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Abstract

The probability distribution p) of a general cluster point process in a Riemannian
manifold X (with independent random clusters attached to points of a configuration
with distribution p) is studied via the projection of an auxiliary measure ji in the space
of configurations ¥ = {(z,y)} C X x X, where z € X indicates a cluster “cen-
tre” and § € X := | |, X" represents a corresponding cluster relative to z. We show
that the measure p; is quasi-invariant with respect to the group Diffo(X') of compactly
supported diffeomorphisms of X, and prove an integration-by-parts formula for p.
The associated equilibrium stochastic dynamics is then constructed using the method of
Dirichlet forms. General constructions are illustrated by examples including Euclidean
spaces, Lie groups, homogeneous spaces, Riemannian manifolds of non-positive curva-
ture and metric spaces.
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1. Introduction

The concept of a configuration space (over a suitable Riemannian manifold) is instrumental
in the description of various types of multi-particle structures and naturally appears in many
areas of mathematics and mathematical physics (e.g., theory of random point processes,
statistical mechanics, quantum field theory, representation theory) and applied sciences (e.g.,
chemical physics, image processing, spatial ecology, astronomy, etc.).

Despite not possessing any Banach manifold structure, configuration spaces have many
features of proper manifolds and can indeed be endowed with “manifold-like” structures
(see [31] and also [3, 4]). As it turns out, the way to do it depends heavily on the choice
of a suitable probability measure ;4 on the configuration space ['x (over the manifold X).
Such a choice is often suggested by a physical system under study, but, in order to furnish
a meaningful analytical framework, the measure ;1 must satisfy certain regularity properties,
such as the Diff-quasi-invariance with respect to the action of certain diffeomorphism group
and/or an integration-by-parts (IBP) formula. Hence, it is not surprising that the study of the
configuration space as a measure space (I, i) requires tools and techniques at the interface
of geometric analysis and measure theory. According to this paradigm, it is important (i)
to prove the quasi-invariance and IBP formulae for a wide class of measures p arising in
applications, and (ii) to study the dependence of the properties of the measure ;o on the
topology and geometry of the underlying manifold X and their interplay with the multi-
particle structure of the space ['x.

Such a programme has been implemented for the Poisson and Gibbs measures on [y
in the case where X = R? (see [3, 4, 5, 2, 1] and further references therein). The present
paper is a step towards realisation of this programme for the important class of (in general,
non-Gibbsian) measures on ['x emerging as distributions of cluster point processes in X.
Intuitively, a cluster point process is obtained by generating random clusters around points of
the background configuration of cluster “centres” [15]. Cluster models are well known in the
general theory of random point processes [14, 15] and are widely used (both in temporal and
spatial domains) in numerous applications ranging from neurophysiology (nerve impulses)



and ecology (spatial aggregation of species) to seismology (earthquakes) and cosmology
(constellations and galaxies); see [10, 14, 15] for some references to original papers.

In our earlier papers [8, 9, 10, 11], we have developed a projection construction of Pois-
son and Gibbs cluster processes in a Euclidean space X = R, based on the representation
of their probability distributions (i.e., the corresponding measures on the configuration space
I'x) as the push-forward (image) of suitable auxiliary measures on a more complex config-
uration space [’y over the disjoint-union space X := | | X", with “droplet” points y € X
representing individual clusters (of variable size). Such an approach allows one to adapt
the ideas of analysis and geometry on configuration spaces developed earlier by Albeverio,
Kondratiev and Rockner [3, 4] for plain (i.e., non-cluster) Poisson and Gibbs measures in
I'x, and to obtain results including the Diff,-quasi-invariance and IBP formula.

In the present paper, we extend the projection approach to the case of cluster measures on
general Riemannian manifolds X and with arbitrary centre processes. In so doing, suitable
smoothness properties of the distribution of individual cluster are required, but it should be
stressed that no smoothness of the centre process is needed. That is to say, attaching “nice”
clusters to points of a centre configuration acts as smoothing of the entire cluster process. To
an extent, this may be thought of as an infinite-dimensional analogue of the well-known fact
that the convolution of two measures in R? is absolutely continuous provided that at least
one of those measures is such. However, this analogy should not be taken too far, since the
relationship between centres and clusters is asymmetric (the latter are attached to the former,
but not vice versa); in particular, as it turns out, smoothness of the centre process alone is not
sufficient for the smoothness of the resulting cluster process. Let us point out that the results
of the present paper are new even in the case of Poisson and Gibbs cluster point processes in
R?, where our new approach allows one to handle more general models, for instance with the
probability distribution of centres given by a Poisson measure with a non-smooth intensity,
or by a Gibbs measure with a non-smooth interaction potential.

The structure of the paper is as follows. In Section 2 we introduce the general framework
of configuration spaces and measures on them and discuss a “fibre bundle” structure of the
configuration space over a product manifold. Section 3 is devoted to the projection construc-
tion of cluster measures j. Here we derive necessary conditions for the cluster measure
14a1 to be well defined (i.e., with no multiple and accumulation points) and study the exis-
tence of moments. In Section 4 we prove the Diff-quasi-invariance and an IBP formula for
te1. Furthermore, for a general cluster measure we are able to construct the corresponding
Dirichlet form and to prove its closedness, which implies in a standard way the existence
of the corresponding equilibrium stochastic dynamics. In Section 5 we discuss examples of
cluster distributions that can be generated in a natural way via certain manifold structures,
such as the group action in the case of homogeneous manifolds and a metric structure for
general Riemannian manifolds. Finally, the Appendix contains some additional or support-
ing material.

2. Configuration spaces and measures

2.1. General setup: probability measures on configuration spaces

Let X be a Polish space equipped with the Borel o-algebra B(.X) generated by the open sets.
LetZ, :={0,1,2,...}, and consider the space X built from all Cartesian powers of X, that



is, the disjoint union
X:= ] X", (2.1)
neZy
including X° = {(}. Thatis, = (z1,2s,...) € X ifand only if z € X" for some n € Z,.
We take the liberty to write x; € 7 if x; is a coordinate of the “vector” z. The space X is
endowed with the natural disjoint union topology induced by the topology in X.

Remark 2.1. Note that a set B C X is compact if and only if B = |_|g:0 B, where N < oo
and B,, are compact subsets of X", respectively.

Remark 2.2. X is a Polish space as a disjoint union of Polish spaces.

Denote by A (X) the space of Z-valued measures on B(X) with countable (i.e., finite
or countably infinite) support. Consider the natural projection

X2z p(x) =) &, € N(X), 2.2)

T;ET

where 0, is the Dirac measure at point x € X. That is to say, under the map p each vec-
tor from X 1s “unpacked” into its components to yield a countable aggregate of (possibly
multiple) points in X, which can be interpreted as a generalised configuration -,

p(z) —v:= | ] {x}, T=(x1,29,...) € X. (2.3)

T;ET
In what follows, we interpret the notation 7y either as an aggregate of points in X or
as a Z,-valued measure or both, depending on the context. Even though generalised con-
figurations are not, strictly speaking, subsets of X (because of possible multiplicities), it is
convenient to use set-theoretic notation, which should not cause any confusion. For instance,

we write v N B for the restriction of configuration v to a subset B € B(X). For a function
f: X — R we denote

)= 3 flas) = /X F(2)1(da). 2.4

€T, €Y

In particular, if 15 () is the indicator function of a set B € B(X) then (15,7) = v(B) is
the total number of points (counted with their multiplicities) in v N 5.

Definition 2.1. The configuration space F)ﬁ( is the set of all generalised configurations
in X, endowed with the cylinder o-algebra B(I )ﬁ() generated by the class of cylinder sets
Cp={yeTlL:~v(B)=n}, BeB(X), neZ,. Wealsodenoteby I} := {y € Iy :
v(X) < oo} the space of finite configurations in X.

Remark 2.3. 1tis easy to see that the mapp: X — [’ )ﬁ( defined by formula (2.3) is measurable.

Let us denote by M, (X) the class of non-negative measurable functions on X.

Lemma 2.1. Forany [ € M, (X), the pairing ([, -) defined in (2.4) is a measurable function
on the configuration space I'..



Proof. For functions of the form f(x) = S2F  ¢;15,(x) (with ¢; > 0, B; € B(X)), we have
k
<fﬂ>ZZZCJBZ-(%):ZCW(BD; yeTy,

which is a B(I"%)-measurable function of ~ since each of the functions ~(B;) is measurable
by definition of the cylinder o-algebra B(I'x ). The general case is then derived by the usual
approximation and monotone class argument (see, e.g., [15, §A1.1]). 0

Definition 2.2. A configuration v € I ;j( is said to be locally finite if v(B) < oo for any
compact set B C X. A configuration v € F)ﬁ( is called simple if v({z}) < 1 for each
x € X. A configuration vy € F)ﬁ( is called proper if it is both locally finite and simple. The
set of all proper configurations is denoted by Iy and called the proper configuration space
over X. The corresponding o-algebra 3(I'x) is generated by the cylinder sets C; = {v €
I'x:y(B)=n} (BeB(X), neZy).

Conventional theory of point processes (see, €.g., [15]) is usually built on the assumption
that the sample configurations of the process almost surely (a.s.) have no accumulation or
multiple points, so that its distribution y is a probability measures on the proper configuration
space (I'x,B(I'x)). However, many elements of standard theory can be extended to the
case of generalised configurations without much trouble. In particular, it still holds by the
Kolmogorov extension theorem (see, e.g., [27, Theorem 5.1, [page 144] or [15, Theorem
A1.5.1V, page 381]) that any probability measure ; on (I’ )ﬁ(’ B(I" )ﬁ()) is uniquely determined
by a family of its finite-dimensional distributions x(C5! N --- N C3Y) (which is necessarily
consistent). Furthermore, any probability measure y on F)ﬁ( is uniquely characterised by its
Laplace functional

L= [, e, FeM) 25)

(note that the integral in (2.5) is well defined since 0 < e~ < 1). To see why L[]
completely determines a measure z on B(I'%), note that if B € B(X) then L,[s1p] as a
function of s > 0 gives the Laplace—Stieltjes transform of the distribution of the random
variable v(B) and as such determines the values of the measure £ on the cylinder sets C'; €
B(I'Y) (n € Z,). In particular, L,[s15] = 0 if and only if y(B) = oo (u-a.s.). Similarly,
using linear combinations Zle s;1p, we can recover the values of 1 on the cylinder sets

k
Cplm = 10 ={ve T v(B) =mni, i=1,....k},

and hence on the ring C(X) of finite disjoint unions of such sets. Since the ring C(X)
generates the cylinder o-algebra B (F)’j(), the Kolmogorov extension theorem ensures that the
measure . on B(I"%) is determined uniquely.

2.2. Cluster point processes

Let us recall the notion of a general cluster point process with independent clusters (see, e.g.,
[14, 15]). Heuristically, its spatial realisations are built in two stages: (i) a background ran-
dom configuration of (invisible) “centres” is obtained as a realisation of some point process

5



v. governed by a probability measure y on ['x, and (i1) relative to each centre € 7., a set of
observable secondary points (referred to as a cluster centred at ) is generated, independently
of all other clusters, according to a point process ~y,, with distribution s, on I'y (z € X).
The resulting (countable) assembly of random points, called the cluster point process (CPP),
can be expressed symbolically as

v= U % eTk

TEYc

where the disjoint union signifies that possible multiplicities of points are taken into account.
More precisely, assuming a suitable measurability of the family of secondary processes 7.,
with respect to € X, the integer-valued measure corresponding to a CPP realisation 7 is
represented as

fM%=A%BMwm=§}M&, B e B(X). 2.6)

The distribution i, of the inner-cluster point process 7, determines a probability measure
7, on the space X symmetric with respect to permutations of coordinates. Conversely, fi, is
a push-forward of the measure 7, under the projection map p: X — I’ )ﬂ( defined by (2.3),

Mo = p*nx =Tz 0 p_1~ 2.7

Note that for any x € X and for 7,-a.a. § € X the projection set p(y) C X is locally finite
and simple.

We assume that the family of measures {7,(:), * € X} satisfies the following “weak
measurability” condition.

Condition 2.1. For any Borel set B € B(X), the function
X 3z n,(B)€|0,1]

is measurable with respect to B(.X).
This has the following useful corollary.

Lemma 2.2. Under Condition 2.1, for any bounded function f € M (X) the map

Xawﬁéﬂwm@w 2.8)

is B(X)-measurable.

Proof. For a linear combination f(y) = Zle ¢;14,(y) (with some constants ¢; > 0 and
Borel sets A; € B(X)), the integral in (2.8) is reduced to

Zci/xlBi(?D N.(dy) = Zcz‘ﬁz(B@'),

which is a measurable function in « owing to Condition 2.1. The general case then follows
by the standard approximation and monotone class argument (see, e.g., [15, §A1.1]). [l
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We are now ready to give a more formal definition of the cluster process distribution as a
measure /i on the configuration space F)ﬁ(. In view of the two-stage description of the cluster
process, it is natural to construct the measure i by first conditioning on the background
configuration 7. = v € ['x of centres and then averaging with respect to its distribution .
This can be expressed symbolically as an intuitively appealing decomposition

ucl(A)—/F pa(Aly) p(dy), A€ B(I%), (2.9)

however to make formula (2.9) well defined one needs to ensure that the integrand zi¢(A|~)
is measurable in v with respect to the cylinder o-algebra B(I'y).

