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Abstract. We define general notions of coordinate geometries over fields and ordered fields,
and consider coordinate geometries that are given by finitely many relations that are definable
over those fields. We show that the automorphism group of such a geometry determines the
geometry up to definitional equivalence; moreover, if we are given two such geometries G and
G'. then the concepts (explicitly definable relations) of G are concepts of G’ exactly if the
automorphisms of G’ are automorphisms of G. We show this by first proving that a relation is a
concept of G exactly if it is closed under the automorphisms of G and is definable over the field:
moreover, it is enough to consider automorphisms that are affine transformations.

We show how this result can be applied to quickly determine relationships and differences
between various geometries and spacetimes, including ordered affine, Euclidean, Galilean,
Newtonian, Late Classical, Relativistic and Minkowski spacetimes (we first define these
spacetimes and geometries using a Tarskian first-order language centred on the ternary relation
Bw of betweenness). We conclude with a selection of open problems related to the existence of
certain intermediate geometries.

§1. Introduction. The most famous ancient work that treats geometry systemati-
cally and axiomatically is Euclid’s Elements (¢. 300 B.C.). Another important milestone
was when Descartes opened a new analytic perspective to geometry by introducing
coordinate systems. Later Hilbert provided a formal axiom system for Euclidean
geometry, which Tarski modified to get an axiomatization within first-order logic.
A typical representation theorem for an axiom system such as Hilbert’s or Tarski’s
states that all its models are isomorphic to Cartesian spaces over certain fields, and
hence coordinatizable.

In this paper, we define general notions of coordinate geometries over fields and
ordered fields. This definition naturally extends to the notion of coordinatizable
geometries, i.e., models that are isomorphic to coordinate geometries. For example,
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460 JUDIT MADARASZ, MIKE STANNETT AND GERGELY SZEKELY

by Tarski’s theorem [45, theorem 1], any model of his axiom system is isomorphic
to a two-dimensional coordinate geometry Eucl (see page 6) over some real closed
field. These kinds of representation theorem show the strong connection between the
synthetic (purely axiomatic) and analytic (coordinate-system-based) approaches to
geometry. In [9], an axiomatization for Minkowski spacetime is given in similar style.

The coordinate geometries we consider are those given by finitely many relations
definable over fields or ordered fields (constants and n-ary functions can be treated as
unary and (n + 1)-ary relations in the usual way). We show that the automorphism
group of such a geometry determines the geometry up to definitional equivalence;
moreover, if we are given two such geometries G and G’, then the concepts (explicitly
definable relations) of G are concepts of G’ exactly if the automorphisms of G’ are
automorphisms of G (see Corollary 4.6 and Theorem 4.5). We show this by first
proving that a relation is a concept of G exactly if it is closed under the automorphisms
of G and is definable over the field; moreover, it is enough to consider automorphisms
that are affine transformations (see Theorem 4.2).

Similar theorems were proven for affine and Euclidean geometries that are
coordinatizable over real closed fields in [13, sec. 2.4] and [35]. Similar investigations
on the lattices of concept-sets of various structures can be found in [30, 37, 39, 40, 41].

This work is part of an ongoing project aiming to understand the algebras of
concepts of concrete mathematical structures and the conceptual ‘distances’ between
them [19-21]. By Theorem 4.2, in the case of many historically relevant coordinate
geometries, one can reduce the understanding of concepts to an understanding of
(affine) automorphisms, which can be useful for solving problems associated with that
project. For example, Theorem 4.2 is a key result used to prove a conjecture of Andréka
and Németi stating that adding any classical concept to the concepts of special relativity
results in the theory of late classical kinematics [27].

More generally, this research is part of the Andréka—Németi school’s project to
give a logic-based foundation and understanding of relativity theories in the spirit of
the Vienna Circle and Tarski et al.’s initiative Logic, Methodology and Philosophy of
Science [2, 10, 11].

1.1. Background. The relationship between structure, symmetry and coordinati-
zation has long been a focus of sustained study. Since coordinates are essentially
arbitrary labels attached to locations, it is argued by many—especially those working
in theoretical physics (see, e.g., [28])—that the appropriate framework for expressing
the structural properties of geometries and the bodies inhabiting them should be
fundamentally coordinate-free.

