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Abstract

Quasipatterns (two-dimensional patterns that are quasiperiodic in any
spatial direction) remain one of the outstanding problems of pattern for-
mation. As with problems involving quasiperiodicity, there is a small
divisor problem. In this paper, we consider 8-fold, 10-fold, 12-fold, and
higher order quasipattern solutions of the Swift—-Hohenberg equation. We
prove that a formal solution, given by a divergent series, may be used to
build a smooth quasiperiodic function which is an approximate solution
of the pattern-forming PDE up to an exponentially small error.
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1 Introduction

Quasipatterns remain one of the outstanding problems of pattern formation.
These are two-dimensional patterns that have no translation symmetries and
are quasiperiodic in any spatial direction (see figure 1). In spite of the lack
of translation symmetry (in contrast to periodic patterns), the spatial Fourier
transforms of quasipatterns have discrete rotational order (most often, 8, 10
or 12-fold). Quasipatterns were first discovered in nonlinear pattern-forming
systems in the Faraday wave experiment [10,14], in which a layer of fluid is
subjected to vertical oscillations. Since their discovery, they have also been
found in nonlinear optical systems [19], shaken convection [29,33] and in liquid
crystals [26], as well as being investigated in detail in large aspect ratio Faraday
wave experiments [1,4,5,25].



Figure 1: Example 8-fold quasipattern. This is an approximate solution of
the Swift-Hohenberg equation (1) with g = 0.1, computed by using Newton
iteration to find an equilibrium solution of the PDE truncated to wavenumbers
satisfying |k| < v/5 and to the quasilattice T'y7.

In many of these experiments, the domain is large compared to the size of
the pattern, and the boundaries appear to have little effect. Furthermore, the
pattern is usually formed in two directions (z and y), while the third direction
(2) plays little role. Mathematical models of the experiments are therefore often
posed with two unbounded directions, and the basic symmetry of the problem is
E(2), the Euclidean group of rotations, translations and reflections of the (x,y)
plane.

The mathematical basis for understanding the formation of periodic patterns
is well founded in equivariant bifurcation theory [16]. With spatially periodic
patterns, the pattern-forming problem (usually a PDE) is posed in a periodic
spatial domain instead of the infinite plane. Spatially periodic patterns have
Fourier expansions with wavevectors that live on a lattice. There is a parame-
ter ¢ in the PDE, and at the point of onset of the pattern-forming instability
(1 = 0), the primary modes have zero growth rate and all other modes on the
lattice have negative growth rates that are bounded away from zero. In this case,
the infinite-dimensional PDE can be reduced rigorously to a finite-dimensional
set of equations for the amplitudes of the primary modes [8,9,17,21,32], and
existence of periodic patterns as solutions of the pattern-forming PDE can be
proved. The coefficients of leading order terms in these amplitude equations can
be calculated and the values of these coefficients determine how the amplitude
of the pattern depends on the parameter p, and which of the regular patterns
that fit into the periodic domain are stable. Due to symmetries, the solutions of
the PDE are in general expressed as power series in /u, which can be computed,
and which have a non-zero radius of convergence.

In contrast, quasipatterns do not fit into any spatially periodic domain and



have Fourier expansions with wavevectors that live on a quasilattice (defined
below). At the onset of pattern formation, the primary modes have zero growth
rate but there are other modes on the quasilattice that have growth rates arbi-
trarily close to zero, and techniques that are used for periodic patterns cannot
be applied. These small growth rates appear as small divisors, as seen below,
and correspond at criticality (1 = 0) to the fact that for the linearized opera-
tor at the origin (denoted —Ly below), the 0 eigenvalue is not isolated in the
spectrum.

If weakly nonlinear theory is applied in this case without regard to its va-
lidity, this results in a divergent power series [30], and this approach does not
lead to a convincing argument for the existence of quasipattern solutions of the
pattern-forming problem.

This paper is primarily concerned with proving the existence of quasipatterns
as approzimate steady solutions of the simplest pattern-forming PDE, the Swift—
Hohenberg equation:

a—UzuU—(HA)?U—U?’ (1)
ot

where U(z,y,t) is real and p is a parameter. We do not prove the existence
of quasipatterns as exact steady solutions of the PDE. We are not concerned
with the stability of these quasipatterns: in fact, they are almost certainly un-
stable in the Swift-Hohenberg equation. Stability of a pattern depends on the
coefficients in the amplitude equations (as computed using weakly nonlinear
theory). In the Faraday wave experiment, and in more general parametrically
forced pattern forming problems, resonant mode interactions have been identi-
fied as the primary mechanism for the stabilisation of quasipatterns and other
complex patterns (see [31] and references therein). These mode interactions are
not present in the Swift—Hohenberg equation, though their presence would not
significantly alter our results.

In many situations involving a combination of nonlinearity and quasiperiod-
icity, small divisors can be handled using hard implicit function theorems [13],
of which the KAM theorem is an example. Unfortunately, there is as yet no
successful existence proof for quasipatterns using this approach, although these
ideas have been applied successfully to a range of small-divisor problems arising
in other types of PDEs [12,22,23]. There are also alternative approaches to
describing quasicrystals based on Penrose tilings and on projections of high-
dimensional regular lattices onto low-dimensional spaces [24].

We take a different approach in this paper: we show how the divergent power
series that is generated by the naive application of weakly nonlinear theory can
be used to generate a smooth quasiperiodic function that (a) shares the same
asymptotic expansion as the naive divergent series, and (b) satisfies the PDE (1)
with an exponentially small error as p tends to 0. This approach is based on
summation techniques for divergent power series: see [2,7,28] for other examples.
In order to make the paper self-contained, we put in Appendices some proofs of
useful results, even though they are “known”.



In section 2, we define the quasilattice and derive Diophantine bounds for the
small divisors that will arise in the nonlinear problem, for @-fold quasilattices:
Lemma 2.1 extends the results of [30] covering the cases @ = 8, 10, 12, to any
even @ > 8. We then compute in section 3 (following [30]) the power series
in /g for a formal Q-quasipattern solution U of the Swift-Hohenberg equation,
where g is the bifurcation parameter in the PDE.

In section 4, we define an appropriate function space Hy: each term in the
formal power series U is in this space. In section 5, we prove (Theorem 5.1)
bounds on the norm of each term in the formal power series solution of the PDE.
In the @Q-fold case, the norm of the u”*é term in the power series for the
quasipattern is bounded by a constant times K™ (n!)*, where K is a constant
and [ + 1 is the order of the algebraic number w = 2 cos(27/Q), which is also
half of Fuler’s Totient function ¢(Q) (I =1 for @ = 8, 10 and 12, [ = 2 for
@ =14 and 18,1 = 3 for = 16, 20, 24, 30, ...). This result was announced
in [30] for @ < 12, and is extended here to @ > 14. With a bound that grows
in this way with n, the power series is Gevrey-4l, taking values in a space of
Q-fold quasiperiodic functions.