Taking advantage of the independent structure of the family of secondary processes, it
i1s more convenient to work with the Laplace functionals of the measures involved, leading
from (2.9) to an equivalent decomposition

Ly lf] = /F Lua[fIv]m(dy),  f e My(X). (2.10)

Now, adapting a general method used to construct the distributions of conditioned-based
point processes (see [15, §6]), it follows that in order to make sure that formula (2.10) de-
termines the CPP distribution, one needs (i) to specify the conditional Laplace functional
L,..[f|v] of the hypothetical cluster measure i, conditioned on the configuration v € 'y of
centres, and (ii) to check that this is a measurable function of ~y (see [15, Section 6.1, Propo-
sition 6.1.11, page 165, and Lemma 6.1.111, page 166]). To this end, using the independence
of the in-cluster configurations 7., (z € 7), we obtain

Lyl f17] :/ exp{ > Z (i }@nx(dﬂx)

—H/GXP{ nyz }nx (dy.)
= exp {—Zf(:v)} = exp{—(f, 1},
where
f(fv)i——log(/exp{ nyz}nxdy>20, re X,

By Lemma 2.2, the function f(-) is B(X)-measurable, and Lemma 2.1 then implies that
L, [f17] = exp{—(f,~)} is B(I"% )-measurable, as required.

Thus, we have established that the cluster measure 1 exists, and in particular its Laplace
functional is given by

L., lf1= /Fx};[(/ exp( Zef Yi )771 dy ) p(dy), fe M, (X). (2.11)

Remark 2.4. Formula (2.11) is well known in the case of CPPs without accumulation points
(see, e.g., [15, §6.3]).



Remark 2.5. Unlike the standard CPP theory where the sample configurations are presumed
to be a.s. locally finite (see, e.g., [15, Definition 6.3.1]), the CPP constructed above may still
have accumulation and/or multiple points arising due to contributions from remote clusters,
even though both background point process 7. and the inner-cluster processes 7, are proper.
However, developing the differential analysis on configuration spaces in the spirit of Albeve-
rio, Kondratiev and Rockner [3, 4] demands that measures under study are actually supported
on the proper configuration space [ 'x. We shall address this issue for the general cluster mea-
sure /i in Section 3.2 below and give sufficient conditions in order that ji.-almost all (a.a.)
configurations are proper (see our earlier papers [10, 11] for the cases of the Poisson and
Gibbs CPPs, respectively).

2.3. Measures on marked configuration spaces

In this section, we develop a special construction of measures on marked configuration
spaces, which will be useful below.

Consider the product space Z := X x X endowed with the product o-algebra B(Z) =
B(X) ® B(X), and the corresponding configuration space [. Let

px(z) ==, px(2) =17, z=(z,y) € X x X,
denote the natural projections onto the spaces X and X, respectively. The maps px and px

can be extended to the configuration space [,

Iy 34— px(¥) = | px(2) € Tk,

z€9

Iz 34— px(3) = | px(2) € TL
z€9

We will work on a smaller space, the so-called marked configuration space

I'y(X)={yelz: px(¥) € x}

endowed with the topology induced from /;. Furthermore, for each v € I'x, consider the
space X7 := p;(l (7) (i.e., the fibre at ~y), which can be identified with the corresponding
Cartesian product of identical copies of the space X,

=[x x=x

ey

Therefore, each marked configuration § € I'x (X) can be represented in the form

Y=019")= |E|{($7§x)}, (2.12)
TE€Y
with
V= pX(’?) S FX7 g'y = (gx)a:ey S (213)

More formally, a one-to-one correspondence between x € v and 4, € y” is described by the
relations

v =px(Px (@) NF): G =px(px' (@) N 7). (2.14)
Recall that the probability measure ;o on [’y and the (measurable) family of probability
measures {7,, * € X} on X were defined in Section 2.2.
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Lemma 2.3. Under Condition 2.1, for any bounded function f € M, (Z) the map

X3ae /x £, ) n.(d7) 2.15)

is B(X)-measurable.

Proof. By a standard monotone class argument, it suffices to consider functions of the form
f(z,9) = g(z) - 15(y), with a measurable function ¢(-) and a Borel set B C X. Then the
integral in (2.15) is reduced to

o(z) / ne(dy) = g(@)n.(B),

which is obviously a measurable function of z owing to Condition 2.1. [
For v € I'x, define the corresponding product measure on the space X7,
(A7) == @ 12(d%a). (2.16)
ey

Consider a probability measure /i on Iy (X) defined as the distribution of the marked point
process with configurations (2.12), governed by the measures ¢ and 7,,, * € X. According
to the general construction of point processes based on conditioning (see [15, §§6.1, 6.4]),
such a process exists under Condition 2.1. The measure /i can be expressed symbolically as
a “skew product”

(dy) =n"(dy") p(dy), 4= (y") € Ix(X). (2.17)

To be more precise, we can rewrite a heuristic expression (2.17) in integral form

/FX(X)F(’?) fi(dd) —/FX (/QEWF(%gV)m(dgVO Wd),  FeMu(Iy(X). @18)

In particular, the aforementioned general construction ensures that the internal integral on
the right-hand side of (2.18) is measurable in vy € ['y.

Remark 2.6. A direct proof of the measurability of the internal integral on the right-hand side
of equation (2.18), based on a measurable indexation of the (proper) ground configurations
v € I'x, is provided in Appendix A.

Remark 2.7. Given the probability measure ;. on ['x and the (measurable) family of prob-
ability measures {7,, © € X}, we can construct two point processes, the cluster process
(with distribution 1) and the marked process (with distribution f1). The crucial difference
between them is that sample configurations of the latter are almost surely proper, in contrast
to the former process which, in general, is supported on the space of generalised configura-
tions. Moreover, many analytical properties of /i are simpler than those of yi.. In fact, as will
be explained in Section 3 below, there is a natural link between the two processes, in that the
cluster measure /i can be represented as a certain “projection” of the marked measure /i,
which paves the way for the study of i using fi. This is the main idea of our approach.



3. Cluster measures on configuration spaces

3.1. Projection construction of the cluster measure

Recall that the “unpacking” map p: X — F)ﬁ( is defined in (2.3), and consideramap q: Z —
F)ﬁ( acting by the formula

a(z9) =p@) = Ulu}, (92 (3.1)

Yi€Y

In the usual “diagonal” way, the map q can be lifted to the configuration space I'x (%),

I'x(X) 34~ q(9) = [a(z) € I'%. (3.2)

zZ€Y

Proposition 3.1. The map q: I'x(X) — I )ﬁ( defined by (3.2) is measurable.

Proof. Observe that q can be represented as a composition
q=popx: I'x(X) 5 Tt —>T%, (3.3)

where the maps px and p are defined, respectively, by

Ix(X) 29— px(9) = | {9}€l% (3.4)
(z,9)€9
risy-p) = Up@) e Ik (3.5)
yey

For px: I'x(¥) — I'% (see (3.4)) we have
px (Cp) = Cx 3 = {7 € I'x(X) : 4(X x B) =n} € B(I'x(X)),

since X x B € B(Z). Furthermore, the measurability of the projection p : Fﬁe — It
(see (3.5)) was shown in [10, §3.3, p. 455]. As a result, the composition of maps in (3.3) is
measurable, as claimed. L]

Let us define a measure on F)ﬁ( as the push-forward of /i (see (2.17)) under the map q
defined in (3.1), (3.2),

Ae B(I'h), (3.6)

e
*
>
—~
I
N—
Il
>
—~
e
L
—
I
N~—
:_/

or, equivalently,
/F(v)q*ﬂ(dv)Z / F(@() i(dd),  F e My(I). 3.7)
F§< I'x (%)

The next general result shows that this measure may be identified with the original cluster
measure /i.

Theorem 3.2. The measure (3.6) coincides with the cluster measure [i.],

fel = g L. (3.8)

10



Proof. Let us evaluate the Laplace transform of the measure q*ji. For any function f €
M, (X)), we obtain, on using (2.17), (3.2) and (3.7),

Loald) = [, exp(=(f ) a'i(an)

X

_ / L O )

:/FX</ exp( > @+ ) >%n(d§x)>u(dv)

/ (/3€ gexp”@ gnx(dyx)) u(dy)
:/pr</ eXp< Zf )nx dg ) (),

xEY YyEeY

which coincides with the Laplace transform (2.11) of the cluster measure f;. [
An alternative description of the cluster measure i) can be given as follows. Consider a
natural map v, : X7 — FaﬁE defined by

%7 = (gz)w@y 'i) |_| {gx} S Fi

xey

(see (2.12)). The map t., is measurable, which can be shown by repeating the arguments used
in [10, §3.3, p. 455] in the proof of measurability of p. Further, define the map (cf. (3.5))

pyi=por,: X' L i 2t (3.9)

Clearly, p, is measurable as a composition of measurable maps. Note that the projection pyx
defined in (3.4) can be represented as

px(7) =% (y"),  7=07") € Ix(X). (3.10)

Furthermore, applying p to both sides of the equality (3.10) and using the relations (3.3) and
(3.9), we obtain the representation

a(y) = py(77), Y=07") € I'x(X). (3.11)

Consider the probability measures @” and p” on Faﬁm and F)ﬁ(, respectively, defined by
@ =, (3.12)
p=pin’. (3.13)

Theorem 3.3. The cluster measure i on I’ ;j( is represented in either of the following two
forms

pra(dy) = /F p (dy) p(dg), (3.14)

per(dy) = p*w(dy), (3.15)

11



where w is a measure on I’ fg defined by
o(d9) = | @(dF) uldy). (3.16)
I'x

Proof. By the change of measure (3.13) and the relations (2.17) and (3.11), we have, for any
Borel function F € M, (I'%),

/. ( / FIO0) ulan) = [ ) ([ @)

according to (3.8). Thus, formula (3.14) is proved.
Similarly, using the relation (3.16) and the change of measure (3.12), we get

[ == [ ([ roe =)
- /FX (LF(P oty (7)) n”(dﬂ”)) 11(dv)

_ /FX (/XF(py(y”))n”(dy”)) p(dv)
_ / . Flatias)

which proves formula (3.15). [

Remark 3.1. In the case where X = R%, 1,(dy) = no(dy — x) and p(d~) is a Poisson mea-
sure my(d~y) with intensity 6, the measure w coincides with the auxiliary Poisson measure
7, considered in [10], with intensity measure o(B) = [ n.(B) 6(dz), B € B(X).

The relationships between various measure spaces introduced above are succinctly illus-
trated by the following commutative diagrams,

o L ide
(Cx(X).0) —9 (T% x X7, p@ ) (Ix(X), i) —— (I x Ik pow)
| pon ] I
; Jdp 4 p ;
(FX7,UCI) A (FX er, M®/L7) (FXMU/CI) N (F%7w>

3.2. Conditions for absence of accumulation and multiple points

Let us now give sufficient conditions for the cluster point process to be proper, so that
tte(I'x) = 1. For any Borel subset B C X, consider the set

Xp:={yeX: p(y)nB#£0D} € B(X), (3.17)
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where the projection map p is defined in (2.3). That is to say, the set X g consists of all points
y € X with at least one coordinate y; € y belonging to B.

Condition 3.1. For any compact set B C X,

| S < . (318

xey

Remark 3.2. In view of the definition (3.17), the left-hand side of (3.18) equals the expected
number (under the measure fi.;) of clusters that contribute at least one point to the set 5.

We introduce the set
X={geX: Yy,y; €7, ¥i # y;}-

Condition 3.2. For p-a.a. configurations v € ['x, the probability measure 7 on X7 (see (2.16))
is concentrated on the set

X ={y € (X)) Vi{zn,2} T, p(F) Np(Ty) = 0}, (3.19)
that is, 777(%) = 1.

Remark 3.3. The set X7 ensures that different clusters attached to the ground configuration
~ do not have common points.
Remark 3.4. A sufficient condition for (3.19) is that for any x € X the measure 7, is abso-
lutely continuous with respect to the volume measure in X.
Theorem 3.4. Let 1) be a cluster measure on the generalised configuration space I’ )ﬁ( Then
(a) under Condition 3.1, p.-a.a configurations -y € F)ﬁ( are locally finite;
(b) under Condition 3.2, jiq-a.a configurations v € I’ )ﬁ( are simple.
Therefore, if both Conditions 3.1 and 3.2 are met then the cluster measure i) is concentrated
on the proper configuration space [’x.

