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HARDY INEQUALITY WITH THREE
MEASURES ON MONOTONE FUNCTIONS

MARIA JOHANSSON, VLADIMIR D. STEPANOV AND ELENA P. USHAKOVA

(communicated by L.-E. Persson)

Abstract. Characterization of 14,0, 00) — LZ [0, 00) boundedness of the general Hardy operator

1
(Hsf)(x) = <‘j'[0’x] fsud/l) * restricted to monotone functions f > 0 for 0 < p,q,s < oo

with positive Borel o -finite measures A, u and v is obtained.

1. Introduction

Let 9" be the class consisting of all Borel functions f: [0, c0) — [0, 4+00] and
M | (9 1) beasubcelass of MT which consists of all non-increasing (non-decreasing)
functions f € M*. Suppose that A, u and v are positive Borel o -finite measures on
[0,00) and u,v,w € IMMT are weight functions.

For 0 < p,q,s < oo we study the problem when the Hardy inequality of the form

L L
q p
/ (Hf)'vdu | <C fPwdv | (1.1)
[0,00) [0,00)

holds for all f € 9t | orforall f € 91 T, where

HE @ = ([ fuar) . (1.2)

[0.4]

Since by the substitution f* — f the inequality (1.1) can be reduced to the
equivalent inequality with new parameters p and g of the form

1
p

hs

q
/ (Hf )* vy gc/ frwav| (1.3)
[0,00) [0,00)

Mathematics subject classification (2000): 26D10, 26D15, 26D07.

Key words and phrases: Integral inequalities, weights, Hardy operator, monotone functions, measures.

The research work of the authors was fulfilled in the frame of the INTAS project 05-1000008-8157. Swedish Institute
is the grant-giving authority for research of the third author (Project 00105/2007 Visby Programme 382). The work of
the second and third authors was also partially supported by the Russian Fund for Basic Research (Projects 05-01-00422,

06-01-00341, 06-01-04006 and 07-01-00054) and by the Far-Eastern Branch of the Russian Academy of Sciences (Projects
06-I11-A-01-003 and 06-I11-B-01-018).

© IV, Zagreb 393

Paper MIA-11-30
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where

1) 0= () 09 = [ ud (14)
we may and shall restrict our studies to the inequality (1.3). All the characterizations
of (1.1) can be easily reproduced from the results for (1.3).

The weighted inequality (1.3) for f € 9 |, when A = u = v is the Lebesgue
measure, was essentially characterized in [9] and [13] with the complement for the case
0 < g < 1 = p in [12] and recent contribution in [1] for the case 0 < g < p < 1.
In fact, [9], [13], [12] and [1] deal with the case u(x) = 1, but a weight u can be
incorporated with no change in the arguments. A piece of historical remarks and the
literature can be found in ( [3] and [4], Chapter 6 ). We summarize these results in the
following

THEOREM 1.1. Let A = u = v be the Lebesgue measure. Then the inequality
(1.3) holds for all f € M | if and only if:
(a) 1 <p < g < oo, max (Ag,A;) < oo, where

v ([ ([ 0) ([)”
([ (U () o)

and C =~ Ag + A;.

and

S =

max (By, B) < 0o, where

1
;7

(Lo ([ 00)

(b)) 0<g<p<oo,l<p<oo,

e ([7(f
= ([ (L[ (L) ) o]

and C =~ By + B;.
(¢) 0 < g<p< 1. max(By, %) < oo, where

o ([ s (Lo ([ ) ) ([72) o

and C ~ By + %,.
(dO0<p<g<oo, 0<p< 1, max(Ag, ) < 00, where

= ([ () ([

Q=

and

bt

and C ~ Ay + .



HARDY INEQUALITY WITH THREE MEASURES ON MONOTONE FUNCTIONS 395

Itis important to note, that the weighted case of (1.3) for 1 < p,q < oo was solved
in [9] by proving the principle of duality which allows to reduce an inequality with a
positive operator on monotone functions to an inequality with modified operator on
non-negative functions. The other cases, when p, g € (1, 00) were studied by different
methods.