Wallace [48] and others argue that coordinatization remains relevant. Even if
phenomena exist independently of coordinates, nonetheless coordinatizations provide
a framework in which to characterise and study these phenomena in detail. Moreover,
different approaches to coordinatization admit different structure-preserving auto-
morphisms of the underlying space, and this in turn reflects properties of the kind of
physical world we are attempting to model. For example, North [32, pp. 74, 96, 110]
notes that Newton’s laws tacitly assume a world in which Cartesian coordinates are
preferred, and hence there must (in his physics) be physical structure corresponding
to the mathematical structures required to underpin this kind of coordinate system.
Moreover, since we cannot reasonably require automorphisms to preserve in-principle-
undetectable properties, the implied absence of any preferred frame suggests that
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Newton’s laws presuppose a Galilean spacetime structure. (North offers arguments
both for and against this standpoint.)

Motivated by questions in the philosophy of physics, there is much ongoing research
focussed on finding and analyzing criteria which can be used to determine when one
mathematical object is structurally richer than another (see, €.g., [3. 5, 6, 31, 42, 49]).
One such criterion is (SYM*), which is formulated in [42] as: “If Aus(X) properly
contains Aut(Y), then X has less structure than Y.” By Corollary 4.6 on p. 8, criterion
(SYM*) works perfectly for a large class of coordinate geometries when ‘structure’ is
understood in terms of explicitly definable relations.

1.2. Notation and conventions. In general, we use standard model theoretic and
set theoretic notations, and we assume that the reader is familiar with basic algebraic
constructs like groups, fields and vector spaces. The symbol O indicates the end (or
absence) of a proof. By a model, we mean a first-order structure in the sense of classical
model theory.

The language of fields contains binary operations + and - for addition and
multiplication and constants 0 and 1; in addition to these, the language of ordered fields
contains a binary relation < for ordering. Other common operations, €.g., subtraction,
are derived in the usual way.

We write Nt for the set of positive natural numbers, and fix an enumeration
(vi)ien+ = (v1.v2, v3, ...) of distinct variables.

To abbreviate formulas, we use equality and operations on sequences of variables
componentwise, e.g., if X = (vy, ..., vg)and ¥ = (vy41, ..., v2g), then X = p abbreviates
formula v; = vy A - Avg = vog and y + vX denotes the sequence (vyi| + V3g41 -
Vs s Vag + V3441 - vg) Of terms (we take v to stand for the next fresh variable, in this
Case V3g41)-

Let R C H”" be an arbitrary relation over a nonempty set H and let f': H — H be
a map. We say that R is closed under f iff (a1, ....a,) €R = (f(ay)..... f(a,)) €R,
and that f respects R iff (ay.....a,) €R <= (f(aj)..... f(a,)) € R.If G is a set of
functions from H to H that form a group under composition, then R is closed under
all elements of G iff all elements of G respect R. We often write “ R(ay, ... a,)” in place
of “(aj.....a,) € R

Given models 9t and 91 for some first-order languages, we write M and N to denote
their universes, respectively. If (a1, ..., a,) € M" and ¢ is a formula in the language
of M, we write M | p[ay, ..., a,] to mean that ¢ is satisfied in model 9T by any
evaluation e: {v1,v,,...} — M of variables for which e(v|) = ay. ..., e(v,) = a,. If ¢
is a formula, the expression ¢(v1, ....v,) indicates that the free variables of ¢ come
from the set {vy, ..., v, }.

The set of automorphisms of model 9t is denoted by Aut 9t. We note that, if the
language of model 9 contains only relation symbols, then function f: M — M is an
automorphism of M exactly if it is a bijection that respects all the relations of 9.

The inequality A < B denotes that algebraic structure 2( is a subalgebra of algebraic
structure *B. If 21 is a model and R is a relation on the universe of 91, then model
(9N, R) is the expansion of 9 with relation R (to some language that contains exactly
one extra relation symbol whose interpretation in 9 is R).

If 4 and B are sets, then both 4 C B and B 2 A mean that 4 is a proper subset
of B.
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§2. Concepts. We say that an n-ary relation R on M is definable in 9 iff there is a
formula ¢ (v1. ...,v,) in the language of 9 that defines it; i.e., for every (aj. ..., a,) €
M", we have

(ar,....,an) ER = ME glay,....a,] (1)

Definable n-ary relations will also be called n-ary concepts of 91, and the set of n-ary
concepts of 91 will be denoted by Conc, 9. The concept-set of M, i.e., the set of all
relations definable in 9%, is then

def

Concnt = U Conc, .

neNt

We call models 90t and 0N definitionally equivalent iff they have the same concepts,
i.e., ConcM = Conc M. This notion of definitional equivalence is just a reformulation
of the usual one that best fits the context of this paper (see. e.g., [15. p. 51] or [29, p.
453] for the standard definition).!

In particular, because the universe M of 9t is definable in 90t as a unary relation, we
have

Conc9t C ConcfNt — M C N,
and hence
ConcOt = ConcNt — M = N.