Proof. (a) Let B C X be a compact set. From formula (3.15) and the definition (3.17) of
the set Xp, it is clear that v(B) < oo for i-a.a. configurations y € F)ﬁ( if and only if

¥(Xp) < oo for w-aa. 7€ Faﬁe, (3.20)

where the measure w is defined in (3.16). Let f(y) := 1x,(y), ¥y € X. Recalling the
definitions (2.16), (3.14), (3.15) and using Condition 3.1, we obtain

/p§<f, 7) w(dy) = /FX /Fg () de) )
/Fx /xv Z @) m(dyy)) w(dy)

J

>
8
m
2

sy

I
w\
3
8
}.)g
=
N——
=
(@R
2
A\

3



which implies (3.20). Thus, the absence of accumulation points is proved.

(b) Let I' )i( be the set of all generalised configurations in X that have multiple points. By
the definition (3.9) of the map p,, there is the inclusion

Py I%) C X\ X,
where the set X7 is introduced in (3.19). Hence, from (3.13) we get, for y-a.a. v € I'x,
W(I%) = (05 (%) < 1= 07(8) =0
according to Condition 3.2, and by formula (3.14) this implies that yi. (I )i() = 0. [l

3.3. Existence of moments

Definition 3.1. For » > 1 and a Borel measure # on X, a measure x on the configuration
space ['x is said to be in the moment class M} = Mj(I'x) if for any measurable function f
on X the following holds:

(i) if f(x) = 0 for f-a.a. x € X then (f,~) = O for y-a.a. v € I'x;
(i) if [, [f(z)]"0(dz) < co forall 1 < k < rthen

/P [(f, )] p(dy) < oo. (3.21)

Remark 3.5. Equivalently, u € My if and only if for any f € (,., .. L"(X,0) it holds that
(f,) € L"(I'x, ). Note that due to condition (i) of Definition 3.1, the function g(v) :=
(f,~) on I'x is well defined up to a set of y-measure zero (i.e., is independent of the choice
of a representative of the equivalence class f).

Lemma 3.5. The family of the classes { M}, v > 1} is nested, that is, M} C Mj, for all
r > 1andany 6 > 0.

Proof. Indeed, let 1 € M} ™, then for any f € Micgerss LUX,0) CN<ye, LUX, 0) we
have, by the Lyapunov inequality,

[ < ([ wnareue) " <o

hence 1 € Mj, as claimed. O

Condition 3.3. There is a locally finite measure ¢ on X (i.e., f(B) < oo for any compact
B C X)), referred to as the reference measure, such that yu € M} (I'x).

Remark 3.6. The condition u € Mj(I'x) implies that v(B) < oo (u-a.s.) for any Borel set
B such that (B) < oo. Indeed, choose f(z) = 1z(x) € L'(X,0), then {f,v) = ~(B) and
Definition 3.1 yields || 1, V(B) u(dy) < oo, hence the integrand is pi-a.s. finite.

Example 3.1. Condition 3.3 holds for a Poisson measure 7y with a locally finite intensity 6,
as well as for a wide class of Gibbs perturbations of 7y (see, e.g., [3, 4]). More generally,

any measure p with bounded correlation functions up to order n (with respect to #) belongs
to M} (I'x) (see Appendix B).
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Example 3.2. Example of a different type is given by . = 0,,, the Dirac measure on I'x
concentrated on a given configuration vy € Iy (e.g., if X = RY then we can set vy = Z%).
Here we have

/F (I ) = (o)

which implies that 4 € M} (I'x) with6 = > __ 6,.

TEY0
Definition 3.2. Introduce the measures 6 on Z = X x X and ¢ on X as follows

o(dx x dy) := n,(dy) 6(dz), (3.22)
5(dg) = /X ne(d7) 0(dz). (3.23)

Lemma 3.6. Suppose that u € My (I'x) for some integer n > 1. Then i € MZ(I[z).

Proof. We need to check the two conditions in Definition 3.1.

(i) Let f be a measurable function on Z such that f(z,y) = 0 for 5-a.a. (z,9) € Z. It
follows that, for f-a.a. x € X,

- / (2, 5)] ma(dg) = 0, (3.24)

which implies that (f, ) = 0 for u-a.a. ¥ € I'x. Then, by formula (3.23), the definition of
the measure /i (see (2.17) and (2.18)) and the inclusion p € M} (I'x), we have

(f.4)] AldA) < / (Fa)] pldy) =0,

I'y

so that (f,7) = 0 for fi-a.a. ¥ € Iz, as required by condition (i) of Definition 3.1.

(ii) Let us show that, for any measurable function f on Z such that [, | f(z)|* o(dz) <
forall 1 < k < r, we have

: [(f, ™ (d) < oo. (3.25)

To this end, let us first observe using the definition (3.22) that

[ ([t nian ) o = [ oo <o

which means that the function
= / | f (2, 9)|" n.(dy), z e X, (3.26)

belongs to L' (X, §). Moreover, by the Lyapunov inequality we have, for ¢ > 1,

/fn )1 6(dx) / (/ |f(z, )" nx(dy)) f(dz)
< [ ([ 1@ nrran ) o

- / £ 6(dz) < oo,
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as long as 1 < kg < n. In other words,
fu(z) € LY(X, 0), 1 <q<n/k. (3.27)

Now, using the multinomial expansion we can write for an integer n > 1

[ < /(Zu ) ()

zEey
- Z / S Gulne s za) (A7), (328)
Iz {#1,-e,2m }CH
where ¢,,(z1, ..., zn) is a symmetric function given by
n! i i
Gnl21, o 2m) = Y m|f(z1)|1---|f(zm)|m. (3.29)
W yeyim>1
i1t tim=n

By definition of the measure /i (see (2.17) and (2.18)), the integral on the right-hand side of
(3.28) is reduced to

/ > ( ¢n(x1,y1;-..;xm,ym)n”(d’y))u(dv)
Fx{xl ,,,,, Tm }Cy xv
— / > H fi, (z) p(dy), (3.30)
'lm r

i1,en, zm>1 X {z1,,xm }Cy =1
i1t Fim=n

where we used the notation (3.26). Furthermore, with the help of the Jensen inequality the
integral on the right-hand side of (3.30) may be estimated from above by

/Fﬁzmx] (d) = /Hfz],

X j=lzjey I'x j=1
ij/n
H (/ (fi;s )" ,u(d’y)) : (3.31)

To summarise, by inspection of the relations (3.28), (3.29), (3.30) and (3.31) we see that
in order to verify (3.25) it suffices to check that, forany k = 1,...,n,

/ (fe, 1)™* u(dy) < 0. (3.32)
I'x

But we already know (see (3.27)) that f;, € L¢(X,#) for 1 < ¢ < n/k. On the other hand,

by the hypothesis of the lemma we have u € M} (['x) C /\/ln/k(FX) (see Lemma 3.5), and
now the required bound (3.32) follows by the condition (3.21) with r = n/k. U

The next condition on the measure & will play an important part in our analysis.
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Condition 3.4. For any compact set B C X, it holds that
a(Xp) < oo, (3.33)

where the set X g is defined in (3.17).

Remark 3."7. Conditions 3.3 and 3.4 taken together imply Condition 3.1. Indeed, from (3.23)
and (3.33) it follows that 7,(Xp) as a function of z € X belongs to the space L'(X,6).
Thus, according to Definition 3.1 we can apply Condition 3.3 to obtain

> na(Xp) € LNI'x, p),

rey
which is nothing else but the condition (3.18). Hence, by Theorem 3.4(a), the measure pi) is

concentrated on configurations without accumulation points.

Denote by Nx(y) the “dimension” of vector y € X, that is, the total number of its
components

Nx(@):= > nlx:(y), geX= [] X" (3.34)

Lemma 3.7. Suppose that, in addition to Conditions 3.3 and 3.4, the function Nx (i) satis-
fies, for any compact set B C X, an integrability condition

/ N (5)" n:(d7) 6(dz) < oo, (3.35)
X JXp

Then the cluster measure i belongs to the class M (I'x).
Proof. Using the change of measure (3.8), for any ¢ € Cy(X) we obtain
(9", 9)[" i(dY),

/F (G paldy) = [ 106" i)

| =/ |
FZ FZ

where

To(r,9) = o), (n.y)eZ (3.36)

Yi€yY
It suffices to show that q*¢ € L™(Z, ) for any m = 1, ..., n. By the elementary inequality
(a1 4 -+ +ap)™ < E™(a + -+ a}*), from (3.36) we have

[l sn < [ M@ Yl stde xdz). (337

Yi€Y
Recalling that 6(dz x dy) = n,(dy)#(dx) and denoting Cy := sup,.y |¢(x)] < oo and
Ky := supp ¢ C X, the right-hand side of (3.37) is dominated by
o [ [ N o)
X Jzxk,

which proves the result. ]
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3.4. “Translations” and the droplet cluster

Let us describe a general setting that may be used to construct the family of measures
{n:(dy)}rex on X via suitable push-forwards (“translations”) of a pattern measure () de-
fined on some auxiliary space. Examples of application of such an approach will be given in
Section 5 below.

More precisely, let W be a topological space, with a Borel o-algebra B(1/') generated by
the open subsets of 1. Consider the corresponding space (cf. (2.1))

W= | | W, (3.38)
n=0
and let () be a probability measure on B(20). For any map ¢: W — X, define as usual its
diagonal lifting ©: 20 — X by
WS w— G) = (p(w:) wew € X. (3.39)
Like in Condition 3.3, it is assumed that the reference measure 6 on X is locally finite.
The main assumption in this section is as follows.

Condition 3.5. Suppose there is a measurable map
Wx X3 (wz)— p(w) € X

such that the measures 77, on X are representable as 7, = ¢, (); that is, for all z € X,

n.(B) = Q(z,'(B)),  BeBX) (3.40)

Remark 3.8. In view of formula (3.40), we shall often consider {¢,(-)}.ex as a family of
the maps W 2 w — ¢, (w) € X (indexed by = € X).

Remark 3.9. Fubini’s theorem implies that, for each z € X, the map 2 > w — @, (w) € X
is measurable and hence ¢, '(B) is a Borel subset of 2, so that the right-hand side of
formula (3.40) is well defined. We also have that, for any fixed Borel set B C X, the

function 7, (B): X — [0, 1] is measurable.
Definition 3.3. Given a map ¢, (w) as above, the set
Dp(w) :={z € X : ¢p,(w) € B} C X, weW, BeB(X), (3.41)
is called a droplet of shape B anchored at w. Furthermore, the set
Dp(w):={z € X : ¢,(w) € Xp} C X, w € W, (3.42)

is referred to as the droplet cluster (of shape B) anchored at .

Note that the droplet Dg(w) is a Borel subset 0{ X for each w € W; moreover, by
Remark 3.9 the same is true for the droplet cluster Dp(w). On account of the definition
(3.17), formula (3.42) can be rewritten in the form

w; EW

The following identity enlightens the geometric meaning of Condition 3.4 stated above.
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Lemma 3.8. For any Borel set B C X, there is the equality
(%) = [ 0(Ds(w) Q(dw). (3.44)
2

In particular, 6(Xp) < oo if and only if the right-hand side of equation (3.44) is finite.
Proof. According to (3.23), (3.40) and (3.41), we have

5(Xp) = /X / n(ap) ()
= [ ([ taeutonaram ) ofan
- [ ( [ 1@ e<dx>) Q(dw)

- /J(‘B(w))@(dw),

as claimed. [
Due to formula (3.44), Condition 3.4 can be rewritten as follows.

Condition 3.4’. For any compact set B € B(X), the mean #-measure of the droplet cluster
Dp(w) C X is finite,

/m 0( Dy (1)) Q(dib) < o0, (3.45)

Building on Lemma 3.8, let us give two simple criteria, either of which is sufficient
for Condition 3.4" and hence for Condition 3.4. The first criterion below (Proposition 3.9)
bounds the growth of the droplet volume and also assumes a finite mean number of points in
the cluster, while the second criterion (Proposition 3.10) requires the continuity and separa-
bility of the maps ¢, (w) and puts a restriction on the range of the parent cluster.
Proposition 3.9. Suppose that the following two conditions hold:

(i) (finite range of “translations”) for any compact set B C X, the map ¢.(w) and the
measure 0 satisfy the bound

Cp = sup 0(Dp(w)) < o0; (3.46)
weW

(i1) (finite mean of the cluster size) the total number of components in w € 20 (cf. (3.34))
satisfies the integrability condition (cf. (3.35))

/ Ny (w) Q(dw) < oo. (3.47)
27

Then Condition 3.4' is satisfied.

Proof. By Lemma 3.8, it suffices to show that the integral on the right-hand side of (3.44) is
finite. From (3.43) and (3.46) we readily obtain

0(Dp(w)) < > 0(Dp(w;)) < Cp Ny (w), @€ W, (3.48)

w; €W
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and by the condition (3.47) it follows

/mewB(w)) Q(dw) < C /msz@) Q(dw) < oo,

as required. [

Remark 3.10. The bound (3.46) holds, for example, if for every w € W the map X > z —
. (w) € X is an isometry and the measure 6 is absolutely continuous with respect to the
volume measure on X, with a bounded Radon—-Nikodym density.

