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Abstract: This paper proposes a flexible transport networpacdy evaluation and design
problem (FNDP) under demand variability. The futstechastic demand is assumed to follow a
normal distribution. Travellers’ path choice betwawriis assumed to follow the Probit Stochastic
User Equilibrium (SUE). The network reserve capastused to evaluate the performance of
the network. Since the future demand is stochattecreserve capacity is measured by possible
increases in both mean and standard deviation @Qhe base demand distribution. The
proposed model therefore represents the flexibibtythe network in its robustness to OD
demand variation (i.e. high SD). The proposed madel also determine an optimal network
design to maximize the reserve capacity of the adtwn terms of both the mean and SD of the
increased demand distribution. The paper applestiplicit programming approach to solve the
FNDP. Sensitivity analysis is adopted to provide redcessary derivatives. The model and
algorithm are tested with a hypothetical networkltestrate the merits of the proposed model.

Keywords: Network capacity, stochastic network design, nekwdesign problem, bilevel
optimization
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INTRODUCTION

Recently, governments and local authorities in maountries have shifted their focus to
designing and developing a transportation netwbdt tan cope with future uncertainties in
demand and supply). On the demand side the network should havecserffinetwork reserve
capacity to deal with unexpected increases or changeseardé&mand pattern. The concept of
network reserve capacity was originally developed &nalyzing an isolated signal-controlled
intersection 2); Wong and YangJ) extended this concept to evaluate the optimaladigetting
for a road network. The network reserve capacitgeBned as the maximum multiplie? >1
applied to a given Origin Destination (OD) demanatnm® such that the equilibrium link flows

satisfy the link capacity constraints, i.maxé st .va(Hq) <c,JalJA where @ is a scalar and

the base OD demands am/a(é?q) is the equilibrium flow on linka that has capacitg,. This

problem can be considered as a deterministic n&tdesign problem (NDP).

Chenet al. (4) originally proposed capacity reliability as a newtwork performance
index based on the concept of reserve capacity.c@pacity reliability index was developed to
evaluate the probability that the network capacéy accommodate a certain traffic demand at a
required level of service under random link degtiada(5). Sumalee and Kuraucht)(utilized
this concept to evaluate the network capacity aterajor disaster. Lo and Tung) defined the
capacity reliability as the maximum flow that thetwork can carry subject to link capacity and
travel time reliabilities with random link capaei$.

Most of the network capacity models mainly focussadthe reserve capacity with the
deterministic demand. In reality, the travel demé&mécast is uncertain from economic factor,
demand concentration, energy situation, etc. amd bea defined by a statistical distribution.
Under stochastic demand, the definition of the oekwcapacity can be analyzed from two
perspectives. On one hand, the network should lgetathandle a certain level of growth in the
average OD demands, i.e. increase in the mean.h®rother hand, this network may not
necessarily be able to cope with increases in dhniahility of the OD demand, i.e. increase in the
standard deviation (SD) of the demand distributidmus, it is important to evaluate the ability of
the network to absorb increases in the variabdrtyincertainty of future OD demands. Patil and
Ukkusuri @) proposed a flexible network design problem (FNB#PPyonsider uncertain demand
by generating a number of possible future scenarios

In this paper, FNDP is defined for strategic polidgsign, allowing planners to
accommodate different levels of variation in futgtechastic OD demands based on a desired
level of link capacity reliability (risk preferenceeasure). The stochastic demand is assumed to
follow a normal distribution. Both the mean and &0he base OD demand can be scaled up by
some multipliers. The increase in the mean demandbe interpreted as the original network
reserve capacity. The increase in the SD of demandhe other hand, can be viewed as the
flexibility of the network to cope with an increaisethe level of demand variability.

A mathematical program is proposed to find the mmaxn multipliers for both the mean
and SD of the existing OD demands, subject toitlledapacity chance-constraints (due to the
stochastic link flows). The chance-constraint cobdédalso referred to as the Value-at-Risk in
Chen et al.9). The objective function of this problem is defin@s a weighted sum of the mean
and SD of the increased demands. This objectivetifum is referred to as the mean-standard
deviation network capacity (M-SD). The model isrthacorporated into FNDP by optimizing
the link capacity investments in the future so @asnaximize the M-SD network capacity. An



A. Sumalee, P. Luathep, W.H.K. Lam, R.D. Connors 3

analytical approach to solve the proposed modégwing the implicit programming approach
(6, 10, 11), is developed. The method of sensitivity analyS#\) (12, 13) is employed to
calculate both the gradient of the objective fumrctiand Jacobian of the constraints with respect
to changes in the design parameters, namely the @ed SD demand multipliers, and link
capacity investments. This paper is organized fiotio further sections. The next section defines
notation and assumptions of the stochastic modwed.rfiodel formulation and solution algorithm
is then presented in the third section. The fogdéttion presents an application of the proposed
model to a test network and discusses the resliits. conclusion and discussion for future
research are given in the last section.

