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Abstract. We consider one-dimensional elliptic Ruijsenaars model of type BC;. It is given
by a three-term difference Schrodinger operator L containing 8 coupling constants. We show
that when all coupling constants are integers, L has meromorphic eigenfunctions expressed
by a variant of Bethe ansatz. This result generalizes the Bethe ansatz formulas known in
the A;-case.
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1 Introduction

The quantum Ruijsenaars model [I4] in the simplest two-body case reduces to the following
difference operator acting on functions of one variable:

_o(z=2ym) .  o(z+2ym)
e S

where o(z) is the Weierstrass o-function, m is the coupling parameter, and 7" stands for the shift
operator acting by (T7f)(z) = f(z + 7). This operator, which first appeared in E. Sklyanin’s
work [I5,[16], can be viewed as a difference version of the Lamé operator —d?/dz+m(m+1)gp(z).
It was observed by Krichever-Zabrodin [13] and by Felder—Varchenko [8] [7], that in the special
case of integer coupling parameter the operator (Il) shares many features with the Lamé operator.
In particular, when m € Z, they both have meromorphic Bloch eigenfunctions which can be
given explicitly by a suitable Bethe ansatz. This reflects the well-known fact that the Lamé
operator is finite-gap for integer m (see e.g. [6] for a survey of the finite-gap theory).
The Lamé operator has the following generalization closely related to the Heun’s equation:

=, (1)

3
H = ~d2/d2* + " gylgp + V(= +wp), (2)
p=0

where w,, are the half-periods of p(z). It can be viewed as a BCj-generalization of the Lamé
operator. Again, for integer coupling parameters g, this operator is finite-gap, as was discovered
by Treibich—Verdier [19], see also [I7] 18] for the detailed study of (2.

The operator (2] has a multivariable generalization known as the Inozemtsev model [9].
A relativistic version of the Inozemtsev model (= BC,, version of the Ruijsenaars model) was

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue ‘Integrable Systems and Related Topics’.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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suggested by J.F. van Diejen [4, [5], see also [10, II]. In the simplest one-variable case it takes
the form of a three-term difference operator

L =a(2)T? +b(2)T™2 + ¢(2), (3)
where

_ 2 op(z — pp)op(z + 7 — N;z)
) =11 00+

;o b(z) =a(=2), (4)

p=0

¢(z) is given explicitly in (8]) below, and the notations are explained at the beginning of the next
section.

Therefore, the operator (3] should be viewed both as a difference analogue of ([2)) and a BC-
version of the Ruijsenaars model (Il). In the trigonometric limit it coincides with the Askew—
Wilson difference operator [I]. (Notice that (B) contains eight parameters f,, u;,, compared to
the four in the Askew—Wilson operator and in (2]).) Therefore, it is natural to expect that (3]
and (IJ) should have similar properties. This is indeed the case, as we will demonstrate below.
Our main result says that in the case of integer coupling parameters

Pp = 2ymyp, N;lu = 2’Ym1,u7 mp7m1,0 € Zy (p=0,...,3), (5)

the operator (B) has meromorphic Bloch eigenfunctions which can be given explicitly via a version
of Bethe ansatz. Note that our derivation of the Bethe ansatz equations is very elementary: it
only uses some simple facts about the operator (3]).

2 Ruijsenaars operator of type BC,

2.1 Preliminaries

Let 0(z) = 0(z; 2wy, 2ws) denote the Weierstrass o-function with the half-periods wy, wa. Recall
that o(z) is an entire odd function on the complex plane quasiperiodic with respect to 2wy, 2ws.
It will be convenient to introduce the third half period as w3 = —w; — ws. One has

0(z + 2ws) = —o(z)e2ns(Hws), s=1,2,3,

with ng = ((ws), where ((z) = ¢/(2)/0(z) denotes the Weierstrass (-function. Clearly, 1y + 172 +
ns = 0. There is a relation between 7, and half-periods as follows:

Nwz — Now = i /2.

