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Abstract

A linear stability analysis of planar reaction fronts to transverse perturbations is con-
sidered for a system based on an autocatalytic reaction of general order p. Dispersion
curves, plots of the growth rate o against a transverse wavenumber k, are obtained
for a range of values of p and D, where D is the ratio of the diffusion coefficients of
autocatalyst and substrate. A value Dy of D, dependent on p, is found at which o4z,
the maximum value of ¢ in the unstable regime, is largest, with Dy increasing as p is
increased. An asymptotic analysis for small wavenumbers is derived which enables the
region in the (p, D) parameter space for instability to be determined. An analysis for
D small is undertaken which leads to upper bounds on the wavenumber for a possible

instability.
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1 Introduction

Planar reaction fronts that arise in models based on autocatalytic reactions can become
transversely unstable if the diffusion coefficient of the autocatalyst is sufficiently different to
that of the substrate. This has been established experimentally for the iodate-arsenous acid
(TAA) system? and for the chlorite-tetrathionate (CT) system®. Theoretical treatments
of the TAA system have been mostly confined to using cubic autocatalytic kinetics, a good
approximation in the arsenous acid excess case®. Using this reaction mechanism the condition
for a transverse instability is that D < D,, where D, ~ 0.424%>% and where D is the ratio of
the diffusion coefficients of autocatalyst and substrate.
In this paper we extend this discussion to an autocatalytic reaction of general order p,
namely
A+pB — (p+1)B  rate koab? (p>1) (1)

where a and b are the concentrations of A and B respectively and kj is a constant. Cubic
autocatalysis has p = 2. We limit our attention to the two spatial dimensions z and v,
in part as we have in mind the experiments performed into the stability of reaction fronts
in Hele-Shaw cells, see Refs. 7, 8 and 9 for example. These experiments have used both
the TAA and CT reactions and start with the reactor being filled with the initial reactants,
A in our model, at a uniform concentration. A small electric charge is applied in a thin
strip across the reactor, locally initiating the reaction, producing some B in our model.
Reaction-diffusion fronts propagate away from this initiation site, remaining planar if stable
or developing ‘reaction fingers’ if diffusionally unstable.

The equations for our model are obtained using the standard thin-film approximation,
with the concetrations being averaged over the gap width of the Hele-Shaw reactor. The

resulting dimensionless equations for our model are then, see Refs. 10 and 11 for example,
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where D = Dg/D4. Eqgs. (2) have been made dimensionless using a time scale Ty = (koah) !
and length scale Ly = (TyD4)'/? where aq is the initial uniform concentration of reactant A.
Egs. (2) have as a solution planar reaction fronts propagating with a constant speed cg in
the x—direction. The y co-ordinate measures distance normal to this, i.e. along the reaction
front. These planar reaction fronts can become longitudinally unstable if D > 1 and p is

sufficiently large!?!?

with the front initially losing stability through a Hopf bifurcation. The
resulting simple oscillatory propagation of the front can have further instabilities leading to

irregular or chaotic propagation. Here we are interested in possible transverse instabilities



and, as a consequence, we limit our attention to situations where D < 1.

We start by considering the planar reaction-diffusion fronts (traveling wave solutions)
that Egs. (2) can support, the base state for our stability analysis, for general values of
pand D. p =1 is a special case in that traveling wave solutions for which the boundary
conditions ahead of the front are approached through exponentially small terms are possible
for all ¢o > 2v/D, see Ref. 14 for example. With p > 1 the requirement of exponential decay
is sufficient to fix the wave speed uniquely, as established for cubic autocatalysis in Ref. 15.
The singular way in which the p = 1 case is approached as p — 1 from above is discussed in
Ref. 16.