Proposition 3.10. Suppose that the family of measurable maps . (w) described above sat-
isfies in addition the following two conditions:

(i) (continuity in x) the map . (w) is continuous in x € X that is, for any open subset
U C X and eachw € W, the set {x € X : p,(w) € U} is open in X;

(i1) (separability) for any compact set B C X and each w € W, there exists a compact
By, C X such that for any x ¢ B,, we have p,(w) ¢ B.

Assume also that there is a compact set Ey € B(W) such that Q(&y) = 1, where &, :=
LI o ES (cf (3.38)); that is, all components of Q-a.a. vectors w € 20 lie in Ey C W. Then
Condition 3.4" is satisfied.

Proof. Let B C X be an arbitrary compact set. Using formula (3.43) and the definition
(3.41), for any w € €&, we have the inclusion

Dg(w) = | Dp(wi;) € U Dp(w)

w; EW we kg

={2:9.(E)NB#0}=:DpCX. (3.49)

To complete the proof, it suffices to show that Q(DB) < 00, since then, by Lemma 3.8, it will
follow

o(%5) = /J(DB(w)) Q(dw) = / 6(Di(w)) Q(d)

< 6(Dg) . Q(dw) = §(Dp) < co.

To this end, for each w € E consider the set
A, ={w € Ey: ¢, (w') ¢ B forall x ¢ B,} C Ey, (3.50)

where B,, C X is a compact defined in property (ii); in particular, it follows that w € A,
and hence Ey C |J,,cy Aw- Furthermore, using property (i) it can be shown that each A,
is an open set in the topology induced from W by restriction to Fjy (i.e., with open sets in
Ey defined as U N E for all U open in W). Since Ej is compact, there is a finite subcover;
that is, one can choose finitely many points wy,...,w,, € Fy such that £y C U:il Ay,
Then, using (3.50), it is easy to see that for any x outside the set B, := |J.", B,, we have
¢.(w) ¢ B forall w € E,. According to the definition (3.49) of the set Dp, this implies
that Dg C B,, hence H(DB) < 0(B,) < co. The proof is complete. O

The next statement gives a criterion sufficient for Condition 3.2 (in turn, implying the
simplicity of the cluster measure /i, according to Theorem 3.4).
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Proposition 3.11. Let i be a cluster measure on the generalised configuration space I’ )ﬂ(
Assume that the background measure | of cluster centres has a locally bounded second-order
correlation function Iii (see Appendix B). Assume also that

0(Dyyy(w)) =0 for 6 ® Q-a.a. (z,w) € X x 20. (3.51)

Then Condition 3.2 is satisfied and hence i.-a.a. configurations vy € F)ﬁ( are simple.

Proof. Tt suffices to prove that, for any compact set A C X, there are y-a.s. no cross-ties
between the clusters whose centres belong to /. In view of the projection construction of the
cluster measure /i (see (3.8)), this means that if A, is the set of generalised configurations
4 € I'%, each with at least two points z = (z,7,), 2 = (2/,§x) (2,2 € 4, z # 2') such
that {z,2'} C v N Aand p(g,) N p(Fr) # 0, then we must show that i(A,) = 0. Note
that since the ground configuration vy € I'y may have multiple points, the points = p,(2),
2’ = px(2') in the pair {x, 2’} C ~ are allowed to coincide.

Recalling the skew-product definition (2.17) of [i, we see by inspection of all pairs

{z,2'} C v :=px(7) that

A(Ag) < / Y L) fl o) pldn), (3.52)
X {z,2'}Cy
where
Faal) = e (D) = [ T (5.7) 10(07) ) (353

and the set Dx € B(X?) is defined by

Dx:={(7.9) € X*: p(y) Np(y) # 0}. (3.54)
By the definition (B.1) of correlation functions, the right-hand side of (3.52) is reduced to

1

2 [l 2" k2 (2, 2") 0(dx) 0(da’) < const [ f(z,2")0(dz)6(da’), (3.55)
a2 A2

since, by assumption, mi is bounded on A2. Furthermore, substituting (3.53) and changing
the variables § = @, (0), ¥ = (') (see (3.40)), the integral on the right-hand side of
(3.55) is rewritten as

/A2 (/362 1p, (02 (W), 0 (0)") Q¥*(d X dw’)> 6°%(dx x dz)
- /362 (/A2 Lp, (9u (W), o (w)") 072 (da x dx’)) Q%2(dw x di')
- /ﬂ 02 (Ba(w, w')) Q¥*(dw x du'),

where the set B, (w,w') C A? is given by (cf. (3.54))
B(w,w') = {(z,2") € A? : @, (w) = pu(w') for some w € w, w' € w'}.
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It remains to note that

0%%(Ba(w,w')) = /A‘g<Uwi€wa;€w’{m/ L o (W) = pr(wz)}> f(dz)
< Z //19<Uw96w'{x/ L e (W) = 9%(1(&)}) 0(dx)

w; €W

- Z_//;Q(D{S@z(wi)}(w/)) O(dz) =0  (Q%%*as.),

wi;EwW

since, by the assumption (3.51), 6( Dy, (w)} (@')) = 0 for f-a.a. z € A, Q-a.a. @ € W and
each w; € w, and, moreover, w € 2U contains at most countably many coordinates. Hence,
the right-hand side of (3.55) vanishes, and due to the estimates (3.52) and (3.55) the claim
of the proposition follows. 0

It is easy to give simple sufficient criteria for the condition (3.51) of Proposition 3.11.
The first criterion below is set out in terms of the reference measure ¢, whereas the second
one exploits the in-cluster parent distribution ().

Proposition 3.12. Assume that for each x € X, the equation p,(w) = x has at most one
solution y = y(x; w) for every w € w and Q-a.a. w € . Furthermore, let the measure 0
be non-atomic, that is, 0{y} = 0 for each y € X. Then the condition (3.51) is satisfied.

Proof. Using formula (3.43) and the definition (3.41), we obtain

0 < 0(Dpay(w)) < D (Dyay(wi))

w; EW
= Z 0y e X : ¢ (w;) =z}
w; €W
w; €W
since the measure 6 is non-atomic. O]

Proposition 3.13. Suppose that the in-cluster configurations a.s. have no fixed points, that
is, forany x € X and 0-a.a. y € X,

Q{w €W : Jw; € w such that p,(w;) = a:} =0. (3.56)

Then the condition (3.51) follows.

Proof. Observe that the identity (3.44) together with the change of measure (3.40) yields,
foreachz € X,

[ 00y qan - [ ([ {w}nxwdw) o)
= /X Q77! (X)) 0(d2’)
_ /XQ{u‘) €W+ o(w;) = o forsome w; € T} 0(d’) = 0,
according to (3.56). Thus, the proof is complete. 0
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4. Quasi-invariance and integration by parts

From now on, we restrict ourselves to the case where i -a.a. configurations v € F)ﬁ( are
locally finite. Let us also assume that X is a Riemannian manifold (with a fixed Riemannian
structure). Our aim in this section is to prove the quasi-invariance of the measure i, with
respect to the action of compactly supported diffeomorphisms of X (Section 4.2), and to
establish an IBP formula (Section 4.3). We begin in Section 4.1 with a brief description of
some convenient “manifold-like” concepts and notation first introduced in [3] (see also [10,
§4.1]), which furnish a suitable framework for analysis on configuration spaces.

4.1. Differentiable functions on configuration spaces

Let T, X be the tangent space of X at point x € X, with the corresponding (canonical) inner
product denoted by a “fat” dot -. The gradient on X is denoted by V. Following [3], we
define the “tangent space” of the configuration space ['x at v € [’y as the Hilbert space
T,I'x := L*(X — TX; dv), or equivalently T,y = ., T:X. The scalar product in
T, I'x is denoted by (-, -).,, with the corresponding norm |-|,.. A vector field V over [y is a
map I'x 2 v — V(v) = (V(V)s)sey € TyIx . Thus, for vector fields Vi, V; over 'y we
have

Vi), Va())y =D Vily)e - V(W) v € Ix.

ey

For v € I'x and = € +, denote by O, , an arbitrary open neighbourhood of z in X
such that O, , N~y = {z}. For any measurable function F' : I'y — R, define the function

Fo(7,) 1 Oy = Rby Fo(v,y) == F((v\ {2}) U{y}), and set
Vol (v) = V(v y)l,.,, z€X,

provided that F(v, -) is differentiable at x.
Recall that for a function ¢ : X — R its support supp ¢ is defined as the closure of the
set {z € X: ¢(x) # 0}. Denote by FC(I'yx) the class of functions on I'x of the form

F(y) = f({o1,7)s - (dk, 7)), v € TX, (4.1)

where k € N, f € C°(R*) (:= the set of C°°-functions on R* globally bounded together
with all their derivatives), and ¢y, ..., ¢ € C5°(X) (:= the set of C*°-functions on X with
compact support). Each F' € FC(I'y) is local, that is, there is a compact B C X (e.g.,
B = Ule supp ¢;) such that F'(y) = F(yN B) for all v € I'x. Thus, for a fixed + there are
finitely many non-zero derivatives V, F'(7y).

For a function F' € FC(I'x) its I'-gradient V''F is defined as

VIF(Y) == (VoF(7)aey € T,Tx, 7€ Iy, (4.2)

so the directional derivative of ' along a vector field V' is given by

VEF() = (VFQ), V) =Y VaF (1) - V()a, 7€ Tk

ey

Note that the sum here contains only finitely many non-zero terms.
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Further, let 7V (Ix) be the class of cylinder vector fields V' on I'x of the form

k
V()e =Y Gi(yui(z) e T,X, ze€X, (4.3)

i=1

where G; € FC(I'x) and v; € Vecty(X) (:= the space of compactly supported C'*°-smooth
vector fields on X), i = 1,...,k (k € N). Any vector field v € Vecty(X) generates a
constant vector field V' on I'x defined by V (v), := v(z). We shall preserve the notation v
for it. Thus,
ViF(y) =) VaoF(y)-v(z),  veTx. (4.4)
rey
The approach based on “lifting” the differential structure from the underlying space X
to the configuration space [x as described above can also be applied to the spaces X =
|_|ff:0 X" Z =X x Xand I'yx, ['7, respectively. In such cases, we will use the analogous
notation as above without further explanation.

4.2. Quasi-invariance

In this section, we discuss the property of quasi-invariance of the measure p; with respect
to diffeomorphisms of X. Let us start by describing how diffeomorphisms of X act on
configuration spaces. For a measurable map ¢: X — X, its support supp ¢ is defined as
the closure of the set {x € X : p(z) # «}. Let Diffo(X) be the group of diffeomorphisms
of X with compact support. For any ¢ € Diffy(X), consider the corresponding “diagonal”
diffeomorphism ¢ : X — X acting on each constituent space X" (n € Z.) as

X"29=1,-»Un) = 0W) = (p(y1), .-, p(yn)) € X™. (4.5)

Finally, we introduce a special class of diffeomorphisms ¢ on Z acting only in the y-
coordinate,

p(2) = (z,09), z=(x,9)eZ (4.6)

Remark 4.1. Despite K, := supp ¢ is compact in X, the support of the diffeomorphism ¢
(again defined as the closure of the set {z € Z : p(2) # z}) is given by supp ¢ = X x X,
(see (3.17)), where X, is not compact in the topology of X (cf. Remark 2.1).

In a standard fashion, the maps ¢, ¢ and ¢ can be lifted to measurable “diagonal” trans-
formations (denoted by the same letters) of the configuration spaces 'y, ['x and [z, respec-
tively,

I'x 59— ¢(7) ={p(z), v € 7} € I'x, (4.7)
27— ¢() ={p¥), y €7} € Ik, (4.8)
I'z 33— @) :={p(z2), 2 €7} € I'y. (4.9)

The following lemma shows that the operator ¢ commutes with the action of the diffeo-
morphisms (4.7) and (4.9).

Lemma 4.1. For any diffeomorphism ¢ € Dift((X) and the corresponding diffeomorphism
@, it holds
poq=qgop. (4.10)
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Proof. The statement follows from the definition (3.2) of the map q in view of the structure
of diffeomorphisms ¢ and ¢ (see (4.6), (4.7) and (4.9)). []

From now on, let us assume that, for a.a. x € X, the measure 7, is absolutely continuous
with respect to the Riemannian volume di on X; moreover, the corresponding density h, =
dn,/dy is such that for each n € Z, either h,(y) > 0 fora.a. (z,y) € X x X" or h,(y) =0
fora.a. (z,7) € X x X™

This implies that the measure 7, is quasi-invariant with respect to the action of transfor-
mations ¢: X — X (¢ € Diffo(X)), that is, the measure ¢*7,, is absolutely continuous with
respect to 7, with the Radon—-Nikodym density

d(@*nz>
dn,

@)

Yy)= - Jo(y (4.11)
) = =y e

(we set pf(z,7) = 1if he(7) = 0 or ho(@~ (7)) = 0). Here J;(7) is the Jacobian de-
terminant of the diffeomorphism ¢; due to the diagonal structure of ¢ (see (4.5)) we have
Jo(¥) = 11,5 Jo(yi), where J,(y) is the Jacobian determinant of (.

pi(x, ) =

Theorem 4.2. The measure [i is quasi-invariant with respect to the action of  on I’z defined
by formula (4.6), with the Radon—Nikodym density RE =d(¢*[r)/dj given by

RiH) =[] ri(z), A€l (4.12)

z€9

Moreover, Rf € LY(I'z, jv).