The cylindric-relativized set algebra obtained from model 91 is denoted by €s 90
(see [29]). Roughly speaking, €590 is an algebraic structure whose universe is the set
of concepts of 9, whose operations correspond to the logical connectives, and among
whose constants are the ones that correspond to logical frue and false. To understand
the present paper, it is not necessary to be familiar with the notion of cylindric algebras.
We use them only occasionally, to reformulate some of our results in a more elegant
algebraic form. We note that

CsIM < €N <= (ConcM C ConcMN and M = N). (2)

§3. Coordinate geometries over fields and ordered fields.

3.1. Definitions. Throughout this paper all geometries will be d-dimensional,” for
some fixed integer d > 2, and defined over some field or ordered field § with universe
F. The points of coordinate space F¢ will be the points of our geometries.

When § = (F +.-,0,1) is a field, the ternary relation Col of collinearity on F¢ is
defined for all p.g.7 € F¢ by

-

D-

- —») def

Col(p.g.7) <= g=p+i(f—p) forsome A€ F, or ¥

L'\ strongly related notion to definitional equivalence is interpretation. For interpretations
between theories relevant to the present paper, see [1].

% In general, it makes sense to discuss geometries in one-dimension. However, the definition
we use in this paper may not be appropriate when d = 1 because in one-dimension the
collinearity relation is just the universal relation (i.e.. any three points are collinear) and
betweenness gives less structure on a line than an ordering.
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We call model (F?, Col) the d-dimensional affine geometry over field §. Our notion
of affine geometry is a natural generalization of the affine Cartesian spaces of [43,
definition 1.5.] to fields which are not necessarily ordered.

Now suppose § = (F.+.-,0,1,<) is an ordered field. The ternary relation Bw of
betweenness on F¢ is defined for every p. .7 € F? by

Bw(p.§.7) <= g=p+A(F—p) forsome i e[0.1]C F.
Of course, Col is also defined for ordered fields and is definable in terms of Bw by
Col(p.q.7) <= Bw(p.q.7) vV Bw(qg,p.7) VvV Bw(p.7.q).

We call model (F?, Bw) the d-dimensional ordered affine geometry over ordered field
5. Our notion of ordered affine geometry coincides with the notion of affine Cartesian
space given in [43, definition 1.5.].

In much of what follows, we will need to re-express n-tuples over M“ (n-tuples
of (d-tuples over M)) as (dn)-tuples over M. Given the potential confusion arising
from treating the same collection of values and/or variables using tuples of different
lengths, we will adopt the notational convention of denoting points in M ¢ (d-tuples
over M) using arrows and angle-brackets (e.g.. @ = {(ay, ..., ay)). Other tuples will be
written out in the usual way using parentheses, and overlines (the context will always
be clear). Given any d-tuple p. we denote its i’th component by p;. and note that
p=(p1..... pa)-

Given any n-tuple p over M?, we write flatten(p) to denote the naturally
corresponding ‘flattened’ (dn)-tuple over M, i.e., given any n-tuple p = (pi..... Pu)
of d-tuples py = (p11..... P1a)s oo Pn = {Puls ... Ppa) in M?, we define

flatten(p) = (Pilee. Pldeeos Pule e Pud) -

For convenience, we will generally write (p..... p,) for flatten(p). For example,
in the case that d =2, p; = (1,2), p» = (3.4) and p; = (5,6), we have (p;. ps) =
(1,2,3.4) and (p1, ..., p3) = (1,2,3,4,5,6). The “hatted” notation p always indicates
that the underlying tuple is a d-tuple, namely, p. We use the analogous notation for
sequences of variables.

Since flatten is a bijection from (M?¢)" onto M it has an inverse (we call it
unflatten). If R is any n-ary relation on M?, we write R to denote the corresponding
(dn)-ary relation on M, i.e., forall p € M

def

pER <% unflatten(p) € R.

Givenany py. .... p,in M? (n € N*), the bijective nature of flatten and unflatten means
this can also be written as

(oo pn) ER = (Pr....pu) €R. (3)

We say that n-ary relation R C (M9)" is definable over 9 iff the corresponding
relation R C M is definable in 9. In particular, Col is definable over § if § is a field,
and Bw is definable over § if § is an ordered field.

DErFINITION 3.1 (Coordinate geometry over afield). We call amodel G a (d-dimensional )
coordinate geometry over a field § = (F. +.-.0.1) iff the following conditions are
satisfied:
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o the universe of G is F? (called the set of points):
o the ternary relation Col of collinearity on points is definable in G.

