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Kinematic dynamo action in a sphere. I

E®ects of di®erential rotation and

meridional circulation on solutions

with axial dipole symmetry

By David Gubbins, C. N. Barb er, S. Gibbonsy a nd J. J. Love

Department of Earth Sciences, University of Leeds, Leeds LS2 9JT, UK

Received 13 May 1999; revised 4 October 1999; accepted 12 October 1999

A sphere containing electrically conducting ®uid can generate a magnetic ­eld by
dynamo action, provided the ®ow is su¯ciently complicated and vigorous. The
dynamo mechanism is thought to sustain magnetic ­elds in planets and stars. The
kinematic dynamo problem tests steady ®ows for magnetic instability, but rather few
dynamos have been found so far because of severe numerical di¯culties. Dynamo
action might, therefore, be quite unusual, at least for large-scale steady ®ows. We
address this question by testing a two-parameter class of ®ows for dynamo gener-
ation of magnetic ­elds containing an axial dipole. The class of ®ows includes two
completely di¬erent types of known dynamos, one dominated by di¬erential rota-
tion (D) and one with none. We ­nd that 36% of the ®ows in seven distinct zones
in parameter space act as dynamos, while the remaining 64% either fail to gener-
ate this type of magnetic ­eld or generate ­elds that are too small in scale to be
resolved by our numerical method. The two previously known dynamo types lie in
the same zone, and it is therefore possible to change the ®ow continuously from one
to the other without losing dynamo action. Di¬erential rotation is found to promote
large-scale axisymmetric toroidal magnetic ­elds, while meridional circulation (M )
promotes large-scale axisymmetric poloidal ­elds concentrated at high latitudes near
the axis. Magnetic ­elds resembling that of the Earth are generated by D > 0, cor-
responding to westward ®ow at the surface, and M of either sign but not zero. Very
few oscillatory solutions are found.

Keywords: kinematic dynamos; geomagnetism; eigenvalue problems

1. Introduction

The magnetic ­elds of stars and planets are generated by self-exciting dynamo action
of electrically conducting ®uid. In the Earth the dynamo resides in the molten iron
outer core; in the Sun it resides at the base of the convection zone. Fluid ®ow-
ing across magnetic ­eld lines induces an EMF and corresponding magnetic ­eld;
given the right conditions and geometry, the induced magnetic ­eld can reinforce
existing ones, resulting in conversion of kinetic into magnetic energy. When the con-
version is su¯ciently strong, the dynamo self-excites and the original magnetic ­eld
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1334 D. Gubbins, C. N. Barber, S. Gibbons and J. J. Love

grows exponentially; dynamical forces then modify the ®ow until quasi-equilibrium
is reached with either a steady state or ®uctuations about an average ­eld strength
(see, for example, Mo¬att 1978; Jacobs 1987; Proctor & Gilbert 1994; Proctor et al .
1993; Hollerbach 1996).

The kinematic dynamo problem addresses the question of how ®ows generate mag-
netic ­elds without consideration of the dynamical forces involved. The magnetic ­eld
is governed by Maxwell’s equations in the non-relativistic limit and Ohm’s law for a
moving medium. These combine to give the induction equation, which governs the
evolution of B,

@B

@t
= Rm r £ (v £ B) + r2

B; (1.1)

where v is the ®uid velocity, Rm the dimensionless magnetic Reynolds number

Rm = V L=²; (1.2)

V the velocity scale, L the length-scale, and ² the electrical di¬usivity. Solutions are
of the form B = B̂ exp (¼ + i!)t, giving the eigenvalue equation

(¼ + i!)B̂ = Rm r £ (v £ B̂) + r2
B̂: (1.3)

At the boundary, B matches to a potential ­eld. Dynamo action is said to occur
when a growing solution exists with ¼ 0; the critical magnetic Reynolds number
Rc

m
is the value corresponding to ¼ = 0.

Originally, investigators were concerned with whether dynamo action was possible
(Elsasser 1946; Bullard & Gellman 1954). The ­rst positive results were established
analytically for idealized models (Herzenberg 1958; Backus 1958); later numerical
calculations con­rmed dynamo action in a sphere (Gubbins 1973; Kumar & Roberts
1975). Only recently has the subject developed su¯ciently to study the relationship
between the generated magnetic ­eld and the underlying ®ow (Hutcheson & Gubbins
1994; Sarson & Gubbins 1996).

Until recently, the dynamics had been studied separately by isolating the e¬ects
of rotation and applied magnetic ­eld on convection (see, for example, Busse 1970;
Eltayeb & Kumar 1977; Mo¬att 1970; Zhang & Busse 1989; Hollerbach & Jones
1993). Large-scale numerical simulations demonstrated dynamo action ­rst in the
solar (Gilman 1983) and then, more recently, in the geomagnetic (Glatzmaier &
Roberts 1995; Kuang & Bloxham 1997) context. These fully dynamical calculations
are so complex that a very limited range of parameters has been explored to date, and
progress has been slow. In the case of the geodynamo, it is impossible to approach
realistic parameter values, because the Earth’s rotation is rapid and the di¬usivities
in the core are small. Kinematic studies can still contribute by de­ning those classes
of ®ows that are capable of generating magnetic ­elds.

Numerical studies of kinematic dynamos have had an unhappy history, with early
claims of dynamo action by Bullard & Gellman (1954) and Lilley (1970) later proving
to be incorrect. We cannot rule out dynamo action on the basis of numerical results
alone, we can only assert that a ®ow does not generate a magnetic ­eld with the
length- and time-scales resolved by the calculation. Numerical approximations that
appear reasonable at low resolution can be qualitatively, not just quantitatively, mis-
leading. The kinematic dynamo problem seems to be quite unusual in this respect:
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(c)(a) (b)

Figure 1. Fluid °ow de¯ned by equations (2.1){(2.4). (a) Contours of v¿ , controlled by param-
eter °0 , in meridian section. (b) Streamlines of meridional circulation (°1 ) in meridian section.
(c) Streamlines of convection rolls (°2 , °3 ) in equatorial section.

close inspection of most problems reveals spurious numerical solutions to be phys-
ically unreasonable. Some examples of deceptive, bogus solutions are given in the
next section. We must therefore be careful with numerical convergence and cautious
with interpretation. Our approach is to build con­dence in the numerical solutions
by linking them to known neighbouring analytical, asymptotic and well-established
numerical solutions. Details are given in x 3.

