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Abstract

This paper considers the use of matrix models and the robustness of a gradient-based Iter-
ative Learning Control (ILC) algorithm using both fixed learning gains and gains derived from
parameter optimization. The philosophy of the paper is to ensure monotonic convergence with
respect to the mean square value of the error time series. The paper provides a complete and
rigorous analysis for the systematic use of matrix models in ILC. Matrix models make analysis
clearer and provide necessary and sufficient conditions for robust monotonic convergence. They
also permit the construction of sufficient frequency domain conditions for robust monotonic con-
vergence on finite time intervals for both causal and non-causal controller dynamics. The results
are compared with recent results for robust inverse-model based ILC algorithms and it is seen
that the algorithm has the potential to improve robustness to high frequency modelling errors
provided that resonances within the plant bandwidth have been suppressed by feedback or series
compensation.

Keywords: Iterative learning control, robust control, parameter optimization, positive-real

systems

1 Introduction

Iterative Learning Control (abbreviated to ILC in the sequel) is concerned with the performance of

systems that operate in a repetitive manner and includes examples such as robot arm manipulators and



chemical batch processes, where the task is to follow some specified output trajectory in a specified
time interval with high precision. ILC uses information from previous executions of the task in
an attempt to improve performance from repetition to repetition in the sense that the tracking error
(between the output and the specified reference trajectory) is sequentially reduced to zero (see [1] and
[9]). Note that repetitions are often called trials, passes or iterations in the literature.

This paper introduces the idea of gradient-based ILC algorithms for discrete-time systems and
analyses the behaviour and robustness of these algorithms. Note that the analysis of continuous-time
gradient based algorithms have been carried out in [3] and [8]. In this paper, robustness is defined in

terms of a new concept of Robust Monotone convergence introduced by the authors in [4]:

Definition: An ILC algorithm has the property of robust monotone convergence with respect to a
vector norm || - || in the presence of a defined set of model uncertainties if, and only if, for every
choice of control on the first trial (and hence for every choice of initial error) and for any choice of
model uncertainty within the defined set, the resulting sequence of iteration error time signals con-

verges to zero with a strictly monotonically decreasing norm.

The requirement of monotonicity is representative of a practical requirement to improve tracking
from trial to trial. The mean square value of the error time series is used as a norm as it will be seen
that it has useful analytical properties in generating checkable design conditions.

A companion paper [4] uses the idea of an inverse model-based algorithm with learning gain 3 €
(0, 1) with excellent results if the plant model mismatch is zero but, in the presence of a multiplicative

uncertainty (with transfer function U (z)), robust monotone convergence is ensured if

|;—U<z>r<;, izl =1 ()

A simple analysis of this expression indicates that:

1. significant high frequency errors such as high frequency parasitic resonant modes will require

small values of learning gain 3 and hence slow convergence of the algorithm.

2. In addition, the phase of the uncertainty must lie in the open range (—7, 7 ), a fact that con-
strains the form of uncertainty that can be tolerated. It arises from the monotonicity requirement

and is equivalent to U (z) being strictly positive real.

3. If U(z) is not known but is known to belong to the set characterized by an inequality of the



form
1

€ €
ﬁ* ﬁ* ’

then robust monotone convergence is guaranteed for all choice of gains in the range 0 < 3 < 3*

- U(z)] < Viz| =1 )

(see [11] for a more extensive review of this topic).

In contrast, for a process with transfer function G(z) = Gy(2)U(z) where G(z) is a nominal model
used for control purposes, this paper will show that the proposed gradient-based algorithm is robust
monotone convergent if

1 1
5~ Go(2)PU(2) < 5, Vlzl =1 3)

/8 )
This does not remove the need for a strictly positive real U (z). It can however remove the destabiliz-
ing effect of high frequency errors as, in practice, both G(z) and G (z) are low pass filters and hence

Go(z) will be small at high frequencies.

This paper derives the basic relationships for robust monotone convergence in the two cases of:
1. A constant learning gain .

2. A sequence of learning gains {31 } x>0 obtained using a parameter optimization method sim-

ilar to that introduced in [10].

Following a formal definition of the problem, a "static" matrix model of the dynamic process is
introduced. This model makes analysis simpler than analysis using the state space model directly but
requires the derivation of a number of algebraic properties of such models. These properties are very
useful for manipulation and interpretation purposes.

The gradient- based algorithm is then introduced firstly in the absence of modelling errors and
then in the presence of multiplicative modelling errors. The results are expressed initially in terms
of matrix inequalities and then in frequency domain terms using the transfer function description of
plant model and uncertainty. These ideas are then shown to extend easily to the case of parameter
optimal ILC. The monotonicity requirement is then relaxed using the notion of exponential weighting
introduced in [4]. This analysis shows that all of the benefits of mean square error case transfer to the
weighted case except that convergence may now be associated with increases in mean square error in
early iterations. This phenomenon can be regarded as a degradation in performance (which may or
may not be acceptable in a given application) but it does allow robust convergence in the presence of

a larger class of modelling error, namely, those satisfying

1 * 1
5 e 2 |Go(2)PU(2)] < 5 V= e )



for a given integer k* and some choice of parameter 0 < € < 1.
Where appropriate, the paper compares the inverse-model and gradient-based algorithms with the
conclusion that the gradient-based approach will be more robust both in theory and in practice. Some

notes on the use of series compensation and future work conclude the paper.

2 Problem definition

As a starting point consider a standard discrete-time,linear, time-invariant single-input, single-output
state-space representation defined over a finite, discrete time interval, ¢t € [0, N] (in order to simplify
notation it is assumed that the sampling interval, ¢5 is unity). The system is assumed to be operating
in a repetitive mode where at the end of each repetition, the state is reset to a specified repetition-
independent initial condition for the next operation during which a new control signal can be used. A
reference signal 7(¢) is assumed to be specified and the ultimate control objective is to find an input
function w*(t) so that the resultant output function y(¢) tracks this reference signal r(t) exactly on

[0, N]. The process model is written in the form:

x(t+1) = Azx(t) + Bu(t) x(0) =z
y(t) = Cx(t) + Du(t)

&)

where ¢ is the sample number, the state () € R", output y(-) € R and input u(-) € R. The operators
A, B and C are constant matrices of appropriate dimensions and D is a scalar. From now on it will
be assumed that either D # 0 or that CA7"1B = 0,1 < j < k* and CA* ~1'B # 0 for some k* > 1
(trivially satisfied in practice) and that the system (5) is both controllable and observable. If D # 0,
then take &* = 0. By construction, k™ is then the relative degree of the transfer function G(z) of the
system. Also, the notation fy(t) will denote the value of a signal f at sample interval ¢ on iteration k.