DErFINITION 3.2 (Coordinate geometry over an ordered field). We call a model G a
(d-dimensional ) coordinate geometry over an ordered field § = (F +.-.0. 1. <) iff the
Jfollowing conditions are satisfied.:

o the universe of G is F¥ (the set of points):
o the ternary relation Bw of betweenness on points is definable in G.

From now on, because constants and n-ary functions can be treated as unary and
(n + 1)-ary relations in the usual way, we assume without loss of generality that the
languages of coordinate geometries contain only relation symbols.

DrerINITION 3.3 (Field-definable and FFD coordinate geometries). Let G be a
coordinate geometry over some field or ordered field §. We call G field-definable iff
all the relations of G are definable over §; and finitely field-definable (FFD) iff it is
field-definable and it contains only finitely many relations.

3.2. Examples. Since relations Col and Bw are definable over the corresponding
(ordered) field F, affine and ordered affine geometries are FFD coordinate geometries
foralld > 2.

Euclidean geometry can be introduced as the following FFD coordinate geometry
over any ordered field §:

Eucl E (Fd, =~ Bw),

where the 4-nary relation = of congruence is defined by

(p.4)=(7.5) <5 (p1 - 611)2 + -+ (pa — 61d)2 =(r1 =51+ 4 (rg —sa)*

Notable classical geometries such as Relativistic spacetime (Rel), Minkowski
spacetime (Mink), Galilean spacetime (Gal) and Newtonian spacetime (Newt), as
examples for FFD coordinate geometries, will be introduced in a similar manner in §7.

The language of &ucl is exactly the language used by Tarski [45, 47] to axiomatize
elementary Euclidean geometry in first-order logic. In Tarski’s work and in the
literature following his axiomatization, &ucl is called a d-dimensional Cartesian space
over an ordered field §, and various representation theorems show that the models of
suitable axiom systems are exactly those that are isomorphic to Cartesian spaces over,
real-closed, Euclidean, ordered or pythagorean ordered fields (see, e.g., [14. 33, 34,
36, 45]).

Our FFD coordinate geometries can be viewed as a natural generalization of Tarski-
style Cartesian spaces. Instead of restricting attention to the relations of Euclidean
geometry, we allow finitely many relations that are definable over a field or an ordered
field. FFD coordinate geometries also admit an axiomatic treatment.

For cardinality reasons, it is clear that there must also be coordinate geometries
which are not field-definable. A concrete example of such a geometry over the ordered
field of reals is the geometry:

(R?. 24, Bw).
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This is because the unary relation Z¢ on points is not definable over the field of reals;
this fact follows easily from Tarski’s theorem on quantifier elimination of real closed
fields [46].

§4. Main contribution: Connecting automorphisms and concepts. Echoing Klein’s
Erlangen program.’ many of the results in this paper rely on a correspondence between
the concepts of a model and those of its natural symmetries that respect specific

structural relationships.

4.1. Key theorems. In this section, we state our key theorems: they confirm that the
concepts of a geometry are intimately associated with its affine automorphism group.

DEerINITION 4.1 (Affine automorphisms). Suppose F is the universe of some field or
ordered field §. A map A: F¢ — F? is called an affine transformation iff it is the
composition of a linear bijection and a translation, i.e., A = t o L for some translation t
and linear bijection L. We note that all affine transformations are bijections.

The set of affine transformations is denoted by AffineTrf.

Affine transformations that are automorphisms of a coordinate geometry G over § are
called affine automorphisms of G, and the set of these is denoted by AffAut G. Thus,

AffAUtG = Aut G N AffineTrf. 4)
If G is an affine or ordered affine geometry, we have AffAut G = AffineTrf.

THEOREM 4.2. Let § be an ordered field or a field that has more than two elements, let G
be an FFD coordinate geometry over §, and let R be a relation on points of F?. Then the
following statements are equivalent:

(i) Risaconcept of G (i.e.. Ris definable in G).
(ii) R is definable over § and is closed under automorphisms of G.
(iii) R is definable over § and is closed under affine automorphisms of G.

REMARK 4.3. Condition (ii) of Theorem 4.2 may involve a strictly larger group
than condition (iii). Let § be the quadratic extension of the field of rational numbers
with universe F = Q(v/2) = {a +bV2:abe Q}. Consider the affine geometry G =

<F2, CoI) over §. Let o be the nontrivial automorphism of §, given by (a + b\fz) =

a b2, and let & : F? — F? be the componentwise map induced by ., i.e., &(x, y) =
(a(x),a(y)). Since Col is definable over the field ., the map & is an automorphism
of G. However, a is not affine. Indeed. it fixes the origin, so if it were affine, it would
be linear. But & (\f2 0) = (f V2. O), whereas /2 a(1,0) = (ﬁ 0). Thus & € Aut G

but a ¢ AffAutG. Nevertheless, Theorem 4.2 shows that, under the stated assumptions,
conditions (ii) and (iii) characterize the same relations.