How common is dynamo action by steady ®ow? There are two opposing views.
The ­rst argues by analogy with the mechanical dynamo, a complicated device that
generates electric current and associated magnetic ­elds. Any homogeneous body of
®uid doing the same job is expected to be similarly complicated, with a correspond-
ingly intricate ®ow pattern: dynamo action might, therefore, be rare. The second
view regards solutions of the induction equation as instabilities, which are ubiqui-
tous in ®uid-dynamical systems: dynamo action might, therefore, be very common.
Anti-dynamo theorems prohibit dynamo action by some simple ®ows and numerical
examples of dynamo action by ®ows in spheres have been remarkably di¯cult to
­nd, both of which support the ­rst view. On the other hand, asymptotic studies
have revealed entire classes of ®ows that generate magnetic ­elds. Roberts (1972a)
found that `almost all’ periodic ®ows in an in­nite ®uid generate magnetic ­elds,
supporting the second view. In this paper we address this issue by de­ning a class
of ®ows represented by just two parameters and determining the proportion that
produce dynamo action.

2. The °uid °ow

Kumar & Roberts (1975) studied the class of ®ows

v = °0t
0

1
+ °1s

0

2
+ °2s

2c
2

+ °3s
2s
2

; (2.1)

where t
m
l , s

m
l are toroidal and poloidal vector spherical harmonics,

t
m

½

cos

sin

¾

l = r £

·

tm
l (r)P m

l (cos ³)

½

cos
sin

¾

(m¿)er

¸

; (2.2)

s
m

½

cos

sin

¾

l = r £ r £

·

sm
l (r)P m

l (cos ³)

½

cos
sin

¾

(m¿)er

¸

; (2.3)
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1336 D. Gubbins, C. N. Barber, S. Gibbons and J. J. Love

where (r; ³; ¿) are spherical coordinates, P m
l are Schmidt-normalized associated Leg-

endre functions, and er is the unit radial vector. The scalar functions were chosen
to give a v that is di¬erentiable at the origin, and to be zero with zero stress on the
outer boundary:

t0

1
(r) = r2(1 ¡ r2);

s0

2
(r) = r6(1 ¡ r2)3;

s2c
2

(r) = r4(1 ¡ r2)2 cos(pºr);

s2s
2

(r) = r4(1 ¡ r2)2 sin(pºr):

9

>

>

>

=

>

>

>

;

(2.4)

The ­rst harmonic represents di¬erential rotation, the second meridional circulation,
and the last two convective overturn; these three constituents of the ®ow are shown
in ­gure 1. Kumar & Roberts (1975) developed this ®ow from simpler forms that
failed to generate magnetic ­elds; in some sense they are the simplest ®ows that
can generate the basic features of the Earth’s magnetic ­eld and mimic convection
in a rotating sphere. Kumar & Roberts (1975) chose values of the parameters °i

near the asymptotic regime studied by Braginsky (1964), the rather complicated
limit Rm ! 1 with °1Rm , °2R1=2

m and °3R1=2

m remaining ­nite. Subsequent studies
(Nakajima & Kono 1991; Hutcheson & Gubbins 1994; Sarson & Gubbins 1996) also
stayed in the Braginsky regime. Here, we ­x p = 3 and °2 = °3, leaving a three-
parameter ®ow de­ned by °0, °1 and Rm , and seek dynamo action away from the
Braginsky regime.

Not all choices of the °i are independent because of symmetry. The transformations
¿ ! ¿ + º=2 and ¿ ! ¡¿ show the equivalence of the four combinations:

¡

°0 °1 °2 °3

¢

;
¡

°0 °1 ¡°2 ¡°3

¢

;
¡

¡°0 °1 ¡°2 °3

¢

;
¡

¡°0 °1 °2 ¡°3

¢

(see Dudley & James 1989). Our choice of °2 = °3 is, therefore, equivalent to °2 = ¡°3.
Changing the sign of Rm reverses the ®ow, so the second of these combines with
Rm ! ¡Rm to produce the combination

¡

¡°0 ¡°1 °2 °3

¢

. Having set °2 = °3,
we can therefore restrict Rm to positive values and still explore the full range of
dynamo solutions de­ned by the two parameters °0 and °1.

We de­ne Rm so that the total kinetic energy of the ®ow is unity:
Z

v
2 dV = ¬°2

0
+ ­°2

1
+ ®°2

2
+ ¯°2

3
= 1; (2.5)

where the scalars ¬, ­, ®, ¯ are integrals of the radial functions (2.4). The fraction
of energy in the meridional circulation is then

M = sgn(°1)­°2

1
; (2.6)

and that for di¬erential rotation

D = sgn(°0)¬°2

0
: (2.7)

The remaining energy lies in convection

C = 1 ¡ jM j ¡ jDj: (2.8)

Proc. R. Soc. Lond. A (2000)



Kinematic dynamos. I 1337

The entire class of ®ows is de­ned by the diamond jM j + jDj 1 (­gure 4a). We
search for dynamo action with Rc

m
> 0. The di¬erential rotation is zero at the surface

and eastward within the sphere for D > 0; in the co-rotating frame with zero angular
momentum, the surface ®ow would, therefore, be westward, as it is at the surface
of the Earth’s core (Kumar & Roberts 1975). M > 0 gives surface ®ow towards the
Equator and away from the poles.