It is known that o(z) has simple zeros at points of the period lattice 2I", where I' = w1 Z + woZ.
Likewise, ((z) has simple poles with residue 1 at those points. Let us introduce the shifted
versions of o as follows:

or(z) =e "0(z+wy)/o(wy), r=1,2,3.
These are even functions: o,(—z) = o,(2). The quasiperiodicity properties of o,(z) look as
follows:

0r(z + 2wg) = (—1)2 0, (z)e2ns(3Hws) r,s=1,2,3.

Below we will use the convention that o¢(z) = o(2) and wg = 19 = 0. Note that

0(22) = 20¢(2)01(2)02(2)03(2).
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Let us remark on quasiperiodicity of the coefficients a(z) and b(z) = a(—=z) of the operator (3)).
Let us use the subscript to indicate the dependence of a(z) = a,(z) and b(z) = b,(2) on the
parameters p = {fip, u;}. Using the translation properties of o, one checks directly that a(z),
b(z) given by (@) have the following covariance with respect to the shift by a half-period w,
(r=0,...,3):

3 3
e 3 (pptpp) = 3 (hp i)
a,(z +wy) = ap(z)e »=° ; bu(z +wp) =by(z)e =0 , (6)

with i, = pir () and f, = pl_ ()’ where 7, is one of the following permutations:

7o = id, m1 = (01)(23), 7o = (02)(13), 73 = (03)(12). (7)
Note that these permutations form an Abelian subgroup of S4, and m,(0) = p for p =0,...,3.
It follows that 7, o m, = m; whenever ¢ = m,(p).
2.2 Ruijsenaars operator of type BC|
Let L be the operator [B)—() with the coefficient ¢(z) given by

3 /
(@)= o) =G =) ) = 2 = () ®)
p=0 P
where ¢, looks as follows:
2 £ )
Cp = _m Sl;[oas(’Y + Mn,,(s))Us(Mﬂp(s))- 9)

Here the permutations m, are the same as in (7).

Remark 1. L is a one-dimensional counterpart of its two-variable version introduced in [4], see
also [0l [10L [IT]. Their precise relation is as follows: the BC5 version in [4] involves one more
parameter p attached to the roots e; + e, and it decouples when p = 0. Namely, let D be as
in [], formulas (3.11), (3.19)—(3.20), (3.23)—(3.24). Then we have, for an appropriate constant
«, that }}g%)(D —ap™') = L1+ Lo, where Ly, Lo act in z = 21 and 23, respectively, and are given

by @)-@) and @)-(@) above. Observe that in the special case pg = 2ym, py = pip = i, = 0
(p =1,2,3) the operator L reduces to ().

2.3 Symmetries of L

It is obvious from the formula (&) for ¢(z) that ¢(—z) = ¢(z). As a result, L is invariant under
(2 <> —%). Next, a direct computation shows that the function ¢(z) = c,(2) is covariant under
the shifts by half-periods, namely:

CM(Z + WT’) = Cﬁ(Z), where ﬁp = Hr.(p)> :E;/n = lu’;rr(p) (10)
Let us write L = L, to indicate dependence on y. Combining (@) and (I0)), we obtain that
3
T oLyoT “ =e ™o Lo e, Ar = np(29) 7 Z(Np + 1),
p=0

where i = 7, (p) is the same as in (@), (I0). This implies that for any w € T’
T o Lu oY — e—)\(w)z ° Lﬁ o e)\(w)z’ (11)

where A(w) := n1A1 + node if w = njwy + nows, and & in the right-hand side is defined as
o =ms(p) if w=ws mod 2T
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3 Bethe ansatz

3
Providing the coupling constants satisfy (&), put m = 3 (m, + m;,) and consider the following
p=0
function ¢(z) depending on the parameters ¢y, ..., t,, k € C:

P(z) = [[o(z +1). (12)
i=1
Let us impose m relations onto these parameters as follows:
Y(ws +247) = Y(ws = 2j7)e M (=1, my), (13)
Ylws + (2 = 1)) = Plws = (2] = Dy)e®=mm (=1, m)). (14)

(Here s = 0,...,3.) We will refer to (I3)-(I4) as the Bethe ansatz equations, or simply the
Bethe equations. Explicitly, they look as follows:

. )
djymms TT O +Ws —257) g .
e . —e = 1, o.My ), 15
il;[l o(t; + ws + 2j7) J k "
m ‘
e(i=2rmns T olts & w, = (2'7‘ — D% _ a2 (G=1,....,m). (16)
Lo(ti+ws + (2 — 1))

Now we can formulate the main result of this paper.

Theorem 1. Suppose the parameters ti, ..., tm, k satisfy the Bethe equations (I3)—(I4]) and the
conditions t; +t; ¢ 2w Z + 2w for 1 < i # j < m. Then the corresponding function (z) ([I2)
is an eigenfunction of the operator (B)—().

The proof will be given in the next section.

Remark 2. To compute the corresponding eigenvalue, one evaluates the expression L /v at
any suitable point z. For instance, a convenient choice is z = 2ymg (provided mg > 0), because
then the first term in L vanishes.

Remark 3. If some of the coupling parameters my, m;, vanish, then the corresponding sets

of the Bethe equations are not present in (I3)—-(4]). For example, in the case when the only
nonzero parameter is mg = m, the Bethe equations take the form:

b(2) =¢(=2j7)  G=1,...,m)
In that form (seemingly different from [I3],8]) they appeared in [21].

3.1 Invariant subspaces

The idea of the proof of the theorem is that applying L to v will not destroy the conditions
([I3)—(@4), cf. [2,B]. We begin with two elementary results about a three-term difference operator
with meromorphic coefficients:

D = a(2)T* +b(2)T™% + c(2).

Suppose that a, b, ¢ are regular at z € 2yZ, apart from z = 0 where a, b have simple poles.
Furthermore, suppose that

res,—o(a +b) =0 (17)

and that for some m € Z, the following is true:

a(2ym) =0,  a(2jy) =b(=2jv),  c(2jy) =c(=2j7) (G==£1,...,£m).  (18)
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Lemma 1 (cf. [2], Lemma 2.2). Let D be as above and define Q,, as the space of meromorphic
functions f(z) which are regular at all points z € 2vZ and satisfy the conditions f(2jv) =
f(=24v) forall j=1,...,m. Then D(Qy,) C Q.

Proof. For D' = aT?" + bT~? this is precisely Lemma 2.2 from [2], thus D'(Q,,) € Q. On
the other hand, the conditions on ¢ in ([I8]) imply trivially that cQ,, C Q. |

Corollary 1. Suppose that instead of ([IT), [I8) we know that D is invariant under (z < —z)
and that a(2ym) = 0. Then D(Qpn) C Q.

Proof. Indeed, in that case we know that b(z) = a(—z) and ¢(z) = ¢(—z) identically. This
implies the conditions (I'7)—(IS). |

For the next lemma, we assume that: (1) a is regular at z € v 4+ 29Z apart from a simple
pole at z = —v; (2) b is regular at z € v+ 2yZ apart from a simple pole at z = v; (3) ¢ is
regular at z € v + 2yZ apart from simple poles at z = ++. Also, suppose that

res,—_~(a+c¢) =res,—,(b+c¢) =0, res;—_~0 = res,—b, (19)
(@a+b+c)=ey = (a+ b+ ¢)]=y. (20)

(The last condition makes sense because (I9) implies that a + b + ¢ is regular at z = £v.) In
addition to that , assume that for some m € Z, the following is true:

a((2m —1)v)

0, a((25 —1)y) =b((—-2j +1)y) for j==+1,...,£m, (21)
c((2) +1)y) = (=

(2j4+1)y) forj=1,...,m—1. (22)

Lemma 2 (cf. [2], Lemma 2.3). For D as above, define Q., as the space of meromorphic
functions f(z) which are regular at z € v + 29Z and satisfy the conditions f((2j — 1)y) =

F(=2 + 1)) for j=1,....,m. Then D(Q},) C Ql.