Proving Theorem 4.2 requires that we first develop a number of supporting lemmas,
and completing the proof is consequently relegated to §6.5 (p. 18, below). But first,
we state and prove various corollaries of Theorem 4.2, showing that the subset-
inclusion poset of the concept-sets associated with FFD coordinate geometries is

3 Fora logical view of Klein’s Erlangen program, see [8].
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dually isomorphic to the subgroup-inclusion poset of their respective automorphism
groups.

We will apply these results in §7 to compare the sets of concepts of several historically
significant spacetimes by determining their affine automorphism groups.

REMARK 4.4. Let 9 and N be two models. Clearly,
Conct = ConcMN — Aut M = Aut N,

because definable relations must be closed under automorphisms. Furthermore, if the
universes of M and N are the same, then

ConcOt C Conc<M = Aut It D Aut 1.

The reverse implication (<=) does not hold in general. For example, if R is the field
of reals and R’ is the expansion of R with the unary relation N of being a natural
number, then Aut R = Aut R’ because both R and R’ have no nontrivial automorphisms,
but ConcR’ ¢ ConcfR because the set of natural numbers is not definable in the field
of real numbers. Nonetheless, this reverse implication does hold for FFD coordinate
geometries—as we now show.

THEOREM 4.5. Assume that § is an ordered field or a field with more than two elements,
and that G and G’ are FFD coordinate geometries over §. Then:

(i) ConcG C ConcG' <= AutG D Aut G’
(ii) ConcG C ConcG’ <= AffAutG D AffAutg’.

Proof. Note that G and G’ have the same universe. So, as we have already seen, the
= implications of both items hold. Thus we have to prove only the <= directions.

(i): Assume that Aut G DO Aut G’ and that p € ConcG . Then, by Theorem 4.2, p is
definable over § and is closed under automorphisms of G. Then p is closed under
automorphisms of G’ since Aut G O Aut G’. And so, by Theorem 4.2 again, p is
definable in G’, i.e., p € Conc G’ .

(ii): The proof mirrors that of (i); the only difference is that here one has to refer to
affine automorphisms instead of automorphisms. O

COROLLARY 4.6. Assume that § is an ordered field or a field that has more than two
elements, and that G and G' are FFD coordinate geometries over §. Then:

(i) ConcG = ConcG’ <= AutG = Aut G’
(ii) ConcG = ConcG’ <= AffAutG = AffAutgG’.
(iii) ConcG C ConcG’ <= AutG D Aut @’
(iv) ConcG C ConcG' <= AffAutG D AffAutg’.

Observe that (Aut 91, o) is a group for every model 9%, and similarly (AffAut G, o)
is a group for every coordinate geometry G, where o is the standard composition of
functions. By (2), the following is a reformulation of Theorem 4.5 in terms of cylindric
algebras.

COROLLARY 4.7. Assume that § is an ordered field or a field that has more than two
elements, and that G and G' are FFD coordinate geometries over §. Then:

(i) €sG <€sG <= (AutG.o) > (AutG’.o).
(i) €sG < €sG <« (AffAutG.o) > (AfFAULG’. o).
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REMARK 4.8. The condition that § has more than two elements cannot be omitted
from Theorem 4.2 when § is an (unordered ) field. To see this, let us first note that every
permutation of F? is an automorphism of the d-dimensional affine geometry over the two
element field. This is so because, in this geometry, Col(p. .7 ) holds iff ¢ = p or g = ¥ or
p = ¥ since the value J. in the definition of Col can only take the values 0 and 1. So lines
here are exactly the two element subsets of F?, and every permutation of F? respects the
relation Col. In other words, Col here is definable from equality, and hence every structure
over the two element field is a coordinate geometry.

Bearing this in mind, let us consider the following three-dimensional geometry over the
two element field: G = ({0.1}3, 0. Uy, U, U.), where unary relations O = {(0,0,0)},
U, ={(1.0.0)}, U, ={(0.1,0)}, U.={(0.0,1)} color the origin and the three
standard basis vectors in F3, respectively. Now o € Aut G iff a is a bijection that
fixes points (0,0,0), (1,0,0), (0,1,0), (0,0,1), while AffAutG = {Id} because no
nontrivial affine transformation fixes the origin and all the three standard basis vectors.
Let R={(1.1.1)}. Then R is not definable in G because it is not respected by the
automorphisms of G, yet it is field-definable and respected by all the affine automorphisms
of G. So (iii) holds for R but (i) does not.