In section 6, for convenience, we consider the cases Q = 8, 10 and 12. We
introduce a small parameter ¢ related to the bifurcation parameter p by ¢ = ¥/,
so that the norm of the §4n+2 term in the power series for U is also bounded
by a constant times K™(n!)* < K"(4n!). We use the Borel transform U of the
formal solution U: the ¢*"*2 term in the power series for U is the §4”t2 term
in the power series for U divided by (4n + 2)!. With this definition, U is an
analytic function of ¢ in the disk |¢| < K~!/4, and for each ¢ in this disk, U
is a Q-fold quasiperiodic function of (z,y) in the space H,. Of course the new
function U does not satisfy the original PDE, but we prove that it satisfies a
transformed PDE (Theorem 6.2).

The next stage would be to invert the Borel transform: however, the usual
inverse Borel transform is a line integral (related to the Laplace transform)
taking ¢ from 0 to oo, and U is only an analytic function of ¢ for ¢ in a disk.
If the definition of U could be extended to a line in the complex ( plane, the
inverse Borel transform would provide a quasiperiodic solution of the PDE —
this remains an open problem.

Since the full inverse Borel transform cannot be used, in section 7, we use
a truncated integral to define U(v). This involves integrating ¢ along a line
segment inside the disk where U is analytic, weighted by an exponential that
decays rapidly as v — 0. We show that U(v) and U(u) have the same power
series expansion when we set v = ¥z, but unlike U, U(v) is a C* function
of v in a neighbourhood of 0, taking values in H,. In other words, U(u'/*) is a
Q-fold quasiperiodic function of (z,y) for small enough p. This function is not
an exact solution of the Swift—Hohenberg PDE, but we show in Theorem 7.2
that the residual, when U(u1/4) is substituted into the PDE, is exponentially
small as ¢ — 0. Finally, in the last section 8, we show that by taking as initial
data the above approximate solution, the time dependent solution U(t) stays
exponentially close to the approximate solution for a long time, of the order



0(1/M1+1/4l)-

In conclusion, we have shown that, for any even () > 8, the divergent power
series U(p) generated by the naive application of weakly nonlinear theory can
be used to find a smooth Q-fold quasiperiodic function U (u'/4!) that shares the
same asymptotic expansion as U, and that satisfies the PDE with an exponen-
tially small error.

This technique does not prove the existence of a quasiperiodic solution of
the PDE. However, this is a first step towards an existence proof for quasiperi-
odic solutions of PDEs like (1). In particular, we may hope to use U as a
starting point for the Newton iteration process that would form part of an ex-
istence proof using the Nash—Moser theorem. As an aside, ordinary numerical
Newton iteration succeeds in finding an approximate solution of the truncated
PDE for values of 1 where the formal power series has already diverged, as in
figure 3.

An analogous result may be proved for example in the Rayleigh—Bénard con-
vection problem (see [20]), using the fact that the dispersion equation possesses
the same property as in the present model: at the critical value of the parame-
ter there is a circle of critical wavevectors in the plane. The method might also
extend to the case of the Faraday wave experiment by considering fixed points
of a stroboscopic map.

In the present work we consider quasilattices generated by regularly spaced
wavevectors on the unit circle, and solutions invariant under 27 /@ rotations. It
might be worth studying the case of solutions having less symmetry on the same
quasilattice, or quasilattices (still dense in the plane) generated by wavevectors
that are irregularly spaced.

Acknowledgments: We are grateful for useful discussions with Sylvie Ben-
zoni, W. Crawley-Boevey, André Galligo, [an Melbourne, Jonathan Partington,
David Sauzin and Gene Wayne. We are also grateful to the Isaac Newton In-
stitute for Mathematical Sciences, where some of this work was carried out.

2 Small divisors: Quasilattices and Diophantine
bounds

Let @ € N (Q > 8) be the order of a quasipattern and define wavevectors

kj:(cos(Zw?),sin(Qﬂjél)>, i=12...,Q

(see figure 2a). We define the quasilattice ' C R? to be the set of points spanned
by integer combinations ky, of the form

Q
km:ijkj, where m = (my,ma,...,mq) € N9, (2)
j=1



Figure 2: Example quasilattice with = 8, after [30]. (a) The 8 wavevectors
with |k| = 1 that form the basis of the quasilattice. (b,c) The truncated quasi-
lattices I'g and I'y7. The small dots mark the positions of combinations of up
to 9 or 27 of the 8 basis vectors on the unit circle. Note how the density of
points increases with Ny.

The set T is dense in R2.

We are interested in real functions U(x) that are linear combinations of
Fourier modes e™®*, with x € R? and k € I. If U(x) is to be a real function, we
need @ to be even, with k; and —k; in I', hence the quasilattice I' is symmetric
with respect to the origin.

In the calculations that follow, we will require Diophantine bounds on the
magnitude of the small divisors. We see below that the small divisors are
‘|k|2 — 1|, for k € I'. To compute the required lower bound, we start with

[m|* = Z 2myj, m, cos(j1 — j2)bo + Z m3,
1<51<j2<@Q 1<5<Q

where 0y = 27/Q. Let us define
w = 2cos by

We now show how ||k |? — 1| can be expressed as a polynomial in w.
First, we can express 2 cos pfy as a polynomial in w, for 1 <p < Q — 1:

plp=3) 3)wp_4 e

2cosply = wP — pwP~2 + 5

with integer coefficients which only depend on @ (easy proof by induction), and
the leading coefficient being 1, and since cos(p + Q/2)6y = — cos b, this leads
to
km>= Y qw, ¢ €Zr=01,..,Q/2-1, (3)
0<r<Q/2—1

where the integers ¢/ are quadratic forms of m.
Next, we use the property that w is an algebraic integer, since it is the sum
of two algebraic integers €% + ¢(@=Di%  More precisely, w is a root of the



(minimal) polynomial P(w) with integer coefficients, with leading coefficient
equal to 1, and which is of degree ¢(Q)/2 := I 4+ 1, where ¢(Q) is Euler’s
Totient function [3], the number of positive integers j < @ such that j and Q
are relatively prime. For example, ¢(14) = 6 since the 6 numbers 1, 3, 5, 9, 11
and 13 have no factors in common with 14, and so [+ 1 = 3 in the case Q) = 14.
In the cases Q = 8, 10 and 12, the irrational numbers w = 2 cos 6, are v/2, 1+T\/g
and v/3: these are quadratic algebraic numbers (141 =2), while for Q = 14, w
is cubic.
Finally, dividing (3) by P(w) we obtain a remainder of degree [ such that

ki[> — 1= g0 +war + -+l (4)

where qo + 1 and ¢;, j = 1,...,1 are integer-valued quadratic forms of m.
Define [m| = 3~ m;, then, for a given wavevector k € I', we define the order
Ny of k by
Ny = min{|m|; k =k, km € T'}. (5)