The repetitive nature of the problem opens up possibilities for modifying iteratively the input
function u(t) so that, as the number of repetitions increases, the system asymptotically learns the
input function that gives perfect tracking. To be more precise, the control objective is to find a causal

recursive control law typified by a relationship of the form

w1 () = flun () up—1(), -+ up—r (), x4 ()s (), - - en—s()) (©)

with the properties that, independent of the control input time series chosen for the first trial, the

resultant sequence of error and input signals satisfy

lmy oo flex ()| =0 limp—oo fJur(-) —w*(-) =0 7



where || - || denotes any norm for the time series. In what follows, this norm is taken to be the
Euclidean norm || f|| = v/ fT f in RP which is related to the mean square error of the time series by

the multiplier /p.

3 Matrix Representations of Plant Dynamics

The state space model is a natural description for the dynamic process. For this paper, it is argued that
an equivalent "static" matrix description is more suited to the method of analysis. More precisely, as
the linear system maps input time series into output time series, it follows that there exists a matrix
relating these time series. This matrix is an equivalent description of the systems dynamics.

To construct this matrix model in RN+, define the time series "super-vectors” on the k" trial via

up = [ugk(0), up(1), ..., up(N))T (8)

ye = [yr(0), yk(1), ., y(N)]T 9
r=[r(0),r(1),...,r(N)" (10)

er. = lex(0), ex(1),...,ex(N)F =7 —yy (11)

Furthermore, let u* be the input sequence (in time series or supervector form) that gives r(t) =
[G.u*](t) where G, is the convolution mapping corresponding to the process model (5).

Note that if the mapping f in (6) is not a function of ey, then it is typically said that the
algorithm is of feedforward type. If it does not depend on any of the e;,0 < j < k, it is of feedback
type. Otherwise it is of feedback plus feedforward type.

With the above definitions, the relevant formulae for the input-output response of the system can
be written in the form, k£ > 0,

yr = Geuy, + do (12)

where G, has dimension (N + 1) x (N + 1) and the lower triangular band structure (G.);; =

(Ge)(iﬂ)(jﬂ) that is required by causality and time invariance of linear time-invariant convolution

systems i.e.
D 0 0 ... 0
CB D 0 ... 0
Ge = CAB CB D ... 0 (13)
I CAN-1B CcAN=2B ... ... D |



Also dy = [Czg, CAxy, ..., CAN 2] T.

The elements C' A7 B of the matrix G, are the Markov parameters of the plant (5). Suppose that
the plant transfer function G(z) = C(2I — A)~! B+ D has relative degree (pole-zero excess) k* > 0.
Assume also that the reference signal r(t) satisfies 7(j) = C A/zq for 0 < j < k* (or, alternatively,
that tracking in this interval is not important). Then (in a similar manner to [7]) it is noted that, for

analysis, it is sufficient to analyse a ’lifted’ plant equation that is just the above if k* = O or, if k* > 1,
Ykt = Geup + di (14)

where the signals u, y, e, r etc are modified to reflect these changes. For example,

ugy = [uk(0), ur(1), ..\ up(N — )T, yrs = [ye(E*) yk(2) ... yx(N)]T etc and
CA¥-1B 0 0 0
CA¥B CA¥-1B 0 0
Gey= | CA¥*'B  CAK*B CA¥~'B ... 0 (15)
| CANT'B CANT*B ... CAMV-1B |
with d; = [CA* g, ..., C AN 2]”. For notational convenience, the subscripts ¢, [ are dropped and

the model is written in all cases k* > 0 in the simplified notational form
yr = Gu + d (16)
which has the structure of discrete dynamics in RN +1=*" Note that:

1. G is invertible by construction which confirms that, for an arbitrary reference r on 0 < 5 < N,

there exists a time series u* on 0 < j < (N + 1 — k*) such thatr = Gu* +don k* < j < N.

2. A comparison of G with G indicates that G can be identified with a plant with transfer function

G*(z) = 2¥ G(2) operating on an interval 0 < j < N 4+ 1 — k*.

3. An examination of G, or G indicates that higher order Markov parameters do not appear in
the matrix model. As a consequence, the system is indistinguishable from any of the Finite

Impulse Response (FIR) models with transfer function
Gu(z) =D+, CA'Bz, M >N (17)

As a consequence, in what follows, it is always possible to replace transfer functions by FIR

equivalents during analysis and/or design.



From now on this lifted plant model will be used as a starting point for analysis and the identification
of the matrix G with the transfer function G*(z) will be used as required.

Let F' be the (right-shift) matrix with elements F; = d; j41

00 0 ... 0
10 0 ... O
F=101 0 ... 0 (18)
| 00 .1 0]
so that
Fi#£0, 0<j<N—-k* , F=0VY j>N+1—k" (19)
A simple calculation then indicates that
G =X g it (20)

for suitable choice of scalars {g; }. It is also true that all such matrices can be identified (non-uniquely)

with linear time invariant systems. Let
El = {G € Rle . El{gj}lgjgl st. G= Eézlngj_l} (21)

Then the following statements are easily proven:

{Giely & Gyael)} = {G1+Goc Ly} (22)
{Giel; & Grel)} = {GiGoe Ly} (23)
{GieL; & Gre L)} = {G1G2 = GGy} (24)
{GeL, & G40y = {G ey (25)

In effect, matrix representations obey all of the normal rules of transfer functions in series and parallel
connections (provided that they operate on the same underlying time series).
For the purposes of this paper, £; has additional useful structure described using the matrix Fj

defined to be the (time-reversal) matrix with elements F}; = 0; y_p+_; i.€.