Four di¬erent solutions for B separate because of symmetries in the ®ow and
the induction equation; they are either symmetric or antisymmetric under re®ection
in the equatorial plane or rotation through an angle º about the coordinate axis.
They are linearly independent for the kinematic dynamo problem, but also separate
for the fully dynamical dynamo problem (Gubbins & Zhang 1993). In this paper
we restrict ourselves to the geophysically realistic `dipole’ symmetry (poloidal ­elds
antisymmetric about the Equator), and to the simplest case of symmetry under
rotation through an angle º about the coordinate axis. These solutions may not
be the preferred mode, since other symmetries may have a lower critical magnetic
Reynolds number. Results will be compared with solutions for the other three possible
symmetries in a later paper.

Kumar & Roberts (1975) found solutions near the Braginsky limits D ! §1, M !
0, two corners of our diamond. Other solutions found subsequently by Hutcheson &
Gubbins (1994) and Sarson & Gubbins (1996) also lie in the Braginsky regime. The
axisymmetric ­eld generated by these dynamos, ·B, satis­es the mean ­eld equation

@ ·B

@t
= r £ (!vT £ ·B) + r £ (veM £ ·B) + r £ (¬ ·B) + ²r2 ·B; (2.9)

where ! is the scale of di¬erential rotation vT, ¬ depends on the helicity of the non-
axisymmetric ®ow, and veM is the meridional circulation plus an `e¬ective’ part also
depending on the non-axisymmetric ®ow (see, for example, Kumar & Roberts 1975;
Sarson & Gubbins 1996). With our choice of f°ig, the point D = 1 corresponds to
¬! < 0, and the point D = ¡1 corresponds to ¬! > 0. Solutions of these mean-­eld
equations are usually referred to as ¬! dynamos; when ! = 0 they are ¬2 dynamos.

Love & Gubbins (1996) demonstrated dynamo action for ®ows with no di¬erential
rotation. These are plotted on the M -axis in ­gure 4a, between the approximate
extremes D = 0:00, M = ¡0:64 and D = 0:00, M = ¡0:02. The generated ­elds
were steady. The helicity of the ®ow, v r £ v, is important for dynamo action
(Mo¬att 1978). These ®ows have an axisymmetric component of helicity and a non-
axisymmetric component proportional to cos 2¿:

h = H0(D; M ) + H1(D; M ) cos 2¿: (2.10)

Surprisingly, no dynamo action was found at (0:0; 0:0), where the ®ow is pure con-
vection with optimal helicity (although we now know that the equatorial dipole sym-
metry is supported; see Holme (1997)). An ¬2 dynamo might have been expected to
operate but does not: in fact, the smallest scaled critical magnetic Reynolds number,
and, therefore, in some sense the most e¯cient dynamo, occurred near the point with
maximum non-axisymmetric helicity (Love & Gubbins 1996).

The boundary jDj+jM j = 1 has no convection and the ®ow is purely axisymmetric.
Solutions of (1.1) separate into modes proportional to exp im¿; there is no dynamo
action with m = 0 because of Cowling’s theorem: no axisymmetric magnetic ­eld can
be sustained. Holme (1997) has searched for dynamos with m = 1 without success

Proc. R. Soc. Lond. A (2000)
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Table 1. Critical magnetic Reynolds number for a °ow with D = +0:50, M = ¡0:08

(The extrapolation has converged to four signi¯cant ¯gures by L = 24.)

nr 50 100 150 extrapolated

L = 8 128.59 129.85 130.09 130.28

10 127.99 129.92 130.27 130.56

12 128.44 129.99 130.28 130.52

14 129.14 130.98 131.33 131.61

16 128.48 130.14 130.44 130.69

18 128.99 130.75 131.08 131.35

20 128.70 130.40 130.72 130.97

22 128.86 130.59 131.17

24 128.78 130.50 131.07

26 128.82 130.54 131.12

28 128.81 130.54 131.11

30 128.83 130.56 131.14

(although he did ­nd some with modi­ed radial functions). Further solutions with
this symmetry will be described in a later paper.

Existing knowledge of dynamo action by this class of ®ows is, therefore, restricted,
despite a great deal of e¬ort over several decades, to small patches near the two
corners D = §1 and a line on the D = 0 axis. In this paper we attempt to explore
the diamond and discover how much of it de­nes ®ows that generate magnetic ­eld
with dipole symmetry. Numerical di¯culties will prevent us from achieving this goal
fully, so these are discussed ­rst.

3. Numerical considerations

Equation (1.3) is solved by the method ­rst developed by Bullard & Gellman (1954),
described there with extensions in Gubbins (1973), Hutcheson & Gubbins (1994) and
Sarson & Gubbins (1996). B̂ is expanded in vector spherical harmonics to a maximum
degree L, and radial derivatives are represented by second-order ­nite di¬erences with
nr points. This converts the partial di¬erential equation to an algebraic eigenvalue
equation, which can be solved by a number of standard methods (Golub & Van Loan
1989). We either ­x Rm and solve for the growth rate ¼+i! as eigenvalue, or assume a
steady solution and solve the generalized eigenvalue problem for the critical magnetic
Reynolds number Rc

m
. The ­rst method is useful because we depart from known,

decaying, analytical solutions at Rm = 0 and gradually increase Rm until a steady or
growing solution is found, giving a growth rate curve. The second method is useful
for re­ning a known or suspected steady solution.