STOCHASTIC NETWORK FRAMEWORK

Traffic Flow Distribution

The network is represented by a graph with a sdiretted linksA and node$. LetR as the set
of OD pairs with|R total number of OD pairs. Due to demand unceryathie day-to-day travel

demand for the OD pair from noddo s (r #s;r,sCN ), denoted byQ,, rsUR, is assumed to
follow the Normal distribution¥4-16). This can be expressed @3 ~ N (q,s,(ac’f)z), whereq,

and g, are mean and SD, respectively. Defineaving size|K|, whereK is the set of possible
paths, as the vector of path choice proportionshiich each entryp,® (kOK,,) serves an OD

pairrs. The random path flow can then be expressef, as p,°Q.. Since the OD demand is a

normally distributed random variable, the path flavhich is the product of deterministic path
choice proportion and stochastic OD demand, th#awe a normal distribution. The mean and

variance of random path flow, denoted B and(a?”s)z, respectively, can be defined as:
f° =E[R”]
=E[ pQ, | @
=0 P OkOK,,; OrsOR,
(o) =var(F7)
=Var ( piQ. ) )
=(o=pp)”  OkOK
The covariance between two arbitrary path flowy (§& and F®) joining the same OD

pairrsis formulated, following 16), as:

COV(FkrS1FjrS)=(U¢;S)2 pep;” k# ;0K jOK,;OrsOR, ©)

while the covariance of the path flows from patbereecting different OD pairs is zero.

rs?

OrsOR

rs?

rs?
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Let f be a|K| column vector of the mean path flows from Eq. &by £', of size
|K|x|K], is the variance-covariance matrix of path flovesif Egs. (2) and (3). The link floW,,

which is a sum of stochastic path flows (i.E,{S~N(fkrs,(afk”s)z)), follows MVN, i.e.

V ~ MVN (v, EV) wherev is the vector of mean link flows with siz8|, and X is the|A/x|A

variance-covariance matrix of link flows. and X' are defined as:

v =A[
3 s 4)
= ZArs |:(urs E ’
rs=1
Y AR
)

R
= zArs [Erfs |:qArs)T 1
rs=1
where A=(...,A,..) is the link-path incident matrix of the networlndaA , is the link-path

v Bg gy

incident matrix associated with OD pais.
Link and Path Travel Times

The link travel time function is assumed to foll@wstandard Bureau of Public Roads (BPR)
function, which is defined as:

T, (V,) =t +

a a

an; DadA, (6)

(ca+s.)
wheret] is the free-flow travel time on link; b, andn are parameters for the link travel time

function;c, is the existing link capacity; argd is the additional link capacity to be determined.
Since link flows are stochastic, link and path élavmes are random variables. ltgbe

a |A4 vector of mean link travel times in which eachnedat, denoted bly, is:

t, =E[T,(V.)]
=t? +Ln E[Vy] DaOA
(c.+s,)

In Eq. (7), E[Va”} is then™ raw moment of the normally distributed link floWhe

(7)

method of moment generating function (MGF) appledqll) and {7) is adopted to calculate
E[Va”]. Note that previous studie$l) and (7) only applied the MGF method to derive the

expected link travel time from Poisson and Binomrahdomly distributed link flows,
respectively.
From @8), the MGF of the normal distribution can be defineas

M, (a)= exp(vaa +}é(aj‘a)2). Since this paper aims to apply the BPR functidti v =4,

the4™ raw moment o/, can be derived as:
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E[V.'] =M (0)
_ d*m, (a)

4

(8)

da

a=0
=V +6v§(aj‘)2 + 3(0\?)4 .
Thus, mean link travel time can be explicitly expressedenctbsed form as a function
of the mean and variance of the random link flow:
b, 4 2( ~a)? a\*
—)4{va +6va(av) +3(av) } OalA. 9)

t, =t +
(Ca+sa

a

Finally, the|K| mean path travel time vectoy, with entryt,®, can be calculated from:
t,=A"t,. (10)

Path Choice M od€

This paper assumes travellers only consider persamadlttime in the dis-utility of their trips.
Since travel times are stochastic, the perceived expected tiaeeis considered to be the
deterministic dis-utility term of each path, followintilf. The perceived expected travel cost for

pathk is defined asC;® = E[ C;° |+ & Ok OK,; OrsOR where E[ C° | is the mean travel cost

rs?
(i.e. mean route travel timg®); and &,° is the travel time perception error on phthf OD pair

rs. € is assumed to be MVN with zero mean and variasgigance matrixz®, which can be
determined from link travel time perception errargd the link path incident matrix, see e.g.
(13).