0 ... ... 0 1
0 ... 0 1 0

Fo=10 ... 1 0 0 (26)
1 0 .. 0 |




If s € R'is the column vector of a time series of length [, then Fys is a column vector of the same

time series but reversed in time i.e. (Fys); = s;41—; for 1 < j <. Note that
Fo=F |, F}=1 27)
and hence, after a little manipulation, it is seen that G and G are related by the expression
GeL, = KGFy=G" (28)

The important point is that these definitions enable the interpretation of G” as a dynamical system

or simulation. More precisely it is easily proved that:

{7 =G"a} & {(Fof) = G(Foi)} 29)

In simulation terms: Suppose that G € £;. Then the time series § = G '@ is simply the time reversed

response of the linear system G (with zero initial conditions) to the time reversal of .

This result is valuable for this paper which considers the basic algorithm described by the feed-

forward ILC update rule
Ups1 = up + Kep, K € RINFIZE)x(N+1-k) (30)

If feedback is required in the algorithm, it is assumed to have been implemented on the plant and
included in G(z) and hence G.

Note: in element by element form, this relation is simply
g (8) = up(t) + SNF Ky ger(t+i — 1+ k%), 0<t< N -k 31)
For example, with K = [ the update law is just
U1 (t) = up(t) +ex(t + k%), 0<t <N -k (32)

The matrix K can, in principle, be arbitrary but, in practice, it is assumed that it will be connected

with a dynamical system. As a consequence, it is assumed either that

1. K € L1k~ generated from a linear, time invariant system model. K e can then be computed
as the time series generated by the response of the state space model of K from zero initial

conditions to the time series e or



2. K is the transpose of the matrix description of a linear time invariant system ie. K’ &€
Ln41—g is derived from a linear time invariant model. Any quantity K e can hence be com-
puted from a simulation although, in real time, the operation would be anti-causal if it were not

for the fact that it is applied to already known signals.

The calculations associated with case two above are simple. The first case covers many situations
such as the inverse model approach described in [4]. The second covers the case considered in this
paper where the choice of

K = B G" (33)

will be seen to improve robustness, particularly with respect to high frequency modelling errors.

4 A Gradient-based ILC algorithm

The purpose of this section is to introduce the gradient-based algorithm and to provide necessary and
sufficient conditions for monotonic convergence of the mean square error to zero in the presence of
a specific multiplicative modelling error. These conditions take the form of matrix inequalities that
define constraints both on the learning gain that can be used and on the modelling error that can be
tolerated. These conditions will be transformed into more useful frequency domain conditions in the
following sections.

Using the notation of the previous sections, consider the matrix model yx = Gui +d, k >0,
where 7 is the desired reference time series vector, e, = r — ¥y, is the error on the k" trial, and the
initial control input time series uq has been specified with eg as the corresponding error. The resultant

T

error is e, = r — d — Gug. A simple analysis of ||ex||> = €] ey, indicates that the steepest descent

direction for the error is just G” ej, and hence that the feedforward ILC algorithm
Uk = ug + BG ey, (34)

may be capable of ensuring a monotonic sequence of Euclidean error norms provided that the learning
gain 8 > 0 is chosen to be sufficiently small.

Note: GTe}, can be computed from a state space model of G using simulation methods as dis-
cussed in the last section. The matrix representation of the problem therefore is not required for
practical implementation.

In the following sections, an analysis is undertaken of the effects of the choice of learning gain .

It generates an estimate of an appropriate range in both the case of zero and non-zero modelling errors.



Initially, the analysis is in the from of matrix inequalities. Subsequently these will be converted into

easily checked expressions in the frequency domain.

5 The Gradient Algorithm: The Case of No Modelling error
A simple calculation reveals that the ILC algorithm evolves from its initial error e as follows
exr1 = (I — BGGTYer, k>0 (35)
Noting that 5 > 0 by assumption and that
llexs1]® = llexl]? — B2eEGGTer, + B2l GGT GG ey, (36)

it follows that, as G is nonsingular by construction,

Theorem: Suppose that 3 > 0. A necessary and sufficient condition for the gradient-based ILC

algorithm to have the monotonicity and convergence properties
L Jlexsa]| <llexll, ¥V k>0 V e RVHIH
2. hmk_>oo e = O \v/ €o c RN-‘rl—k*

in some range 0 < 8 < [’ is that

2I > BGTG >0 (37

Proof: 21 > SGT G implies the existence of a number € > 0 such that SGGTGGT — 2GGT <
—el. Monotonicity follows from the discussion preceding the statement of the theorem. To prove

convergence to zero, simply note that
llewsl® < llexl*(1 = Be) ¥ k=0 (38)

This completes the proof as ||ex|| goes to zero faster than (1 — ﬁe)g. O

The following corollary is easily proved and provides an estimate of the desired range of the
learning gain 3:

Corollary: Under the conditions of the theorem above, monotone convergence to zero is achieved

if, and only if, 0 < 35%(G) < 2 where &(G) is the largest singular value of G.



6 The Gradient Algorithm: Robust Monotone Convergence Conditions

Now let G(z) and G(z) be transfer functions of the plant and a nominal model respectively. The
relative degree of the model Gy is denoted £* and the lifted representations (and associated input and
output supervectors) are based on this parameter. To ensure that the matrix representations of plant,
nominal model and multiplicative perturbations are causal, it is assumed that the relative degree of
the plant is equal to or exceeds that of the nominal model.