The QR algorithm gives all the eigenvalues reliably but requires a great deal of
memory: it is impractical for the larger calculations reported here. Inverse iteration
­nds the eigenvalue closest to a chosen starting value, takes advantage of the banded
structure of the matrix, and requires much less computer memory. We are usually
only interested in the solution with smallest Rc

m
, because the others are not physically

realizable; inverse iteration is ideal for re­ning this one eigenvalue when it is clearly
distinguishable from others. It does not work well when there are several similar

Proc. R. Soc. Lond. A (2000)
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Table 2. D = ¡0:50, M = ¡0:20 convergence table for steady solutions

nr 25 50 100 extrapolated

L = 6 151.78 167.13 170.28 171.27

8 153.96 167.61 170.67 171.66

10 ¤ ¤ | ¤

12 | 232.97 239.06 241.09

14 | 340.79 353.40 357.60

16 245.11 286.52 292.09 293.52

18 | ¤ ¤ ¤

20 | 352.29 360.88 363.74

22 | 619.55 672.35 689.95

24 | 421.03 435.24 439.98

26 | ¤ ¤ ¤

¤No solution was found.
|No solution was sought.

eigenvalues, or for tracing jumps from one eigenvalue to another (with change of
resolution for example, cf. tables 2 and 3). The most e¬ective method is the implicitly
restarted Arnoldi method (IRAM), which ­nds the k eigenvalues closest to a chosen
starting value, where k is chosen to suit the problem (10 in our case) (Lehoucq et al .
1998; Arnoldi 1951; Sorensen 1992). A suite of growth rates for Rm increasing from
zero to the critical value helps identify cross-overs and conversions of real to complex
eigenvalues.

Convergence of the algebraic solution is checked by increasing the L and nr and
comparing solutions. It is sometimes helpful to re­ne the eigenvalue by Richardson
extrapolation on nr , the number of radial points. Weak dependence of the eigenvalue
on truncation can mask poor convergence, and it is advisable to inspect the eigen-
functions, either by comparing solutions at di¬erent truncations or by examining the
spectrum for peaks at high spherical harmonic degree.

Numerical convergence is critical to the success of these calculations; some exam-
ples are given here to explain and justify the procedures used later. Table 1 shows a
reasonably well-converged solution (by no means the best example). The spectrum of
energy by spherical harmonic degree is shown in ­gure 2; it drops o¬ smoothly with
less than 1% of the energy being contained above degree 12. Most importantly, the
lower harmonics do not change signi­cantly when the truncation is raised. Inspec-
tion of the radial functions for each harmonic also shows little change at higher
truncation.

Table 2 shows a convergence failure. The agreement between L = 6 and L = 8
is quite encouraging. Early studies were restricted to similar truncations: Bullard &
Gellman (1954) stopped at L = 4; Lilley (1970) at L = 6; and Kumar & Roberts
(1975) at L = 10. The corresponding eigenvectors (­gure 3) do not agree so well. Even
this warning does not prepare us for the divergence to follow at higher truncation
(table 2). This kind of behaviour deceived both Bullard & Gellman (1954) and Lilley
(1970), who were restricted to low truncation and claimed solutions that were later
discovered to be bogus.

Table 3 shows a di¬erent eigenvalue for the same ®ow. Roberts (1972b) discusses
the numerical problems associated with rapidly oscillating solutions and requires that

Proc. R. Soc. Lond. A (2000)
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201612

spherical harmonic degree
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0.0001

0.001

0.01
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1

Figure 2. Decrease of energy with spherical harmonic degree for the dynamo with D = 0:50,
M = ¡0:08. The rapid fall-o® is indicative of good numerical convergence.
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Figure 3. Comparison of eigenvectors for two di®erent truncations (L = 6; 8) for the dynamo
with D = ¡0:50, M = ¡0:20. The agreement is poor, whereas Rc

m appears converged at this
level (table 2).
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Table 3. D = ¡0:50; M = ¡0:20 convergence table for oscillatory solution

(Figures in brackets are the imaginary part of the growth rate.)

nr 25 50 100 extrapolated

L = 6 156.4 (130) 162.3 (128) 163.9 (127) 164.4 (127)

8 ¤ (|) 292.0 (208) 295.2 (214) 296.3 (216)

10 184.2 (135) 195.3 (143) | (|) 199.1 (146)

12 | (|) ¤ (¤) ¤ (¤) ¤ (¤)

14 | (|) 231.5 (165) 235.9 (169) 237.4 (170)

16 261.4 (190) 257.4 (191) 259.0 (193) 259.8 (194)

18 | (|) 245.1 (173) 248.3 (180) 249.4 (182)

20 | (|) 252.2 (186) 254.2 (188) 254.9 (189)

22 | (|) 247.9 (180) 250.2 (181) 251.0 (181)

24 | (|) 249.5 (183) 251.8 (185) 252.6 (186)

26 | (|) 248.7 (181) 251.0 (184) 251.8 (185)

Table 4. Convergence table for steady solution at D = ¡0:45, M = ¡0:40

nr 50 100 150 extrapolated

L = 6 93.1 | | 93.1

8 113.0 | | 113.0

10 139.6 | | 139.6

12 178.1 182.6 | 184.1

14 ¤ ¤ | ¤

16 176.7 180.1 | 181.2

18 182.3 184.5 | 185.2

20 178.2 181.3 181.8 182.3

22 180.3 182.9 183.4 183.8

24 178.4 181.2 181.8 182.2

26 179.9 182.6 183.1 183.5

the electromagnetic skin depth be resolved, or ¢x <
p

1=!, where ¢x is the spatial
resolution. In our case, solutions with ! less than 400 should be well resolved. The
solution is variable at low truncation and sometimes disappears (notably at L = 12),
probably because of the large !, but it settles down after L = 14 and nr = 50.
A neighbouring ®ow produces a well-converged steady dynamo (table 4). Like the
oscillatory solution in table 3, there is little evidence of converged dynamo action at
low truncation.

Lack of dynamo action at low truncation is probably caused by failure to resolve
small-scale ­elds that play an essential part in the regeneration process. Other solu-
tions have Rc

m
values that oscillate, sometimes wildly, as the truncation point is

increased. This is usually indicative of a small-scale solution with a particular sym-
metry that requires only certain harmonics for its description.

Numerical di¯culties and abrupt changes of the dynamo action with small changes
in velocity led to the following strategy.

Proc. R. Soc. Lond. A (2000)
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(1) Compute growth rate curves by Arnoldi iteration for all ®ows on a (D; M ) grid
with 0.05 spacing using a low truncation (we used L = 12, nr = 50).