Our aim is twofold. First we study the inequality (1.3) in the case 0 < p < 1
proving a complete analog of the parts (c) and (d) of Theorem 1.1 (Section 3). In
the case 0 < g < p < 1 our method is based on the characterization of the Hardy
inequality on nonnegative functions in the case 0 < g < 1 = p, which we establish
in Section 3 (Theorem 3.1). This approach is direct and different from discretization
methods of [1] and [2].

Hardy inequality (1.3) on monotone functions with two different measures was
recently investigated by G. Sinnamon [11]. Namely, for 1 < p < oo and 0 < g < c©
the author established the equivalence of (1.3) with u =v=w =1 and dA = dv for
f € 9T to the same inequality restricted to f € 9 | . Moreover, such equivalence
takes place also for more general operator than (1.4), that is for the operator (Kf') (x) =
f[O,x] k(x,y)f (v)dA (y) with akernel k (x,y) > 0, which is monotone in the variable y
(see [5, Theorem 2.3]). Moreover, G. Sinnamon [11] extended the Sawyer principle of
duality for measures. We apply this extension to characterize (1.3) incase 1 < p, g < o0
(Section 4) combining with the recent results by D.V. Prokhorov [6] for the inequality
(I3)on f € M* with 1 < p < oo and 0 < g < co extended by the same author for
the Hardy operator with Oinarov kernel [7].

We use the following notations and conventions. A < B means that A < ¢B with
¢ depending only on p and g, A = B is equivalentto A < B < A. Uncertainties of
the form O - co are taken to be zero. We also use the notation : = for introducing new
quantities.

2. Preliminary remarks

Denote
A (x) := fda, and Ay (x) == fdA. (2.1)
[0,] [x,00)

We need the following statements.
LEMMA 2.1. ([6], Lemma 1) If y > O, then

Ar (00)™ y Ay (00)™!
max {1,y + 1} ~ [07oo)f () Ay (x)" d2 (x) < min{l,y + 1} (22)
holds. If y € (—1,0) and Ay (00) < 400, then (2.2) holds.
LEMMA 2.2. ([6], Lemma 2) If y > 0, then
A y+1 N y+1
A0 100 A @' aa ) < 20O 23)

max {1,y + 1}~ Jome) Smin{ly 11}

holds. If y € (—1,0) and Ay (0) < 400, then (2.3) holds.
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The following two statements can be obtained from [[10], Lemma 1.2] (see also
[[11], Proposition 1.5]).

LEMMA 2.3. Let f € M 1 with f(0) = 0 and let N be a Borel measure on
[0,00). Then there exist fo € MM 1 and the sequence {h,},>1 C M' such that

(1) fo(x) <f(x) forall x € [0,00).

(2) folx) =f(x) for n-a.e. x € [0,00).

(3) fu(x) = Jig.q hndn < fo(x) for all x € [0,00).

(4) For all x € [0,00) the sequence {fy(x)},>1 is nondecreasing in n and

So(x) = lim, o0 fr(x) N-a.e. x € [0,00).

LEMMA 2.4. Let f € 9 | with f(+00) = 0 and let N be a Borel measure on
Then there exist fo € M | and the sequence {hy}n>1 C M such that

Sfox) <f(x) forall x € [0,00).

o(x) =f(x) for n-a.e. x € [0,00).
3) fulx) = [ o) Pndn < fo(x) forall x € [0, 00).
4) For all x € [0,00) the sequence {fy(x)},>1 is nondecreasing in n and
fo(x) =1lim, oo fn(x) N-a.e. x € [0,00).

[0,
1

00).
(
(2) f
(
(

— — — ~—

REMARK 2.5. Two similar lemmas are valid for the approximation from above.

The following statements are taken from [7] and concern the weighted L [0, 00) —
L} [0, 00) inequality with the operator of the form

(Kuf ) (x) = / k(x,y)u)f (v)dr (v).
0.4

Here the kernel & (x,y) > 0 is u x A - measurable on [0, 00) X [0,00) and satisfies
the following Oinarov condition. There is a constant D > 1 such that

D'k (x,y) < k(x,2) +k(z,y) < Dk(xr,y), 0< y<z<x (2.4)

THEOREM 2.6. Let 1 < p < g < oco. Then the inequality

(/ (Kuf)quu> "< C( deA)p (2.5)
[0,00) [0,00)

holds for all f € M™ if and only if A : =max (Ag1,Ao2) < 00, where

1

i N\
Aoy = sup / v(x)k (x,2) du (x) / wdr |
1€[0,00) [t,00) [0,7]