2 Traveling waves

Without any loss in generality we need consider only those waves propagating in the positive
z-direction and to do so we introduce the traveling co-ordinate ( = x — ¢yt, where ¢y (> 0)

is the (constant) wave speed and then look for a solution in the form
a(z,y,t) = a(C),  b(z,y,t) = b(C) (3)
The resulting traveling wave equations are
a" + coad' — ab? = 0, Db" + cob’ + ab? =0 (4)

on —oo < ( < oo (where primes denote differentiation with respect to (), subject to the

boundary conditions
a—1,b—0 as (— oo, a—0,b—1 as (- -0 (5)

The wave speed ¢g in general depends on both D and p and has to be determined numerically.
To fix the wave speed uniquely we need to assume the boundary conditions as {( — oo

10,17 " This assumption is built into the

are approached through exponentially small terms
numerical integrations.

An asymptotic analysis for p large is given in Refs. 12 and 13, the result is that
co~V2Dp - as p— 00 (6)

Graphs of ¢y against p are shown in Fig. 1, the asymptotic forms given by (6) are shown by
broken lines. This figure shows that, for a given value of p, the wave speed decreases as D is

decreased in line with the results for cubic autocatalysis given in Refs. 6 and 10. For a given



value of D, the wave speed also decreases as p is increased, with the asymptotic expression
(6) for p large giving a good approximation for ¢y even at moderate values of p.

We can determine how the wave speed varies with p when D is small following the
treatment for the case with p = 2 given in Ref. 10. There is an inner region in which ¢ and

b are left unscaled and in which
a=Da, c¢=Drg, with @, ¢ of O(1) as D —0 (7)
An expansion in powers of D gives the leading-order problem
a'—ab? =0, V' +¢b +abP =0 (8)
subject to
a—0, b—1 as(— —oo, a~c( b—0 as (— 9)

Egs. (8, 9) have to be solved numerically and the resulting leading-order wave speed ¢, is
plotted against p in Fig. 2. From (6), & ~ /2p~' for p large and this is shown in Fig. 2 by
a broken line. This figure shows, as perhaps expected from Fig. 1, that ¢, decreases as p is
increased. There is also good agreement with asymptotic form for ¢, for p large. To complete
the solution an outer region is required in which b is exponentially small and ¢ = D¢. The
leading-order problem gives a = 1 —e~®¢ which has ¢ — 1 as { — oo and matches with the

inner region.

3 Stability analysis
To discuss the diffusional stability of the reaction fronts given by (4, 5), we put
a(C,9,8) = a(Q) + €™ HIAWQ),  b(C,y,1) = b(C) + eI B(Q) (10)

where a(¢) and b(¢) are the traveling wave solutions given by (4, 5) and where A, B are
small perturbations. We substitute (10) into Eqgs. (2), written in terms of the travelling
co-ordinate (, linearizing the resulting equations. This leads to an eigenvalue problem for

A(C), B(C) in terms of the growth rate o and the wavenumber & as
A"+ g A — P+ Kk +0)A—pabP 'B=0 (11)

DB" 4 ¢y B' — (DE*> —pab’ '+ 0)B+WPA=0 (12)



where primes still denote differentiation with respect to ¢, subject to the boundary conditions
that
A—0, B—0, as (— *+ (13)

Dispersion curves, plots of o against k£ for given values of p and D, were obtained by
solving equations (11, 12) numerically by a shooting method. This approach required the
solution to the traveling wave equations and built in the asymptotic forms for the solution
as ¢ — *oo resulting from (5) and (13). One of the arbitrary constants that arises in this
process being put to unity to force a non-trivial solution. The resulting linear boundary-
value problem was solved using a standard shooting method (DO2AGF in the NAG library).
This method converged readily. A similar method was also used to solve the traveling wave
problem (4, 5).