Following the Probit SUE model9), the fixed-point (FP) condition for the assignmen
problem can be defined as:

pe =P Cr<Cr]
t(( p,q.) .07 (p*.07))) + a7 < (11)
(et (mod))) e Dok,

where Pr[] denotes probability.

In Eq. (11),t° = E[Cf‘] can be calculated frorty which can be further expressed as a

function of the mean and SD of random link flow.esb two parameters of link flow can be
determined from the mean and SD of stochastic ODatels and path choice proportion. Eq.
(12) is thus the FP condition. To solve this FPopem, the method of successive average (MSA)
(19) is adopted, with the simple step size afvherei is the current iteration of the solution.
The Probit path choice probabilities (Pr) are atmedyly calculated following 13). The MSA
algorithm can be summarized as follows:
Step Olnitialization: Seti = 1; define sets of possible paths for each OD (ukEnoted aks).
Find a feasible path choice proportion vegfaaind sep' =d'.
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Step 1Travel time calculation: Assignpi to the stochastic network according to Egs. (})aftd
then calculate new mean link and path travel tieetars following Egs. (9) and (10).
Step 2Descent direction finding: For each OD pair, evaluate the path choice ptopo

g =PIt +6° <t +& D OK,, .
Step 3Convergence test: If Hg‘ —p‘H/HpiH <o orizi__ then terminate the algorithm whedeis
the convergence criteria amg,, is the predefined maximum number of iterations.

i+l

Step 4Move: p'*' =p' +ai.(gi —p‘) wherea' =1/i; seti:=i+1 and return to step 1.

Link Capacity Chance-Constraint

Let 4° and &,° represent the multipliers of tleto s OD demand distribution’s mean and SD;
6, and 0, denote the vectors comprisi®® and 8, OrsOR ands is the vector ofs, JalA.
After multiplying the existing OD demand distribani with 8° and &,°, the mean and SD of the
new OD demand distribution ar, =6°q, and d;° =6;°0,;°, respectively. The equilibrated
stochastic link flowV, can be reformulated as a function of the vectbraean demandj(9,)
SD of demands,(6,), and Probit SUE route choice proportign(e,,0,,s) satisfying FP

condition in Eq. (11).
Adopting the chance-constraint conceptin9), the chance-constraint of the equilibrated
stochastic link flow, based on the desired levdirgf capacity reliability, is shown in Figure 1.

Shade area = Deterministic
Desired level link it
of link capacit Nk capacty,

L 1
reliability, a, Cats,

Probability density

] Stochastic

o (a,) .o link flow, V.,

FIGURE 1 Chance-constraint of stochastic link flow.
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In Figure 1, the link capacity reliability can beatated from the frequency that the
equilibrated stochastic link flow is less than qual to total deterministic link capacity. This
capacity reliability must not be less than the @ebsievel a, (shaded area). The relation can be

written as:
PrlV; (6(6,) &,(0,) b (0,0, 8))<c,+s,|2a, DadA. (12)
The levela, allows planners to easily specify a risk prefeeeriocreasingr, increases the risk

aversion level (meaning more reliability is desjredq. (12) is explicitly reformulated as the
chance-constrained equation:

v, (6(0,).p (0,,0,.5))+ 0% (a,) 07 (6,(0,) .0 (0,0,5))<c,+s, TalA,  (13)

a v
where ®7*(.) is the inverse cumulative distribution functionD(E) of the standard normal

distribution. Note that the left hand side of EG3) could be referred to as VaR of the
equilibrated stochastic link flow witkb™ (a,) o above the mean value.

MODEL FORMULATION AND SOLUTION ALGORITHM

Flexible Transport Network Capacity Evaluation and Design Problem (FNDP)

This paper proposes a model to solve a flexiblespart network capacity evaluation and design
problem (FNDP). The model can also be employed/&duate the M-SD reserve capacity. The
model assesses the reserve capacity of the exis¢itvgork from the maximum multiplier$),

and 0,, of the base OD demand distributions’ mean andr&pectively, subject to the link
capacity chance-constraints (due to the stochkskidlows). To consider the preferred trade-off
level of mean and SD reserve capacity, the objedtinction can be defined as a weighted sum
of mean and SD of the increased demands with afpned weight factorr . This model is then
used within the FNDP, to optimize the link capadityestmentss, so as to maximize the M-SD
reserve capacity (under different variations of @nand distributions) subject to link capacity
chance-constraints under the Probit SUE conditimglgetary constraint, and design parameter
constraints (on®,,0,,s). The FNDP can be formulated as a mathematicagrpro with

equilibrium constraint (MPEC) as:

