation of the DNLS equation
Pt = Pox + 4070z + 440, Gt = —Gox — 4Pg° )z — AP0 (16)

In [I6] we used Darboux transformations to construct integrable sustems of discrete
equations, which have the multidimensional consistency property [3l [l 7, 26], 27), 28]. The
compatibility condition of Darboux transformations around the square is exactly the same
with the Lax equation ([@). Therefore, in this paper, we use Darboux transformations to
contruct YB maps.

We start with the well known example of the Darboux transformation for the nonlinear
Schrédinger equation and construct its associated YB map.

2.1 The Nonlinear Schrodinger equation
In this case, U(p,q; A\) = U(A) is a matrix of the form
. 0 2p
U(X) = AUy + Uy, where Uy = o3 = diag(1,—1), Uy = % 0)° (17)

The Darboux Transformation, M, of £ is given by [16], 32]

- 10 a+pg p
M—)\<0 0>+< 7 I) (18)
Thus, we define the matrix

M(x:a,\) = A <(1) 8) 4 (“ +E1E ”“’f) . (19)

Z2



and substitute it in the Lax equation (@),
M{(a;a, \)M(v;b, ) = M(y; b, \)M(x;a, A). (20)
Equation (20) has a unique solution u = u(x,y), v = v(x,y) which define a map x —

u(x,y), y — v(x,y), given by

Yo a—>b a—>b
X, y) — - —71,Y2,%1, T2 + ————— . 21
(x,y) <y1 T— Y2, T1, T2 1+$1y2y2> (21)

One can verify that the above map with parameters a, b satisfies the YB equation (&]),
i.e. it is a parametric YB map with strong Darboux-Lax matrix (I9]). Moreover, according
to definition (@), this is a reversible map but not an involution.

It follows from (20) that the trace of M(y;b, \)M (x;a, ), is a polynomial in A whise
coefficients are

Tr(M (y; b, M (x;a,))) = A2 + M1 (x,y) + L(x,y),
where

Li(x,y) = z122 + y1y2 + a + b, (22)
I(x,y) = bxi1xo + ay1y2 + x1y2 + x2y1 + T122Y1Y2 + ab + 1. (23)

The constant terms in I, I can be omitted. It is easy to check that Iy, Is are in involution
with respect to invariant Poisson brackets defined as

{z1,22} = {y1, 92} =1, and all the rest {zi,y;} =0, (24)

and the corresponding Poisson matrix is invariant under the YB map (2II). Therefore the
map (2I)) is completely integrable.

The map (2I)) first appear in the work of Adler Yamilov [5]. Its interpretation as a YB
map was given in [I8].

2.1.1 Nonlinear Schrodinger equation: A 6-dimensional YB map

We consider a more general matrix whose entries depend on three variables x1,xo and X,

namely
10 X
M(x,X;\) = A (o o> + <x2 ‘””f) . (25)

It follows from the Lax equation (@)
M(x, X; )M (y, Y3 A) = M(v,V;A)M( u,U; A) (26)
that

v =21, upg =y2, U+V =X +Y, ugvy = 1192,
ur +Uv =y1 + 1Y, wgvo + UV = zoy1 + XY, v +uoV = 20 + Xypo.



The corresponding algebraic variety is a union of two six-dimensional components. The
first one is obvious from the Lax equation (26), it corresponds to the permutation map

Xx—u=y, y—v=x, X—U=Y Y—=V=X

which is a trivial YB map. The second one can be represented as a rational 6-dimensional
non-involutive YB map of K3 x K? — K3 x K3

o yH—x%xg—le—l—le

Ty > up = T+z1ym y Y1+ v =T,
To+y1Y2+y2 X —y2Y
T > Uz = Y2, Yo = v2 = Tra10s ; (27)
_ yiye—wiro+X+wiyoY _ T1z2—y1y2+T1y2 X+Y
X—U-= jE , Y =»V= Trz10s .