In Fig. 3(a) we give dispersion curves for D = 0.3 and a range of values of p. This figure
shows that the system becomes more unstable (larger positive values of o) as p is increased
from p = 2 to p = 3. For the higher values of p, the system then becomes more stable, i.e.
smaller positive values of ¢ and a smaller range of unstable wavenumbers. The maximum
value 0y,4, of o obtained from these (and related) dispersion curves is plotted against p in
Fig. 3(b). (In this and subsequent figures e corresponds to values of parameters used for
the numerical integrations.) This figure indicates that o0,,,, achieves its greatest value at
p =~ 3.0 for this value of D. The system remains unstable for all values of p greater than this,
though the positive growth rates o become smaller for the larger values of p. For this case
the system is stable (o < 0 for all k) for p = 1.4. With p = 1.45 the system becomes unstable
though with a very small value for o,,,, and a very small range of unstable wavenumbers.

In Fig. 4(a) we plot dispersion curves for D = 0.6. In this case for p = 2, D, = 0.424
and the system is stable>® as can be seen in the figure. The system is also stable with p = 3
in this case and becomes unstable when p = 4 with increasingly larger positive values of
o as p is increased. The corresponding values of 0,,,, are shown in Fig. 4(b). This latter
figure shows that the system has a transition to instability at p ~ 3.5 and is then unstable
for values of p greater than this. The values of 0,,,, have a maximum at p ~ 8.5 and then
decrease very slowly as p is increased further.

In Ref. 6 we noted that, for cubic autocatalysis (p = 2), the growth rates achieved a
maximum at D = Dy ~ 0.16 and decreased for smaller values of D. The same behaviour,
perhaps not unexpectedly, is seen in the present case as is illustrated in Fig. 5 where we
plot 0mq: against D for different values of p. This figure shows that the value of Dy, where
Omaz achieves a maximum value, increases as p is increased as well as the range of D where

the system is unstable. However the figure also indicates that the maximum value of 0,4,



decreases as p is increased.

Figs. 3(b), 4(b) and 5 indicate that the stability of the system depends on both p and
D (as might be expected) with there being a critical value D, = D.(p) of D at which the
system changes stability from being fully stable, D > D.(p), to having a range of unstable
wavenumbers, D < D.(p). We can gain further information about how D, varies with p by
considering the solution to Egs. (11, 12) for & small, following closely the treatment given
in Ref. 6 for the case when p = 2. We note that, for D = 1, 0 = —k? and hence we can take
D < 1.

3.1 Solution for small wavenumbers, k
We look for a solution to equations (11, 12) (for D # 1) valid for £ small by expanding
A(G k) = Ao(Q) + F*Ar(Q) + -+,

B(C; k) = Bo(¢) + k*By(Q) + -+, (14)
o(k) = ook?® + o1k*- -+

It is easily seen that the solution to the leading-order problem is

Ay =d'(¢), By =V'(C) (15)

where a((), b(¢) are the traveling wave solutions given by (4, 5). Expression (15) reflects
the fact that the traveling wave equations (4) are translationally invariant. Any arbitrary
multiple of (15) is also a solution to the leading-order problem and, without any loss in

generality, we can take this multiple to be unity.
At O(k?) we obtain, using (15),

Al + oA} — P A, — pab® By = (0p + 1)d’

(16)
DB + ¢yB} + pab’ * By + WP A, = (00 + D)b'
subject to the boundary conditions
Ay, B -0 as (— +oo (17)

We note that A; = o', By = b’ is a solution to the homogeneous problem satisfying the
homogeneous boundary conditions (17). Thus a compatibility condition is required for the
non-homogeneous problem (16) to have a solution which also satisfies all the required bound-

ary conditions. It is this condition that determines the constant oy. To derive this condition
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we first need to derive the corresponding adjoint problem U((), V(¢). To do this we follow
Ref. 6 directly to obtain

d
— (e%U") — bP (e U — e*/PV) = 0

d¢
(18)
dig (De®/PV") — pabP ! (€U — e«¢/PV) = 0
The compatibility condition is then, again from Ref. 6, that
(0 +1) / h e““a'Ud¢ + (09 + D) / Ooe%C/Db'Vdg =0 (19)

It is condition (19) that then determines oy.