1

r(gl%g =70, q+(1+71) {(OZT)2 oé} ? (14)
subject to:

v'(0,,0,,5)+®™(a)o,(0,0,5s)<c+s, (15)
yITs< B, (16)
CV e, <3, (17)
CVe,<4,, (18)
0<r<l, (19)
1< 6° < @™, 1< 6° < 0™, (20)

0<s, <5, (21)
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where y is the cost per unit link length per unit capadityestment;l is the vector of link

lengths; B is the total budget; CVGl:\/Rllz(H’S ZH’SJ/ ZH’S and

rs=1 I'S— rs=1

R
CV@z:\/F:lZ(HrS Z@’S] /;ZH’S; J,and g, are the allowable coefficients of

rs=1 rs— rs=1
variation (CV) of 8, and 0,, respectively; ™ and & are the mean and SD demand
multiplier upper bounds; ang,,, are the link capacity investment upper bounds.

The objective of the optimisation (14) is to max@mithe M-SD reserve capacity using
the predefined weight factor. Constraint (15) ie timk capacity chance-constraint due to the
stochastic link flow under the Probit SUE conditidrhis chance-constraint is written as an

implicit function of design parameter8,( 0,, ands). The budgetary constraint is written in Eq.
(16). The OD demand multiplier constraints (17) 4t8é) allow the model to deal with the
FNDP by controlling the variation of the increasidgmands on different OD pairs. For
example, if both mean and SD of demands from allgalds equally increase), and 9, are set

to be 0. In additiong, ,d, >0 can be adjusted to control different variationgha increasing
OD demands; highed, ,J, allows higher variation between the increasing @#nands. The
former is referred to as a whole area based costt@@dme when the latter is referred to as an OD
based control scheme. Finally, the bounds for ptessi; §° and &°; and s, are expressed in
constraints (19)-(21), respectively.

Solution Algorithm

An analytical approach to solve the FNDP follows implicit programming approach, (9, 10).
The fmincon solver in MATLAB, which implements Sepiial Quadratic Programming (SQP)
algorithm, is used to find an optimal solution. §iethod requires the gradient of the objective
function (14) and the Jacobians of link capacityarae-constraint (15) and OD demand
multiplier constraints (17)-(18) with respect te tesign parameter$,( 0,, ands). The chain
rule and SA of the equilibrium link flow under ti&obit SUE 12, 13) are used to attain all

derivative expressions. The details of gradienthef objective function and Jacobians of two
constraints are shown in APPENDIX A, B and C, retipely.

ILLUSTRATIVE TESTS

The test network with 18 directed links, six ODrpaiand 34 paths fronl@) is adopted as
shown in FIGURE 2. The mean and CV of OD demands i({Cbrackets) are listed in Table 1.

The BPR link cost function, i.€T, (V,) :t§+b—V” is used with n, =4,0al0A. The

(c,+s)" '

other parameters of the BPR function and the lefagtkach link are given in Table 2.
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3 6| |11
14
2, __16 _18 ,
9—©@ <O —__"- 6 —_"-0
1 13 17
Suburban Suburban
4
area 1219 4 area
8 10
o

FIGURE 2 Hypothetical network.

TABLE 1 Mean and CV of OD Normal Distribution Demand

Origin Destination
1 5 7

1 - 600 (0.25 400 (0.20

5 500 (0.50 - 600 (0.60

7 375 (0.28 800 (0.20 -

TABLE 2 Link Cost Parametersand L engths
Link t? b, C, I

1 0.012¢ 0.002¢ 180( 1.C
2 0.012¢ 0.002¢ 180C 1.C
3 0.091° 0.626: 110C 5.t
4 0.091° 0.626: 110C 5.
5 0.091° 0.626: 110 5.t
6 0.025( 0.170¢ 110C 1.t
7 0.075( 0.108: 110C 6.C
8 0.091° 0.626: 110C 5.t
9 0.025( 0.170¢ 110C 1.t
1C 0.075( 0.108: 110C 6.C
11 0.025( 0.170¢ 110C 1.t
12 0.025( 0.170¢ 110 1.t
13 0.020( 0.136¢ 110C 1.2
14 0.075( 0.108: 110C 6.C
15 0.075( 0.1081 110C 6.C
16 0.020( 0.136¢ 110C 1.2
17 0.012¢ 0.002¢ 180c 1.C
18 0.012¢ 0.002¢ 180( 1.C

To illustrate the applications of the FNDP moded aolution algorithm, two sets of tests
are conducted. Without any improvement, the fiedtis to evaluate the M-SD reserve capacity
of the existing network. The second set is to enbdhe M-SD reserve capacity of the network
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by optimizing the link capacity investment whildistying the link capacity chance-constraints
under the Probit SUE condition and budgetary caidtrThe details are explained as follows.