L L
7

{'_] ’ ’ I)
Aoz:= sup ( / vdu) ( | kaor uoy @ <y>> .
t€[0,00) [t,00) [0,1]
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Ifl<q<p<ooand%—

é - %, then inequality (2.5) holds for all f € M* if and
only if B : =max (Bo,,Bo2) < oo, where

By := /[O’O@ (/[T,O@ v(x)k (x,1)? du (x)) </[0,r] uw d)t) u@®? dr(e) | ,
By 1= /[0’00) (/[t,oo) vdu) (/[O’]k(hy)p u(y) da (Y)> v(ndu() | -

The next statement is an analog of the previous theorem for the operator K of the
dual form

(Kuf) (x)

[~

_ / k() u () f () dA ()

[.’C,OO)

with a kernel satisfying Oinarov’s condition (2.4).

THEOREM 2.7. Let 1 < p < g < co. Then the inequality

(/ (K;‘f)"vdu> <c( fpdx> (2.6)
[0,00) [0,00)

holds for all f € M*' if and only if A* : =max (Aal, Aaz) < 00, where

1

L L

q , P’
Aj = sup (/ v(x)k (¢, x)? du (x)) (/ u? d/l) )

' r€[0,00) \ J[0,4]) [t,00)

1 L

q , , »

Ajp = sup ( / Vd#) ( / k(v,0)" u(y)” dA (y)> :

1€[0,00) \ /[0, [t,00)

0,
If1<qg<p<ooand?! i — %, then inequality (2.6) holds for all f € M* if and
only if B* : =max (]B%E)"l,IB%az) < oo, where

r

B, = /[O’O@ </[0,} v(x)k (¢,x)? du (x)) </[z,<x>) uw d)t) u ()’ dA (1)
By, = /[ N ( /[ . vdu> ( /[ k) @ <y>> v (1) s (1)

In the following theorems we collect weight versions of the results obtained by G.
Sinnamon in [11] for embeddings the cones of monotone functions. Put

W (r) ::/ wdv, and W (x) ::/ wdv.
(0.7 [x,00)

~i—

~i—

(2.7)
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THEOREM 2.8. If 0 < p < g < o0, then

1 1
q q
(f[o,oo) F qu“) (f[o,x] Vd“)
sup ——-— = sup - (2.8)
Feam| P xel0,00) ’
(f[O.oo) FPwdv) (f[O,x] wdv
THEOREM 2.9. If 0 < g < p < 00, and 1 = é —% then

S

1
S o) Fvdu ! !
sup Mz / w(y) Wolvdp | aviy) | . (29)

Analogous results take place for F € 9 1 .

THEOREM 2.10. If 0 < p < g < 00, then

1
(f[() ) FquI"") !
sup ~———— = sup

l (7l (2.10)
Fem? (f[o,oo) FPwdv) 7 xel0,00) (f[xp@ wdv) p

THEOREM 2.11. If 0 < g < p < oo and 1 =

(f[()OO>F‘11/(1u)é ) 7
sup —————— T ~ / w(y) W lhvdu | dv(y)| .  (2.11)
remt (f[o o) F”wdv) ’ 0.00) 0]

Note that Theorems 2.9 and 2.11 with ¢ = 1 give analogs of Sawyer’s principle
of duality with general Borel measures.

3. Thecase 0 <p <1

We need the following extension of ([12], Theorem 3.3) from the weighted case to
the case of measures.

THEOREM 3.1. Let 0 < g < 1, v = v, + v, where dv, = 22dA and v, L A .

(/[070@ (/[()J]fud/l> v (x)du (x)> < C/[O’oo)fwdv (3.1)

holds for all f € M™ if and only if

B @\ L
B = /[ N (/[ e ) Mdn©) | <o,

Then
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where

W= A and  Ww(x)| : —erses[om]fxw() (3.2)
Moreover, C ~ 2.