The adjoint problem (18) has to be solved numerically and this was done by applying
the same shooting method that was used to calculate the dispersion curves, as given by (11
— 13). Having calculated U and V, these were then used to calculate the integrals in (19)
to determine oy. Graphs of oy against D are shown in Fig. 6(a) for a range of values of p.
Fig. 6(a) shows that oy achieves similar maximum values for p = 2 and for p = 4, though
for p = 4 the system is unstable, gy > 0, for a greater range of D. By p = 6 the maximum
value of oy is becoming smaller. This point is more clearly seen in Fig. 6(b), where we plot
00,maz 2gainst p. From this figure we see that 0 e, has a maximum value at p ~ 3.0 and

then decreases as p is increased.

One point to note from the curves plotted in Fig. 6(a) is that there is a value D, of D at
which oy passes through zero. We calculated the value of D, more accurately by refining the
increment in D around the expected value of D,, for a given value of p, and the corresponding
results are shown in Fig. 7 with a plot of D, against p. For D > D.(p), 0o < 0 and, since
the the dispersion curves in the unstable regimes seem to have a ‘parabolic’ appearance, as
in Figs. 3(a) and 4(a), we can expect the system to be stable in this case. For D < D.(p),
og > 0 and there will be a range of wavenumbers over which o > 0 and the system will be
unstable. These regions of stability and instability are labelled on Fig. 7. Fig. 7 shows that
D, increases as p is increased. From Ref. 13 we could expect that D, — 1 from below as
p — 00, though by p =10, D, = 0.736 and is increasing only very slowly at this value of p.
This suggests that very large values of p might be required for the large p asymptotic limit
derived in Ref. 13 to be achieved with some degree of accuracy. Though the range of D
where the system is unstable increases with p, we see from Fig. 6(b) that 0,4, decreases,
so we can expect for the general dispersion curves that o,,,, will also decrease for the larger

values of p, as is borne out in Figs. 3(b), 4(b) and 5.
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The question remains as to whether the system can be unstable for all p > 1 or whether
there is some critical value of p strictly greater than one that is required for a possible
instability, i.e. does D, — 0 as p — 1 from above or is there some value p. of p, with p. > 1,
at which D, = 0?7 To discuss this point further we obtain a solution of equations (11, 12)

valid for D small.

3.2 Solution for D small

The nature of the solution of the traveling waves for D small is described in detail in Ref.
10 for p = 2 and summarized for general values of p > 1 by equations (7 — 9) and Fig. 2(b).
Motivated by (7) and the solution for p = 2 given in Ref. 6, we put

A=DA, o=Do (20)
with the eigenvalue problem in the inner region becoming at leading order on using (7)
A" — (WP +E)A—pabP 'B=0 (21)

B"+eB — (K —pabt’ ' +5)B+ VWP A=0 (22)

Equations (21, 22) were solved numerically using the same shooting method technique de-
scribed previously for finding the dispersion curves. The results are shown in Fig. 8(a) with
plots of & against k£ for different values of p. This figure shows that 7,,,, and the range
of unstable wavenumbers decrease as the value of p is increased. This is brought out more
clearly in Fig. 8(b), where we plot 7,4, against p. This figure also shows that 7,,,, increases
rapidly as p is decreased from p = 2. As was mentioned in Ref. 6 for the case p = 2, the
range of unstable wavenumbers increase as D is decreased and k., the maximum value of &
where ¢ > 0 in the solution for D small can act as an upper bound for the range of unstable
wavenumbers for the larger values of D. We plot k., against p in Fig. 8(c), showing that
the values of k., decrease as p is increased (in line with Fig. 8(a)) and gives an increasingly
larger range of unstable wavenumbers as p is decreased towards p = 1.