Networ k Capacity Evaluation

To evaluate the existing M-SD network reserve capaEqgs. (16) and (21) in the FNDP are
excluded. The first test is to determine the maximg and &, without violating the link
capacity chance-constraints (15). The desired lefellink capacity reliability is set as
a,=0.90al0A. To solve Probit SUE, the independent link tratigle perception error is

0\2 o . . .
assumed as, ~ N 0,0.3(ta) OadA, and the convergence criteria and maximum itematio
number are set to bé=1e® andi__ =500. This test is conducted on the basis of the whole
area based control scheif, , J, = 0)when g™ =10 and 6 =10. The results of maximum

demand multipliers and M-SD network capacities uriéerent values ofr with the increasing
step of 0.2 are shown in Figure 3.

|
|
|
a |
|

1l e~ 4

80
0T

5 706  2=3042
R ° 6 =1.323 6, = 1.00(
M =4,333 D= 508
D i E—
r=08  2=30688
| g =1.323 ¢ =1.00
M =4,333 D= 508
—

e

(7=04  z=2402)%
g =1.320 6, =1.01€} °
M =4,322 D= 516

r=10  Z=4,333
6 =1.323 6, =1.00(
M =4,333 SD= 508

Lot ==

.00 ! :
10%0 105 1.10 115 120 1.25 1.30

01

1.35 1.40

FIGURE 3 Maximum demand multipliersand M-SD network capacities.

From Figure 3, the pairs &, andd, can be classified into three categories. Wher

0.6-1.0, the first case focuses on the higher ergetetwork capacityd, = 1.323 @, = 1.000),

as optimal M-SD capacities are M = 4,333 (SD = 508)s is referred to as the mean capacity
approach. On the other hand, the solutions changg  1.000 andg, = 1.693 forr = 0.0 and
0.2. This allows the existing network to cope witie higher variation or uncertainty of the
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demand, SD = 859 (M = 3,275), which is referrechsothe SD capacity approach. Lastly, the
trade-off between M-SD multipliers can be obseraed = 0.4. The solutions ar€, = 1.320

and g, = 1.016 as M = 4,322 and SD = 516. The changeteofand distributions from these

three evaluation approaches can be clearly expglaralepicted in Figure 4.

Figure 4a) shows the mean capacity approach wthitts ©nly the mean of the initial
demand distribution to be 4,333 (same SD). In estirFigure 4b) presents the SD capacity
approach which changes the shape of the base desisrniution to be flattened with the new
SD = 859 (same mean). A joint result, trade-offrapph, is illustrated in Figure 4c) when both
mean and SD of the increased demand distributieslafted and flattened to M = 4,322 and SD
= 516. From the results, these three evaluatiomoaighes can be adopted to the network design
problem to enhance the reserve capacity of thear&tw

The second test assesses the vulnerability of ledcto increasing OD demands in terms
of the link capacity reliability. The results based three evaluation approaches are shown in
Figure 5. Figure 5a) shows that Links 17 and 18tleefirst two critical links that violate the

minimum desirable valuea(,= 0.90) atd = 1.323 ¢, = 1.0). As§, increases (mean demand

increases) without any improvement on each linle timk capacity reliability gradually
decreases. The next four critical links are foumte Links 2, 13, 1, and 16, respectively. Figure

5b) indicates that Link 18 is the first criticatk based on the SD capacity approagh=1.0,6,

= 1.693) following by Links 17, 16, 1 in that ord@he order of critical links from the trade-off
approach is similar to that of SD approach. Figbee only shows Link 18 which is the first

critical link at (€, = 1.32,4, = 1.016). Here the series of critical links froiffetent evaluation

approaches are identified. The next section wilegtigate link capacity investments to enhance
the reserve capacity of the network.
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FIGURE 5 Link capacity reliability based on three evaluation approaches.
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Networ k Capacity Enhancement

This test is to optimize the link capacity invesimgeso as to maximize the M-SD reserve
capacity subject to Eqg. (16). The demands on @iffelOD pairs can increase independently,
with some constraints in (17) and (18). This iseredd to as the OD based control scheme. For

the test, we assume=1 ands,,, =1,800. The M-SD network capacities are measured based on
the OD control scheme with two scenarios, i.e.d{)J, <0.1 and (ii) 9,,9, <0.3. Note that
05,9, < 0.1 and 9,,9, <0.3 represent low and high variations of the incregsiemands on
different OD pairs. The results at different budgate shown in Figure 6.

8,000

2 6,000

I

g

X

o

= 3,275 275
o .