Proof. Let us start with proving that (3.1) is equivalent to the following inequality

q 7
(/ (/ fmm) v(x)du(x)) <c| fw dv“ . (3.3)
[0,00) [0.x] [0,00)

Obviously, (3.3) implies (3.1). Let (3.1) hold and f € 9M*. If v; L A, then there
exists A C [0,00) such that A (A) = 0,suppvs; = A and supp v, = [0,00) \A . Let
S =1 Xp,000\a - Then

q 3 q 3

(/[Om) (/{(}J}fud/l) v(x)d,u(x)) = (/[Om) (/{(}J}fud?t) v(x)du(x))
<C “wdv = C “wdv, “wdvs | = C dv,.
/[O’O@fwv (/[O’w)fwv—i—/[op@fw v) /[O’O@fwv

Now if we use (3.2), then (3.3) is equivalent to

( /[Om) ( /[0 J]f ud)t) v (x)du (x)> <C /[0 . fuwdA. (3.4)

Then, by [10, Theorem 3.1] and changing fu to f, we get that (3.4) is equivalent to

q g
(/ (/ fd/l) v(x)du (x)) <C fwdA. (3.5)
[0,00) [0,] [0,00)

Now we follow the proof of [12, Theorem 3.3]. First let w (x) = f[x o) DA for
A-ae. x € [0,00) fo bdA = oo and f[xm] bd)\ < oco. Then by changing order of
integration the rlght hand 31de of (3.5) is equal to

c /[0 . ( /[0 . fd/l) b(x)dA (x)

and so (3.5) is eqivalent to

( /[0 . ( /[0 J}fd)t) v (x) d (x)> <c /[0 N ( /[0 . fd/l) b)dA).  (3.6)

Since f f dA is increasing we can replace it with F and so (3.6) is equivalent to

1

q
(/ F%du) < C/ FbdA with F € M 1 . (3.7)
[0,00) [0,00)
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By [11, Theorem 2.5] and using Lemma 2.2 we get

/M </u ) ) blx)dA (x)
vWdu) ([ v@duE@\T,
/[0.,00)/[0.)(] Wy (y) </[0»] W, (2) ) b (x) dA (x)

9 q

= v@du@ )\
. /[OW </[0,y} Wy (2) ) ) dp (v)

For a general w, we may and shall suppose that W (x) < oo forall x > 0. Let N € N
and

C

Q

I
Q|\
<

Q

wy (%) == X (X) W) (x).
Then wy (+00) = 0 and similar to Lemma 2.4 we find W1(\9> € M| and h, € M
(n € N) such that
(1) wy(x) < w (x) forall x € [0, 00).
v () —w§$>(x) for A e X< [0, 00).
w(x) = f[mo hdA > ( ) forall x € [0, c0).
The sequence {wyx(x )}k>1 is nonincreasing in k for all x € [0,00) and

2

) w.
(2) w
3)
4)

wf\?) (x) = kllrrolo wyi(x) A-ae. x € [0,00). Then by the previous part of the proof for
any f € 9" we have

l—q

</[0,N] (/{()J}fd?t)qv(x)du (x))q

Q)T )
< /[O,N] </[0,x] wyk (2) > () du (x) /[0 JV]f NkdA .

y [6, Lemma 5] this is equivalent to

(£ (], ) o)

Qa7 T
< /{O ; (/[O . WNJ{(Z)> Wit | [ ra.

By (3) and (1) we have —— < —L_ and by (4), (2) and Monotone Convergence

whi(@) S wa(z)

Theorem

im [ Lan= La=( La.

k=00 Ji0. WNk [0,4] wl(\(,)) (0] WN
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Making the reverse change % — f we find

( [ ( / ,x]fﬁ)"v(x) i <x>>"

v(z)du () &’vx . ' "
< /H (/m,x]T(z)) @an | [ runan

1—q

_ OLTIC A
B /[O,N] (/m Wy (2) > w)an () [o,N]f ldk

< X fwidA.
[07(X>)

Letting N — oo we arrive at C < % . To show the reverse inequality we again ap-
proximate w| from above by a monotone sequence of functions wy, (x) := f[x.oo) brdA |