Proof. First of all, note that p,(z) = 1 forany z = (z,7) ¢ suppp = X X Xp =: Zg,,
where K, = supp ¢ (see Remark 4.1), and 6(Zx,) = 6(Xk,) < oo by Condition 3.4
(see (3.22)). Therefore, y(Z K@) < oo for ji-a.a. configurations 4 € 'z, hence the product in

(4.12) contains only finitely many terms different from 1 and so the function R}f (%) is well
defined. Moreover, it satisfies the “localisation” equality

R7(4) = R{(YN Zk,)  for jraa. 4 € Iy (4.13)
Now, using the definitions (4.7), (4.8) and (2.16), we obtain
| Fa) i) = [ P i)
I'z

I'z

), ([ ronetrmiar)) uan

_ /FX (/3E F(%@(m))%%(dgg@)) pu(d)
B /FX (/x Fv.7") @ w*nx(dyx)) p(dy). (4.14)

xey

Furthermore, by the quasi-invariance property of the measure 7, (see formula (4.11) for the
density), the right-hand side of (4.14) is represented in the form

/F ( /x P, ][ o7 (@, 5) m<dy7>> u(dy) = /F F()R;(9) (7).

xey
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which proves the quasi-invariance of /i. In particular, for ' = 1 this yields |’ Iy Rﬁ(ﬁ) f(dy)

= 1, and hence Rf € LY(I'z, j1), as claimed. O
LetZ, : L>®(I'x, pta) — L>°(I'z, 1) be the isometry defined by the map q (see (3.2)),
(ZoF)(7) == Foq(y), F€lz (4.15)

The adjoint operator Z; is a bounded operator on the corresponding dual spaces,

I; : Loo(Fz,ﬂ)/ — LOO(FX,/JJd)/. (416)

Lemma 4.3. The operator 1; defined by (4.16) can be restricted to the operator
Iy L'(I'z, i) — L'(I'x, 1) (4.17)

Proof. Tt is known (see [24]) that, for any o-finite measure space (M, u), the corresponding
space L'(M, ;1) can be identified with the subspace V' of the dual space L> (M, 11)’ consisting
of all linear functionals on L>° (M, i) continuous with respect to the bounded convergence
in L>°(M, p). Thatis, ¢ € V if and only if ¢(¢p,) — 0 for any ¢,, € L*(M, ) such
that |¢,| < 1 and ¢,,(x) — 0 as n — oo for p-a.a. x € M. Hence, to prove the lemma it
suffices to show that, for any F' € L'(I'y, j1), the functional Z; F' € L>(I'z, /1)’ is continuous
with respect to bounded convergence in L>°(I'z, j1). To this end, for any sequence (7,,) in
L*°(I'x, j11) such that [¢,| < 1 and ¢, () — 0 for pg-a.a. v € I'x, we have to prove that
T:F (1) — 0.
Let us first show that Z;1),,(§) = ¥, (q(%)) — 0 for ji-a.a. 5 € I'5. Set

Ay ={y € T'x :Yn(y) = 0} € B(I'y),
Ay ={§ € Ty : ¥ (a(7)) — 0} € B(Iy),

and note that flw = q~'(Ay); then, recalling the relation (3.8), we get

ilAy) = p(a71(Ay)) = pa(4y) = 1,

as claimed. Now, by the dominated convergence theorem this implies
L) = [ FO)Zn(3) ) — 0,
Iy

and the proof is complete. 0

Corollary 4.4. For any measurable functions F € L™(I'x,pq) and G € LY(I'z, i), we
have the identity

GOV TLF () aldd) = [ FO)T,60) pald). @.18)

I'z I'x

Taking advantage of Theorem 4.2 and applying the projection construction, we obtain
our main result in this section.

Theorem 4.5. The cluster measure |1 is quasi-invariant with respect to the action of the
diffeomorphism group Diffo (X ) on I'x. The corresponding Radon—Nikodym density is given
by Rf = TI;R7 € L'(I'x, o).
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Proof. Note that, due to (3.8) and (4.10),

ool =joq o =fiop T og .

That is, ©* iy = jic) © @~ ' is a push-forward of the measure @*/i = fi o $~' under the map
q, that is, ¢*uq = q*p*i. In particular, if ©*ji is absolutely continuous with respect to /i
then so is ¢* e with respect to ;. Moreover, by formula (3.8) and Theorem 4.2, for any
F € L>(I'x, jic1) we have

/F F(7) 9" pa(dy) = / LEG) @) = [ LFORIG) ). @)

I'z

By Lemma 4.3, the operator Z; acts from L'(I'z, f1) to L' (I'x, f1c1). Therefore, again using
(3.8) the right-hand side of (4.19) can be rewritten as

/F F() (ZR)() pra(dy),

which completes the proof. ]

Remark 4.2. Cluster measure ji on the configuration space [’y can be used to construct a
unitary representation U of the diffeomorphism group Diffy(X) by operators in L?(I'x, fic1),
given by the formula

U, F(7) = VERE,(VF(e ' (7)),  F € LIy, pa). (4.20)

Such representations, which can be defined for arbitrary quasi-invariant measures on [’x,
play a significant role in the representation theory of the group Diff,(X) [20, 31] and quan-
tum field theory [17, 18]. An important question is whether the representation (4.20) is
irreducible. According to [31], this is equivalent to the Diff,(.X)-ergodicity of the measure
[te1, Which in our case is equivalent to the ergodicity of the measure fi with respect to the
group of transformations ¢ (¢ € Diffy(X)).

4.3. Integration-by-parts (IBP) formulae

In this section, we assume that the conditions of Lemma 3.7 are satisfied with n = 1. Thus,
the measures /i, /i and ji belong to the corresponding M-classes. It is also assumed, as
before, that for each + € X the measure 7, is absolutely continuous with respect to the
Riemannian volume dy on X, with the Radon—-Nikodym density /(7).

4.3.1. Integration by parts for the cluster distributions 7,. Let v € Vecty(X) (:= the
space of compactly supported smooth vector fields on X), and define a “vertical” vector
field ¥ on Z by the formula

0(, ) == (0(yi) )y y=(y:) € X. (4.21)

Observe that if the density h,(y) is differentiable (dy-a.e.) then the measure 7, satisfies the
IBP formula (see, e.g., [6, §1.3, §2.4]; cf. [12, §5.1.3, p. 207])

/ VOF () ne(dg) = — / f@ g, feCEE),  @22)
X x
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where V? is the derivative along the vector field ¥ and

ﬁ};’(x,g) (By(z,9), 0(2,9)) 1,2 + divo(z, ) (4.23)

is the logarithmic derivative of 7, (dy) = h,(7)dy along 0, expressed in terms of the vector
logarithmic derivative

Vh,(y _
By(z,y) = . <§)I) € T;%, (x,7) € X x X. (4.24)
Denote for brevity
gl =" lwl,  geX
Yi€Y

Lemma 4.6. Suppose that [, ||3,(2)|[} 6(dz) < oo for any compact B C X, and assume
that the condition (3.35) is satisfied. Let v be a vector field on Z defined by (4.21) with
v € Vecto(X). Then 3 € L™(Z,5).

Proof. To show that ﬁ];’ € L"(Z,5), it suffices to check that each of the two terms on the
right-hand side of (4.23) belongs to L™(Z, 7). Setting b, := sup,.x |v(x)| < oo and noting
that K, := supp v is a compact in X, we have

[l s < [ /x KU(Z!ﬁnazy Z>|>nm<dy>9<dx>

Yi€yY

Yi€Y

— (b,)" / 1,217 (d2) < oo, (4.25)

by the first hypothesis of the theorem. Similarly, denoting d, := sup,yx |divv(z)| < oo,
we obtain

/|d1vv z, )" o(dz x dy) = / <Z|d1VU i ) n.(dy) 6(dx)

Yi€Y

< (d,)" /X V@) ) 0(a) < 00, @26)

according to the assumption (3.35). As a result, combining the bounds (4.25) and (4.26), we
see that ) € L"(Z, ), as claimed. O

Let us define the space H"'(¥) (n > 1) as the set of functions f € L"(%, d) satisfying,
for any compact B C X, the condition

Z/xIIVf(y)II’fdy = /xB (Z IVyif(y)|> dy < oo. (4.27)

Yi€y

Due to the elementary inequality (|a| + [b])" < 2" *(|a|™ + [b|"), H""(X) is a linear space.
The integrability condition in Lemma 4.6 on the vector logarithmic derivative (3, (z) can
be characterised as follows.
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Lemma 4.7. Assume that, for some integer n > 1, hl/n Hb "(X) for 0-a.a. x € X. Then

loc

fZB |8, (2)|IT 02(dz) < oo if and only if for any compact B C X

/ k2 (R 0(dr) < 0. (4.28)
X

Proof. Substituting formula (4.24), it is easy to see that
Vy,ha \ a-
> utail )hxw)dye(dx)

/H@7 &(dz) //3€B<
-, /x< fylhl(u)i)ndy e

Yi€yY

:n”/X/XB (Z\vyl 7)) \)ndge(dx)

Yi€yY

= n"/ KE(hY™) 0(dz) < oo,
b

according to (4.27) and (4.28). ]
From now on, we assume the following

Condition 4.1. For any compact B C X, the vector logarithmic derivative 3, defined in
(4.24) satisfies the integral bound

/Z 18,(2)]1 6(d2) < oo,

4.3.2. Integration by parts for 7, as a push-forward measure. Using the general IBP
framework outlined in Appendix B, and in particular picking up on Remark C.1, let us con-
sider the special case with W = J = |_|ZO:1 W™, where W is a Riemannian manifold,
Y:=X=|[, X"and ¢ := @,, where the maps @,: W — X (z € X) are described in
Section 3.4. We assume that o, € CZ(W, X ) uniformly in z € X (i.e., with global constants
bounding the first two derivatives, dy,(w) and d%¢,(w)). Furthermore, given a probability
measure () on 27, consider the family of measures {7, }.c x on X defined by (cf. (3.40))

—5'Q, z€X. (4.29)

We need the following two integrability conditions on the vector logarithmic derivative
Bq(w) and the number of components Ny (w) in a (random) vector w € 20, both involving
the f-measure of the droplet cluster D (w) for any compact B C X (see (3.42)),

[ 156(@)17 0(Da(w) Q(an) < . @30
/Qn Ny ()" 6( Dy () Q(dit) < oo @31)

We can now prove the following result.
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Theorem 4.8. Suppose that the conditions (4.30) and (4.31) hold for some n > 1. Then the
Jfollowing statements are true:

(a) The function Nx(y) satisfies the integrability condition (3.35), that is, for any com-
pact set B C X

/ Ny (5)" n.(dg) 0(dz) < oo. (4.32)
X JXp

(b) For any v € Vecty(X), the measure 1, satisfies the IBP formula (4.23) with the
corresponding logarithmic derivative ﬁ};’ e L"(Z,0).

Proof. (a) By the change of measure (4.29), we obtain (cf. the proof of Lemma 3.8)
| [ M@ mtap oo = [ [ 1, (et Vo) Qedw) o(ar)
X Jxp xJa

- [ Nwtor ( [ 1ot e<dx>) Q(dw)
_ /mNWm)”e(DB(w))Q(d@ <o,

according to the condition (4.31), and so the first part of the theorem is proved.
(b) Recall that the vector field v on Z = X x X is defined by
'lA}(%, g) = (U(yi))yieg> :U = (yz) € X. (433)
Then, owing to the component-wise structure of the map @, (cf. (3.39)), we have
(Z5,0)(2,0) = (Tp0)(w), 0 @ = (w,) € W.