The reason for this is that, for a given k, there is an infinite set of m’s satisfying
k = kp. For example, we could increase m; and m;, /2 by 1: this increases [m|
by 2 but does not change k,,. Whenever solutions are computed numerically,
it is necessary to use only a finite number of Fourier modes, so we define the
truncated quasilattice 'y to be:

FN:{kEF:NkSN}. (6)

Figure 2(b,c) shows the truncated quasilattices I'g and I's7 in the case Q = 8.
For example, we have in the case ) = 8:

4

k|® = > m + V2 (mimly + mbmly + mim, — mim}) (7)
j=1
4

Ne = Y |mj| 8)
j=1

where m; = m; —mjq/2. More generally we have

Q/2
Nie <Y |mj).
j=1

The above inequality can occur strictly (for example) in the case @ = 12,
because only 4 of the 12 vectors k; are rationally independent in this case.
More generally only ¢(Q) vectors k; are rationally independent [34].

Now, the quantity in (4), |go +wqi + - - - +w!q|, may be as small as we want
for good choices of large integers g;, and we need to have a lower bound when
this is different from O.



In [30], it was proved that in the cases @ = 8, 10 and 12, there is a constant
¢ > 0 such that

|Ik[* —1] > for any k € T with [k| # 1. 9)

c
NZ’
The proof relies on the fact that for quadratic algebraic numbers, there exists
C > 0 such that

C
Ip —wq| > —
q

holds for any (p,q) € Z?, ¢ # 0 [18]. Now using the fact that ¢ is quadratic in
m (see (7)) we have
q < QN (10)

from which (9) can be deduced.

The Diophantine bound (9) may be extended to any even @ > 8, and there
exists ¢ > 0 depending only on @, such that for any k € T', with |k| # 1, we
have

K[> —1] > (11)

c
To show this, we use the following known result (see [11]) proved in Appendix A:

Lemma 2.1 Let w be an algebraic number of order | + 1, that is, a solution
of P(w) = 0 where P is a polynomial of degree | + 1 with integer coefficients,
that is trreducible on Q. Then, there exists a constant C > 0 such that for any
qa=(qo,q1,...,q) € ZH\{0}, the following estimate

g0 + qiw + gow?® + -+ - + qut| > (12)

<
lql’
holds, where |q| = Zogg‘gl lg;].

In the general case, by choosing m such that |m| = Ny_, the estimate (10)
is replaced by
lal < c(Q)Ni

where ¢(Q) depends only on . Then estimate (11) is satisfied by taking

It remains to show that |k|> # 1 for all k € T, apart from k = ky,...,kq.
This is solved by denoting ¢ = e the Qth primitive root of unity, and relat-
ing kj+1 to ¢7, and kuy, to Z]Q:_Ol mj+1¢’. We then use the Kronecker—Weber
theorem which says that “every abelian extension of Q is cyclotomic” [34]. This
implies that if Zj mjgj (which is an algebraic integer) has modulus 1, then it is
necessarily a root of unity. Knowing that the dimension of the Q-vector space
spanned by the ¢7 is ©(Q), this implies that this root of unity is one of the ¢,

j=1,...,0.



3 Formal power series computation
Let us consider the steady Swift—-Hohenberg equation
(1+APU —pU+U?=0 (13)

where we look for a Q-fold quasiperiodic function U of x € R?, defined by
Fourier coefficients Uy on a quasilattice I" as defined above. Let us rewrite (13)
in the form

LoU = pU —U? (14)

where
Lo = (1+A)

We write formally
U(X) = Z Ukeik'x,
ker
the meaning of this sum being given in section 4. We seek a solution of (13),
bifurcating from the origin when p = 0, that is invariant under rotations by
27/@Q. First we look for a formal solution in the form of a power series of an
amplitude. More precisely we look for the series

Ueen) =[5 30 iU (15)

n>0

as a formal solution of (13), where all factors U™ are invariant under rotations

by 27/@Q of the plane. The coefficient 8 will be given by fixing Ulio).

At order O(y/|p]) in (13) we have
LoU® =0 (16)

and we choose the solution
Q .
UO =3 "k, (17)
j=1

which is invariant under rotations by 27/Q and defined up to a factor which we
take equal to 1.

In writing U in this way, we have made use of the fact that the only
solutions k € T of |k| =1 are k =k, ..., kg (see discussion at the end of sec-
tion 2). This implies that the kernel of Ly is only one-dimensional if restricted to
functions invariant under rotations by 27 /Q, this kernel being spanned by U(®).

At order O(|u[?/?) we have

LoUND =@ — g=H(0)3, (18)

We need to impose a solvability condition, namely that the coefficients of e?ki |
for j =1,...,Q on the right hand side of this equation must be zero. Because of



the invariance under rotations by 27/Q), it is sufficient to cancel the coefficient
of e X This yields
B=3(Q-1)>0, (19)

and U is known up to an element M U© in ker £, which is determined at
the next step:

v® = g4 MWy Um — Z e’ (20)
kel ,N=3
3
a3kj = —1/64, a2kj+kl = — (1 — |2k] n kl|2)2’ k], + kl 7& 07
6 . .
A tlathy = JFLFETF I,

(1—|k; + ki + k. 2)2’
k;+k # 0,  kj+k #0, k.+k #0,

where UM has no component on ki X,
Order |p|"™1/2 in (14) leads for n > 2 to

LoU™ =yn—1 — g=t Z UR O, (21)

k+l+r=n—1,
k,l,r>0

For n = 2, the solvability condition on the right hand side gives ﬁ(l), and U®
is then determined up to ﬁ(Q)U (0), Indeed we obtain on the right hand side

g _ 3pmgez — g 4 g0ge) - 3 30503 _ 352
p p B

_ogMp© 4 GO _ %ﬁ(l)U(Oﬂ _ 2506(1)7 (22)

where we used the fact that the component of U3 on e’*1* is 3 (see (18)).
Hence 26(1) is the coefficient of e’*** in —3571(7(1)U(0)2, and since all coeffi-
cients of UM are negative, we find 6(1) > 0. We obtain in the same way the
coefficients 8" VU © of UM=1D in using the solvability condition on the right
hand side of (21).