W, . Then applying (3.6), (3.7) and [11, Theorem 2.5] we find

1—g
4 q

v(z)du(z) |
/[0.,<>o> </[0»J T(z)) v (y)du(y) <cC

and since w; ' WII the result follows. O

DEFINITION 3.2. Let w € 91 | and be continuous on the left. It is known
([8, Chapter 12, §3]), that there exists a Borel measure, say 7, such that w(x) =
f[xm) dny, + w(400). We say that w € % (0) if there exist a constant C > 1 such

that | | 4
e M
w(x)  w(0) 04 W

COROLLARY 3.3. Let 0< g <1, we M | and w € % (0). Then

q q
(/ (/ hd/l) v(x)du (x)) < C/ hwdA
[0,00) [0,4] [0,00)

holds for all h € M™ if and only if

1—q

q

@
T—q
B:= / (/ Vd—“) v (x)du (x) < 00.
[0,00) 0x W

Moreover, C ~ B ~ By + B, where

1
q
By = (/ vdu) w(O)_IL’ ,
[0,00)
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l—q

g q

B, = /[0700) w(x)_&i (/[mo) vdu) o v(x)du (x)

Proof. Tt follows from Theorem 3.1, Lemma 2.2 and [11, Theorem 2.6]. O
Denote

A@):=A, () = /[Or] udX (3.8)

and observe that by the change f? — f in the inequality (1.3) we get the following
equivalent inequality

(/ (Hf%)quuy < ( fwdv) . feml. (39
[0,00) [0,00)

THEOREM 3.4. (a) Let 0 < p < g < oo and 0 < p < 1. Then (1.3) holds for
all f € M | if and only if

_1 1
p q
Ap := sup / wdv / Alvdu | < oo,
r€f0,00) \ /0] [0.]
1 1
p q
sup A (1) (/ wdv) (/ vdu) < oo
1€[0,00) [0,7] [t,00)
and C =~ Ay + o .

(b) Let 0 < g <1 =p. Then (1.3) holds for all f € M | if and only if

A

1—q

q
T—q
By := / w(y) ( W_lAquu> dv (y) < o0,
[0,00) [y,00)

1—q
q

As) o
B, := ess supy, v(t)du(r) v (x)du (x) < o0
0.00) \Jjo.) sefoq W (s)
and C =~ By + B;.

q

AP
(c) Let 0 < g < p < 1, ¥,(t) := esssup, (S) Then (1.3) holds for all
fem selog W (s)
€ i

L Pq

pP—q
By = / w(y) ( W_lAquu> dv (y) < 00,
[0,00) [y,00)
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@ [ (/ %(r)v(x)duoo) Cvdu@)| <o
[0,00) [0,x]

and only if By + B, < oo, provided ¥, (t) is continuous on (0,00) and % €
S (0). Then C ~ By + B\ .

Proof. (a) Since f € M |, then (H,f) (x) > f (x) A(x) and (1.3) implies

7 P
([ wa)f e([_rs)l - semi
[0,00) [0,00)

It is known (see Theorem 2.8) that C = Ay for 0 < p < ¢ < x.
Now, if f; = xjo,4 in (1.3) then

C(/[()’]wd\/)% > (/[Z’OO) (Huf,)quu>é =A(1) (A’w)vdu>é,

which implies that C > 7. Consequently, Ay + < < 2C.

For the sufficiency we suppose first that f € 9 |, f (x) = f[x 00) hud)  for

A-ae. x € [0,00), where h € M' and f (x) > f[x o) hud2. for all x € [0, 00). Let
0 < p < 1. We have by Lemma 2.2

/[OJ] (/[S’oo) hudk) u(s)dA (s)
~ /[O] /[ . ( /b . hud)t)plh(y)u(y)dﬂt(y) ﬁ u () dA (s)

p—1 B
< /[(M /[M] (/Lm@ hud/l) h)u()dA(y) | u(s)dA (s) +A(x)f (x)
[by Minkowski inequality] (3.10)

1
P

p—1
< / ( / hm> huWA Y dAG) | + A ().
(0,x] [y,00)

Applying (3.10) we obtain

0 g
(/ (Hf )1 vdu> < ( f‘quvdu> +J, (3.11)
[0,00) [0,00)
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where

<=

a
P

p—1
J = hudA AW u(DA (V) dA o () du (x
/[o,w) /H </[y,w> ) GO )Y dA () | v () du ()