If there is mismatch between the plant and model, then the gradient-based ILC algorithm is natu-

rally replaced by the approximation
up1 = ui, + BGl ey (39)

where G is the lifted matrix representation of a model of Go(z). The error evolution equation
becomes

erp1 = (I — BGGE)ex (40)

Suppose now that plant and model are related by the expression
G(z) = Go(2)U(2) 1

and U(z) is assumed to be proper and stable. It follows that, if U(z) has a matrix representation U,
(without lifting), then

G = GoU. = U.Gy (42)
Note that 5 > 0 by assumption and that

llexs1ll> = llex||* — Bef (GoUGY + GoUZ G§ ey, + e GoGE UL UeGoGi ex
= |lex|]> = Bef Go[U. + UL — BGTUTU.Go)Gl ey

(43)

It follows that:

Theorem (Robust Monotone Convergence): The gradient-based ILC algorithm is robust mono-

tone convergent in the presence of the multiplicative modelling error U(z) if, and only if,

U + UL > BGTUTU.Gy > 0 (44)

Proof: Monotonicity follows trivially from the above noting that G, is nonsingular by construc-

tion. The proof of convergence to zero error follows in a similar way to the previous case. O

11



Corollary: A necessary condition for monotone robust convergence is that the modelling error
matrix representation U, is positive definite in the sense that U, + U is positive definite.

Proof: The proof follows trivially from the observation 3G UXU.Go > 0. O

Note: The case of no modelling error is retrieved by choosing U = I in the above.

In the next section, more useful frequency domain conditions are provided to check the matrix

inequalities derived above.

7 Robustness: Frequency Domain Conditions

In this section the matrix inequalities of the previous sections are converted into sufficient conditions
for robust monotone convergence in terms of the transfer functions of the system, model and uncer-
tainty. The practical benefit is that the frequency domain conditions are more easily checked and
throw more light on to the benefits and issues facing the application of the gradient-based algorithm.

The approach taken is based on the analysis of matrix inequalities in R**! of the form
H{ Hy < Hy + Hj (45)

where both H; € £; and Hy € L; are matrix representations of single-input/single-output linear
time-invariant systems H;(z) and Hy(z) on the resultant interval 0 < j <[ — 1.

The development of frequency domain conditions is based on the idea of examining dynamics
on the infinite half interval [0,00). Complex integration, positivity and causality then provide the
necessary connections.

Lete = [¢(0),e(1),...,e(l —1)]T be a time series of length [ and interpret He as the restriction
(to 0 < j < [ —1) of the response of H;(z) (on [0,00)) to the input with Z-transform e(z) =
Z;_:B e(j)z77 i.e. to an infinite sequence € consisting of the [ elements of e followed by zeros. Using
the fact that the mean square error on a finite interval is always less than or equal to that on the infinite

interval, Parseval’s Theorem then gives

1 dz
e"H{ Hie = ||Hye|* < S — |[H1(2)Ple(2)*— (46)
2mi unitcircle z
A simple calculation then indicates that
18IS < e(Hy) < o(Hy) < |[Hillso 47

12



where o(H ) and o ( H ) denote the smallest and largest singular values of a matrix H € L£; respectively
and ||H ||~ denotes the H, norm of the associated transfer function H (z) on the region |z| > 1.

In a similar manner, e’ Hye is the inner product in I3 (the space of square summable infinite se-
quences) of € with the response of Hy(z) to € and hence the exact expression follows from elementary
complex variable theory

1

T(T _
e (Hy + Hp)e = 2me

[Ha(2) + Ha(27")]le()

unitcircle

P@ (48)
yA

The matrix inequality describing robust monotone convergence hence is satisfied if, for all choices

of e,
1
21

H7 (2)[e(2)

unitcircle

d
T
zZ

ori b )+ Halel2)
unitcircle
It is now possible to state the following theorem:
Theorem(Robust Monotone Convergence): The gradient-based ILC algorithm using the nomi-
nal model G(z) is robust monotone convergent in the presence of the multiplicative modelling error

with transfer function U(z) if (a sufficient condition)

1 1
— —|Go(2)PU(2)| < =
5~ 1GoAFU ) < 3
Proof: The discussion preceding this result and the matrix inequality condition of the previous

section indicates that a sufficient condition for robust monotone convergence is that
U(z) +U(z") > BIGi(:)U(2)]* Vo] =1 (51

Noting that G}, can be replaced by G on |z| = 1, multiplying by 3|Go(2)|* and rearranging yields
the required result. O

Note: Simple calculations indicate that the frequency domain conditions have a simple and easily
checked graphical interpretation, namely that:

The plot of the frequency response function |Go(2)|>U(2) on the unit circle |z| = 1 lies in the
interior of the circle of centre % and radius %

Recent work by the authors [4] using the inverse model algorithm produced the condition:

|;—U(z)|<; Vae {z: |2 =1} (52)

At its simplest level, the difference between the two results is the replacement of U by |Go|?U. With
this in mind, the use of the gradient-based algorithm can be seen to have the following properties as

compared with the inverse-model algorithm:

13



. Both approaches require a strictly positive real U(z) for monotone robust convergence. This
condition is connected very closely with the monotonicity property of the mean square error
and it is expected, as with the inverse-model-based approach, that violation may lead to lack
of convergence/instability. Another possibility is that asymptotic convergence may be retained

but it may also be associated with error norm sequences that can increase from trial to trial.

. In both cases, the positive real requirement on U (z) will tend to require that it is proper but not

strictly proper i.e. that G and G have the same relative degree.

. The gradient-based algorithm will however reduce performance limitations due to the effect of
high frequency errors such as high frequency resonances in G not modelled in GGy. In such
circumstances U (z) will tend to take large gain values at frequencies close to these resonances.
This will then require the use of small values of learning gain (3 to satisfy the monotone con-
vergence criterion for the inverse model algorithm. This does not occur for the gradient-based
algorithm because, in practice, G is typically a low pass filter and hence both G(z) and G will
be small at high frequencies. The magnitude of |G|>U will then be substantially reduced (as

compared with U) and permit increased learning gains leading to improved convergence rates.

. In contrast with the beneficial high frequency effects of the gradient-based algorithm, it is
possible that it could reduce performance if G' (and hence Gy) has a substantial resonance
peak within its bandwidth. A similar argument to the above suggests that the learning gains
permitted will be reduced (as compared with the inverse model algorithm). As a consequence,
it is desirable for a feedback control to be incorporated into the plant (and hence ) before the
ILC analysis is undertaken. The feedback controller could be designed along classical lines
and, in particular, designed to remove or reduce the resonance peak. In such circumstances, the
high frequency benefits of the gradient-based approach indicate that it will, in practice, often

be superior to the inverse-model algorithm in terms of its performance and robustness.