It is clear that & € Vect; (X). Moreover, Z,, v € Vect, (W), Z,,© € Vect; (20) uniformly in
x € X, which implies that

Ci:= sup |Z,v(w)| < oo, (4.34)
zeX, weW
Cy:= sup |divZ,v(w)| < oo. (4.35)
zeX,weW

By Theorem C.1 and Remark C.1 in Appendix C, the measure 1, = ¢} () satisfies the IBP
formula (4.23) with the logarithmic derivative

Bz, 9) = (T5,85°") @), x€X, jEX, (4.36)

where
ﬁgf”"ﬁ(% w) = (Be(w), Zp, 0 _))Tm% + divZp, 0()

= > (Ba(@)i, Iy, 0(w)) g, 4y + D divT,, v(w,).

w; EW w; EW

Let us show that 3) € L"(Z,5). Recall that the map Z; : L"(20,Q) — L"(%,7,) is an
isometry. Thus, according to (4.36) and after the change of measure (4.29), we have

/Z}@?(Z)Inﬁ(dZ)é/X/xHﬁE(:c,z?)||f6(dfc><dz7)
:/X/wnﬁé“ﬁ(x,w)mQ(dw)&(dx).
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Observe that supp Z;, 0 = ¢, ' (X, ), where K,, := supp v. Then, similarly to the proof of
Lemma 4.7, we obtain

/X /gn‘ (Be(@), L5, (1)) 1, | Q(dwD) O(d)
: /X/zl(aexv) (Z- 1Bol@) |I‘Pwv(wi)|> Q(dw) 0(dx)

< swp |7, / > Ifa(m) )(/X 1xK1,<sox<w>>e<dx>)Q<dw>

zeX,weW

yer / 1o (@) [ 8(Dr, () Q(dw) < oo,

according to the condition (4.30). Similarly, using the bound (4.35) and making the change
of measure (4.29), we get

/X/ | divZy, 0(w)|" Q(dw) 6(dx)

gage>

< sup |diVI§DIv(w)\”/X/__1 )Nw(w)” Q(dw) 0(dx)

zeX, weW

| div Z,,, v(w;) |) Q(dw) O(dx)

oy /X [ N ) o) <

according to part (a). Thus, part (b) of the theorem is proved. [

Remark 4.3. Recalling a simple bound (3.48) for the #-measure of the droplet cluster D (w0),
we observe that, under the condition (3.46) (see Proposition 3.9), conditions (4.30) and (4.31)
of Theorem 4.8 specialise, respectively, as follows,

/ 1Bo(@)II" Nw (@) Q(d) < oo, / N (@)™ Q(dw) < oo
20 20

Similarly, the assumptions of Proposition 3.10 imply that sup.q;0(Dp()) < oo (see the
proof), so that conditions (4.30) and (4.31) transcribe, respectively, as

[ 1ol @an) <o, [ Nwtw) Qlan) < o.

4.3.3. Integration by parts for the cluster measure 1i;. Denote by FC; () the class of
functions on I, of the form

F(3) = f((#1,9)s -, (w,7), T €Iy, (4.37)

where k € N, f € C°(R¥) and ¢y, ..., ¢ € C(Z) := the set of C*-functions on Z with
o-finite support (cf. (4.1)).
For any I’ € FC(I'x) we introduce the function F= 1.5 : I'; — R. It follows from
the condition (3.33) that
F e FCy(Iy). (4.38)

31



Theorem 4.9. The measure i satisfies the following IBP formula

/F VIF() i(dd) = — /F F(3)BL(5) i), (4.39)
where ) )
Bi(4):= Y _ B(x,h) € L'(I'z, jr). (4.40)
(z,9)€7

Proof. Let us first observe that the integral on the left-hand side of (4.39) is well defined
because /i € M}(I'z). Indeed, the inclusion (4.38) implies that the function

=Y ViF(§)-i(m), =9 €Z Y€y

z€9
is bounded and has 6-finite support, which implies that G € L'(Z, &). Thus the function
Iz 24 = (G,7) = Vi F(3)

belongs to L*(I'z, ji) by the definition of the class M} (I'z).
Using the decomposition (2.18) of the measure /i and taking the notational advantage of
the one-to-one association = < ¢, for (x,4,) € ¥ = (v, 7") (see (2.14)), we obtain

/FZVFFU (44) / (/ SOV () 7 (A ))u(dv)

/> (/ VV” Pl g7) 7)) ()

:/ > (/ Ve F(v,77) ®mf(dﬂxf)) p(dy), (4.41)
I'x zEY xv '€y

by a product structure of 77 (see (2.16)). Furthermore, on applying the IBP formula (4.22)
the right-hand side of (4.41) is represented in the form

_/FXZ

_/r (LZF 1) By 5) ”<dy”>) p(dy)
== /F F(3)B(7) 7).

which proves formula (4.39).
Finally, in view of Condition 3.3, Lemma 3.6 implies that i € M?%(['z), and by Defini-
tion 3.1 and Condition 4.1 it follows that B}, € L' (I, ft). O

The next two theorems are our main results in this section.
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Theorem 4.10. For any function F' € FC(I'x), the cluster measure i satisfies the following
IBP formula

/F > VLF() - v(@) pa(dy) = — / F(v) B, (7) pa(dy), (4.42)

I'x
where B}, (v) == T; B} € L'(I'x, jia) (see (4.17)) and the logarithmic derivative B} (7) is
defined in (4.40).

Proof. For any function I € FC(['x) and vector field v € Vecty(X), let us denote for
brevity
H(z,7) :=V,.F(y)-v(x), reX, yelk. (4.43)

Furthermore, setting F= 1,F : I'; — R we introduce the notation
H(z,%) == ViF(#) - 0(7), 2= (z,9) € Z, €Iy (4.44)

From these definitions, it is clear that

T, (Z H (m)) =D H(z%). A€z (4.45)

ey z€Y

By Theorem 4.9, the measure /i satisfies the IBP formula

| Steaaa) =~ [ PGB i), (4.46)

z€Y I'z

where the logarithmic derivative B} () = (37, 4) belongs to L'(Iz, j1) by Theorem 4.9.
Now, using formulae (4.44), (4.45) and (4.46), we obtain

[ > H@patan = | ( > vquFm-@@)) i)
I Iy (

X zey

where Z; B} € L'(I'x, j1c1) by Lemma 4.3. Thus, formula (4.42) is proved. O

Remark 4.4. Observe that the logarithmic derivative Bf(7) = (8},7) (see (4.46)) does not
depend on the underlying measure j, and so it is the same as, say, in the Poisson case with
p = mg. Nevertheless, the logarithmic derivative B, | does depend on p via the mapping Z ;.

According to Theorem 4.10, B € LY(I'z, ji). However, under the conditions of

Lemma 4.6 with n > 2, this statement can be enhanced.

Lemma 4.11. Assume that [, |3,(z)|" 6(dz) < co form = 1,2,...,n and some integer
n > 2, and let the condition (3.35) hold. Then B}, € L™(I'y, pa).
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Proof. By Lemmata 3.7 and 4.6, it follows that (3;,9) € L"(I'z,j1). Letr := n/(n — 1),
so that n=" + r~* = 1. Note that Z, can be treated as a bounded operator acting from
L"(I'x, par) to L7 (I'z, f1). Hence, Z; is a bounded operator from L"(I'z, i1)" = L"(I'z, j1) to
L"(I'x, pa)" = L"(I'x, p1a1), which implies that B, = Z;( };’,f?) € L"(I'z, fte1)- H

Formula (4.42) can be extended to more general vector fields on ['y. Let FV(I'x) be the
class of vector fields V' of the form V' (v) = (V (7)) zeqs

k

V(1) =Y Gi(7)vj(x) € TLX,

j=1

where G; € FC(I'x) and vj € Vecto(X), j =1,..., k. For any such V' we set
\%  (7* LV
B, (v) = (Z3B;" )(),

where Bg“v(ﬁ) is the logarithmic derivative of /i along Z,V' (¥) := V (q(%)) (see [3]). Note
that Z,V" is a vector field on I’z owing to the obvious equality

T5l’z = Tos I x-

Clearly,

BY (v) = é(a )BZ (1) + D VaGi(v) ))

rey

Theorem 4.12. For any Fy, F, € FC(I'x) and V € FV(I'x), we have

/p > VaFi(7) - V(1)a F2(7) pa(d)

xrey

=~ [ RO X VB0 VO @) - [ BOBGBL 6 )

Proof. The proof can be obtained by a straightforward generalisation of the arguments used
in the proof of Theorem 4.10. ]
We define the vector logarithmic derivative of i as a linear operator

BMd: FV(FX) - Ll(FXaﬂcl)

via the formula
Bﬂclv(fy) = B/‘J,/;l (7)

This notation will be used in the next section.

4.4. Dirichlet forms and equilibrium stochastic dynamics

Throughout this section, we assume that the conditions of Lemma 3.7 are satisfied with
n = 2. Thus, the measures i, ji and /1. belong to the corresponding M?-classes. Our con-
siderations will involve the /'-gradients (see Section 4.1) on different configuration spaces,
such as Iy, I'x and I'z; to avoid confusion, we shall denote them by V%, Vi and V7,
respectively.
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Let us introduce a pre-Dirichlet form &, associated with the Gibbs cluster measure i,
defined on functions Fi, Fy € FC(I'x) C L*(I'x, 1) by

Eual i F) i= [ (VEF(). VER(), (), 447
I'x
Let us also consider the operator H,,  defined by
H, F:=-A"F+ B, VLF, F e FC(I'y), (4.48)

where A"F(v) := 3 . A, F(y) and A, denotes the Laplacian on X acting with respect
toxr €.

The next theorem readily follows from the general theory of (pre-)Dirichlet forms asso-
ciated with measures from the class M?(I'x) which satisfy the integration-by-parts formula
(see [4, 26]).

Theorem 4.13. The pre-Dirichlet form (4.47) is well defined, i.e., £, (F1, F») < oo for all
Fy, Fy € FC(I'x). Furthermore, the expression (4.48) defines a symmetric operator H,  in
L*(I'x, pa), which is the generator of &,,,, that is,

Eud(Fl,Fg) = / Fl(")/) HMCIFQ(’)/) ,ucl(d’y), Fl, F2 € FC(FX) (449)
I'x

Formula (4.49) implies that the form &, is closable. It follows from the properties of
the carré du champ >, V. Fi(7y) - V. Fy(7) that the closure of £,,, (for which we shall

keep the same notation) is a quasi-regular local Dirichlet form on a bigger state space I'x
consisting of all integer-valued Radon measures on X (see [26, condition (Q), page 298,
and Subsection 4.5.1]). By the general theory of Dirichlet forms (see [25]), this implies the
following result (cf. [3, 4, 10]).

Theorem 4.14. There exists a conservative diffusion process X = (X;, t > 0) on Iy,

properly associated with the Dirichlet form &, ,, that is, for any function F € L*(I'x, jic)
and all t > 0, the map

I'x 37— pF(y) = / F(X,)dP,
9}

is an.EHd -quasi-continuous version of exp(—tH, ) F. Here (2 is the canonical sample space

(of I x-valued continuous functions on R,) and (P,, v € r x) is the family of probability
distributions of the process X conditioned on the initial value v = Xy. The process X
is unique up to q-equivalence. In particular, X is po-symmetric (i.e., | FipiF>dpa =

ng peFy dpey for all measurable functions Fy, Fy : I'x — R.) and g is its invariant
measure.
4.5. On the irreducibility of the Dirichlet form

Let &; be the pre-Dirichlet form associated with the Gibbs measure /i, defined on functions
Fi,Fy € FC5(I'z) C L*(I'z, j1) by

Ea(F1 Fy) = / (VEF(3), VEF(3))5 dd). (4.50)

I'z
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The integral on the right-hand side of (4.50) is well defined because i € M3(I';) C
M} (I'y). Indeed, the function

G(z) = (V2F1(7), V2F2 (7))
is bounded and has a 6-finite support, which implies that G € L'(Z, &). Thus the function
I'z 39— (G,y) =(VzF1(7), Vz F2(7))5

belongs to L?(I'z, ji) by the definition of the class Mj(I'z). It can be shown by a direct

computation that
&

o (B F) = E4(ZyF, I, F), F e FC(I'y). 4.51)

Note that the pre-Dirichlet form (£;, FCs (7)) is not necessarily closable. A sufficient
condition of its closability is an IBP formula for the measure /i with respect to all directions
in I'; rather then only in X" (cf. Theorem 4.9), which requires in turn some smoothness
conditions on the measure 1 and also on the measure 7, as a function of x € X. Such condi-
tions are satisfied, for instance, if X = R?, 1 is a Poisson measure or, more generally, Gibbs
measure with a smooth interaction potential, and the family {7, } is defined by translations
of a parent measure 7, (i.e., 7, (B) := no(B — z)). This case has been studied in great detail
in [10, 11], where formula (4.51) was extended to all functions /" from the domain of &,
(with the closure & of the pre-Dirichlet form (€;, FCs(I'7)) on the right-hand side). In turn,
this makes it possible to characterise the kernel of the Dirichlet form &, , via the kernels of
the forms gﬂ and &,; in particular, it has been proved in [10, 11] that &, is irreducible (that
is, its kernel consists of constants) whenever &,, is such.

Let us remark that irreducibility is an important property closely related to the ergodicity
of stochastic dynamics and extremality of invariant measures. It seems plausible that in our
situation the irreducibility of £, | is controlled by the properties of the distribution of centres
w rather then the cluster distributions {7, }, but this remains an open question.

5. Examples

In order to make tractable the general cluster model discussed above, one needs an efficient
method to construct the family {7, }.cx of cluster distributions attached to centres x lying on
a ground configuration . In the situation where X is a linear space, this is straightforward
by translations of a parent distribution 7, specified at the origin (see Section 5.1). For other
classes of spaces, the linear action has to be replaced by another suitable transformation (see
Sections 5.2, 5.3 and 5.4.1). More direct methods may also be applicable based on specific
properties of the space structure, for instance by confining oneself to a class of distributions
with a suitable invariance property (cf. Section 5.3) or by exploiting the space metric, leading
to “radially symmetric” distributions (see Section 5.4.2).