For the first term on the right hand side of (3.11) by Theorem 2.8 we have

L 1
q P
( f‘fA‘fvdu> < A ( f”wdv) . (3.12)
[0,00) [0,00)

For the second term on the right hand side of (3.11) by Minkowski inequality with
1% > 1 and Lemma 2.2 we find

p—1 L
/ ( / ;Wm) M)A G ( / vdu) ar(y)
0.00) \/Iv.00) :00)
p—1 117
< /[0 . ( /Ly N mm) h(y)u() ( /[0 ; wdv) ()
~ (/{O’O@ (/[S’O@ hud?t) w(s)dv(s)) < o (/[Om)fpwdv>

and the inequality

P

~
N

(/ (Hf)quu>q < (Ao + ) (/ fpwdv>p (3.13)
[0,00) [0,00)

in this case follows. For an arbitrary f € 91 | without loss of generality we may
suppose that f(+o00) = 0 and find by Lemma 2.4 that f, € 27 | and a sequence
{hn}n>1 C M such that

(1) fo(x) < f(x) forall x € [0, 00).

(2) fo(x) =f(x) for A-ae. x € [0,00).

(3) fulx) := f[loo haudA < fo(x) forall x € [0, 00).
(

4) For all x € [0,00) the sequence {f,(x)},>1 is nondecreasing in n and
Sfo(x) = limy—o0 fu(x) A-ae. x € [0,00). Then by the Monotone Convergence
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Theorem and (3.13), it yields that

( /[0 y vdu) ' ( /[0 N (Hfo)”vdu>

1

Q=

—
g

7 P

@ . q (3.13) 3

= lim (Hfw)"vdp | < (Ao + #4) lim frwdv
n—oo [0,00) oo [0,00)

Tl

®3)

< (Ao + ) ( fngV>p%>(Ao+@71) ( prdV>

[0,00) [0,00)

and the upper bound C < Ao + 7 is proved. The case p = 1 is treated by the same
method, but even simpler.
(b) Necessity. It follows from the inequality

7
(/ (Hf)quu> <C fwdv, femMm], (3.14)
[0,00) [0,00)
that
i
(/ f"A‘fvdu> <C fwdv, femMm]|. (3.15)
[0,00) [0,00)

The last inequality is characterized by By (see Theorem 2.9 with p = 1.) Hence,
By < C. Now, suppose h € M and f(x) = f[x ooy hudA. Then f € M | and (3.14)
gives

(L (L ([ )z 19) o)
< C/[O’@ (/{Sm> hud/l) w(s)dv(s).

This implies

q q
(/ (/ hAud/l) v(x)du (x)) < C/ hWudA.
[0,00) [0,x] [0,00)

Changing the variable 7Au — h we obtain

q 3 w
(/ (/ hd?t) v (x)du (x)) < C/ h—dA.
0,00) \ /[0, 000) A

The last inequality is characterized by Theorem 3.1. Consequently, B; < C.
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Sufficiency. Again, suppose first, that f € M |, f (x) = f[x 00) hudA for A -a.e.
x € ]0,00), where h € M and f (x) > f[mo) hud) for all x € [0, 00). Then we have

( /[ y vdu> . ( /[ N ( /[ . ( /[ N hud/l) u(s)d <s>>q vdu> é
< (Aﬁﬂ(éﬂ(%;ﬁmu>u@mu@>awoé
+ (/{0700) (/[mo) hua’/l)qAq(x)v(x)d/.t(x)>é
< (/[OM) (/[0 ] hAud?L)qv(x)du(x)> é + ( mm)f”/\"vdu) '

[applying Theorem 3.1 and Theorem 2.9]

< By / / hudA | w(x)dv(x) | + Bo Swdv
0,00) \/fr,00] 0,00)

<(%+BQ/ Fwdv.