Small divisor problem. It is clear that we can continue to compute this
expansion as far as we wish, where at each step we use the formal inverse of £
on the complement of the kernel. However, applying £ L to e’** introduces a

factor
1

(1= [k[?)*’
which may be very large for combinations k = k,, with large m, since points

km, of the quasilattice I sit as close as we want to the unit circle. This is a small
divisor problem and computations indicate that the series (15) seems to diverge

10
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Figure 3: Amplitude AV of the quasipattern, as a function of y and of N, with
Q =8, N =1,3,9and 27, and scaled so that A} = /i Increasing the order of
the truncation leads to divergence for smaller values of . The squares represent
amplitudes computed by solving the PDE by Newton iteration, truncated to the
quasilattice T'y7 (N, < 27) and restricted to wavevectors with [k| < v/5. Note
that for 4 = 0.1, the Newton iteration succeeds in finding an equilibrium solution
of the PDE, while the formal power series has diverged. The spatial form of the
solution with p = 0.1 is shown in figure 1.

numerically [30]. We illustrate this in figure 3, plotting the amplitude A(V)
against u, where

u (N—1)/2 i (N—1)/2
AN I\Powg > U™ = 5 S s | o,
n=0 n=0
and the norm || - ||s and the projection operator Py are defined below: AMY) is

essentially the magnitude of the coefficient of e™1'* as a function of 1 and of N,

the maximum order of wavevectors included in the truncated power series.
However, we prove in section 5 that in all cases we can control the diver-

gence of the terms of the series (15), and obtain a Gevrey estimate ||[U™||, <

yK"(n!)*, where the norm || - ||5 is defined below.

Remark 3.1 For Q = 4 or 6, there is no small divisor problem since ' is a
periodic lattice, and the only points in T that lie in a small neighborhood of the
unit circle are {k;; 5 =1,...,Q}.

11



4 Function spaces

We characterise the functions of interest by their Fourier coefficients on the
quasilattice I' generated by the @ unit vectors k;:

U(X) = Z Ukeik'x
kel

Recall that for each k € T, there exists a vector m € N¥ such that k = ky, =
E?Zl m;k; and we can choose m such that |m| = Ni as defined in (5). We
have the following properties, proved in Appendix B:

Lemma 4.1 (i) We have the following inequalities:
Nesw < N+ N, N_g = N, (23)
K| < N (24)

(ii) We have the following estimate of the numbers of vectors k having a
given N:
card{k : Ny, = N} < ¢;(Q)N?/?7! (25)

where ¢1(Q) only depends on Q.

Define now the space of functions

H, = {U =Y Dhe™™: [|U]12 =) (14 NP |UJ? < 00}7 (26)

kel kel
which becomes a Hilbert space with the scalar product
(W.V)e =D (1+ M) WiV (27)
kel

In the sequel we need the following lemma, proved in Appendix C:

Lemma 4.2 The space Hy is a Banach algebra for s > Q/4. In particular there
exists ¢ > 0 such that
UV]s < csl|U[s][V]]s- (28)

For >0 and s > { + Q/4, H, is continuously embedded into C*.

From now on, all inner products are s unless otherwise stated, so that we
can remove the s subscripts throughout in scalar products.
We will also use the orthogonal projection on ker Ly: for any U € Hg, let

PoU= > Uge™™,
J=1,...,Q
and we denote by @y the orthogonal projection:
QO =1- POa

which consists in suppressing the Fourier components of e
The norm of the linear operator Qq is 1 in all spaces H.

dgx i=1,...,Q.

12



5 Gevrey estimates

In this section we prove rigorously a Gevrey estimate of U() in (15). The
estimate for @ = 8, 10 and 12 (I = 1) was announced in [30]. Recall that a
formal power series > > u,(" is Gevrey-k [15], where k is a positive integer,
if there are constants § > 0 and K > 0 such that

lu,| < SK™(n!)* Vn > 0. (29)

Theorem 5.1 For any even QQ > 8, assume that s > Q/4. Then there exist
positive numbers K(Q,c,s) and 6(Q,s) such that there exists a unique formal
solution U () of (13), under the form of a power series in u'/?, all factors U™
belonging to Hs, and which satisfies

N P (30)
ﬁ n>0

v = gy 4 g (UM ki) —0 j=1,...,Q,

s @-1
T 292a2Q
3™ < SK"(a)Y, n>1.

U™ K*(mn)*, n>1,

where | = %@(Q) — 1 is the integer defined in Lemma 2.1. From the above
inequalities, it follows that

Ul < 7K™ ()", n >0,
where vy is related to §, Q@ and s only.

Remark 5.2 The above Theorem claims that the series U in powers of \/ji is
Geuvrey-2l taking its values in Hs.

Remark 5.3 In the cases when Q = 4 or 6, the pattern is periodic, and the
above series may be built in the same way, leading to a series which is convergent
for p < po where pg > 0. This results simply, via the Lyapunov-Schmidt
method, from the implicit function theorem in its analytic version. The values
of o for Q =2, 4 or 6 are estimated in [30].

Proof. We choose s > /4 since Lemma 4.2 insures that H is then a Banach

algebra. We notice that
||eikj‘xHS _ 25/27

and

U] =2°72\/Q. (31)

We also have 8% =1 and U©® = 0. Now we notice from (11) that for [k| # 1
we have "
Ny

2

2 — 1] 7% < (32)

13



which controls the unboundedness of the pseudo-inverse Za ! (inverse of Lo

restricted to the orthogonal complement of its kernel). Indeed Ea 'is bounded
from HS to Hs—4l~

Remark 5.4 We may notice that the set of eigenvalues of Ly is dense in the
positive real line, which constitutes the spectrum. Hence 0 is not isolated in the
spectrum of Ly. This explains why the pseudo-inverse of Lo on the complement
of its kernel, is unbounded and satisfies (see (32)):

—~ 1 1
1o QoUlls—ar < §||U||s, for any U € H,.

The basic observation here is that the factor U™ that multiplies x™ has a
finite Fourier expansion in e’**, with k = Z?Zl mjk;, > m; < 2n+ 1, hence
N < 2n+ 1. Since for U®) we have |m| = 3 in all ky,’s, equation (18) leads to

_ 341,2935/2()3/2
ooy, < et e (%)
23Q-1)
We set
U™ — ﬂ(")U(O) + ﬁ(n)’ U™ — QOU(n), (34)
and replacing this decomposition in (21) we obtain, by taking the scalar product
with etk1

ﬂm—n2g_;<3Uanmpﬁﬂqx>_l< }: U“Hﬂ”U”X&h“>::Q

5 k+l+r=n—1,
0<k,l,r<n—2
where we have used (U(®), ek1x) = [|e’k1%||2 = 25 Next, we use
<3[](’ﬂ,71)[](0)27 6ik1~x> — ﬁ(nfl) <3U(0)3, eikl-x> + <3[7(7L71)U(0)2’ eikl.x>