Nevertheless, the equivalence between (i) and (ii) holds even over the two element field
because, if G is finite, then the definable relations of G are exactly those which are closed
under the automorphisms of G (see Remark 6.13).

As observed above, proving (and fully explaining) Theorem 4.2 requires that we first
consider a number of preliminary results; the full proof concludes in §6.5.

§5. Outline proofs of Theorem 4.2. In this section, we provide two different outline
proofs of Theorem 4.2. The first proof, the more elementary of the two, would require
too much space to present in detail, but the outline is nonetheless useful because it
provides insight as to why the theorem is true. It also provides an explicit definition
(thereby substantiating parts (ii) and (iii) of the theorem) for the relation R. The second
proof relies on deep model-theoretic results and is more succinct when written out in
full; its complete proof is presented in §6. Here, we give only its outline, which likewise
provides insight into why the theorem holds, from a more abstract perspective.

To begin, we recall the well-known constructions and results of [12, 16, 36, 45]
that if an affine geometry satisfies certain axioms then it is coordinatizable over some
field,* and moreover this coordinatization can be defined from the affine collinearity
relation. This is because the underlying field operations can be reconstructed (up to
isomorphism) using simple parallel-line constructions in subplanes of the geometry
[12, pp. 23-27]—this in turn allows us to assign coordinates to arbitrary locations (see
Figure 1). In very rough terms, it is this reconstructibility which allows our proof to
go through, since it provides us with a way to re-express statements defined over the
field in purely geometric terms.

Let us look at this in more detail. We assume that § is a field with more than two
elements, and for illustrative purposes we take d = 2 so that the affine geometry in
question is the plane (F2, Col).

4 An affine plane is field-coordinatizable if and only if it is Pappian [12, p. 23].
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a
a-b
a+b t
> W
b b
x
a a
/
e >/ € Jb € Iz’
) 4 0 e ) e
addition multiplication coordinates

Figure 1. Addition: Draw the line parallel to oe through e’. Intersect this with the line through
b parallel to oe’ to generate point b’. Finally, draw the line through 5’ parallel to ae’ to obtain
(a +b). Multiplication: Draw bb’ parallel to ee’, then the line through b’ parallel to ae’ to
find (a - b). Coordinates: Thinking of the geometry as a spacetime tx-plane, we obtain the ¢
coordinate of point @ using the line through a parallel to oe’; we obtain the x-coordinate via
the point x’ obtained by intersecting the vertical through @ with the oe’ axis. (Figures adapted
from [12, pp. 23-25].)

Following Goldblatt, let 0. e, e’ € F? be three points that are not collinear [12, pp.
23-25].° Goldblatt shows how addition and multiplication can be defined on the points
of the line oe, thereby turning it into a field isomorphic to § with additive identity o
and multiplicative identity e (see Figure 1). He then shows how to determine the
coordinates of any point. This construction assigns the coordinates (0, 0), (e, o) and
(0. e) to the points o, e and ¢’.

These definitions can all be expressed by formulas containing only Col, together
with the parameters o, ¢ and e’.° For example, the first coordinate crd;(a) of point a
in coordinate system o, e, ¢’ is given by

def

crdi(a) =t <= Col(o,e, t) A
((Col(o.e;a) Nt =a) v (Col(o.e’.a) At =0) V =3c(Col(t.a.c) A Colo.e'.¢)).

see the right-hand side of Figure 1. By these definitions of addition and multiplication,
every formula in the language of § can be translated to a formula containing only Col
and parameters o, ¢ and ¢’.

Now suppose that R is an arbitrary relation on F? that is definable over §. By
definition, this means there is a formula in the language of § that defines R. Translating
this formula yields a relation R;‘ee, on F? defined in terms of Col and parameters o, e, e’
of the same arity as R, which is intuitively a re-expression of R from the basic coordinate
system (0, 0, (1,0), (0. 1) into the coordinate system o, e, ¢’.

3 Goldblatt includes lines as a second sort and uses parallelism between them, but this
introduces no complications because parallelism can easily be defined from Col.

¢ Formulas defining addition and multiplication in terms of Col and parameters o, e and e’
can be found in [36, p. 144].
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As Col is definable in any coordinate geometry, for any relation R on F? definable
over §, we have that

R? ./ is definable in any coordinate geometry using parameters o, e, e’. (5)

For any three noncollinear points o, e and e’, let A, denote the affine
transformation that takes (0,0), (1,0) and (0,1) to o, e and €', respectively. One
can prove that

rolala") = R4, (a')....4,) . (a") (6)

oee’! oee’ oee’!
if R is an n-ary relation definable over §.