§ 3,275 3,275
S 2,000 - —+—\Whole area control scheme (Mean capacity approach)

%+ Whole area control scheme (SD capacity approach)
-4~ Whole area control scheme (Trade-off approach)
== OD control scheme (COY0.1)
=x= 0D control scheme (C0¥0.3)

0
0 2,500 5,000 7,500
Level of budget
a) Mean network capacity
4,000
—+—\Whole area control scheme (Mean capacity approach)
--x- Whole area control scheme (SD capacity approach)
-9~ Whole area control scheme (Trade-off approach)
? 3,000 ~® -OD control scheme (C0¥0.1)
§ == OD control scheme (CO¥0.3) 2,515
——y
2242 e TT L
E JE—— " 2,512
S 2,000 - IS 2,239
= /3 ]'...865
o L /
< ,.--;’f”
© e
@ 1000 - .
55859 - e . [ i
R - 5622 - - - -§591- - - - o ... 580
516508 508 508 508
0
0 2,500 5,000 7,500
Level of budget

b) SD network capacity

FIGURE 6 M-SD network capacities based on whole area and OD control schemes at
different budgets.
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From Figure 6a the mean network capacities basedeam design approach and two OD
control schemes increase in a similar way as tligdtuincreases. In contrast, the results from
the trade-off design approach decrease from 4,B28get = 0) to 3,275 (budget = 5,000).
However, the mean capacities under the SD desigmaph are constant. On the other hand,
Figure 6b shows that the SD network capacities uttte SD and trade-off design approaches
increase as the budget increases. The resultstfrer®D control schemedg , J,, < 0.3) slightly

increases when that fromd,,d, <0.1 initially increase to 622 (budget = 2,500) andnthe

decreases as the budget increases. The SD capaamitiker the mean design approach are
constant.

Figure 7a, 7b, and 7c show the link capacity innesits from three network design
approaches under the whole area based control schidm amount of additional link capacity
investment occurs in the same order as mentiondtieénvulnerable link evaluation test (see
Figure 5). However, under the mean approach, thetfvo investment links change to Links 12
and 11 at high budgets (5,000 and 7,500) insteddné® 17 and 18 at budget = 2,500. From
Figure 7d and 7e, as OD demands are allowed teaserindependently, the patterns of link
capacity investment are different. However, LinkBich is related to the highest volume of
traffic is the most significant link to be improveBigure 7 implies that different approaches
provide different link capacity investment forms.

Note that the computational times for network degeg budget = 2,500) under the whole
area based control scheme are 22, 57, and 25 sefmmaean-, SD-, trade-off design approach,
respectively; whereas the computational times uttteiOD based control scheme are around 3
minutes for 9, ,9, <0.3, and 18 minutes fov,,J, <0.1. The tests were carried out with a
computer with Pentium Dual Core 1.86 GHz. and 2R3BV.. In these tests, computational time

increases as higher variations are considereceiintreasing OD demands. This result requires
exploration with large networks in future research.
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FIGURE 7 Link capacity investments based on the whole area and OD control schemes at
different levels of budget.
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CONCLUSIONS

This paper extended the original network reseryecity to the case with stochastic demand.
The FNDP is proposed to analyze the ability ofibéwork to accommodate different levels of
variation in future stochastic OD demands. Thelsistic OD demand is assumed to follow a
normal distribution with travellers’ route choicelaviour following Probit SUE. By introducing
multipliers to both mean and SD of the base OD dhehdistributions, the network capacity is
assessed by the maximum weighted sum of the medsBnof increased demands, satisfying
the link capacity chance-constraints. The proposedel therefore represents the flexibility of
the network in its robustness to OD demand vamafitne proposed model can also be employed
to determine an optimal network design to enhaheeM-SD reserve capacity of the network.
The optimal design also satisfied the probabilitk lcapacity and budget constraints. The paper
adopted the implicit programming approach to sohre optimization problem, applying the SA
method to obtain all essential derivatives.

The proposed model and algorithm were tested whiypmthetical network. Firstly, the
reserve capacity of the existing network was evetlicdbased on the whole area control scheme.
The results were classified into three main caiegothe mean capacity, SD capacity, and trade-
off approaches. Secondly, the vulnerabilities aokdi were assessed, based on these three
evaluation approaches. Next, the optimal netwosigies were determined at different budgets
based on the three approaches under the whole@n&al strategy, and on two conditions under
the OD based control scheme. The results sugdéstediit investment strategies under mean and
robustness perspective. The planners can focusedairt critical links (intensive investment
program) to enhance the network in coping with dgpgrowth of demand. On the other hand,
the spread-investment strategy (investing on aefasgt of links) is more appropriate for
strengthening the network robustness against futncertain demand pattern.