3ﬁﬁ(n_l)2s + <36’(n—1)U(0)27eik1-x>’

and we are led to solve with respect to ﬁ("fl), U™ the following system for
n>2

L™ = Feb_gig, Y rWpyo), (35)
k+l+r=n—1,
k,l,r>0
B(H*U — 111 <3[7("—1)U(0)2_|_ Z U(k)U(l)U(T),eikl'x>.(36)
2 ﬂ k+l+r=n—1,
0<k,l,r<n—2

Now we make the following recurrence assumption: there exist positive constants
v1, 6 and K, depending on @) and s, such that

[Pl < MEP@E)Y,  p=01..n-1, (37)
|6(P)| < 5Kp(p!)4l, p=1,...,n—2.
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These estimates hold for U® = 0 and for U1 provided that v, and K satisfy
3412935/293/2
23(Q-1)
Putting these together results in

HU(p)HS - ||5(p)U(0) + ﬁ(p)Hs < (28/25\/é+’h) KP(ph*,

<7 K (38)

or

UP)|, <yKP(p)*,  with 7 =2"20/Q +7,. (39)
The resolution of (35) and (36) provides ™Y and U™, starting with n = 2.
A useful lemma is the following, proved in Appendix D.

Lemma 5.5 The following estimates hold true for 1 > 1:

M, = > (BH* <4, n>1

k+l4+r=n
k,l,r>0

I, = > EH* <10((n - 1YY, n>2.

k+l4+r=n
0<k,l,r<n—1

Thanks to Lemma 5.5 and the estimate for [|UP)||, in (39), we observe that

> vWUOUD| <102y KM (n - 2))M.

k+l4+r=n—1
0<k,l,r<n—2

From this it follows that
s

(n—1)
|6 | = 21+s/2ﬁ

K" ((n—1)N" {37,2°Q + 107’}

and the recurrence assumption is realized if

c?

s s 3
holds. Now we have, still by using Lemma 5.5
~ (2n + DEK((n — 1)HH 4c?
1ol < 5 n+ (41)
Loy 1 4c?
< K" !4l ) 4l s .3 )
e I A R

The factor (2n + 1)%/c? here comes from the pseudo-inverse of Ly acting on
functions containing modes of order up to 2n + 1. The recurrence assumption
is realized if

34 4c?
= {71 +5 73} <nK. (42)
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We now must choose v;, § and K in such a way as to satisfy the three
conditions (38), (40) and (42). Indeed, we may choose 7y, such that

@-1)
Y1 = 25/20§Q7

and replacing this value in (39) and (40), then (40) is satisfied as soon as

2 _3@Q 127 (L Q-1\7"
= 5¢2 2 \/§+28/2ch

holds. Then, choosing K such that

4l s+1.2 4l-192s 45/2
K = max Ea 1+ 27 a0 ,13 2769 ,
5Q-1))'5 Q-1

c2

allows to satisfy (38) and (42). N
We conclude that the bounds on ||[U™)]||, and |3™| in Theorem 5.1 hold,
and that (39), which holds for 0 < p < n — 1, also holds for p = n, and so

U™y < yE" ()", n>1.

This ends the proof of Theorem 5.1. m

6 Borel transform of the formal solution

In this and subsequent sections, we consider the cases with [ = 1 (Q = 8, 10
and 12) and set
Vi =¢.

Remark 6.1 In the general case, we should set ¢ = p'/*.

The formal expansion (30) becomes, after incorporating B2 into UM,

U= <2 Z <4nU(n)’ (43)

n>0
and we have the estimate
U]y < 7K™ (n)* < 7K™ (4n).

Thus the formal power series (43) is a Gevrey-1 series in (.
Let us now consider the new function ¢ — U(({), taking its values in M,

defined by
C4’n+2

[7'(0 — Z m(](n).

n>0

Indeed, by construction, this function is analytic in the disc |¢| < K; ' = K~1/4,
with values in the Hilbert space H, and invariant under rotations of angle 27 /Q.
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The mapping U +— (7, where we divide the coefficient of (" by n!, is the Borel
transform [6] applied to the series U. Since U satisfies a Gevrey-1 estimate, the
Borel transform U is analytic in a disc. N

We now need to show that this function U(¢) is solution of a certain par-
tial differential equation. Let us recall a simple property of Gevrey-1 series.
Consider two scalar Gevrey-1 series v and v

o= Y ul", v=> vl
n>1 n>1
lun] < e Kinl, [vn| < caK7'nl,

then we have
W)y = D wkUak,

1<k<n-—1
[(uv)n| < creaKinl,

as this results from Appendix D, by using the following inequality for n > 3

1

1
(1) J=mn

n—1" 7

1
> B =B <142(5 4+ +

1<k<n—1

which shows that in our case we can multiply two Gevrey-1 series with coef-
ficients belonging to H, (the factor cice is then multiplied by c¢s) and obtain
a new Gevrey-1 series with coefficients in H,. It is then classical that we can
write L

UBZU*GU*GU (44)

where the convolution product, written as *q, is well defined by

(axqo)(Q) =Y S Hnken

n!
n>11<k<n-—1

and satisfies

—

(G *¢ 0) = (uv).

This convolution product is easily extended for two functions f(¢) and g(¢),
analytic in the disc |¢| < K; ', and with no zero order term, by

(Fe@=3 3 fuon s en (45)
n>11<k<n—1 :

It is clear that for f = 4, and g = © we have

—

fxg=(tx*g?0) = (uv).

Since we have (44), it is clear from (21) that we have

o —

(14 A)20)(x,¢) = (14 A)*T(x, ().
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Now let us define a bounded linear operator K as follows: for any function
¢ — V(¢) analytic in the disc |¢| < K, taking values in H,, canceling for
¢ = 0, and satisfying

V(C) = ZVnC", HVan < cK7,

n>1
we define ol »
(KV)(C) = 2 S Ve
It is then clear for V = U that
(KD)(Q) = 3 v — [{0)
= (4n +6)! ’

and we see that R R
OKU)=U.
We now claim the following:
Theorem 6.2 The Borel transform ﬁ(x@) of the Gevrey solution found in
Theorem 5.1 for 1 =1 is the unique solution, analytic in the disc |¢| < K14

cancelling for ¢ = 0, and taking values in Hs invariant under rotations of angle
27 /Q, of the equation

(14+ APV —KV+VxVxV=0. (46)

Proof. We assume [ = 1 in what follows. The changes needed for larger I’s are
left to the reader. Let us look for a solution V' in the form

V=> ("V,

n>1

where V,, € H is invariant under rotations of angle 27/Q. Then defining a
formal series

U=> ¢"Un, U, =nlV,,

n>1

it is clear that U satisfies formally
(14+A)*U -¢'U+U? =0,

and by identifying powers of (:

E()Ul = 07
EOUQ = 0,
LoUs +UP = 0,

18



which leads to U; = 0 because of the last equation where the solvability condi-
tion cannot be satisfied. Then we have

Uy=0, LoU;=0,j=234,5,

and
LoUg — Us + (UQ)S = 0.