From the trace of M (y;b, \)M(x;a, ) we obtain the following invariants of (27))
L(xy, X,)Y)=X+Y and L(x,y,X,Y) = zoy1 + 2192 + XY. (28)

As stated in the definition of a Darboux matrix, the determinant of the matrix (25
must be constant. Therefore, detM = ¢(A), from which follows that

X — z1x9 = a = constant. (29)

A substitution X — a + z1x9 in the Darboux matrix ([25) leads to (I9). The Adler-
Yamilov map is a restriction of the YB map (27]) on the invariant leaves

A, ={(z1,29,X) € R>X =a +z1xe}, By ={(y1,y2,Y) € RY =a +y1y2}. (30)

2.2 7, reduction

In this case U is given by

Up,q; \) = N2Uy + \Uq, where Us = o3, U, = <20q 2(1;) . (31)

The corresponding Lax operator (I3]) is invariant with respect to the following involution
L(\) = o3L(=A)os, (32)

The involution (B2]) generates the so-called Reduction group [23| 21] and it is isomorphic
to Zs. The Lax operator in this case is known as the spatial part of the Lax pair for the
derivative-Schrodinger equation [10] [15].

The Darboux matrix in this case is given by [16]

M = )2 <'(’; 8) +A (JPJ ’;p> + <601 ?) . (33)

From the constant determinant property of M follows that f satisfies the equation

f*pg—f+e=0, (34)



where ¢y a non-zero arbitrary constant.
Replacing (fp, fq; c1,c2) — (21, 22; 1, k), the Darboux matrix becomes

vy 2 (kt+z1z2 O 0 10
oo (5 Nt ()

The Lax-equation for M is equivalent to the following

Yo, a—>b a—x1y2 b—x1y0 b—a
(x,y) -3 <y1 + 1, Y2, r1,T2 + Y2 | . (36)
a—x1y2  b—x1y2”" a— 12

One can easily verify that the above map satisfies parametric YB equation (8) and it
is reversible. Therefore, it is a parametric YB map with strong Darboux-Lax matrix (33]).
Moreover, map (B@) is not involutive.

The invariants of map (B6]) are given by

Ii(x,y) = bx1xe + ayiye + v122y1y2 + ab, I(x,y) = (z1 + y1)(v2 +y2) +a+0b. (37)

The constant terms in I; and Iy can be omitted. Those are the invariants we retrieve from
the trace of M(y;b, \)M(x;a, ). However, the quantities x1 + y; and xs + yo in I are
invariants themselves. The Poisson bracket in this case is given by

{z1, 22} = {y1,y2} = {w2, 01} = 1, and all the rest {zs,y;} =0. (38)

The rank of the Poisson matrix is 2, /7 is one invariant and I, = C7C% + a + b, where
Cy = 21+ y1 and Cy = x9 + yo are Casimir functions. The latter are preserved by (36,
namely C; oY, = Cj, i = 1,2. Therefore, map (B8] is completely integrable.

Moreover, the map (B@) can be expressed as a map of two variables on the symplectic
leaf

x1+y1 = c, T2 + Y2 = Co. (39)

2.2.1 Zs reduction: 6-dimensional YB map

We now consider a more general map than (B5]) with entries depending on the variables
r1,T9 and X, given by

M(x, X;k,\) = A2 <)0( 8) A <£2 f)l) + <(1) ?) . (40)