Proof. For D' = a(T? — 1) +b(T~%Y — 1) the proof of the inclusion D'(Q’,,) C Q’,, follows the
proof of Lemma 2.3 in [2]. On the other hand, the conditions on a, b, ¢ imply that ¢/ := c+a+b
belongs to Q/,. Thus, Q! C Q). Therefore, the operator D = D'+ (a+b+c) preserves Q,,. W

Corollary 2. The lemma above remains valid after replacing 20)-22) by the invariance of D
under (z < —z) and the condition that a((2m — 1)) = 0.

Proof. Indeed, the conditions [20)—-([22]) follow easily from the fact that b(z) = a(—z) and
c(z) = c(—=2). [

Let us apply these facts to the Ruijsenaars operator [B]) with integer coupling parameters ().
Below we always assume that the step « is irrational, i.e. v ¢ Q®7 ' = Qw; + Qws. We proceed
by defining @ as the space of entire functions v (z) satisfying the following conditions for every
wEws+2I (s=0,...,3):

YW +27) = Plw = 2j7)e™ (=1, my), (23)
Y@+ (2] = D7) = v(w — (27 = Dy)e@ =m0 (=1, m). (24)
3
Here m stands as before for m = Zo(mp + my,), and the constant n(w) is defined for w =
p:

niw1 + naws as N(w) = n1ny + n2ne.

Proposition 1. For integer coupling parameters (@) the Ruijsenaars operator [B)) preserves the
space Q of entire functions with the properties [23)—24): L(Q) C Q.
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Proof. First, by applying Corollaries [1l, @] to the Ruijsenaars operator, we obtain that L pre-
serves the spaces Qpm, and Q' , (in the notations of Lemmas (), (2])). Note that in doing so,
we only have to check the vanishing of a(z) as required in Corollaries [Il 2] and the conditions
on the residues ([[9). This is where the formula (@) becomes crucial. Finally, in order to show
that L preserves similar conditions at other points w € T', one applies the formula (IT]). |

Next, given aq, s € C and m € Z, let us write Fp,""*? for the space of meromorphic func-
tions ¢(z) having the following quasiperiodicity properties:

P(z + 2ws) = M q)(2), s=1,2.

Entire functions in £ (m > 0) are known as theta-functions of order m (with characteristics),

each of them being a constant multiple of (I2)), for appropriate t1, ..., ¢y, k.
Now, a simple check shows that in the case (@) the Ruijsenaars operator ([B]) preserves these

3
spaces corresponding to m = Y (m, +my,):
p=0
L(f%l’az) - f‘%l’az, YVar,as.

Combining this with Proposition [Il we conclude that L preserves the space of theta-functions
of order m satisfying the conditions (23])—(24):

L(FR " NQ) CF"*NQ, Vai,as. (25)

Proof of the Theorem [Il Take a solution (t1,...,%n, k) to the Bethe equations and the cor-
responding function ¢ ([IZ). Clearly, ¢ belongs to Fpn,""*? for some o, as. The Bethe equations
give the conditions (23)—(24)) only for w = ws, but the rest follows from the translation properties
of 1. Thus, 9 belongs to the space Fp"** N Q. By (28, v := L also belongs to this space.
Now we use the following fact (whose proof will be given below):

Lemma 3. For any two functions 1[),1; € Fp*? N Q, their quotient Jﬂb is an even elliptic
function, i.e. it belongs to C(p(z)).