We observe that Uy and Uy satisfy the equations verified by 5_1/ 2U©) and
g2y (see (18)). This is indeed the only solution invariant under rotations
of 2m/Q. Hence

Us 5—1/2[](0)’
Us = pY2uWm,

Now at order ¢7 we get
LoUz — Us +3U3U3 =0

and since Us = CU® | where C is a constant, the solvability condition gives

0 = 2 o3 gaxy 30
B
hence C = 0 and Uz = 0. It is the same for Uy = Us = 0, and we obtain
LoUr; = LoUg = LUy = 0. Then the computation of higher orders is exactly
as the one for the computation of U™, since the cubic term cancels if the sum
of the 3 indices p in U, is not 2 mod 4. Coming back to the definition of
U,, = n!V,, it is then clear that Theorem 6.2 is proved. m

7 Truncated Laplace transform

Let us take K’ > K and define a linear mapping U +— U in the set of Gevrey-1
series taking values in H;

Uv(u):%/owe*

where U (¢) is the Borel transform of U as defined above, which is analytic in
the disc |¢] < 1/K;. The function v — U(v) is a truncated Laplace transform
of the Borel transform of U.

N2

U () d, (47)

Remark 7.1 If fj(() could be shown to be analytic on a line in the complex
¢ plane extending to oo, instead of just in a disk, then the Laplace transform

in (47) would be the inverse Borel transform, and would provide a quasiperiodic
solution of (13) in H,.
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It is clear that U(v) is a C> function of v in a neighborhood of 0, taking its
values in ‘H,, as this results from

1

Ul) = /OK/V e *U(vz) dz

and from the dominated convergence theorem. Moreover U(v) and U (i) have

the same asymptotic expansion in powers on v, when we set © = v'/4, as this
results from
1
1 [x _<(C" A7 v 1
- e v—d{=v"—e Fv | —+ ——+ - .
1//0 n! ¢ ( 1 + K'1! ot K'n=t(n—-1)! + K'nnl
(48)

It is also clear that in a little disc near the origin
U="U,

but this does not imply that U = U since U is not a function, being defined
as a formal series of v4, and an asymptotic expansion does not define a unique
function. The real question is whether or not U is solution of (13) in H,.

By construction, we know that the Gevrey-1 expansion of

V(p'/*) = (L+ AP (M) — pU (p*) + T ()3

in powers of p'/* is identically 0, but we don’t know whether this function
(smooth in p*/*), which is in H,_y4, is indeed 0. In fact we have the following

Theorem 7.2 For any even Q > 8, take s > Q/4. Then, | = (1/2)p(Q) — 1
being defined by Lemma 2.1, the quasiperiodic function U(ul/‘”) € Hs, with
s > Q/4, defined from the series found in Theorem 5.1, is solution of the Swift—

_ 1
Hohenberg PDE (13) up to an exponentially small term bounded by C(K')e &'/
in Hs_4, for any K' > KY/4.

Proof. The result of the Theorem follows directly from two elementary lemmas
E.1 and E.2 on Gevrey-1 series shown in Appendix E, and which may be un-
derstood in the function space Hy instead of C. Indeed, for [ = 1 this gives an
estimate of the difference beween V(1'/4) and the truncated Laplace transform
of the left hand side of equation (46) (which is then 0), taking into account of

1 X ¢ ~

U+ APTW™) = 57 | e (L AT (O,
0

which holds in Hs_4. Using Remark 6.1, the extension to larger I’s is left to the
reader. m
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8 On the initial value problem

Once we know an approximate solution U of the steady PDE (13), a natural
question is: let us start at time ¢t = 0 with U|;—¢ = U, what can we say about the
solution U(t) of the initial value problem, for ¢ > 0? Let us give the following
partial answer to this question:

Lemma 8.1 Assume Q > 8 and s > Q/4 and consider the solution U(t) of the
initial value problem (1) with Uli=o = U € Hsy4, where U is given by Theorem
7.2. Then there are o and C' > 0 such that the estimate

|U(t) — O]]s < C'e” w7

holds for 0 <t < ﬁ, where ¢ is the same as in Theorem 7.2.
Proof. We can replace s in Theorem 7.2 by s + 4, hence we have

—LoU + pU —U? = R € My,
with C' and ¢ > 0 such that

101|544 < CVE, 5 [|R]]s < Ce w1/

Let us introduce the semi-group e=%°* ¢ > 0, defined for any U € H,,s > 0, by

(e Loty = e*(lflk\z)QtUk.

This semi-group is strongly continuous in Hs, and bounded by 1. Now defining
W(t) =U(t) — U, we have in H,
t
0

W) = /
N

efco(th){uW(T) —3UW(r) = 3UW (1)? — W(r)3}dr +

t
/ e o= Rdr, (49)
0

We know that W(0) = 0, and by standard arguments the solution of the initial
value problem exists at least on a finite interval [0,T") in H,. Let us give a more
precise estimate on W (t) for a part of the interval of time where ||W(t)||s <
C1/1n for a certain C7 > 0. A simple estimate on (49) leads to

t c
IIW(t)IISS/ Yo|[W (7)||sdT + tCe ¥/,
0
with
vy = (14 3C? +3CCy + CY)p.

Then solving this inequality by Gronwall, we obtain

Ceiﬁ
IW®)ls < T(e'yzt —1)

which leads directly to the result of the Lemma. m
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A Proof of Lemma 2.1

We give below an elementary proof of Lemma 2.1.
The polynomial P being irreducible on Q of degree [+ 1 and the polynomial
@ defined by

Qz)= > g,

0<j<I

being of degree [, then by the Bezout Theorem there exist two polynomials A(x)

of degree | — 1 and B(z) of degree [, with coefficients in Q such that
A(z)P(z) + B(z)Q(z) = 1. (50)

Defining coefficients p;, 0 < j <14+1,4a;,0<j <l—-1andb;, 0 < j <1 of
polynomials P, A and B, the identity (50) becomes a linear system of 2] + 1
equations, of the form

MX =¢,, (51)
where the unknown is X with
aj;—1 0
aj—2 0
Qo .
X = bl 750 = ) ,
bi—1 .
. 0
b(] 1
Pi+1 0 . 0 qi 0 . . 0
P P41 - g1 o oq 0 - .
: : 0 @2 g1 .
. lerl . . 0
M = D1 : S qo ‘ g
Po : - p-1 0 qQ - Q-1
0 po - p=2 0 o - - .
0 . 0 po 0 : - 0 q

The (214 1) x (21 + 1) matrix M has integer coeflicients and is invertible (other-
wise it would contradict the Bezout Theorem). Hence its determinant is integer
valued and is an homogeneous polynomial of degree I + 1 in ¢ = (qo,...,q)-
We may invert the system (51) by Cramer’s formulas and we observe that the
coefficients b; are rational numbers, with a common denominator of degree /41
in ¢ and with a numerator of degree [ only (we replace in the determinant one
column containing the g¢;’s by &,). It results that the polynomial B(z) is the
ratio of a polynomial with integer coefficients By of degree | in q, with an integer
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d, homogeneous polynomial of g of degree [ + 1 and which is different from 0
(det M # 0). Now taking 2 = w in (50) leads to

4
| Bo(w)|’

and since d > 1 and the coefficients of By are bounded by C’|q|’, this completes
the proof of Lemma 2.1.