In this case, from the Lax equation we obtain the following equations

U2V = T1Y2, UV3 = X3Y2, U3Vl = T1Y3, U3VU3 = T3Y3

U+ v =1+ Y1, uU3t+uve+v3 =23+ T2y +y3, U+ v2=T2+ Yo

As in the case of nonlinear Schrédinger equation, the algebraic variety consists of two
components. The first 6-dimensional component corresponds to the permutation map

x—u=y, y—~v=x, X—U=Y Y~—V=X,



and the second corresponds to the following 6-dimensional YB map

:El'_)ul:fl(xvva)Y)v yl'_>v1:f2(7TY77TX7Y7X)7
332'—>U2:f2(xaan7Y)a y2'_>v2:fl(ﬂyaﬂx7Y7X)7 (41)
X —U=f3x,y,X,Y), Y =V = f3(ny,mx,Y, X),

where 7 is the permutation function, w(x1,x2) = (9, 21), 72 = 1 and fi, f> and f3 are given
by
(71 +y1) X — 1Y — z122(21 + Y1)
x,y,X,Y) = : 42
fl( y ) X—$1(:E2+y2) ( )
X — x1(72 + o)

X, 7X7Y = 5 43

f2(x,y ) Y~ oo + o) 2 (43)
X —z1(z2 + 92)

X, 7X7Y = Y. 44

falx.y ) Y —ya(21 +y1) (44

This map has the following invariants

L(x,y,X,Y) = XY, L(x,y, X,)Y)=x-1y+ X +Y, (45)
13(X7Y7X7Y) =1 + Y1, 14(X7Y7X7Y) = T2 + Y2. (46)

By definition, the Darboux-Lax matrix (40]) must have constant determinant, from which
X — z1x9 = a = constant. (47)

Changing X — a + x1x2 in ([@0) we obtain matrix (B5). Furthermore, using the trans-
formation

X =a+ x29, Y = b+ y1y9, U=a-+uus and V =b+ vivo, (48)

we obtain from (1)) and (42)-(@4]) the YB map (34]).

2.2.2 Zs reduction: Another 6-dimensional YB map

Now, lets go back to the Darboux matrix ([B3]) and replace (p,q, f;c1) — (21,22, X; 1),

namely
X 0 0 =X 10
M(x,X;)\):A2<0 O>+>\<a:2X 10 >+<0 1>, (49)

where, according to ([B4])), X obeys the following equation
2122X? — X + 3 = 0. (50)
The Lax equation implies the following equations

Uruz + v1v3 = 173 + Y1y3, Uu3 + V203 = T2T3 + Y2ys3,
U3zv3z = r3y3, U3VIV3 = T1T3Y3, UU3V3 = T3Y2Y3, UU3V1V3 = T1T3Y2Y3, (51)
u3 + U3 + u1uzv2v3 = 3 + Y3 + T2X3Y1Y3-



Now, the first 6-dimensional component of the algebraic variety corresponds to the trivial
map (A1) and the second component corresponds to a map of the form (4Il), with fi, fo and
f3 now given by

-1 X+ (y1 —21)Y —x120n XY — $%$2X2

X, 7X7Y = s 52

Hitey ) f3(x,y) r122X + 212y — 1 (52)

f2(X7y7X7Y) = Y2, (53)
X Y -1

folxy, X,Y) = DTl TTRT Ty (54)

T1Y2 X +y12Y — 1

One can verify that the above map is a non-involutive YB map. The invariants of this
map are given by

L(x -7y, X,Y)=XY and L(x,y,X,Y)=(x-my) XY + X +Y. (55)

2.3 Dihedral Group
In the case of dihedral group, U is given by
Ulp, ;) = XN2Us + \Uy + AU — A\ 72U, where

U2 = U_2 =03, U1 = (20(] 259> and U_1 = 01U10'1.

(56)

Here, the reduction group consists of the following set of transformations acting on (I3]),
L(\) = o3L(—\)os and L\ = o1 LA Yoy, (57)

and it is isomorphic to Zy X Zg = Do, [21].
In this case, the Darboux matrix is given by [10]

M:)\2<£ 8>+)‘<]9§ J;p>+>\‘1<]9p J;(j>+/\‘2<8 ?)Jrgl, (58)

where the entries f and g obey the following equations
fg—fri=c  and  fP+g7— 7 - P = (59)

It follows from (BYl), that functions f and g can be expressed in terms of p and ¢, as
solutions of quadratic equations. Then, the Darboux matrix depends only on two variables
and then we construct a 4—dimensional parametric YB map. Althought, we have omitted
these expressions because of their length. However, we have seen in the previous sections
that the 6—dimensional YB maps can reduce to 4—dimensional maps using invariants.