Let R be a relation definable over §. We say that three points o, e and ¢’ form a
coordinate system for R iff they are not collinear and R?, , coincides with R. Points
0. e and ¢’ form a coordinate system for an FFD coordinate geometry G, in symbols
CoSysg (0. e. ¢’). iff they form a coordinate system for every relation of G. For example,
consider the binary relations S of absolute simultaneity, and Rest of being at rest, on
F? defined by

(t.s)S({t'.s") < 1=t
(t.s)Rest (t'.s") <= s=75'.
We illustrate S* . Rest,,,, and coordinate systems for S and Rest in Figure 2.
Because any FFD geometry cites only finitely many relations, we find by (5) that

ternary relation CoSysy is definable in G. (7)
Furthermore, by (6), one can prove that
CoSysg(0.e.e') <= Ay € AffAutG. (8)

We are now ready to present the two outline proofs. The proofs of (i) = (ii) and (ii)
= (iii) are the same in both outlines.

Outline proof of Theorem 4.2: (i) =(ii): Assume that R is definable in G. Relation R
is definable over §. because it is definable from the relations of G which are all definable
over §. It is closed under automorphisms, because definable relations are such in any
model. (ii) = (iii) holds because affine automorphisms are automorphisms.

First proof of (iii) = (i): Assume that G is an FFD coordinate geometry over § and
R is an n-ary relation that is closed under affine automorphisms and definable over 3.
We will prove that

R(a',....a") <= Jo.e.¢’ (CoSysg(o.e.¢’) A R (al,...,a”)). 9)

oee’

To prove (9), first assume that R(a!.....a"). By (6) and (8).
CoSysg((0.0). (1.0). (0. 1)) A Rigg 0@ ....a")

because A 90)(1.0y(0.1) 18 the identity function and is an affine automorphism of
any coordinate geometry. To prove the reverse direction of (9), assume that
CoSysg(o.e.e’) A R* ,(a'.....a"). Wehaveto prove thatR(a', ... a"). By (8), we have

oee’
that A,.., € AffAutG. By (6). R(4,} ,(a")..... 4.} ,(a")). Relation R is closed under

oee’

affine automorphisms by assumption. Therefore, R(a!, ... a") holds as required, and
this completes the proof of (9).
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Time
coordinate system for S and Rest coordinate system neither for S nor for Rest
(&
?
S* '
oee’ 1 Rest’ .,
e ° ' o
1
°
é
0 o
(1,0) &
4 e
1
S : Rest
@ = s ° :
° Space
(0,0) (0,1)
?
€ 1
L]
*
: Rest? .,
1
: : .
/
Oef , Rest? .,
. L ]
o’
0
coordinate system for Rest but not for S coordinate system for S but not for Rest

Figure 2. What it means to be a coordinate system for a relation. Dotted lines show points
that are related by the relations which label them. The central axes show the standard
{(0,0), (1,0), (0, 1)} system, together with the relations S and Rest. Each quadrant shows a
transformed version of the axes and relations. For example, in the lower left quadrant the
transformed version of Rest remains vertical (it is the same as the original) even though the axes
have changed, but S is no longer horizontal; so this is a coordinate system for Rest but not for S.

By (5). (7) and (9), we get that R is definable in G, and this completes the outline of
the first proof.

If the explicit definition of Col in G and the formulas in the language of § that define
R and the relations of G are given, then using (9) one can obtain an explicit definition
forRin G.

Second proof of (iii) = (i): We provide only an outline here. The full proof'is included
in §6.

The proof relies on the following results:

(A) Theorem 6.12, which says that a relation R on the universe of a model

9 is definable in M iff, for every ultrapower’ (MY, RY) of (9M.R). every
automorphism of MY is an automorphism of (MY, R¥).

7 This notation for the ultrapower MY of model M according to ultrafilter ¢/ is introduced
formally above equation (12) (p. 17).
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(B) The Fundamental Theorem of Affine Geometry, which implies that every
automorphism of a field-definable geometry is the composition of an affine
automorphism and a map induced by an (ordered) field automorphism, if the
field has more than two elements (see Proposition 6.1).

(C) Lemma 6.11, which implies that for any FFD coordinate geometry G and any
relation R on the points definable over §, we can write up a formula ¢ in the
language of § expressing that every affine automorphism of G respects R, i.e.,
5 E piffevery affine automorphism of G is an affine automorphism of (G, R).
The formula ¢ is constructed from the formulas defining R and the relations
of G over .8

Let G be an FFD coordinate geometry and let R be a relation on the points definable
over § and closed under the affine automorphisms of G. Since the affine automorphisms
of G form a group, relation R is also respected by the affine automorphisms. Let ¢ be
the formula provided by (C). Then § = ¢.