Q)| =

B Proof of Lemma 4.1

Assertion (ii) follows from the fact that we can group the coefficients m; —
mjiq/2 = M, and since in the @ /2— dimensional space of {mj, j = 1,...,Q/2}

the set ZQ/2 Im/;| = N is a union of 29/2 simplexes of area of order O(N@/2~1).
To prove the part (i) (23) we observe that

Q
Nk+l = min{|m+n\;k+l: Z m; +77,J
Q Q
< min{[mf;k =Y mk;} +min{[n[;1 =) " n,k;}
j=1 j=1
< N+ M,
where
Q Q
Ny = min ijkj, N; = min ank]
- Jj=1 - nj*l

We notice that Ng = 0, and N_x = Nx (each m;- for k is just the opposite for
—k); we deduce that inequality (23) may be strict, since

0= Ng = Nx_x < N_x + Nx = 2Nk.

The last inequality (24) is easily deduced from

Q
k=Y mjk;
j=1

where {m;} gives precisely the “norm” Ny; which implies (since |k;| = 1)
Q
K| <D myl = N,

Jj=1

and the Lemma is proved.
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C Proof of Lemma 4.2

Let u € Hs, then by Cauchy-Schwarz inequality in [2(I') (T is countable) we
have

A

Zukeikx < (Z(l + Nk2)suk|2>

kel

1
> T nay

kel

IN

1
lull, Y s
ker (1+Nk )

Now by (25) we have the following estimate
n@/2-1

1

- < A
k; (1+ Ne2)s = 1@)% (1+n2)s
which is bounded when s > Q/4. Hence for s > Q/4 the series Yy . uxe™™
converges absolutely and represents a continuous quasiperiodic function, the
norm (uniform norm) of which being bounded as soon as the norm in H; is
bounded. We may proceed in the same way for the derivatives in using (24),
and show that the series

Z |k|lukeik~x

kel
is absolutely convergent for s > @/4+1. This ends the proof of the last assertion
of the Lemma. Let us now prove the first assertion which is necessary for our
nonlinear problem.
First step: We first use the following inequality due to (23)

1L+ NEpe)? <27 {1+ N2Y2 4 (14 N2 )2

valid for any s > 1, because of (23) and a simple convexity argument (this
inequality is in fact valid for s > 0). Then the following decomposition holds

Y e

2
(1 + lei)g < 228_1(51 + SQ)

K |k+k/'=K
with
2
S = Y| Y ] 0w
K |k+k/'=K
2
S = Y| 3w asair
K |k+k'=K

For symmetry reasons in the space (k,k’), it is then sufficient to estimate S;.
Let us split the bracket in the sum S; into two terms: a sum S] containing
(k, k') such that

Ny < 3Ny,
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and a sum S} containing (k,k’) such that Ny > 3Ny/. Hence we have now
S1 < 2(S1 + SY)

with

2
Si = E E uxvr | (14 Ng)?,
K |kt+k'=K,
NkSBNk/

sy = Z Z wevw | (1+N2)*.

K |k+k'=K,
Nk>3Nk/

To estimate S} we use (23) which gives Nk < 4Ny, hence

1 16
< )
14+ N2 — 1+ Ng

and, in using again Cauchy—Schwarz

2\s/2 2 \s/2
9\ s/2 s (1+ Ni)* = (1 + Niey)
Do fmanl(L N < D e

k+k'=K, k+k'=K,
N <3N,/ N <3N,
48

< e el
K

It results that
S < ull,

423
oll7 TN
Tt ; (1+ NZ)s
which, for s > Q/4 leads to

S1 < Cllull3, vl -

Second step: We now find a bound for S7, which is more technical, since we
split this sum into packets of increasing lengths.
Let us define

Apu = E ue™ X A_ju = ug.

2P < Ny <2pt1

It is clear that for s > @Q/4 (the series is absolutely convergent)
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Moreover, it is clear from the definition that the norm of u € H, is equivalent

to
o 1/2
(z 22w||Apu|a) |

p=—1

To estimate the sum S{, we notice that in the product wv the terms AjuA v
only take into account the wavevectors k and k’ such that

P < Ny < 2P 20 < Ny < 2971 Ny > 3Ny,

This implies
Ny < 2]), 2¢+1 < Nk,

hence in S7
ApuAgv =0, for p <q.

Now, we use (for the sum in SY)

2
=Nk < Nk
3
2
2
Sy < (5)25 > > wew| (1+Ng)°

K |k+k/=K,

Ni>3N,

and the right hand side is the square of the norm of the product uv computed
on terms such that Ny > 3N/, k + k'’ = K. We now use the equivalent norm
defined above with the decomposition in packets, hence

2

(e’ p—1
Sy<e 2 A (Y ( > Aqv> Apu

j=—1 p>0 \g=-1 0
Let us define S,_1v = Zg;l_l Agv, then we have
Jj+1
Aj <Z Sp_lvApu> = Z Aj (Sp_lrUApU)stzips
p p=j—1
hence by Cauchy—Schwarz
_ 2 j+1 _ j+1
2% || A (Z S,,_wApu> < DD 220 | N 92| A(S, 1 vAu)
P 0 p=j—1 p=j—1
Now

HSp—lvApqu = Z | Z Uyt [*

K  ktk/'=K,0< N/ <2P< Ny <2p+1
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and a classical computation (convolution [! * [?) using Cauchy—Schwarz gives

21D mawl < Z{< ) ka||uk|2><2|ka|>}
K kik'=K K | kik'=K K’
< O DO okl ful?)
k’ k K
<

2
((Z Ivk/|)> > )
k' k
which leads to

2
15p-1vApully < 1| Apully ((Z Ivk/)>
k/

and since the series) |vi/| < ¢||v]|, for s > Q/4, as shown at the beginning of
the proof of Lemma 4.2, we have
2
1Sp-1vApully < ClIAulfG][v],,

Finally, we obtain

j+1 j+1
D2 A (SpvApu)lr <Y 270 ||S, Al
p=j—1 p=j—1
J+1
< B, D 27 |Aull,
p=j—1
and
2 j+1
o, (S man )| <l § i
D 0 p=j—1
hence
oo
S < 3C |, D 22| Auullp
p=—1

IN

Culfull, 0]l

and Lemma 4.2 is proved.