In the next section we construct a 6—dimensional map from (G8]).



2.3.1 Dihedral group: A 6-dimensional YB map

We now consider the matrix N := fM, where M is given by (58)), and we change (p, ¢, %) —
(1,29, X). Then,

N(x, X1, A) = <)\/2\f2)—§ f—lf\%i(xj)gl Af\f)l()i——;f\x;l;zfm) ' (60)
where we have substituted the product fg by
fg=ca+nxX, (61)
from the first equation of (B9).
The Lax equation for the Darboux-Lax matrix (60) reads
N(u,U;a, \)N(v,V;b,\) = N(y,Y;b, \)N(x, X;a,\), (62)

from where we obtain an algebraic system of equations, omitted because of its length.
The first 6-dimensional component of the corresponding algebraic variety corresponds
to the trivial YB map

b
X—u=y, y— V=X, XHU:%Y, Y= V==X,
a

and the second component corresponds to the following map

f(xy,X,Y;a,b)

Tk y X, Y0 T
_ B flry,7x,Y, X;b,a)
T2 = U2 = Y2, Yo > V2 = g(wy,wx,Y,X; b, a) (63)
9(x,y,X,Y;a,b) g(my,mx,Y, X;b,a)
X == Y =
~ U= xy. X, Viab) =V iy %Y, X:b,a)’

where f,g and h are given by

f(x,y,X,Y;a,b) = a®b®>x1 X + a®blwy — y2 + 2w179y1 + 23 (y2 — 322)] XY +
a®(y5 — V[y1 (1 +27) — 21 (1 +y])]XY? — ab®(27 — 1)(y2 — 22) X*—
ab(x? — 1)[22(3x1 — 1) — 21 — y1 + 2y2(y1y2 — T122)] XY —
a(ef —1)(y5 — Dlya(yf — 1) + 22(yf — 22y + 1] XY+
yi(z] —1)*(23 — 1)(y3 — DXPY? +b(af — 1)%(23 — 1) (y2 — 22) X°V +
ab(yr — 1)Y,
9(x,y, X,Y;a,b) = a’b?X + 2a%bys(y1 — x1) XY +a?(y3 — 1)(z1 — y1)?° XY+ (64)
2ab(z? — 1)(1 — 29y2) X2Y + 2awq(2? — 1)(y3 — 1)(z1 — y1) X2V 2+
(63 — 1223 — 1)(s - )XPY?,

h(x,y,X,Y;a,b) = a?b? — 2ab*x1(ya — 12) X — 2ab(z1y1 — 1)(y3 — 1) XY
D*(xf — 1) (w2 — y2)? X?* — 2bys (2 — y2)(af — 1)(y5 — DX’V +
(3 = D(yf — D(y3 — 1> X*Y?

10



It can be verified that this is a parametric YB map. From Tr(N(x, X;A\)N(y,Y;\)) we
extract the following invariants for the above map

Il(x,y,X,Y;a, b) = XY7 (65)
12(X7y7X7Y;a7 b) = bX—I—CLY—|— (5171 +y1)($2 +y2)XY7 (66)
I3(x,y,X,Y;a,b) = 2brizeX + 2ay1y2Y + 2(x -y + x122y1y2) XY + 2ab. (67)

As stated earlier from the above 6—dimensional map we can construct a 4—dimensional
YB map. In particular, from equations (B9) and (GI) one can obtain

(1 —a? — 23+ 2223 X% + (2z129 — ) X +1 =0, (68)

where we have rescaled ¢; — 1.
Therefore the 4—dimensional map is given by

f(x,y;a,b) f(my,mx;b,a)
9% yia,b) 0" gy, mx;bya) ) (69)