. The above analysis has considered a specific uncertainty U. It can easily be extended to cover
sets of multiplicative uncertainties such as any subset of all proper multiplicative uncertainties

satisfying an inequality of the form

ﬂl* L 1Go(2)2U(2)] < ﬂl* Ve {z:]s = 1) 53)

for some choice of parameter 3*. Clearly robust monotone convergence is achieved in the

presence of any model error in this set if 5 € (0, 3*).

14



In conclusion, the analysis of monotone convergence has been seen to have elegant solutions in terms
of inequalities between matrix representations of the plant and associated models. These inequalities
can be converted into simple frequency domain (sufficient) conditions that indicate that the gradient-
based approach has real potential for both performance and robustness.

Finally, note that, when U(z) = 1 and hence U, = I, the above results produce conditions for
monotone convergence when there is no plant-model mismatch.

Corollary: Under the conditions of the theorem above, monotone convergence to zero is achieved
in the absence of modelling errors if 0 < 3[|G/||Z, < 2 where ||G||co = supy,—; |G(2)] is the familiar
Hoonormof Gon {z: |z] > 1}.

Proof: Setting U = I, U(z) = 1 and Go(z) = G(z) in the previous result, monotone convergence
follows if ]% —1G(2)? < % Vz € {z: |z| = 1}. The result follows from simple complex algebra.
O

In particular, the result shows that, in the absence of mismatch, monotone convergence is not
dependent on the phase characteristics of the plant (an observation that links these results to the

continous-time methodology described in [12]).

8 Gradient-based Parameter Optimal ILC (POILC)

In [10], the benefits of using parameter optimization-based approaches to ILC design were introduced.
A review of these ideas is provided in the IFAC Review article [11] with some extensions in the
Automatica paper [6]. The basis of the parameter optimal ILC approach (POILC) is to examine the

feedforward control update law

Up+1 = U + Prr1Key (54)

where K is a fixed matrix operation on the time series e; and (1 is an iteration-dependent gain.

The resultant error dynamics is described by

ert1 = (I — Bp1GK)ey, (55)

The learning gain (31 is chosen to minimize an objective function of the quadratic form

J(Brs1) = llens1l]? + w1 Bipq (56)
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where the proposed form of the weight w1 is iteration dependent i.e.
2
Wi+1 = w1 + wealex||*, w1 > 0,w2 > 0,w; +wy >0 (57)

A simple calculation indicates that the required choice of §x 1 is just

e;;FGKek
wi+1 + ||GKegl|?

Br41 = (58)

and optimality ensures that the mean square error is reduced monotonically from iteration to iteration
i.e.

llexrall? < [lex]* Yk =0 (39

with equality holding if, and only if, 8;+1 = 0.

In addition, using the results of [10] and [6], convergence of the error to zero is guaranteed for all
initial input guesses ug (and hence all initial errors eg) if, and only if, the symmetric part of GK is
strictly positive or strictly negative definite. This is guaranteed for the gradient-based algorithm with
zero modelling error G = G|y but may not be the case for the case of non-zero modelling error.

The case of non-zero modelling error sets K = GOT but, as the plant model G is presumed not
known, the gain parameter cannot be updated using the above formula. It can however be estimated
in a natural way if 81 is obtained by replacing G by Gy i.e. the implemented gain is computed

from the formula

epGoGoer  _ 1Ggexll?
wiir +[|GoGgexl[? wi + waflex? + [|GoGgex|?

Brt1 = (60)

The ideas used in the analysis of the fixed main parameter case can now be used to prove the following
theorem :

Theorem (Robust Monotone Convergence of POILC): The gradient-based ILC parameter op-
timal algorithm described above has the mean square error monotonicity property that, on iteration
k+1, |lex+1l| < |lex|| (independent of ey) if, and only if, the matrix representation U, of the multi-

plicative modelling error satisfies the matrix inequality
Ue + Ul > 3,1 GEUTU.Go > 0 (61)
In addition, if

GG ell?
wy + walle][* + [|GoG{ el |

3 =sup{f = lell < [leol |} (62)

and

U, + U > gGEUrU,.Gy (63)
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then 0 < Biy1 < B, Vk > 0 and the error sequence {ey, }1>¢ is guaranteed to converge monotoni-
cally in mean square norm to zero.

The matrix inequality can be converted into a frequency domain condition in a similar manner to
the constant gain case to obtain:

Corollary (POILC - A Frequency Domain Condition): The mean square error sequence con-

verges to zero monotonically if (a sufficient condition)
1 9 1
5 1GEPUE] < 5 Vae =il =1) (64)

Equivalently, it is sufficient that the plot of the frequency response function |G (z)|?U (z) on the unit
circle |z| = 1 lies in the interior of the circle of centre 1/ and radius 1/.

Proof of above Theorem: Monotonicity on the (k + 1) iteration follows in a similar manner
to the proof of monotonicity for the constant gain case. The replacement of ;11 by B also ensures
monotonicity for all iterations as an induction argument indicates clearly that 0 < By < @ for all
k > 0. The theorem and corollary are hence proved if it can be proved that the error sequence always

converges to zero. At optimality, it is easily seen that
llewsall? = llexl|® = Brsrer Go(Ue + U = B UL GG GoUe) G e (65)

and hence

llewsall® < llexll® = Brirel Go(Ue + U — BULGE GoUe )G ex (66)

The assumptions of the theorem guarantee the existence of € > 0 such that
lex+1ll* < (1= Besre)llexll”, vk >0 (67)

If {ej}r>0 does not converge to zero, then it is easily seen that limsup;,_, . Sk+1 > 0 for some
§ > 0. Tt follows that ||ex||> < (1 — 6¢)¥||eg||? and hence that e, converges to zero. The theorem is
now proved as this is a contradiction. O

The result provides a simple test for convergence of the parameter optimal algorithm that requires
only that B (or an upper bound) be computed. Once obtained, the robustness analysis is essentially
identical to that of the constant gain case. In particular, the observations made about the implications

for the modelling error U(z) and the model G(z) in the constant gain case remain valid for this
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parameter optimal ILC algorithm. They are hence not repeated here for brevity. Two new observations

are however worthy of emphasis:

1. Noting that, with w; and ws fixed, lim|¢; (-0 ﬁ = 0. It follows that robustness of the parameter
optimal algorithm increases as the initial error ey decreases i.e. a good initial input guess ug

will improve the robustness of the methodology considerably.