[0,00)

For an arbitrary f € 9 | we use the arguments from the end of the part (a).
(c) Sufficiency. To prove (3.9) we again, suppose first that f € 9 |, f (x) =
f[xm) hudA for A-ae. x € [0,00), where h € IM" and f (x) > f[x o) hudA. for all

xe [0,00). Then, arguing as before and applying Minkowskii’s inequality, we find

(/[OM (Hfr%)qu/.L)E
= /[Om) /[O,x] (/[S’O@ hud?t) u(s)dA(s) qv(x)du(x)
< /[0700) /[W] (/[M) hudk) u(s)dA(s) qv(x)du(x)

< (/ (/ hAPud/1> ' v(x)d,u(x)) + ( f%/\‘h}dﬂ) '
[0,00) (0] [0,00)

Tl
QT

=
QT

TR

A?(x)v(x)du (x))
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applying Theorem 3.1 and Theorem 2.9

< B ( /[0 N ( /[ N hud)t) w(x)dv(x)) + B ( /[0 N fwdv)

< (B + A)) [ )fwdv.
0,00
For an arbitrary f € 9 | we again use the arguments from the end of the part (a).
Necessity. The inequality %y < C follows by using similar arguments as in the
proof of A9 < C and By < C in the parts (a) and (b).
For the rest it is sufficient to show that (3.9) implies the inequality C > 4.
Suppose for simplicity, that %, (0) = 0. Let

g(t) = max{Z’"7 me Z:2" < ”f/p’% (t)}

0}

Since ¥, (1) is continuous, then 7, exists forall m € Z, 7, T and

and

1k

Ty 1= inf{y €1[0,00):2" <Y,

" () <7

>
a
3
N
<
i
<~

=2 =, (1) < 2™ 1€ [T, Tus],

g(ty) =2", g(s) <2" 'foralls € [0,71,).

We note that .
g) = 2" Xgpmni) (1) <17 (1) (3.16)

mez
and define

o= %dg ).

Then f € 2 | and by Lemma 2.2

é
/ fwdv = / (/ vdu) dg (x)
[0,00) [0,00) [x,00)

r

~ /[ W ( /[ N vdu) ) du

, 7
< [ Hw ( / vdu> v (x) it (x) = 55,
[0,00) [x,00) '
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On the other hand

</[<>,oo> ( 0.

Tl

WV

0 \Tm] Ly Tin) w (S)

5
vdu vdu
Tm Tm+1 Tm 00
N
1 1
x (me) G /[ (o)~ 0" dA<y>> )
,Tm
1
25A () ")
> Z / vdu / vdu —=
m [T, Tims1) [Tm,00) w (Tm) P
r 1
»
ZZ"’/ (/ vd,u) v(s)du(s)
m [Tm7Tn1+l> [&00)

q
r # r
> [ Hw (/ vdu) v)duls) | = 2,
[0,00) [s,00)

pr

With such f (x) the inequality (3.9) implies C? %5, > B, = C > %,,. Now, if
1

we put f = oy in (3.9), we find that
W)\ 1\ 7
C > / Vdu ( ) = / Vd,bL ( ) = <@2’0.
( [0,00) ) AP (0) [0,00) 7, (0)
It follows from Corollary 3.3, that %, | + %, > %,. Hence, C > 2, and the proof
is complete. |

WV

WV

=

<=

In conclusion of this section we give an analog of part (a) of the previous theorem
for non-decreasing functions.

THEOREM 3.5. Let 0 < p < g < 00 and 0 < p < 1. Then, (1.3) holds for all
f € M7 ifand only if

Q=

Ay = sup (/{t )Aq (x,0)v(x)du (x)) /e (1) < o0,

t€[0,00)

<=
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where

A (x,1) ::/ udA.,
[.x]
and C =~ A.

Proof. Replacing f in (1.3) by f; := X1 We find A; < C. For sufficiency we
suppose that

fx) :/ hudh, h € M*
(0]

and let 0 < p < 1. Then, by Minkowskii inequality and Lemma 2.1, we find

/ (/ hud/l)u(s)d,l (s)
[0x] \ /[0,s]
p—1 »
) /[0] /[o] </m hm) h()u(y)dr(y) | u(s)dA(s)
r—1 ’L)
< hudA h u AP X, dA
(/[M </[0,y] > (v) u (y) A” (x,y) (y))

Thus, again by Minkowskii inequality

1

( / (Hf )* vdu)
[0,00)
p—1
/[0 | hud/l) B u ) A7 () d2 <y>) v () dit ()

p—1 ¢

( / hudx> h)u() ( | Ay <x>> ar <y>)
0,00) (0] [y,00)

p—1 ,%

( hud?t) h()u(y) (/ wdv) da (y))
[y,00)

f”wdv)

Q-

N

-

N

N

%

O
A general case f € 9 | follows by Lemma 2.3 similar to the proof of Theorem 3.4.
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4. Thecase 1 <p,g < oo

The result of this section is based on the following statement, which follows from
Theorems 2.9 and 2.11 with g = 1.