(2) Repeat at a higher truncation (L = 18, nr = 50).

(3) Use inverse iteration to study further those calculations yielding values of Rc

m

that di¬er by less than 20% at the two truncations.

(4) Discard those ®ows whose Rc
m

fail to converge to at least two signi­cant ­gures.

(5) Study the generated magnetic ­eld (eigensolution); this should not change
signi­cantly at di¬erent truncations. Some solutions were rejected by this cri-
terion.

(6) Further calculations were needed on a ­ner (D; M ) grid in places where dynamo
action changed rapidly.

4. Steady dynamos

In ­gure 4a we show the scaled Rc

m
in (D; M )-space for steady solutions with dipole

symmetry. The di¬erent zones, labelled A{G, are separated by regions in which
no dynamos have been found. The boundaries of the zones are characterized by
rapidly increasing Rc

m
and poor numerical convergence. There are also some isolated

oscillatory solutions within the zones, which are the subject of an ongoing study.
Rc

m
increases with jDj, approaching in­nity in the Braginsky limit, and generally

decreases as jM j increases from zero (the minimum is reached within zone A along
a line approximately following the solutions in table 5). A ®ow with small Rc

m
can

generate magnetic ­eld with less kinetic energy than one with a larger Rc

m
; Rc

m
,

therefore, represents one measure of the `e¯ciency’ of the ®ow in generating magnetic
­eld.

Figure 4b shows the non-axisymmetric part of the helicity, H1 in (2.10). Love &
Gubbins (1996) showed that the non-axisymmetric part produced a lower Rc

m
for

the poloidal-only ®ow dynamo (along the axis D = 0, and this ­gure shows that the
same situation holds in the more general case with di¬erential rotation, at least in
the largest zones A and C.

Another measure of e¯ciency is the ohmic heating divided by the magnetic energy,

O =

µ

L

º

¶2

Z

(r £ B)2 dV
Z

B
2 dV

; (4.1)

where the integral is taken over the whole core. The factor (L=º2) ensures O 1, the
optimum e¯ciency O = 1 being achieved when B is the fundamental dipole decay
mode (Gubbins & Roberts 1987). This quantity gives the power required to sustain
unit magnetic energy at the critical point. Figure 5a shows O(D; M ); the plot is
similar to that of Rc

m
,

Figure 5b shows the percentage of magnetic energy in the poloidal ­eld. It is low
for large jDj because di¬erential rotation generates large toroidal ­elds. At small jDj,
large M , the ­eld is over 90% poloidal. Figure 5c shows the percentage of energy
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Figure 4. (a) Flows giving dynamo action. Rc
m as shown by the grey scale at the bottom right.

(b) Non-axisymmetric helicity of the °ow, H1 (D; M ) in (2.10). Note the correspondence with
Rc

m , suggesting it promotes dynamo action.

in the axisymmetric part of the ­eld, which tends to increase away from the centre
(D = 0, M = 0): di¬erential rotation promotes axisymmetric toroidal ­eld, while
meridional circulation promotes axisymmetric poloidal ­eld. Figure 5d shows the
percentage of poloidal energy that is in the axisymmetric part, which shows that
di¬erential rotation does not promote axisymmetric poloidal ­eld. Dynamos near
the Braginsky limits mainly have non-axisymmetric poloidal ­elds, in agreement
with the Braginsky scaling BT : B0 : BP = 1 : R

¡1=2

m : R¡1
m

, where BT is the toroidal
­eld strength, B0 the non-axisymmetric ­eld, and BP the axisymmetric meridional
­eld.

The preceding results establish that a substantial proportion of the ®ows generate
magnetic ­elds|ca. 36% of the squares in ­gure 4a are covered. However, in some
areas, solutions change character or disappear for very small changes of D or M ,
necessitating a ­ner grid. We therefore carefully established dynamo action along a
line in (D; M )-space joining the two previously known solutions: the Braginsky limit
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Table 5. Properties of solutions along a line joining the purely poloidal °ow dynamos of
Love & Gubbins (1996) and the Braginsky limit point (1; 0)

(`O’ is ohmic heating/energy (equation (4.1)); `ohmic’ is ohmic heating scaled to Earth £107 W;
`% axi’ is percentage energy in the axisymmetric component of the ¯eld; `% P’ in the poloidal
¯eld; `% axiP’ in the poloidal part of the ¯eld; `Pm ax ’ is the dominant poloidal harmonic; `Tm ax ’
the dominant toroidal harmonic.)