2. Also, with e # 0 fixed, 1imy,; | 1w, —oo B = ( and hence an increase in either of the weights
will tend to increase the robustness of the algorithm. Increasing weights is expected however

to reduce performance by slowing convergence rates.

The estimation of an appropriate value for /3 can be approached as summarised in the next section.

9 Estimation of B

To estimate /3, note that the supremum in

= sup{3(e) = Gl el < ol (69
wi +walle][* + [|GoG el |? -
is achieved on the boundary e’e = ||eg||?. It is therefore described by stationary points of the
Lagrangian
T T e’ Me T T
L=20(e)+ Ne e —eyep) = + Ae' e —epeo) (69)

wy + weeTe 4+ eT M2e

where, for simplicity M = GOGg. the stationary points are described by the equations % = (0 and

oL

0 T
%—01.6.6

e = el ep and
Me e’ Me

9 _
wy +weele +eTM2e  (wy + waele + €T M2e)?

(wae + M?e) +Xe| =0 (70)

which is just

[BM — B%(wol + M?) + Xe" Me| e =0 (71)

no
A
Q
[N}
IA

A spectral argument then indicates that, if M has eigenvalues 0 < o%(Gy) = o? <

012\, Yl = 62(G0) (the squared singular values of Gy), then, for some o,

Bo? — B*(wy + 0}) + A Me =0 (72)

In addition,

Bel Me — ﬂz(w2|]eg||2 + eTMze) + )\eTMeHeO||2 =0 (73)
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Using the definition of /3 to eliminate e’ M 2e implies that
G2wi + Xel Me|leg|]> =0 (74)
and, eliminating \ gives the desired formula for ﬁ

o3 lleol”

B =

(75)
wi + walleo| | + o7leol |

The remaining question is to estimate the relevant o; to maximize B . This could be done by numerical

search mechanisms but a simpler approach uses an examination of the continuous function

uleol?
= (76)
I = el + 2Tleo P

in the range 1 € [0, +00). This function is positive with a single stationary point (a maximum) when
lleo|? 12 = wy + wa|eo||> with £ (1) = W Introducing the necessary constraint that

1€ [02(Go),72(Gy)] it follows that the value of /3 is defined by three relations:

Case 1: If ||eg||2a*(Go) > w1 + we|eo||? then

a?(Go)|leol|?

6= (77)
w1 + welleo||* + a*(Go)lleo| |
Case 2: If ||eo||?54(Go) < w1 + wal|eo||? then
R =2 G, 2
b= 7-(Go)lleoll (78)

wi + walleo| 2 + 7 (Go)lleol|?
Note: This is trivially satisfied if we > 7*(Gp). A sufficient condition for this is that wy > ||Gol|%,

which can be computed from the transfer function Gy.

Case 3: In all other cases
A [|eol |
= 2(wy + wollegl[?)1/?

(79)

the right-hand-side of the inequality being a very good estimate of the actual value if N is large and
the values 032- 1= ajz- are all small (relative to 72(Gyp)).

Note the following observations:

1. As the above estimate is a monotonically increasing function of ||epl|, it indicates that the
parameters w1 and wq play different roles in robustness. This is because it is always possible to
regard ey, as the initial iteration for the rest of the algorithm. In principle a value of B (denoted
Bk) can be computed for each iteration.. If this sequence decreases in value, then the algorithm
is seen to be able to tolerate uncertainty of increased magnitude as the algorithm progresses.

In terms of the three cases above, suppose that e, — 0, then, if w; > 0, case 1 plays no role
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asymptotically. Case 2 is however always valid asymptotically and is valid for all iterations if
wa > 74(Gy). Otherwise case 3 may play a role in earlier iterations.

If w; = 0, the estimated (3 remains constant at the value —— i.e there is no change in the
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2w,
robustness conditions. If wo = 0 then clearly 8 computed at this iteration will converge to
zero as k — oo i.e. the region of permissible uncertainty increases. This can be explained
intuitively by thinking of the introduction of the term in wg as a systematic reduction of w;
from iteration to iteration. Such a reduction tends to increase the value of the learning gain

and hence potentially increase performance. The price paid for this bonus is that the range of

permitted modelling error does not increase with iteration index.

2. For a given U (z) satisfying the POILC robustness conditions for a known value of £, the for-
mula can alternatively be used to provide candidate weights w; and ws to satisfy the inequality
- lleol] . . . T
6> o Twales] P72 the discussion above of the relative effects of w; and wy will, in princi

ple, aid this choice.

10 Use of Exponential Norms

In the paper [4], the results for the mean square error were extended to ("exponentially") weighted

norms of the form

1flle = NEFI| = /SR 20012 = | £ (80)

induced by the inner product (f, g). = fTETEg = fTg.. Heree > 0, E = diag(1,¢,€2,...,eN7F")
and f. = Ef (with elements f. ; = f;e/~1) is the exponentially weighted time series vector obtained
from the time series vector f. Any algorithm that guarantees monotonic convergence of the weighted
norm to zero also ensures that the mean square error will also converge to zero (as all norms on
RN=k"+1 are topologically equivalent) but, if € < 1, such monotonicity permits increases in mean
square error in the initial ILC iterations. Using weighted norms is therefore a relaxation of the pre-

vious analysis of monotonic mean square error convergence. In what follows, an analysis for the

gradient-based algorithm for an e-norm is outlined.
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For simplicity. let £* > 1 and define modified model matrices as follows