We can gain further insight into how & varies with p by looking for a solution of equations
(21, 22) for k£ small. We have to include terms of O(k) in the expansion, the reason for this

will become clear below. We now expand
A=Ag+ kA +k* Ay+---, B=By+kB +k*By+---, G=koo+k?c+--- (23)

Note that & is O(k) for small k, not O(k?) as previously taken in (14). This will be required

in this asymptotic development and is also suggested by the dispersion curves shown in Fig.
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8(a). The leading-order solution is again
Ay =17, By =1l (24)
where @, b are the solutions to (8, 9). We note that
Ay —=¢, By—0 as (— oo, Ay, Bp—0 as (= —o0 (25)

where ¢, depends on p, as shown in Fig. 2.

At O(k) we obtain

Z&I—bpzl—pﬁb”_lglzo

(26)
Flll +60§,1 +pab”_1§1 +b”Z1 = Eobl
Equations (26) have the solution
_ oo (., 2_ _ - 90 b2 !
Al=—— (Ca'+-a| +oa’, Bi=—— [ +-b) +aib (27)
Co p Co p
for some constant a;. From (27)
— o 2 — — — 20
Alw—mﬁ—---, By —+0 as (— o0, A — 0, B1—>—_;‘0 as ( — —o0
p Cop
(28)

From (25) and (28) we see that the outer boundary conditions are not satisfied. Hence this
must be an inner region with outer regions being required, one for ( > 0 and one for { < 0.
In both these outer regions the independent variable is Y = £ (.

We consider the outer solution for ¢ > 0 first. In this region
b, B=0, A"—A=0 (29)

where primes now denote differentiation with respect to Y, subject to, from (25, 28),

— lod 2 —
ANEO(l—MY—I—---)—i—--- as Y — 0, A—0 asY — o0 (30)
CoD
An expansion
A= Ao+ kA +--- (31)
gives at leading order
1210 =y e*Y (32)



The form of the solution in this outer region (and the one in the outer region for ¢ < 0) is
the reason that expansion (23) was in powers of k. Applying the matching condition (30)

then gives .
_ Gp
p+2

We note that, in (33), ¢ depends on p (as shown in Fig. 2) and a graph of &, against p is

0o (33)

given in Fig. 9. The asymptotic form for p large that 7, ~ /2p~! is shown by the broken
line and gives good agreement with the numerically determined values even at moderate
values of p. This figure indicates that &, decreases as p increases, consistent with Figs. 6(a),
8(a) and 8(b) and the dispersion curves shown in Figs. 3(a), 4(a) and 6(a). The values of 7,
increase rapidly as p is reduced towards p = 1. Expression (33) holds for all p > 1, noting
that the asymptotic behaviour of the traveling wave equations for D small is different to that
given by (7) when p = 1'° suggesting a singular limit as p — 1 from above, as is the case
for D = 1'5. Though our results are not strictly applicable when (p — 1) is small, however
they do suggest the possibility of a transverse instability for all p > 1 provided that D is
sufficiently small.
The outer region for ( < 0 follows in a similar way, here

a, A=0, and B=kB (34)

giving

B —(Go+ka+---)B+k(B"-B)=0 (35)
An expansion in powers of k£ then gives, for the leading-order term By subject to, from (25,
28),

- 270, ~
BON_p%‘O'F"' as Y — 0, By—0 asY —- —x (36)
0
that 95 5V
BO —— ?0 exp (08 ) (37)
P Co

4 Conclusions

We have considered how the order p of a simple autocatalytic reaction scheme (1) affects
the transverse stability of the planar reaction fronts generated by this mechanism. Our
main conclusion is that the higher the order of the autocatalysis, the larger the range of
D = Dg/D4 over which the reaction fronts are unstable, see Figs. 5 and 6(a) and being
summarized in Fig 7. However, for these larger reaction orders the (linear) growth rates o

decrease as the reaction order p is increased, see Figs. 3(b) and 4(b). This has the effect
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of increasing the time scales over which the regular cellular patterns or more incoherent
structures seen in diffusion-driven instabilities of reaction fronts will appear, see Refs. 1,
5 and 18 for example. As noted previously for cubic autocatalysis®, there is an ‘optimum’
value Dy of D which gives the fastest (linear) growth rate. The same feature is seen for a
general autocatalytic order, with the value of Dy increasing with increasing p, as seen in Fig.
5.