D M Rc
m O ohmic % axi % P % axiP Pm a x Tm ax

0.00 ¡0:36 44.01 84.0 2.8 79.2 76.5 90.1 3 0 2 0

0.05 ¡0:26 54.96 91.9 3.7 76.1 70.1 84.2 3 0 2 0

0.10 ¡0:20 64.34 96.2 4.4 74.4 63.6 79.5 1 0 2 0

0.15 ¡0:17 72.75 99.7 5.2 73.7 58.6 76.3 1 0 2 0

0.20 ¡0:15 80.17 101.0 6.0 73.5 54.3 73.8 1 0 2 0

0.25 ¡0:14 86.97 103.0 6.8 73.4 51.3 71.8 1 0 2 0

0.30 ¡0:13 93.59 103.0 7.7 73.6 48.2 69.9 1 0 2 0

0.35 ¡0:12 100.67 102.0 8.5 74.0 45.0 67.9 1 0 2 0

0.40 ¡0:11 108.53 102.0 9.6 74.4 41.8 66.0 1 0 2 0

0.45 ¡0:10 117.70 100.0 10.8 75.0 38.5 64.1 1 0 2 0

0.50 ¡0:08 128.69 95.5 11.8 76.7 33.3 61.2 1 0 2 0

0.55 ¡0:07 141.57 93.5 13.5 77.7 30.1 59.0 1 0 2 0

0.60 ¡0:05 157.48 85.9 14.6 80.1 24.8 55.8 1 0 2 0

0.65 ¡0:04 175.52 82.1 16.9 81.7 21.6 53.1 1 0 2 0

0.70 ¡0:03 197.81 77.5 19.8 83.6 18.2 50.3 3 2 2 0

0.75 ¡0:02 226.00 71.8 23.5 85.9 14.8 47.4 3 2 2 0

0.80 ¡0:01 265.75 64.8 28.4 88.9 11.1 45.3 3 2 2 0

0.85 0.00 270.45 63.7 40.9 94.1 3.9 67.6 1 0 2 0

0.90 0.00 378.06 64.1 78.3 95.0 2.3 57.8 1 0 2 0

0.95 0.001 394.78 65.4 157.0 97.6 2.1 58.3 1 0 2 0

0.99 0.0001 1318.76 59.1 1570.0 99.3 0.4 23.7 3 2 2 0

(D = 1, M = 0) and the poloidal-only dynamos (D = 0, M < 0). The results are
shown in table 5. This line serves two purposes: it establishes, as far as is possible
in a numerical study, continuity of dynamo action over a continuous range of D and
M , and it veri­es numerical convergence at very high resolution for some of the
solutions.

The line roughly follows the minimum in Rc

m
(­gure 4a); these dynamos have

the best numerical convergence. Starting with the solution closest to the Braginsky
limit, D = 0:99, M = 0:0001, Rc

m
is large and most of the energy is concentrated

in the toroidal ­eld. The largest toroidal harmonic is T 0
2

, as it is for all solutions
along this line, which is generated by the dominant di¬erential rotation. The largest
poloidal harmonic is S2

3
, a part of the non-axisymmetric ­eld B 0. This solution is,

therefore, consistent with the Braginsky limit, as shown by Hutcheson & Gubbins
(1994).

The next solution, D = 0:95, M = 0:001, is also dominated by the axisymmetric
toroidal ­eld, but now the largest poloidal harmonic is the axial dipole, and slightly
over half the poloidal energy is in the axisymmetric ­eld. Strictly speaking, this is
out of the Braginsky regime, because the asymptotic scaling requires the poloidal
­eld to be predominantly non-axisymmetric.
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Figure 5. Physical properties of solutions. (a) Ohmic heating divided by magnetic energy, O
in equation (4.1). (b) Percentage energy in the poloidal ¯eld. (c) Percentage energy in the
axisymmetric part of the ¯eld. (d) Percentage of poloidal energy that is axisymmetric.

Proceeding along the line, we see a monotonic decrease in critical magnetic Rey-
nolds number from D = 0:99 to D = 0. In some sense, this means that the Braginsky
dynamo is the least e¯cient, because it requires the most kinetic energy to achieve
dynamo action. However, O is a maximum at D = 0:25 and decreases to a minimum
at the Braginsky limit. In this sense, the Braginsky limit is the most e¯cient dynamo,
re®ecting the dominance of the low-order toroidal harmonic T 0

2
, which contributes

relatively little to O. Scaling up the ohmic heating to geophysical values by matching
the axial dipole to its 1980 value of ¡30 000 nT gives an estimate in watts (column 5).
This energy also shows a monotonic increase towards the Braginsky limit. All these
values could be accommodated within the heat budget of the core (see, for example,
Labrosse et al . 1997).

For all the dynamos found here, most of the magnetic energy resides in the axisym-
metric part of the ­eld, with a minimum at D = 0:25 rising towards the Bragin-
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(a)

(c)

(b)

(d )

Figure 6. Br at surface. (a) D = ¡0:50, M = 0:10 (Rc
m = 484). (b) D = 0:95, M = 0:00

(Rc
m = 727). (c) D = 0:65, M = ¡0:05 (Rc

m = 179). (d) D = ¡0:95, M = 0:00 (Rc
m = 2141).

sky asymptotic limit of 100% (column 5). However, the percentage of axisymmetric
energy in the poloidal ­eld falls monotonically with increasing D towards the Bra-
ginsky limit.

5. The generated ¯elds

The morphology of the generated magnetic ­elds holds clues about how the dynamo
operates. The surface ­eld is important because it is all we can observe: we therefore
discuss this ­rst and then relate it to the internal ­eld.

(a) Surface ¯eld, Br

The existence of distinct zones separated by gaps in ­gure 4a with no apparent
dynamo action is surprising. Even more surprisingly, the ­eld morphology varies
considerably within some zones but does not always change much between adjacent
zones. For example, within zone A, the ­elds near the centre are quite di¬erent from
those with large positive D, which are quite similar to those in zone C.

All solutions near the centre of the diamond, irrespective of zone, have surface ­eld
concentrated into small patches on the Equator, producing a pattern like two four-
leaf clovers (­gure 6a). The absence of any dynamo at the very centre, D = M = 0,
is attributed to this small scale: its high di¬usion can only be overcome by large Rm ,
which, in turn, produces smaller scales. The clover-leaf pattern is quite di¬erent from
the surface ­eld found near the Braginsky limit, which is closer to an axial dipole
structure (­gure 6b).

The dependence of the surface ­eld on D and M is best described in terms of
the separate e¬ects of di¬erential rotation and meridional circulation on the ­eld
generated near the centre of the diamond (small jDj and jM j, ­gure 4a). Meridional
circulation promotes large-scale ­elds with ®ux concentrated towards the poles. The
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Figure 7. A section through ¯gure 4a for D = 0:50. Rc
m increases dramatically at the edges of

the zones where dynamo action fails. At point Q an oscillatory solution is preferred.

clover-leaf pattern continues near the upper edge of zone A (M > 0). Near the
Braginsky limit the ®ux lies mainly at the poles, with some residual evidence of the
equatorial clover-leaf pattern (D = 0:95, M = 0:00, ­gure 6b). As M decreases within
zone A, the polar ®ux dominates completely (D = 0:65, M = ¡0:05, ­gure 6c). The
same happens in zone B, with an equatorial clover-leaf pattern near the upper edge
and large-scale ­elds similar to those in ­gure 6b on the lower edge.