COROLLARY 4.1. Let (Tf)(x) = f[o 00) k(x, )f O0)u(y)dA(y), where k(x,y) is a
defined on [0,00) X [0, 00), non-negative, U x A -measurable kernel.
(a) The inequality

(/ (Tf)quu> "<c ( f”wdv) ’ (4.1)
[0,00) [0,00)

for f € M |, holds if and only if the inequality

, L
o

/ w(y)( W—I(T*g)udx> av(y) (4.2)
[0.00) [v.00)

1

/

’ q
< C(/ qudu) : gem,
[0700)

holds with (T*g)(z) = f[O,oo) k(z,x)g(z)v(z)du(z).
(b) The inequality (4.1) for f € M T holds if and only if the following inequality
holds:

I v 7
/ w(y) ( W_l(T*g)ud)L> dv(y) <C (/ q? vdu) ,  geMt.
(0,00) (0] (0,00)

Now let us present our result for the case 1 < p,qg < co .

THEOREM 4.2.  Let K(x,y) = [ 4 W=ludA and f € M | . The inequality (1.3)
holds for 1 < p < g < oo ifand only if &/ = max{e | + o} < 00, where

1

i L

’ v ?

sup ( | vty dv@)) ( / vdu) ,
t€[0,00) [0.7] [t,00)

L L

v q

sup / wdv / v()k(x, 0)du(x) | .

t€[0,00) [0,7] [t,00)

Moreover, if C is the best constant in (1.3), then C = & .
In the case 1 < g < p < oo the inequality (1.3) holds if and only if B =
max {%Bo1 + Boo} < 00, where

1

N8
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S

PBoy: = /[O - ( /[O ’]W(y)k(hy)p dV(y)> ( /[r - vdu) v(t)au() |
Bor: = /[O’O@ </[0,} wdv) (/[wo) v(x)k(x, t)qd/.t(x)) w(t)dv(r)

. Moreover; if C is the best constant in (1.3), then C = A.

1_1
roq p

Proof. Because of Corollary 4.1 (a) the inequality (1.3) is equivalent to

L
P’

/ w<y>( W)l ( / gvdu) u(x)dx<x>> av(y) (43)
[0,00) [y,00) [x,00)

1

! q/
< C(/ qudu> , geMr.
[0700)

By changing the order of integration in the left hand side of (4.3) we obtain the Hardy
inequality with Oinarov kernel of the form

/[0700) w(y) (/W))g(Z)k(Z,Y)v(z)du(z)> dv(y) <C (/[O’O@ 4 vdu) '

By substitution f = gq’v and according to Lemma 7 from [7] the last inequality is
equivalent to

/ W(y)< f(Z)k(z,y)v(z)”"du(z)> dv(y) | < C( / f‘/du>q.
[0,00) [y,00) [0,00)

Thus the proof follows by applying Theorem 2.7. (]

Similarly we can obtain the result for non-decreasing functions as follows.

THEOREM 4.3. Let k(y,x) = f[xy] W=ludA and f € M 1 . The inequality (1.3)

holds for 1 < p < q < oo ifand only if &/ = max {527{071 + 42?072} < 00, where

L L

— - / ]7/ 4

i:= sup ( / w(y)k(y, 1)’ dV(y)> ( / vdu) ;
1€[0,00) [t,00) [0,7]
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L 1
/ q

P
o= sup / wdv / v(x)k(t, x)7du (x)
)\ [1:00) (0.7

t€[0,00

Moreover, if C is the best constant in (1._3), then C = . Inthe case 1 < q <p < o
the inequality (1.3) holds if and only if 98 = max {«%)0,1 + 930,2} < 00, where

a1t
~I—

Boy: = / / wO)K( 1P dv(y) / v | vdu@) |
[0,00) [t,00) [0,

QU

L
7

i — /[0 N /[, v /[0 K0t | v

%. Moreover, if C is the best constant in (1.3), then C = 5*.
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