In current practice, the approach taken to evaltreaobustness of existing network or
level of service (LOS) (at link and network levéd) to assess the LOS of links at different
assumptions of demand (e.g. low, medium, and highamhd level). The proposed FNDP can
provide an alternative modelling framework to ewduthe probability of different LOS of the
network. Such probabilistic outcome of link-flowdatravel time distributions can be compared
against some required statistical criteria of LO&roa period of time (e.g. % of link flow to
exceed the 7‘bpercentile of link capacity over a year). Futugsaarch should introduce the time
dimension into the design process and apply thegs®d model to a practical large scale case
study to evaluate the computational efficiency.
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APPENDIX A. Gradient of Objective Function
The gradient of objective function Eq. (14) witlspect to,, 0,, ands can be easily derived as

rlq; (1-7) .{(92T )2 55} 7

.(92T 05); and0, respectively.

APPENDI X B. Jacobian of Link Capacity Chance-Constraints

Let ¥(0,,0,,s) be the vector of the capacity chance-constraiigs(15), for all links. It can be
rewritten as:v’ (0,,0,,5)+®™ (a) 5, (0,,0,.5)<c+s,

¥(0,,0,,s)=v (0,,0,)+®™(a)s,(0,0,5)-C-s. (B.1)

Then, the Jacobian dF(0,,0,,s) evaluated a®,, 0,, ands can be formulated as:
0, ¥(6,.0,,5) =0,V (6,,0,,5)+®* (a) J,0,(0,0,5), (B.2)
0,,¥(0,,0,,5) =0, v' (0,,0,,5)+®™ (a) .0, 5,(0,0,5), (B.3)

0.%(0,,0,,s)=0,v (0,,0,5)+0™(a) 00, (0,,0,5) | (04 (B.4)

0,v', O,v', and OV in Egs. (B.2)-(B.4) can be determined by using riiean link
flow in Eqg. (4) and the chain rule as follows:

R
Delv = ZArs'(qrs'Delpr§ + prs 'Delqrs)
~ (B.5)
. T
= ZArs'(qrs'Delprs + qrs .prS* (l E‘SR‘X‘R‘)) ) ’
rs=1
R
Dezv = ZArs (qrs'Dezprg +prs* 'Dezqrs)
o (B.6)
= ZArs'(qrs Dozprs ) '
::1
st* = ZArs'(qrs'Dsprg + pr§ 'Dsqrs)
o (B.7)

- ZR:ArS.(qu.DSprS*).

rs=1
Similarly, O, 6,, 0, 6,, and 0o, can be derived from the link flow variance from
variance-covariance matrix in Eg. (5) and the cinale as follows:

045, :Z%*V.diag[A.(Delzf )a], (B.8)

0,6, =2—(1;§.diag[A.(D922f Ja], (B.9)
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1

Oeo, =
20

S

i .diag[A.(DSzf ) AT] , (B.10)
where the diagonal entries of, =’ , 0, ' andJ.X" can be calculated from:

(i) ST oy 2

087 oer ) o ©.11)
~rs <\ op
:(0’q )Z(Zpk )apetrs )
rele) A ey oy 2]
08 08y’ ooy oo (B.12)
- (2 (o) ()" +(o5) (207 2o
2
rerle) AT ey oy 2T
% % R (B.13)

. - 0 rs*
:(Jq )Z(Zpk ) apska ’

and off-diagonal elements af, =", 00, ' and X" can be derived from:

OCOV( R Firs) = 9 (5;5)2 p&s* P’ + (ﬁrs)z( r$ 6p;3* re ap;is* ]
] q

+ D
A oo “og° P oo

| (B.14)
(ol o o 35
s prs 7°)° * *
6Cov((9l;zs,Fj ) :622}) o p;g +(0~_cr‘s)2( s ZZI; + DES 3%2;} (B.15)
=267 (%)’ pf*p}“(ﬁés)z[ ng”’ ng} .
. .
aCOV(aZS’FjrS) _ 6(;;:) o p* +(ﬁ;s){pf aai +p)° 5@%:*} (B.16)

— [ &Is 2 rs* aprs* rs aprs*
o [ S )

To complete Egs. (B.5)-(B.7) and (B.11)-(B.16) tensitivity analysis of Probit SUE
path choice probabilityl{, p", 0, p, and0p") are required.
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Sensitivity Analysis of Probit SUE Path Choice Probability