By this lemma, if QZ /1 is not a constant, then its poles must be invariant under z — —z, thus
there exist at least two of t1,...,t,, such that their sum belongs to 2I. [ |

Proof of the lemma. Take any two functions 1,1 in Fo*?NQ and put f = J/?,Z) Note that
f is an elliptic function of degree < m (because its denominator and numerator have m zeros
in the fundamental region). Let us label m pairs of points ws & 257, ws &+ (25 — 1) as PljE with

l=1,...,m, then the properties of 1), {/; imply that f satisfies the conditions
fE)=fF),  l=1...,m (26)

We may assume that f is regular in at least one of the half-periods ws, otherwise switch to
1/f = /1. Let us anti-symmetrize f to get g(z) := f(z) — f(—z), which will be odd elliptic, of
degree < 2m. It is clear that g also satisfies the conditions ([26]). At the same time, it is anti-
symmetric under any of the transformations z +— 2ws — 2z (s =0, ...,3). Altogether this implies
that ¢ must vanish at each of the 2m points Pli. Finally, it must vanish at one of the half-periods
(where f was regular). So g has > 2m + 1 > deg(g) zeros, hence g = 0, f(z) = f(—z), and we
are done. B

The above argument, however, would not work if one or both of the functions 1, 1) vanish at
some of the points Pli. Indeed, then we cannot claim that f is regular at those points, so some
of the conditions (26]) would not hold for f. In that case, we can argue as follows. Let ¢\ denote
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the linear combination ¥, = ¥ + )\QZ. Then vy, 1, for generic A, p will have zero of the same
multiplicity at any given point Pli. Thus, choosing A, p appropriately, we can always achieve
that /1, # 0,00 at every of these 2m points. Let r be the number of those pairs (Pl+, P)
where 9y, 9, vanish. Then we have that their ratio f := 1 /1, still satisfies the conditions (2]
at the remaining m — r pairs of points and has degree < m — r due to the cancelation of the
zeros in the denominator and numerator of f. Thus, the previous argument applies and gives
that f is even. Therefore, 15/1/1 is even. |

3.2 Continuous limit

As remarked in [4], the operator (8] with the coupling parameters (@) in the continuous limit
v — 0 turns into the BC;-version () of the Lamé operator:

3
L = const + 72w (z) o H o w1 (2) + o(4?), where w(z) = H (op(2))%, (27)
p=0

and the coupling parameters g, are given by g, := m, + m;,.

3

To formulate a Bethe ansatz for the operator (2)), we put m = ) g, and let ¢(z) =
p=0

Y(zyk,ty, ..., ty) be the function ([I2)). Let us impose the following m relations on the pa-

rameters k,tq,...,Lny:

d2j—1

W(zﬁ(z)e_mnsz) =0 for j=1,...,9, and s=0,...,3. (28)

Z=wsg

Theorem 2. Suppose the parameters ty, ..., tny, k satisfy the Bethe equations [28) and the con-
ditions t; +t; ¢ 2u1Z + 2weZ for 1 < i # j < m. Then the function w1 (2)y(z) given by (I2)
with w as in 21), is an eigenfunction of the operator (2)).

This theorem is proved analogously to Theorem [

Example 1. Let g, = 0 for p = 1,2,3 and go = m. Then the operator (2) becomes the
Lamé operator —d?/dz% + m(m + 1)p(z). Its eigenfunctions have the form v (2)o~™(z) with

m
Y(z) = € [] o(2 +1;). The Bethe ansatz equations (28] for k,ty,...,t, in this case reduce to:
j=1

d2j—1w

We should note that this particular form of Bethe equations differs from the classical result by
Hermite [20]. For instance, in Hermite’s equations one discards the points with ¢; = ¢; mod 2T,
while in Theorem [2l we discard the points with ¢; = —t; mod 2I". Thus, comparing Theorem
with the Hermite’s result, we conclude that (29]) must be equivalent to Hermite’s equations [20]
provided ¢; £t; ¢ 2" for ¢ # j. The same remark applies to the equations ([28) when compared
to the Bethe ansatz in, e.g., [I8].