We discuss below a number of selected examples where this programme can be realised.
In so doing, we will mostly be using the push-forward method of Section 3.4. Specifically,
the discussion of the resulting cluster measure i) in each example will be essentially con-
fined to the following two important aspects:

(i) verification of general sufficient conditions for the cluster process configurations to
be proper, such as Condition 3.4’ in Proposition 3.9 specialised to the conditions of
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Propositions 3.9 and 3.10 (local finiteness), and the conditions of Propositions 3.11
and their particular cases in Propositions 3.12 and 3.13 (simplicity); and

(i1) verification of appropriate smoothness conditions on the mapping , that we imposed
as a prerequisite of an IBP formula for the cluster measure i, (see the beginning of
Section 4.3.2).

5.1. Euclidean spaces

In the situation where X = RY, the family {n:}zex of cluster distributions can be con-
structed by translations of a parent distribution 7, specified at the origin [10, 11]. This can
be formulated in terms of the construction of Section 3.4. Take W := X and define the
family of maps ¢,: X — X (z € X) as translations

0:(y) =y +x, y e X. (5.1)
Then the definition (3.41) of the droplet Dg(y) specialises to
Dp(y)=B-vy, ye€X, BeB(X).

Furthermore, formula (3.43) for the droplet cluster now reads

Dp(y) = U (B — ), yex,
Yi€y
which makes the notion of the droplet cluster particularly transparent as a set-theoretic union
of “droplets” of shape B shifted to the centrally reflected coordinates of the vector y = (y;).
The parent measure () on X (see (3.40)) can then be interpreted as a pattern distribution 7,
and the measures 7, are obtained by translations of 7, to points = € X:

Ne(B) == @smo(B) =mo(B —xz),  BeB(X). (5.2)

Let us discuss in this context the criteria of properness of the corresponding cluster mea-
sure /i laid out in Section 3.4. First of all, conditions (3.46) and (3.47) of Proposition 3.9
(which guarantee Condition 3.4") are reduced, respectively, to

upd(B —y) < oo, [ Ne(g)m(dy) < o (53)
x

yeX

In turn, the first condition in (5.3) is satisfied, for instance, if the measure 6(dz) is abso-
lutely continuous with respect to Lebesgue measure dx on X and the corresponding Radon—
Nikodym density is bounded (cf. Remark 3.10). Next, condition (i) of Proposition 3.10 (i.e.,
continuity of (, in x) is obviously satisfied for (5.1), while condition (ii) holds with a com-
pact B, = B —y (y € X). Finally, let us point out that the use of Propositions 3.12 and
3.13 is greatly facilitated by the fact that the equation ¢, (w) = z, reducing for (5.1) to the
equation w + y = x, has the unique solution y = x — w.

Regarding conditions for IBP formulae, note that the map (5.1) is of course smooth, with
dip, = id (the identity operator) and dp, = 0. Finally, if the probability measure 7y(dz) is
absolutely continuous with respect to Lebesgue measure dz on X, then conditions (4.30) and
(4.31) in Theorem 4.8 can be easily rewritten in terms of the corresponding Radon—Nikodym
density.
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5.2. Lie groups

Let X = G be a (non-compact) Lie group, and g the corresponding Lie algebra endowed
with a scalar product (-, -)4 (see, e.g., [19]). This scalar product generates in a standard way
a right-invariant Riemannian structure on G. The group product of elements g1, g9, € G is
denoted by g19» € G, and e € G stands for the identity of the group G.

Let us show how a family of measures {1, } ,e¢ on & := | |>° , G" can be set out using the
push-forward construction of Section 3.4. Take W := G and define the map ¢,.(¢): GXG —
G as a translation

v.(g9) == gz, g,z €G. (5.4)

By the properties of the Lie group multiplication, the map ¢, (g) is continuous in (g, x) €
G x (G and therefore automatically measurable. In view of (5.4), the definition (3.41) of the
droplet Dg(g) specialises to

Dglg) =g 'B, BeB(G), ged.

Accordingly, by formula (3.43) the corresponding droplet cluster is represented as

Dp(g)= U ¢ 'B, ge®&:=[]G"
gi€g n=0

If ) is a probability measure on &, then on substituting (5.4) into the definition (3.40) we
get B B B B
n(B) = (ZQ)(B)=QBa™), BeB®) (€0 (5.5)

Observe from (5.5) that in fact the measure () coincides with 7).; hence the definition (5.5)
can be rewritten in a “translation” form naturally generalising formula (5.2) in the Euclidean
case, namely

n.(B) =n(Bxz™"),  BeB(®) (xeaq). (5.6)

Specialising the general criteria of properness of . described in Section 3.4, we have
that conditions (3.46) and (3.47) of Proposition 3.9 are reduced, respectively, to

sup (g~ B) < oo, / No(7) Q(dg) < . 57)

geG

Similarly to the previous section, the first condition in (5.7) is satisfied proviso the reference
measure 6 is absolutely continuous with respect to a left Haar measure on G and the cor-
responding Radon—Nikodym density is bounded (cf. Remark 3.10). As mentioned above,
the maps (5.4) automatically satisfy the continuity condition (i) of Proposition 3.10, whereas
condition (ii) holds with a compact B, = B g ' (¢ € G). Moreover, as a natural extension
of the Euclidean case, the equation ¢,(g) = = with (5.4) takes the form gy = x, which has
the unique solution y = ¢~ 'z. Hence, Propositions 3.12 and 3.13 can be easily applied.

In a standard fashion, the Lie algebra g of the group G can be identified with the space
of right-invariant vector fields on (; moreover, all tangent spaces 7,G are identified with
T.G (and therefore with g) via right translations. Under this identification, for the map
¢, (w) defined in (5.4) we have dp,(g) = id for any 2,9 € G, where id : g — g is
the identity operator. It follows that ||dp.(g)|| = 1 and d%p,(g) = O for all 2,9 € G,
which automatically implies that ¢, € C?(G,G) uniformly in x € G. Thus, one can apply
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Theorem 4.8 provided that the conditions (4.30) and (4.31) are satisfied. Finally, if the
probability measure () is absolutely continuous with respect to a left Haar measure on &, then
conditions (4.30) and (4.31) can be easily specified in terms of the corresponding Radon—
Nikodym density.

5.3. Homogeneous manifolds

5.3.1. Construction of cluster distributions 7,. Let G be a (non-compact) Lie group and
X a G-homogeneous Riemannian manifold (see, e.g., [7, 19]). More precisely, G is a closed
subgroup of the group of isometries of X acting on X transitively, that is, for any z,y € X
there exists an element g € G such that g - x = y (equivalently, G - © = X for some, and
hence for all z € X)), and the mapping

GxX>2(gr)—g-rxeX (5.8)

is differentiable. Given a fixed point xy € X, the manifold X is diffeomorphic to the quotient
manifold G/H,,, where H,, := {g € G : g - xy = zo} is the isotropy subgroup of G at z.

Example 5.1. Take X = R< and the group G = R? with the natural additive structure acting
on X by translations. In this case, H,, = {0} for every zo € X.

Example 5.2. Let X = R? and consider G = £*(d), the Euclidean group of isometries of
R? preserving orientation. In this case, Hy = SO(d) and X = £7(d)/SO(d).

Example 5.3. Let X = H be a d-dimensional hyperbolic space. In this situation, G =
SOy(d, 1) is the connected component of the identity in the orthogonal group O(d, 1) of the
canonical quadratic form with signature (n, 1), and X = SOq(d, 1)/SO(d).

Example 5.4. If GG is a Lie group and H is its compact subgroup, then one can use the
quotient manifold X = G/H with the natural G-action on it.

Define a family of maps ¢, : G — X as the group action (see (5.8))
palg) i =g-z, geG zeX (5.9)
Then the definition (3.41) of the droplet Dg(g) takes the form
Dg(9)=9g~" B, BeB(X), gegd,

and the droplet cluster is given by
Dp(9)= U ("~ B). ge®:=l]c"

According to Section 3.4, we can now use (5.9) to define the family of distributions

Ne =@ =Qo @;1, (5.10)

where () is a given probability measure on &.
Conditions (3.46) and (3.47) take the form, respectively,

supdlg ! B) <o, [ Nolg) Qldg) < oo, (5.11)
&

geG
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The first of the conditions (5.11) is satisfied, for instance, if 6 is absolutely continuous with
respect to the volume measure on X and the corresponding Radon—Nikodym density is
bounded (cf. Remark 3.10).

Let us point out that a special class of measures {7, }.cx on & can be constructed some-
what more naturally by essentially reproducing the group translations method for Lie groups
(cf. (5.5)). More precisely, fix an arbitrary point o € X and an H, -invariant measure 7,
on X (i.€., 7)o (hB) = 1, (B) for any B € B(X) and all h € H,,); such a measure always
exists due to the compactness of H,,. Since the group action is transitive, the group orbit of
xo coincides with X, hence each x € X can be represented in the form x = g - z(, with some
g = g» € G. Let us now define the measure 7,, on B(X) by the formula

N = Goloo =T © Gy s T = g - To. (5.12)

It follows that 7, is H,-invariant for each x € X. The definition (5.12) does not depend on
the choice of a solution g, of the equation g - o = z; indeed, if there is another solution g,
then

Mao © Jr ' = Mo © (7' 92) Gy " = Nao © 3
since g, 'g, € H,, and 1, is H,,-invariant.
Remark 5.1. Choosing various subgroups G of the general group of isometries of X may
lead to different representations of X as a homogeneous space. Consequently, formula (5.10)

will define different cluster measures. This is illustrated in the next simple example for the
Euclidean space.

Example 5.5. Let X = R? (d > 2). If G is the group of translations v — x — g (z, g € R%),
then the corresponding homogeneous space is isomorphic to R? and, as described in Section
5.1, the measures 7), are obtained by translations, 7,.(-) = 7o(- — =) (see Example 5.1). Let
now G = £7(d) (see Example 5.2), that is, the group of rotations g = (£, A) with the action
0e(g)i=g-2=Ax — &)+ & (x € RY), where £ € R7and A € SO(d). It is easy to check
that, for a given Borel set B C RY,

;' (B\{z})={9€G: A#1I and £ € (I — A)7 (B — Ax)},
o, ({a)={geG: A#I =z or A=1, { €R'},

where [ is the identity matrix. Consider the simplest case where each cluster contains only
one point; in other words, the measures 7, are supported on X (i.e., 7,(X™) = 0 for n # 1).
Let Q(d¢ x dA) be a probability measure on GG; assume for simplicity that Q{A # I} = 1.
Then the definition (5.10) specialises to

n(B)= QW' (B) = [ QR xan) [ el 61)
SO(d) (I-A)~1(B—Axz)
where Q(R? x d A) is the marginal distribution of A and Q(d&|A) is the conditional distribu-
tion of ¢ given A. Conditionally on A, 7, is obtained from 7 via a translation by the vector
—(I — A)~! Az, which is different from z. If A is truly random, then averaging with respect
to its distribution will further mix up the random shifts —(7 — A)~' Az.
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5.3.2. Verification of smoothness. Our next goal is to show that o, () € CZ(G, X) uni-
formly in x € G for a special Riemannian metric on GG. Following [7, Ch. 7, pp. 181-186],
fix any x € X and let, as before, H, be the isotropy subgroup at x. Then the manifold X
can be identified with the quotient manifold G/H, in such a way that the map ¢,: G — X
coincides with the natural projection G — G/H,. Let b, be the Lie algebra of H,. It is
known that the Lie algebra g of the Lie group G admits a decomposition

g="b,Dr,, (5.14)

where ¢, is a subspace of g invariant with respect to the adjoint representation H, > h —
Ady, of H, in g. Then the tangent space 7, X can be identified with the space r,. The
Riemannian metric of X induces an Ad,-invariant scalar product (-, -),, on r,.

Let us choose an auxiliary Adj-invariant scalar product (-,-)p, on b,. Such a product
always exists thanks to the compactness of H,; for instance, we can set (-, )y, = —B(-, ),
where B is the Killing—Cartan form (see, e.g., [7, Ch. 7, pp. 184-185] or [19, Ch. I, §6,
p. 131]). Observe that the isotropy subgroup at g -z has the form H,., = g- H, g™, therefore
the corresponding Lie algebra is given by h,, = Ad,(h,). We equip it with the scalar
product

(5 )by o= (Adg-r -, Adg-1+)y, .

Moreover, we can set ty., = Adg(zcx), so that the decomposition (5.14) at g - x takes the form
g = Ady(h,) © Ady(xs)- (5.15)
Now we can define a scalar product (-, -),, on g by setting for all h € b,.,, 7 € ty

(h +, h + r)gﬂ = (h’ h)hg-x + (T’, T)

Ly

The G-invariance of the Riemannian metric on X implies that
(" ')979 = (Adg’1 " Adg*1 ')976- (516)

The family of scalar products (-, )4, (¢ € G), defines a Riemannian metric on . Note that
this metric is neither left nor right invariant.