The analysis to determine the nature of the dispersion curves for small wavenumbers &
is a useful guide to the overall stability of the system. This gives o ~ ook? for k small and
clearly, if oy > 0, then there must be some range of wavenumbers over which ¢ > 0 and
the system is unstable. Moreover, since the dispersion curves for unstable systems have a
‘parabolic’ appearance, this analysis can also indicate, when oy < 0, when the system is
fully stable. As seen previously for cubic autocatalysis®, the range of unstable wavenumbers
increases as D is reduced from its bifurcation value D,.. The same effect is also seen in the
present case and thus the values of k., (p) obtained from asymptotic analysis for D small,
see Fig. 8(c), with the system being stable for 0 < k < k4, in this limit, give an upper
bound on the range of possible unstable wavenumbers in the general case when D < D.(p).
Hence a necessary condition for reaction system of with L to be unstable is that L > 27 /k 4.

Our results assumed that p > 1 and we considered the question as to whether a system
given by reaction (1) could be unstable for all p > 1. Our numerical results strongly indicate
that D, decreases as p is reduced, see particularly Fig. 5, with D, — 0 as p — 1 (from above)
being suggested. This was, in part, a motivation for considering the small D analysis and our
results, see expression (33) and Fig. 9, also suggest that an instability is possible for allp > 1
provided that D is sufficiently small. The growth rates also increase quite markedly as p is
reduced towards unity (Figs. 5 and 8(a), 8(b)) perhaps indicating a singular limit as p — 1
(and D — 0). This would not be surprising and could well be expected as the p =1 case is a
singular limit for the reaction-diffusion fronts'®, the base state for any stability analysis. It
has been established!® that the large time behaviour for reaction systems (1) with p < 1 is
qualitatively different, in this case reaction fronts do not develop and the system approaches

the fully reacted state uniformly at large times, again suggesting a singular limit as p — 1.
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Captions for figures

Figure 1. Plots of the wave speed ¢y against p for D = 1.0, 0.5, 0.2. The asymptotic result
for p large (6) is shown by the broken lines.

Figure 2. A plot of the wave speed ¢, against p for small D obtained from (8, 9). The

asymptotic result for p large is shown by a broken line.

Figure 3. (a) dispersion curves, plots of o against &, obtained from solving (11 — 13) nu-
merically with D = 0.3 and p =2, 3, 5, 7. (b) a plot of 0,4, against p for D = 0.3.

Figure 4. (a) dispersion curves, plots of o against k, obtained from solving (11 — 13) nu-
merically with D = 0.6 and p = 2, 4, 6, 8, 10. (b) a plot of 0,,4, against p for D = 0.6.

Figure 5. A plot of 0,,,, against D for p = 1.5, 2, 3, 5 to illustrate that o,,,, achieves a

maximum value at a finite value Dy of D.

Figure 6. (a) graphs of oy against D for p = 2, 4, 6 calculated from the compatibility
condition (19) for the small wavenumber analysis. Note that o ~ ogk?+ - -- for k small. (b)

the variation of 0 4, With p.

Figure 7. The values D, where 0y = 0, from the small wavenumber analysis, plotted against

p- The regions where the system is stable and unstable are labelled on the figure.
Figure 8. (a) graphs of & against k for p = 1.5, 2, 3, 5, 8 obtained from the solution for
small D (21, 22). (b) a plot of 7,4, against p. (c) values of k4., the maximum value of k

for which & > 0, plotted against p.

Figure 9. A plot of &, given by (34), the asymptotic form &, ~ v/2p~! is shown by the

broken line.
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