Di¬erential rotation tends to elongate the features in longitude. Its e¬ect is less
dramatic than that of M . Increasing jDj stretches the small ®ux concentrations
of the clover-leaf pattern and pulls one pair above the other, as in ­gure 6d for
D = ¡0:95, M = 0:00. This is close to a Braginsky limit and again re®ects the
Braginsky scaling, with a dominant non-axisymmetric poloidal magnetic ­eld. A
small amount of meridional circulation is enough to promote axial symmetry in both
zones A and B.

The small zones D, E and G have the clover-leaf equatorial pattern, while zone F,
with its larger jM j, has a large-scale pattern similar to that in ­gure 6b. The other
large zone, C, has the clover-leaf equatorial structure and some polar ®ux near its
lower edge. Increasing M moves ®ux to the poles again to form a pattern similar
to ­gure 6b. Surface ­elds throughout the central part of zone C are very simi-
lar.

The e¬ect of negative M on zones A and B can be attributed to surface ®ow sweep-
ing ®ux towards the poles. However, this mechanism cannot explain the behaviour
in zones C and F, where ®ux still concentrates towards the poles, even though the
surface ®ow is towards the Equator. This behaviour can only be understood in con-
nection with the morphology of the internal ­eld.
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(e) (d)

(a)

(d) (e)

(b) (c)

Figure 8. Magnetic ¯eld for D = 0:65, M = 0:00 (Rc
m = 152) in zone A. (a) Br in meridian

section, ¿ = 0¯. (b) Br in meridian section, ¿ = 90¯. (c) B³ in equatorial section. (d) Br on
surface. (e) B¿ in meridian section, ¿ = 0¯.

Figure 7 illustrates the change in Rc
m

across the boundaries of the zones. This graph
corresponds to a section D = 0:50 in ­gure 4a. Rc

m
rises sharply at the boundaries

of zones A and C, and also near M º ¡0:01, where an oscillatory solution appears.
These oscillatory solutions will be discussed in part III of this series of papers. The
rise in Rc

m
at the boundaries is usually accompanied by generation of small-scale ­eld.

The lower boundary of zone A has ®ux concentrated near the poles (cf. ­gure 6c),
and dynamo action probably fails for M < ¡0:16 because ®ux is expelled from the
dynamo region by the meridional circulation. The upper boundary of zone A has
®ux concentrated on the Equator, similar to that in ­gure 6a but extended laterally
by the di¬erential rotation. The boundaries of zone C seem to be controlled by the
e¬ect of meridional circulation on the toroidal, rather than the poloidal, ­eld. At the
lower boundary, the toroidal ­eld is concentrated on the Equator, while at the upper
boundary there is an additional concentration in the outer part of the sphere.

(b) Internal ¯elds

The morphology of the internal ­eld does not depend critically on the zone, as
was the case for the surface ­eld. Both D and M tend to promote large-scale ­eld.
The convective part of the ®uid ®ow has three radial cells (cf. equations (2.4)). This
structure is re®ected in cellular magnetic ­elds near the centre of the diamond.

Figure 8 shows the internal ­eld for D = 0:65, M = 0:00 in zone A. Br is strongest
along the axis and changes sign away from the axis near the Equator (­gure 8a; b).
The plot of B³ in the equatorial plane shows departures from axial symmetry as
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(a) (b) (c)

Figure 9. Magnetic ¯eld for dynamos with D = 0:65 in zone A. (a) Br in meridian section,
M = ¡0:05 (Rc

m = 179). (b) Same for M = 0:05 (Rc
m = 122). (c) B¿ in meridian section, ¿ = 0,

M = ¡0:05.

(a) (b) (c)

Figure 10. Magnetic ¯eld for D = 0:20, M = 0:00 (Rc
m = 156) in zone A. (a) Br in meridian

section. (b) B³ in equatorial section. (c) B¿ in meridian section, ¿ = 0.

well as axial concentration of the entire poloidal ­eld. The surface ­eld is also non-
axisymmetric; the lower-latitude ®ux on longitudes §90¯ in ­gure 8b correspond to
the equatorial features in the surface ­eld, ­gure 8d. The azimuthal ­eld is concen-
trated in high latitudes; it is mainly large scale, but there is some evidence of the
underlying three-cell structure of the ®ow (­gure 8e).

Increasing D from 0.65 towards the Braginsky limit D = 1 concentrates the ®ux
towards the axis and the poles. The axially symmetric ­eld dominates and the three-
cell structure is lost. Changing M from zero concentrates the poloidal ­eld onto the
axis, the shape of the maximum ®ux regions re®ecting the sign of M (­gure 9a; b).
The toroidal ­eld for M < 0 is concentrated at mid-radius (­gure 9c) and in the outer
part of the sphere for M > 0 (not shown); it re®ects something of the three-cell ®ow
structure at all values of M .

The three-cell structure is more apparent for smaller D. Figure 10 shows the ­eld
for D = 0:20, M = 0:00 in zone A. When D < 0 in zone A, the ­eld is also cellular
and the toroidal ­eld is concentrated towards the Equator. The same is true in
zone B.

In zone C the poloidal ­eld is mainly concentrated along the axis, while the toroidal
­eld is cellular. When M is small within this region, for example at D = 0:05, M =
0:50, the toroidal ­eld is again concentrated at the Equator; associated weak poloidal
®ux comes to the surface to form the clover-leaf pattern seen in many dynamos near
the centre of the diamond. When M dominates (e.g. at D = 0:25, M = 0:55), it
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seems that downwelling at the Equator depresses this ®ux to leave a surface ­eld
dominated by polar ®ux.

Zones D, E and G have small-scale cellular ­elds similar to those in zone A with
small D and M . Zone F has axial poloidal ­eld and cellular toroidal ­eld, similar to
neighbouring dynamos in zone C.