D Proof of Lemma 5.5

Let us define the two sums

Moy = Y (kl(n—kH*

k
n

3

I
= o

I, = (k!(n — k))*

E
I
—



we have already
Moo = 1, Tyy =2 Mas — (24 —)(2)*
20 = 1, a1 =2 22 =(2+ @)( D>,
H/2,2 = 1 H/2,3 = 2(2!)417

which shows that o, < (2+ &)(n!)* for n = 0,1,2, and I > 1. Now we have
forn>2

s, I, , 2 — N /1 —E\*
((ni;);)‘“_(n?)u - Z( (n! >> {( n+1 ) _1}+

k=2
2 2 o4l

DT ek D)

and since n*! — (n + 1)* 4+ 24~ < 0 for n > 1 the above right hand side terms
are negative. It results that for n > 2

n+1)! a
o541 < ((n')> I, 2,

hence

1
My, < (2+ E)(n!)‘”, n>0. (52)

In the same way

My, I, —Tf Rin—k)N\" [ (n+1-k 41_1 +2i
(nhHa  ((n—1)H4 — n! n+1 nit’

hence for n > 2

H/2,n+1 H/Qn + 274l
()T = (= H7 it
and
I, 4 1 1 ,
((n—1hH4 < 2 (W+"'+2u) + 115,
1 1
41
< 2+ 2 <3
- 4] -1~ 7
Finally
H/2,n < 3((n—1)* for n > 2. (53)

Consider now Il3,, defined by

I, = Z (KA,

k+l+r=n
k,l,r>0

28



We already have
3

I0=1, 37, =3, I32=3+ ﬁ)(m)le < 420",
In splitting the sum we obtain easily for n > 3
n—1
H3,n = HZ,n + (n!)4l + Z(T!)MHQ,N—T'
r=1
< Bt )+ @+ S
= 1670 167 7%n
1 1.1
< B+ = +302+ —=)—
< HME+ g +3E+ 1))
3 9 Y 4l
< 8+ 6+ g)(n!) < 4(nh)*.
Hence
M5, <4(n)* (54)

holds for any n > 0. Consider now IT3 ,, defined for n > 2 by

M, = > (krH*
k+l+r=n
0<k,l,r<n—1

We already have
3,2 =1,

and for n > 3, we obtain in the same way

n—1
Hé,n = HIQ,n + Z(T!)4ZH2,H—T
r=1
1
< (34324 =) ) (n—1n)*
16
< 10(n — 104, (55)

Hence, with estimates (54) and (55), Lemma 5.5 is proved.

E Lemmas on Gevrey-1 series

Below we give elementary proofs of two useful lemmas. The interested reader
will find more general results in [28] and [27].

In the following we denote by L the linear operator defined for analytic
functions v on the disc {|z| < 1/K;} by

1 pyEs
(L) (v) = ;/ e vwu(z)dz, K' > Kj.
0
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We also use the notations

[lv]

ok = sup |v(2)], |Jv|li,kr = sup |v'(2)],
2€(0,1/K") z€(0,1/K”)

and when v(0) = 0, we notice that (integrating by parts for the second estimate)

[(Lxo)@)] < lollo.x, (56)

1/K’
(L) (V) —/0 e v (2)dz

IA

e 7 [[o]

0,K'-

Then we have the following Lemmas giving estimates of the commutator of
Ly oB (where B is the Borel transform) with the multiplication by v* and with
the mapping u — > in the space of Gevrey series.

Lemma E.1 Assume that u(v) is a Gevrey-1 series, with ug = 0, then for
v<1/K'

/V

-3 3 e K N N N
‘(EK’US) (v) = (L) (’/)‘ = (K/u)g||U|\0,K'(||u||o,K' + V|[al]1,x)?

For any given Gevrey-1 series u, with ug = 0, there is C(K') > 0 such that for
v < vo(K') we have the estimate

‘(LK@) ) — (Lxrt) (1/)‘ < O(K)e 7, K'> K.

Lemma E.2 Assume that u(v) is a Gevrey-1 series, with ug = 0, then for
v < 1/K' there exists C(K') such that

(LK) (v) — v Lic@t]| < CK")|[lo,xre” 7.

Proof of Lemma E.1. From the identity

/z /z1 Zf—lz;n—l(z — 2 — ZQ)le do SRtml

o \Jo (k—Dm—D0 )" k+m+0)

from the definition (45) of the convolution product, and from the analyticity of
@ in the disc {|z| < 1/K;}, we have

(Lrr(@rT*7) (V) = (ﬁ;m/ﬁ) (v) =

i/ol/K/ e (/0 (/0 @ (o) (22)i(z — 21 — 22)d22> dzl> dz.

By Fubini’s theorem and a simple change of variables, we obtain

N

1 z1+z0+z23 —~

(EKfﬁ) (v) = - /D / e” v u(z)u'(22)(23)dz1d20d23 (57)
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where Dy = {21, 29,23 > 0;21 + 22 + 23 < 1/K'}. Now, we have

1 z1+z9+23

(L) (V) = = /(0 s e” v u(z1)u(z2)u(zs)dz1dzodzs,

v3

and from (56) we obtain

1 z z z
(L) (v) — = / e~ F G (1) (20)(23)d2r dzadzs | <
vJo,1/K")3
— 1 i~ ~ ~
< e” % |[al[§ o (fallo, g + vlfally,x)- (58)

Now, we observe that (0,1/K’)3\ Dy is such that 23 + 2o + 23 > 1/K’, hence
1

e Kv N

< g llllo s W[l k).

(59)
Collecting (57), (58) and (59) the first result of Lemma E.1 is proved. Notice
__1
that by choosing K” > K’, then for v small enough % < e ®7%. Since K’
is chosen arbitrarily larger than K;, we can assert that u being given, there is
C(K') such that

1 z1tzo+z3 N .
— / e - u2+ 2 U/(Zl)UI(ZQ)U(Zg)d,ZleQd2’3
(0,1/K")*\D s

v

(k) ) = (L) )| < CKNe 77, K' > K.

]
Proof of Lemma E.2. By integrating by parts, we obtain

(LK) v) = —e %% [(Ka)+ v(Ka) +v2(Ka)" + v*(Ka)"] |5 +
+V4(£K/ﬂ)(y).
Hence
3 2
~ 4 ~ 1~ v v v 1
(k) ~ v 0] < e @l { 75 + 57+ g7 + 57707 |

which proves Lemma E.2. m
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