CAF-1B 0 0 0
cCA* B CAF-1B 0 . 0
Ge=EGE'=| oA+ eC Ak*B CAF-1B ... 0 81
N CAN-1B  ([N-k-10gN-2p ... CAF-1B

(with similar definitions for G = EGyE~" and Uee = EU E~H. A simple calculation indicates
that the process model then takes the form y. = Gu,. + d. with the reference signal r replaced by 7,
and ey, replaced by e, = 7c — Ye k-

The natural input update law for a constant gain gradient-based algorithm for an exponentially
weighted norm takes the form

Ue ki1 = Ueg + BG( ek (82)

The results of the previous sections can be applied to this formulation to obtain necessary and suf-
ficient conditions for robust monotone convergence with respect to the e-norm in terms of matrix
inequalities associated with the appropriate matrix representations of G  and U, . More usefully,
as the exponentially weighted signals are associated with transfer functions G(z) = G(ze ™ 1)e™*",

Goe(2) = Go(ze 1e ¥ and U (z) = U(ze™!) the frequency domain condition for robust monotone

convergence with respect to the weighted norm || - || becomes
1 ) 1
5~ Gl Vel2) < 5o VIzl =1 (83)

or, equivalently,

\; Gy (2)PU(2)] < ;

i.e. the unit circle is replaced by a circle of radius e~! and the extra factor of ¢ 2

V|z| =t (84)

k" appears in the
inequality. The Principle of the Maximum indicates that reducing e will increase the range of values
of (3 that satisfy this condition. In practical terms, this implies that increased values of the learning
gain are permitted if increases in the mean square error can be tolerated before convergence to zero
is achieved. Letting ¢ — 0+, it is easily seen that U.(z) approaches the value U(c0) uniformly on

the region {z : |z| > 1} and hence U.(z) is positive real for all sufficiently small values of ¢ if

U(oo) > 0. It follows that if the condition

1 1
5~ |GG(00)PU (o0)] < 3 (85)
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is satisfied then the algorithm is robust monotone convergent with respect to all e-norms in a some
non-empty range 0 < ¢ < €*. Interpreting |G§(00)|?U(00) = Go(o0)G(00) as the product of high
frequency gains, it is typically seen to be very small. The possibility of using higher learning gains
follows immediately.

It is expected that the implemented form of the algorithm will use unweighted rather than expo-

nentially weighted signals. The real input update formula is easily seen to be
_ 1 _ —1T _ T
Ukt1 = B ue g = up + BET Gy Ee, = ug + G2k (36)

and hence is computed using the time reversed response of a linear system G2 to the time reversal

of er. For simulation purposes this linear system is obtained from G using the map (A, B,C, D) —
(A, 2B, e 2K C, 72" D).

The above analysis can be extended to the case of POILC using the modified problem
ueperr = argmin{|lecri|* + wir1fiia ) 87
subject to the constraints
Ue ki1 = Uek + Brer1Ghleks  Yert1 = Goclie g1 + de (88)

The solution to this problem is seen to be

||Gieeerl?
wit1 + ||GocGYee k2

U1 = U + Brp1Gozer, Bl = (89)

where, after some manipulation, the identities GOTEee,k = EGg62 es and GOEG&er = EGOGOT52 ek

give the formula
1Gezexll?

Wit + [|GoGY el |?

Br+1 = (90)

The control update law and parameter choice are now related in terms of the two models G and G,z.

These models are used, with appropriate simulations, to undertake all computations.

11 Illustrative Example

To illustrate the results of the above theory, a simple example is constructed using a plant model G/(z)
constructed to contain simple nominal first order dynamics with a high frequency resonance defined
by the parameterized data

1-— 224a) (1+ )2
Golz) = ﬁ Uz) = ((22 ++A2)) ((1++ a))’

N =50 91)
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Although a theoretical example, the authors believe that it represents similar performance problems
to those that are be met in applications to mechanical systems where available nominal models do not
include structural high frequency resonances. For simplicity, the data is normalized so that G(1) =
G(1) =U(1) =1land 0 < A < 1. Clearly, the relative degree of Gp(z) is ¥ = 1 and it is easily
checked that U(z) is positive real (i.e. its Nyquist plot lies in the open right-half complex plane) for
a€(—1,1).

For illustrative purposes, choose A = 0.9, a = 0.1 and v = 0.5. For reasons of space, the 50 x 50
matrix representations of G(z), Go(z) and U(z) are not presented here. The unit step response of
G 1is provided in Fig. 1, top graph, with the Bode plots of GG, Gy and U plotted in Fig. 1, bottom
graph. The high frequency resonance in G is clearly seen. As this phenomenon is not modelled in
Gy, U has a substantial resonance at a frequency well beyond the bandwidth of the nominal model
(substantiated by the simple hand calculation U () = 9.5).

Two fixed gain algorithms are considered, namely the inverse-model algorithm and the gradient-
based algorithm

ups1 = up + BGyer, B=0.5 (92)
Upy1 = ug + fGler, B=06 (93)
with initial control input supervector ug = 0. These algorithms are first applied to the nominal model
G with the parameters 3 (shown above) being chosen in each case to achieve an approximate halving
of the tracking error from iteration to iteration. Zero initial conditions are assumed and the demanding

reference signal, 0 < j < 50,

r(§) = (14 015in(*202) | cosh(j/50) sin(6m [j(2 - j)]) (94)

50 50

is chosen as a growing exponential oscillation with variable, increasing frequency and additional
amplitude modulation (see Fig. 2). The signal is believed to be demanding as it contains a sufficiently
rich frequency content to ensure that the high frequency resonance will ultimately be excited.