Let o be the vector of three design paramet&s @,, and s). The gap function of the path
choice proportion in Eq. (11) is defined &(p,®)=p-Pr (p(m),m). Let p’ (@) be the
solution of Probit SUE, for any given value af, G)(p* ((o),co) =0. Assuming that all related
functions are differentiable, the linear approximatof ©(p,®) around G)(p* (mo),wo) is
defined as®(p,0)=0(p (a,),0,)+0, O, (000 (p-p" (0,))+10, O, (00, (@~ ) . Where
O, G)|p* (0g) 00 and O, G)|p* (o), M€ the Jacobian matricek @ndJ,) of ® with respect top and
o, evaluated at the solutiop’ (w,) and @,. The equilibrium condition®(p,w) =0 can be

approximately solved fop(®), @ # @, from 0= 0+J,(p-p’ (,))+J,(@-®,), and hence:

(p -p ((‘)0))

g,p = lim

=-J/',,
where
3, =1 =OggPr A7 (04, 0,9+ 0,4, 0,62, (B.18)
3,=-OgPra™ Og,. (B.19)

To complete Egs. (B.18) and (B.lQ)E[C]Pr can be determined followind3). Due to
ot,(%,)/0% =0 for Da#b, off-diagonal entries of].t, and O_t, are zero. When diagonal
elements can be calculated from:

ot b 3 = [ ~a 2}
a =8 AP +1N B.20
ov, (ca+sa)“{ v +127,(57) ] (B.20)
ot b,

a = a I 2 ~a)?
ST Gy T @

where V, and &; are computed from perturbed mean demgi@,), SD of demands,(0,)

using Egs. (1)-(5).
In Egs. (B.18) and (B.19),J,v and [ 6, can be derived from:

R
l:|p\7 = ZArs'(qrs'DpprS + qurs prS)
ot (B.22)

zf).AT], (B.23)

where Dpi can be determined from:
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ovar(F®) _o(ar
op ap’s

op (B.24)

aCOV(FkrS,FjrS) _a(ﬁas)z PP’ ( ) L rsapl rsap }
k ]

rs - rs P P
op; op; “ope T ope (B.25)
—_ ) 2 rs
_(Uq ) Py
To achieve Eq. (B.17), the second tekn, can be derived from:
T ~ ~2
0,0 =-0gPra (tha.D91v+D(6v)zta.Delcv) (.26)
= DE[C]Pr AT (O, 0,9),
0,0 = ~OggPra” (0., 0, 9+ 0.t 1, 52)
’ (B.27)

= -OgPra”(0,:4,0,82).
06 = ~OggPr A0, (B.28)
where [ t, in Eq. (B.26) and_.t, in Eq. (B.27) can be obtained from Eqgs. (B.20) ¢8.@1),

respectively.
To complete Eq. (B.26).J, V can be determined from:

= 'A.(0,8.)p"

rs=1

] (B.29)

=240 (1) -

rs=1
In Eq. (B.27), 0,6, can be calculated frorrdiag[A.(DBZZ’)AT], whence the

components 01‘](,22f can be calculated from:

oVar (Fkrs) _ 6(@;5)2 (prs)z
- k

FS 20

_29rs( rs) (pk) ,
aCOV( Fkrs’ Fjrs) - a (5-(33)2 IS /'S
A A PPy (B.31)
=26 (%) ppe.
Finally, in Eq. (B.28), each diagonal elementqf, can be calculated from:
ot =Ab, [ 4 aof na a
. m{vﬁ‘j +602(02) +3(a7 )4} . (B.32)

(B.30)




A. Sumalee, P. Luathep, W.H.K. Lam, R.D. Connors 22

In summary, all derivatives in Egs. (B.18)-(B.2Bn be substituted in the reverse order
to obtain the Jacobian of the Probit path choiceppitions. Then, these results can be
substituted in Egs. (B.5)-(B.7) and (B.11)-(B.16)complete the Jacobian of the link capacity
chance-constraints (B.2)-(B.4).

APPENDI X C. Jacobians of OD Demand Multiplier Constraints

Let ¥, and¥, be the OD demand multiplier constraints (17) &if),(respectively. These

cvé,

H H —_ 1 rs rs_
two constraints can be rewritten a8, = \/R_lrsz_( —29 ] -9, ;_19 0 and

I'S—

R
W, = \/Rl 12(6?'5 Z@’SJ JHZéZ@;:o, respectively. The entries of Jacobians
rs=1

U, Wevg andll, W

rs— rs=1

can be similarly derived from:

cvé,

1
ow 1 RO V]2 1 R 1 1
ol _ rs _ rs rs rs
= o 6 o; g°||1-—=|-9,—, (B.33
06" {R 12( sz} Rl( RZJ( Rj g (B39

oV

1
2172
cvé, 1 1 1 1
: = g-2yer| L Llg-1y g -5, —. (B34
96 {R 12( Z ]} R- ( 21 J( Rj g B39

rs=1
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