(u1,u2,v1,v2) = (
where f, g and h are given by the above relations and X and Y are given implicitly by

(1 -2t — 23 +2723) X2 + 229 —a) X +1 = 0, (70)
(1—yi =+ 5113 + 2pya — b)Y +1 = 0. (71)

2.4 Dihedral group: A linearised YB map

We replace (fq, fp) = (x1,22) and (c1,¢2) — (#, #) in the Darboux matrix (58] to

become

M(x:, \) = X2 <£ 8) A <52 %1> e <£1 ”62> I (8 ;ﬂ) +9l,  (72)

where f and g are given by

1 1
f= 5\/1{72—1—(:@—332)2—1-5 1+(:E1+332)2, (73)

= %\/1 F o T — %\/kﬂ iy pa——") (74)

The linear approximation to the YB map is given by

(a=1)(a=b) a=b | 2a  (a+1)(b—a)
T Uy (a+1)(a+b) a+b | atb (bH)ﬂer) T
T2 Uo uz 0 0 0 Z+—1 T2
— = 75
Y1 vy bet 0] 0 0 Y1 (75)
(a=b)(b+1)  2b | b—a (b—1)(b—a)
Y2 2 (at1)(atb) atb | atb (b+1)(ath) Y2

which is a linear parametric YB map and it is not involutive.

11



3 2N x 2N-—dimensional YB maps

We now replace the variables, 1 and x9, in the Lax matrices with N—vectors wy and w2
to obtain 2N x 2N YB maps. In what follows we use the following notation for a n—vector
W = (w17 sy wn)

w = (w1, ws), where wy = (w1, ..., wN), Wo = (WN41, -, W2N) (76)

and also

T

< wi| = wy, lw; >:= w; and their dot product with < ug,w; > . (77)

3.1 NLS equation

Replacing the variables in (I9) with N—vectors, namely

(78)

M(w:a,\) = <A+a+ < wi,wy > <w1\>’

|w2 > 1

we obtain a unique solution of the Lax-Equation given by the following 2N x 2N map
<up| =< + f(z;a,b) < 21|,
< UQ‘ =< y2’,

and

{< v =< a1, (80)

< wvo| =< zo+ f(z;b,a) < yol,

where f is given by
flaba) =12,
The above is a non-involutive parametric 2N x 2N YB map with strong Lax matrix given by
([78). As a YB map it appears in [30], but it is originally introduced by Adler [2]. Moreover,
one can construct the above 2N x 2N map for the N x N Darboux-Lax matrix (78]) by
taking the limit of the solution of the refactorisation problem in [19].
The invariants of this map are given by

z =< T1,Y > . (81)

Il(xvy; a, b) =< X1, T2 >+ < Y1,Y2 >7 (82)
L(x,y;a,b) =b < x1,20 > +a <y1,y2 > + < x1,42 > + < T2, y1 > +
<wp,w2 >< Y1, y2 > (83)

3.2 Zs reduction
In the case of Zs we consider, instead of (3], the following matrix

2
M(W;CL,)\) _ <)\ ((1-1— < wip, W2 >) A< ’LU1|> 7

)\‘wg > 1 (84)

12



we obtain a unique solution for the Lax-Equation given by the following 2N x 2N map

< ’LL2| = g(Z, a, b) < y2|7
and
<wv|=g(z;b,a) < 1], (86)
< vl =< za| + f(z;b,a) < ya,
where f and g are given by
a—1b a—=z
f(z,a,b)—a_z, g(z,a,b)—b_z7 Z2:=< X1,y > . (87)

The above map is a non-involutive parametric 2N x 2N YB map with strong Lax matrix

given by (&4)).
The invariants of the above map are given by

Li(x,y;a,b) = <x1+y,z2+y2 >, (88)
L(x,y;a,b) = b<xi,xe>+a<yp,ys >+ < x1,x2 >< Y1,Y2 > . (89)

In fact, all the terms x; + y; in I; are invariants.
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