(c) Interpretation

Dynamos toward the centre of the diamond all generate small-scale magnetic ­elds
that re®ect the three-cell structure of the ®ow, the surface ­eld is concentrated at the
Equator over the downwelling parts of the ®ow, and toroidal and poloidal ­elds have
comparable energy. This points to an ¬2 mechanism working from two length-scales.
Normally, two-scale dynamos are dominated by the large-scale ­eld (Mo¬att 1978),
but here the ratio of length-scales is not that small (1=3) and the small-scale ­eld is
signi­cant.

Di¬erential rotation generates toroidal ­eld. For D ! 1, the toroidal ­eld is large
scale and does not have the cellular structure. This points to an ¬! mean-­eld
mechanism, with di¬erential rotation generating BT from the large scale poloidal
­eld. For D < 0, BT remains cellular until D º ¡0:95.

For large, positive M , BP is concentrated along the axis, while BT takes on a
cellular structure. These dynamos do not have an analogue in the mean-­eld or
Braginsky approximations, but it appears that BT continues to be generated from
poloidal ­eld by the convection, while large-scale BP is generated by the meridional
circulation from BT. The same occurs when M < 0, but the shape of the region of
concentrated poloidal ®ux is di¬erent.

6. Conclusions

A primary goal of this study was to establish whether dynamo action by steady
®ows is rare or common. We found that ca. 36% of our two-parameter family of ®ows
generate magnetic ­elds with dipole symmetry. The precise ­gure depends on the
parametrization; for example, it would be higher if M were restricted, as might be
expected in rotating convection. However, the general conclusion is that rather few
®ows act as dynamos.

This study required a large number of numerical solutions of the induction equa-
tion. These were obtained by ­rst exploring the 10 eigenvalues with largest real
part using iteratively restarted Arnoldi iteration, then re­ning a single eigenvalue at
high resolution using inverse iteration. IRAM represents a major step forward in the
numerical methods used on the kinematic dynamo problem.

The ®ows include two types of dynamo that were known from previous studies,
the Braginsky limit of Kumar & Roberts (1975) and the poloidal ®ow dynamo of
Love & Gubbins (1996). The ­rst is dominated by di¬erential rotation and produces
a large toroidal ­eld, while the second has no di¬erential rotation and generates
magnetic ­eld through the azimuthal variation of helicity. We have established a line
of dynamos joining the two; it is therefore possible to change one ®ow into the other
in a continuous fashion without losing dynamo action. The smallest critical magnetic
Reynolds number falls near the maximum non-axisymmetric helicity, as was found
by Love & Gubbins (1996) for zero di¬erential rotation, suggesting that azimuthal
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variation of helicity assists magnetic ­eld generation for all dynamos away from the
Braginsky limit.

Dynamo action occurs in discrete zones in velocity parameter space. They are sep-
arated by regions where no known dynamo action occurs, or at least no magnetic
­elds are generated that can be represented with the numerical resolution used. At
the boundaries of these regions the critical magnetic Reynolds number rises dra-
matically and the generated ­eld becomes small scale. The e¬ect is so sharp that
further increases in resolution are unlikely to yield many more solutions. Surpris-
ingly, adjacent zones can generate quite similar magnetic ­elds, while the ­eld can
change dramatically with a small change in ®ow within one zone. The gaps in dynamo
action between the zones are attributed to ®ows that concentrate ®ux into very small
regions between the ®uid cells, or at the boundaries where the magnetic energy is
lost to the insulator. The e¬ect might, therefore, be restricted to steady ®ows.

Almost all the solutions are steady, which is surprising because the majority of
solutions to the mean ­eld ¬! equations are oscillatory (Roberts 1972b). A small
number of oscillatory solutions corresponding to the ¬! limit had already been found
near the points D = §1 (Sarson & Gubbins 1996); they continue along a ­ne line
in (D; M ) parameter space and at a small number of other isolated points. These
time-dependent solutions will be examined in a separate study.

Dynamos with weak meridional circulation and di¬erential rotation, near the cen-
tre of the parameter-space diamond, generate magnetic ­elds that are concentrated
on the Equator with a double clover-leaf pattern at the surface. They appear to
operate from an ¬2 mechanism; the ®ux is often concentrated near longitudes §90¯,
near the downwelling limbs of the convection. They are ine¯cient, with a large crit-
ical magnetic Reynolds number and ohmic heating:magnetic energy ratio, because
the ­elds are small scale. Dynamo generation of the axial dipole symmetry fails
altogether at the very centre of the diamond.

The morphology of generated ­elds elsewhere in the diamond can be understood in
terms of the action of di¬erential rotation and meridional circulation on this central
clover-leaf pattern. Both promote larger scale ­elds. Di¬erential rotation generates
axisymmetric toroidal ­eld and stretches out the poloidal ­eld in longitude. For
large D, the dynamo action changes from ¬2 to ¬!; the intermediate region cannot
be described as either. The poloidal ­eld in this intermediate region tends to show
the underlying three-cell structure of the ®ow (cf. ­gure 8a; e), suggesting that it is
partly generated by convective ®ow acting on the toroidal ­eld. Similarly, the toroidal
­eld exhibits some three-cell structure, suggesting it is generated by the convective
®ow (­gure 8e, 9c).

At the Braginsky limits D = §1, the poloidal ­eld becomes dominated by its
non-axisymmetric component. Dynamos with large M , D 6= 0 do not correspond to
any known mean-­eld equation. Meridional circulation promotes large-scale axisym-
metric poloidal ­eld concentrated mainly along the axis. The toroidal ­eld is weak
and continues to show the underlying three-cell structure of the ®ow, suggesting that
it is generated by the action of convection rather than di¬erential rotation. Usually,
the poloidal and toroidal ­elds occupy di¬erent physical regions of the sphere.

This research was supported by NERC grant GR3/9741. J.J.L. is supported by the Lever-
hulme Trust. The Arpack software was obtained from ftp://ftp.caam.rice.edu/pub/software/
ARPACK.
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