3.3 Spectral curve

Let us say few words about the structure of the solution set X C C™ x C to the Bethe equations
(I3)-([I4). We will skip the details, since the considerations here are parallel to those in [8] [7]

13, 1]
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First, using the properties of o(z), one observes that 1)(z) acquires a constant factor under
the transformations

(t1, - stm, k) = (t1, ..ot + 2w, .oty b — 205) (s =1,2).

As a result, X is invariant under these transformations. Also, multiplying ¢(z) by e™%/7 does
not affect the Bethe equations, because such an exponential factor is (anti)periodic under the
shifting of z by multiples of 7. Therefore, X is invariant under the shifts of k by mi/~:

(t1yo ooty k) = (t1y e b, k4 i /7).

Finally, v does not change under permutation of t1,...,t,, so X is invariant under such per-
mutations.

Let X denote the quotient of X by the group generated by all of the above transformations.
Explicitly, let bs;(t1,...,tm) and b ;(t1,...,tm) denote the left-hand side of equations (I3)
and (I6). (Here s =0,...,3 and j = 1,...,ms or j = 1,...,m/, respectively.) Introduce the
variable ¢ := €27%. Then X is described by the equations

bsj(t1y .- tm) = ¢%, b, j(t1s o tm) = ¢ (30)

Excluding the g-variable from the equations (B0]), we may think of X as an algebraic subvariety
in the symmetric product S™E of m copies of the elliptic curve £ = C/2I" where I' = Zw + Zws.
(See, however, Remark [ below.) Counting the number of equations, we conclude that every
irreducible component of X has dimension > 1. Since we are interested (cf. Theorem[I]) in those
points (t1,...,t,) of X where ti+t; ¢ 2I", we should restrict ourselves to the open part Y C )Z',
lying in

Smg \ Ui<j{ti + tj =0 mod QP}.

We need to show that Y is nonempty and one-dimensional. To this end, one easily observes from
the equations (I5)—(6) that the closure Y of Y in S™& contains the points P = (P;",..., P})
and P~ = (P, ,...,P,,), in the notations of the proof of the Lemma [Bl These ‘infinite’ points
correspond to ¢ — 0, co in ([B0). Similarly to [7], lemma 3.2, one shows that near P* the
variety Y looks like a smooth curve, with ¢! being a local parameter. One can show that Y
is an irreducible, projective curve, and it should be regarded as the ‘spectral curve’ for the
operator L. For every (ti,...,t,) € Y \ {P*,P~}, the corresponding value of ¢ = ¢** is
determined from (B0), and the corresponding 1(z) is unique, up to a factor of the form ™V /v,
We have Li) = e, with the eigenvalue € being a single-valued function on Y which has two
simple poles at P*. There is an involution v on Y, which sends (t1,...,ty) to (=t1,..., —tm)
and the corresponding ¥ (z) to 1(—z); note that v(P") = P~. The function € is v-invariant,
and takes each its value exactly twice on Y. It is straightforward to compute the asymptotics
of € and ¢ near P*. Finally, for generic value of €, the eigenspace of meromorphic functions
{f : Lf = ef} is spanned by the corresponding v (z), 1)(—z) over the field K of 2v-periodic
meromorphic functions of z.

Remark 4. Note that in the case when all m/, = 0, the second set (I4]) of the Bethe equations
is absent, thus a shift k — k + 2~ is also allowed. In that case the coefficient c(z) () vanishes,

so L has two terms only, and 1t is easy to see that the transformation ¢ — eg_zvzq/} changes the
sign of the eigenvalue €. As a result, the subvariety of S™& which was obtained by excluding ¢
from (B0), will be a quotient of X by Zs, rather than X itself (cf. [8, [7, 13} 21]).
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