The simulation results are shown in Fig. 3 for the first 50 iterations (top graph) and for he
first 10 iterations (bottom graph). This figure plots the superimposed logarithmic mean square error
logyg [(N +k* — 1)_le£ek] against iteration index £ for the two algorithms. The conclusion drawn
is that it is relatively easy to choose parameters to produce acceptable performance from both algo-
rithms, particularly in the crucial initial iterations. The more important second question is whether
or not these predicted performances degrade when the algorithms are applied without change to the
plant G. The relevant plot is given in Fig. 4 (iterations 0 — 40 on top graph and iterations 0 — 10 on

bottom graph) where it is seen that:
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Figure 1: Step response and Bode plots

1. The inverse-model-based algorithm suffers from substantial increases (around 10-fold in mag-
nitude) in the mean square error in iterations 5 — 10. This is regarded as a substantial overall
degradation in performance as, for most practical situations the large errors involved will be
unacceptable and possible even disastrous for systems operation. The situation does begin to
improve after around 15 iterations with ultimate rapid convergence to zero. In practice, the op-
erator would have terminated the method before this iteration and hence, despite the ultimately
rapid asymptotic convergence, it is concluded that the modelling error has induced unaccept-

able behaviour. The inverse-model-based algorithm should be regarded as having failed.

2. The gradient based algorithm copes much better with the modelling error present, producing
monotonic mean square errors and only a minor degradation in performance (as seen in Fig.
4). Fig. 5 shows the FFT of the initial error (the reference signal) and that of the final error
at iteration 50 whilst Fig. 6 shows the the time series for the final error. It is seen that the
algorithm has successfully learnt to track the reference to a high accuracy over the bandwidth

of the plant although learning of the high frequency component is slow.

The results are examples of the evidence available to substantiate the claim that the gradient-based

algorithm has a greater tolerance to modelling errors of the class considered. The outcome can
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Figure 2: Reference signal r(t) and optimal input u* = (G,U)~!r

be explained by plotting the "Nyquist" plots of the two frequency response functions U(z) and
|Go(2)|2U(2) in the complex plane with their associated circles of centre 3 and radius /3 super-
imposed. these are shown in Fig. 7. Note that the plot of U(z) leaves its circle hence violating the
inverse model condition for robust monotone convergence [4]. In contrast, the plot of |zGo(z)[?U(z)
is contained within the circle and hence robust monotone convergence is guaranteed by the results of
this paper (and has been seen in the simulation results).

Note that the gradient-based algorithm has also been applied successfully to industrial systems.
Details of this work can be found from [5] and [2] where similar conclusions are reached on the bases

of observed experimental data.

12 A Note on Series Compensation

The theoretical results of the previous sections permit, and indeed encourage, the use of feedback
compensation of the plant before ILC design is undertaken. A simple trick allows the use of a series
compensator to be included in the theory. The simplest approach is to suppose that K (z) is a com-
pensator applied to the input of the plant. The previous theory can now be applied with little change

just by replacing G(z) by Go(z) K (z) and k* by the relative degree of Go(z) K (z). The frequency
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Figure 3: Convergence behaviour in the nominal case

domain conditions for robust monotone convergence become

1— z 2)|2U (2 1 z z:|z| =
!5 !Go()K()!U()!<5 Vzefz: |z =1} (95)

which clearly indicates the potential to usefully use K (z) to shape the gain characteristics of either
Go(2)K(2) or |[K(2)|*U(z) and hence |Go(2) K (2)|*U(z). For example, the use of notch filters may
permit robustness to be increased by reducing the effects of residual resonances in (Gy. Alternatively,
they could be used to cancel the effects of resonances in the mismatch U(z). Note that the phase
characteristics of K (z) do not affect the robust monotone convergence analysis.

Finally an alternative matrix description of the modified algorithm is as follows: consider the
typical case when K (z) has relative degree zero and suppose that K is its matrix representation, then

the update law takes the form

Ups1 = up + BEKKTGE ey (96)

which can be realized in the form of forward and reverse time simulation calculations.

26



Gradient

Inverse

5 10 15 20 25 30 35 40 45 50
Iteration index k

Inverse

y

Gradient
| | | | | | | | |

20

Power spectrum (dB)

1 2 3 4 5 6 7 8 9 10
Iteration index k

Figure 4: Convergence behaviour with uncertainty
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Figure 5: Power spectrum (dB) of eg(t) and e5o(t)
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Figure 6: Time series of e5(t)

13 Conclusions

The paper has provided a complete analysis of the robust monotone convergence of a gradient-based
Iterative Learning Control algorithm in terms of necessary and sufficient matrix inequalities and fre-
quency domain conditions that can be easily checked in terms of plant model and modelling error
transfer functions. The method of analysis was the use of matrix models relating the time series of
input, output and error signals. A complete analysis of these models is provided which demonstrates
that the relative degree of the plant and model are crucial parameters in the analysis of ILC dynamics
and hence, it is argued, in the construction of feedforward learning laws. In addition, they clearly
show that the use of the "non-causal" gradient operator can be implemented using a plant model and
time reversal operations i.e. state space models rather than the matrix models used in the analysis are
all that is required for implementation purposes.

The work parallels that published by the authors in a recent paper [4] on inverse-model-based ILC.
A comparison with those results indicates that, whereas both approaches require that the multiplica-
tive modelling error has positivity properties (a consequence of the requirement for monotonicity of
the mean square error), the gradient approach offers considerable benefits for robustness, particularly

in the presence of high frequency modelling errors such as parasitic structural resonance(s).
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Figure 7: Nyquist plots

The benefits of the approach have also been shown to transfer to the use of Parameter-Optimal
ILC with the additional benefits that robustness can be improved by either ensuring that the initial
tracking error is small and/or by using larger weighting coefficients in the quadratic objective function
chosen. The analysis provides formulae that can guide the application of these principles although
more experience in the choice of weights will be needed to aid inexperienced practitioners.

In a similar manner to [4], the use of exponentially weighted norms has been analysed with a
view to using monotonicity of these norms as a design principle. Stability and the ideas of robust
monotone convergence extend trivially to this case which, with 0 < ¢ < 1, can be regarded as a
relaxation of the ideas of robust monotone convergence (with respect to the mean square error) to
permit some increases in mean square error in initial iterations whilst still ensuring asymptotically
convergent learning.

Future work in the area will examine the issues that face the control of multi-loop ILC installations
(where concepts such as relative degree are much more complex) and the effect of nonlinearities and
noise on performance. The work presented in this paper provides a firm bedrock for these future

studies.
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