For a fixed z € X, let us compute the derivative dy,(g) : 7,G — T,,X of the map
G 3 g+ ¢.(9) = g-x € X. As in the previous section, we identify the tangent space T,G
with the Lie algebra g by right translations; under this identification,

de.(9) = Py, ge G, reX. (5.17)

Observe that P,., : g — &4, 1s an orthogonal projection (with respect to the scalar
product (-, -)4 4, on g). Therefore,

[dee(g)] <1 (5.18)

and dy,(g)* : 4. — @ is an isometry. Moreover, it follows from (5.15) that
dp.(9) = AdgoP, 0 Ady-1 . (5.19)
Considering dg,(-)V as a map from G to g (via the embedding ¢, C g), we obtain

A%, (9)(U, V) = (ady 0Py — Py 0 ady)V, (5.20)
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forany U,V € g. This, together with (5.18), implies that

sup [|d*¢.(g)]| < oo.
reX, geG

Thus, ¢, € CZ(G, X) uniformly in z € G, so one can apply Theorem 4.8 provided that
the conditions (4.30) and (4.31) are met. Finally, if the probability measure () is absolutely
continuous with respect to a left Haar measure on &, then (4.30) and (4.31) can be specified
in terms of the corresponding Radon—Nikodym density. Note that the norm used in the
condition (4.30) is generated in this case by the special Riemannian structure (5.16) on G.

5.4. Other examples

In this section, we briefly discuss two further examples illustrating possible ways of con-
structing cluster distributions 7,,.

5.4.1. Manifolds of non-positive curvature. Let X be a complete, path-connected man-
ifold with non-positive sectional curvature (Cartan—Hadamard manifold). In this case, for
every two points =,y € X there is a unique geodesic g, (), t € [0, 1], such that g, ,(0) = =,
9zy(1) = y. Assume in addition that X is simply connected. It follows from the Cartan—
Hadamard theorem that the exponential map exp, : 7, X — X is a diffeomorphism for every
x € X (see,e.g., [13,21]).

Choose zy € X, and let

dGzpz @ Tho X — Tp X

be the parallel translation along the geodesic ¢,, .. To deploy the construction of Section
34, wesetW =T, X and

Py = €xp, 0dgy,» : W — X.

For a given probability measure () = @), on (T}, X)&°, consider the corresponding translated
(push-forward) measures on (7., X)g°,

Qe = dgy, Qo r e X. (5.21)

According to a general formula (3.40), we can now define a family of probability distribu-
tions on the space X by

Ne = P Qo = €Xpy, Qu, z € X. (5.22)

Remark 5.2. In fact, X is essentially the Euclidean space R? (¢ = dim X) with a non-
constant metric which defines a family of exponential maps exp,: R? — R? (z € R9). In
this interpretation, we have W = R? and ¢, = exp,: W — X.

Remark 5.3. Consider the diffeomorphism
Uy 1= €XP, 0 dgsgz © exp;01 i I (5.23)
From (5.21), (5.22) and (5.23) it follows that the family of distributions {7, }.c x is transla-

tion invariant in the sense that ), = %n,, (v € X).
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5.4.2. Metric spaces. Let (X, p) be a metric space, endowed with the natural topology
generated by the open balls BY(z) := {2’ € X : p(x,2') < r} (z € X, r > 0) and equipped
with a (locally finite) reference measure .

In this section, we construct an example of a family of probability measures {7, (d7) }.ex
on X = || X", based on a different idea that avoids using any family of maps ¢, as in
Sections 5.1-5.3. To this end, note that by a radial-angular decomposition (based on Fubini’s
theorem) we can represent the J-volume of a (closed) ball B,.(x) := {2’ € X : p(z,2') <r}

(x € X) as )
o= [ (f o Pl ) Phalds) (5.24)

where 9B,(x) = B,(x) \ B}(x) is the sphere of radius r centred at x, V7, (dy|r) is the
uniform “surface” measure on 0B, (x) induced by the measure ¥(dy), and 9% ,(dr) is the
radial component of ¢ as seen from x. According to formula (5.24), the measure 1) can be

symbolically expressed as a skew product

ﬁ(dy) ang(dy| ) rad (d?”)

T:p(l‘7y) ‘

Forz € X andy € X, set p(z,y) := (p(x,v:))y.e5 € X. As usual, the measure ¥/ can be
lifted to the space X by setting
0(dy) == @ I(dy;), yeX (5.25)
Yi€Y

Similarly, for each z € X define

Qgrxad( ) ® 79rad(d,ri)7 (526)
T{ET

ﬁgng( y ) ® ﬂang(dyi‘ri>' (5.27)
Yi€yY

Let us now fix a point zy € X, and let f: RG> — R, be such that [, f(7 ) 920 (dF) = 1.
Then we can construct a family of cluster distributions by setting, for each z 6 X

(dg|7) i
ang

. jex (5.28)
ang(aB( )| ) F=p(x,7)

That is to say, under the measure 7, a random vector % is sampled in two stages: first, a vector
7 of the distances from z to y is sampled with the probability density f(7) (with respect to
the measure 9°%,), and then the components y; of i are chosen, independently of each other,

with the uniform distribution over the corresponding spheres 0B, (z), respectively.

N:(dy) = f(F) Dig(dr) -

Remark 5.4. By the definition (5.28), the measure 7),, may be considered as a “translation” of
the pattern measure 7,, from x, to x; however, this is not being done by a push-forward of
7., Under some mapping ¢, of the space X, as prescribed by the general recipe of Section
3.4; instead, we compensate the lack of such a mapping by using the same statistics of the
distances at each point € X (prescribed by the pattern distribution ¥;2,) and by taking
advantage of the uniform distribution on the corresponding spheres, which does not require
any further angular information.

Remark 5.5. If there is a group G of isometries of X acting transitively, then we can use the
same method as for homogeneous spaces (see Section 5.3).
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Appendix

A. On a definition of the skew-product measure /i

In order to verify that the measure /i is well defined by the expression (2.17) (which requires
the internal integral in (2.18) to be measurable as a function of v € I'x), we shall construct
an auxiliary measure £ on [’y X X°° and show that /i is its image under a certain measurable
map.
Let us fix an indexation i = {i,, v € I'y} in I'y, where i, : v — Nis a bijection for each
v € ['x. Define
I'xi1:={(v,x)eI'x x X: z e~}

The indexation i defines a natural bijection

I'x12(v,2) = (7,iy(z)) € I'x xN. (A.1)

Moreover, the indexation i can be constructed so that the bijection (A.l) is measurable
(see [31]). This ensures that the map

Iy 59 jGi(y) =1, (k) € X (A2)

is measurable for each £ € N.
Consider a family {v7, v € I'x} of measures on X*° defined by

VI(dy) == @ iy (dy),  § € X,
kEN
If A€ B(X>~)isacylinderset, A= A; x --- x A, x X x ---, then
v'(A) = S_@l Mjw () (Ar)-

The function I'y > v +— v7(A) € R is measurable due to the measurability of ji () and
Condition 2.1. Hence, the measure

f(dy x dy) = v7(dy) p(dy), (7.9) € I'x x X%,

is well defined.

Finally, a direct calculation shows that the measure i defined by (2.17) can be represented
as 1 = Z*i, where Z: I'x x X*° — I'y x X7 is a measurable map defined by (7, (yx )ken) —
(75 (¥j(+) ) ken)- This proves the result.

B. Correlation functions
For a more systematic exposition and further details, see the classical books [16, 28, 29];
more recent useful references include [4, 22, 23].

Definition B.1. Let ;1 be a probability measure on the generalised configuration space re,
and let ¢ be a (locally finite) measure on X . Then the correlation function Ky X" — R, of
the n-th order (n € N) of the measure p with respect to 6 is defined by the following property:

44



for any function ¢ € M, (X™) symmetric with respect to permutations of its arguments, it
holds

[, X dmna

X {ivl ----- xn}c"/

1
= — (1, mp) Ky (21, @) O(dy) -+ - O(day ). (BL1)

n‘ Xn

Remark B.1. Note that possible multiple points on the configuration v € I’ )ﬂ( will lead cor-
respondingly to some coinciding points among {x1,...,x,} C - on the left-hand side of
formula (B.1) (cf. our convention on the use of set-theoretic notation, see Section 2.1).

By a standard approximation argument, equation (B.1) can be extended to any (symmet-
ric) functions ¢ € L'(X™, %),

Condition B.1. Correlation functions (21, ..., ;) up to the n-th order (n € N) of the
measure . with respect to 6 exist and are bounded.

Remark B.2. Formula (B.1) with n = 1 and ¢(z) = 1p(x) for B € B(X) shows that
Condition B.1 automatically implies that p-a.a. configurations -~y are locally finite.

Lemma B.1. Assume that Condition B.1 is satisfied with some n € N. Then u € Mj(I'x).

Proof. Similarly as in the proof of Lemma 3.6, we obtain (cf. (3.28))

/F )" pld) < / (wan) ()

ey

— Z/F Z (1, ) u(dy), (B.2)

x {z1,0, Tm }Cy

where ¢, (x1,...,2,,) is a (symmetric) function given by the expression (3.29). Note that,
by definition of the correlation functions (see (B.1)), the integral on the right-hand side of
(B.2) is reduced to

1
_| qbn(xl"'wxm) R:Ln(xh”'uxm) Q(dxl)g(dxm) (B3)
m! xm
By Condition B.1, " < ¢, (m = 1,...,n) with some constant ¢,, < oo. Hence, the

o
integral in (B.3) is bounded by

[ _
> ST 1 ) < o, ®.4)

I

since each integral in (B.4) is finite owing to the assumption f € [, <q<n 1! (X,0). As a
result, the integral on the left-hand side of (B.2) is finite, and the lemma is proved. U
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C. Integration-by-parts formula for push-forward measures

For any Riemannian manifolds WV and ), denote by CZ(W, Y) the space of twice differen-
tiable maps ¢: W — ) with globally bounded derivatives d¢, d2¢. In particular, for any
w € W, the first derivative d¢(w) is a bounded linear operator from the tangent space Tz W
to the tangent space 7). In what follows, we fix ¢ € CZ(W, ). Note that the adjoint
operator de(w)*: T;(w)y — T3V can be identified with a bounded operator from 7))
to T'zVV via the scalar products in the tangent spaces T3V and Ty5)) (defined by the Rie-
mannian structure of the manifolds YV and ), respectively). Furthermore, define Vectll)(W)
as the space of differentiable vector fields on VW with a globally bounded first derivative.

Definition C.1. We say that a probability measure ()(dw) on W satisfies an integration-by-
parts (IBP) formula if for any vector field V € Vect; (W) there is a function By € L'(W, Q)
(logarithmic derivative of @ in the direction V) such that, for any g € C}} (W), the following
identity holds

/ (Vg(@), V(@))gw Q) = — / o() BY (@) Q(dw). 1)
w

w

Whenever it exists, the function ﬁg can be represented in the form
By (@) = (Bo(w), V(0))r,w + div V (w), wEW, (C.2)

where (3 is a vector field on W (called the vector logarithmic derivative of () satisfying

| 1ato)

Consider the push-forward measure 77 := ¢*() on ), and denote by Z, the operator acting
on functions f: )} — R by the formula

Iyf = foo9.

Because of the definition of the measure 7, the operator Z is an isometry from L" (), n) to
L™(W,Q), for any r € [1, 00]. Hence, the adjoint operator defines an isometry between the
corresponding dual spaces,

T W Q(d@) < Q.

Z5: L'W,Q) — L"(Y,n)"

Furthermore, for any r € (1,00) we have the isomorphisms L"(W, Q) = L"(W, Q) and
L"(Y,n) = L™(Y,n), where n = r/(r — 1) (see, e.g., [30, Ch. II, §2, p. 43]). Since r > 1
is arbitrary, this means that 7} can be treated as an isometry from L"(W, Q) to L"(Y,n) for
any n > 1. Moreover, repeating the arguments used in the proof of Lemma 4.3, it can be
shown that the same also holds for n = 1. To summarise, for any n > 1 the operator

Ig:L"W,Q) — L"(Y,n)

1s an isometry.
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Theorem C.1. Let ¢ € CZ(W,)) be such that the operator
dqb(ﬂ))*: T¢(w)y — TeW, w e W,

is an isometry, and suppose that the measure () satisfies the IBP formula (C.1). Then the
push-forward measure 1 = ¢*Q satisfies an IBP formula with the logarithmic derivative
BY =T33y, where V =V is a vector field on W given by

V() = do(w)* U(p(w)), U € Vect, ().

Proof. Note that V' € Vect, (W). Applying the IBP formula (C.1), making the change of
measure 17 = ¢*() and taking into account that d¢(w)d¢(w)* is the identity operator in
Ty Y, we see that (C.1) holds for n with the corresponding logarithmic derivative 677U =
T;;35. Finally, the n-integrability of 3 follows by the isometry of Z*. O
Remark C.1. All of the above remains true in the case where W = | |[Z W, and Y = | |Z, Vi
are countable disjoint unions of Riemannian manifolds (W;) and ();) respectively, and the
mapping ¢ acts component-wise, that is, ¢ : WW; — ). Although the spaces WV and Y do not
possess a proper Riemannian manifold structure, all notions introduced above (including the
IBP formula (C.1)) can be understood component-wise, and we use the analogous notation
without further explanations.
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