To show that R is definable in G, we apply Theorem 6.12. Consider the ultrapower
(GY,RY) of (G, R) according to an ultrafilter /. Thus, it is enough to prove that every
automorphism of G¥ is an automorphism (G, R¥).

Let us consider the ultrapower § of § according to the same ultrafilter /. There
exist unique FFD coordinate geometries G* and (G*, R*) over %, whose languages
coincide with those of G and (G, R), respectively, such that each pair of corresponding
relations is definable by the same formula in the language of (ordered) fields.

It can be shown that (G*.R*) is isomorphic to (GY,RY) (cf. Lemma 6.15).
Therefore, it is enough to show that every automorphism of G* is an automorphism
of (G*.R*). By Lo§’s lemma and § |= ¢, we get that § = ¢. Therefore, by (C),
every affine automorphism of G* is an affine automorphism of (G*, R*). By (B) every
automorphism of G* is a composition of an affine automorphism and the map induced
by an (ordered) field automorphism. Maps induced by (ordered) field automorphisms
respect any relation definable over the given (ordered) field. Therefore, as required,
every automorphism of G* is an automorphism of (G*, R*).

§6. Formal proof of Theorem 4.2. In this section, we introduce the necessary
definitions and present the results needed for the proof of Theorem 4.2, and conclude
with the proof of the theorem. Proofs of most propositions and lemmas are omitted
here and can be found in [25].

6.1. Automorphisms and affine automorphisms. Suppose F is the universe of some
field or ordered field §. Given a function f: F — F. we write f: F¢ — F? for the

def

map induced on F¢ by f componentwise, i.e.. f~(<P1, v pa) = (). f(pa))-
We note that if /' is a bijection, then so is /', and we define the induced automorphisms
on F? to be the members of the set

Aut§ ¥ {&:a € AutF).

8 We note that, by Proposition 6.1, formula ¢ also expresses that every automorphism of G
respects R.
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PROPOSITION 6.1. Assume that § is an ordered field or a field that has more than two
elements, and that G is a field-definable coordinate geometry over §. Then

Aut G = AffAUtG o Aut .

Moreover, the decomposition of an automorphism of G into an affine automorphism
following a map induced by an automorphism of § is unique.

Proof. Note that Aut § C Aut G. since every relation of G is definable over §. The
proposition then follows from the Fundamental Theorem of Affine Geometry: for the
latter, see, e.g., [7, theorem 2.6.3, p. 52], [25, lemma 5.2.1], and [44, theorem 2.46,
p. 81]. For a complete proof, see [25]. O

6.2. Definability of relations on d-tuples in arbitrary models. With geometries as
our main application in mind, we now make general observations that are useful when
investigating the definability of relations on d-tuples in arbitrary models.

Let £ be an arbitrary first-order language and let Fm, be the set of first-order
formulas in the language £. Then we define the following set of relation symbols for
L-definable relations of d-tuples:

RSymb, = {(o.n) € Fmgz x N* : the free variables of g are in {vi. ..., va,} | .

Let 9t be an arbitrary model for language £ with universe M. For each relation sym-
bol R = (g.n) € RSymb . we define a corresponding n-ary relation Rop, on M¢ by

(P Pn) € Rma <= M o[p1. ... pal. (10)

REMARK 6.2. Clearly, Rony is definable over 9 for every R € RSymb . Conversely,
given any relation R on M@ that is definable over 9, there is some R € RSymb, for
which R = Reng. For suppose g is a formula defining R over I, and let n be R’s arity.
Taking R = {o.n) then yields R = Rony. Thus, given any relation R on M it is definable
over M iff R = Ropg for some R € RSymb .

Forevery¥ C RSymb ,.let Ly denote the first-order language with relation symbols
in ¥ such that the arity of each R = (p.n) € ¥isn.

In particular, we define the following two formulas y and £, the first in the languages
of fields and the second in that of ordered fields, and each having 3d free variables,
Vs, U3g. Given X = (v1,....0g), ¥ = (Vg i1s s 024), Z = (V2g i1, ..., V3¢) and v =
V3441, We define

and

p(2.9.2) =30 (F+o¥ =% +vI V I=X)
Z v<1).

B(3.9.2) =T Y+oXx=X+vZ AN 0<
REMARK 6.3. Suppose L is the language of §. Then

o (7.3) € RSymb, and if § is a field. then (y.3)z,4 coincides with Col of the affine
geometry over §.

o (p.3) € RSymb, and. if § is an ordered field, then (.3)z4 coincides with Bw of
the ordered affine geometry over §.

Throughout the remainder of this paper, we consider two cases in parallel: the
case where § is a field, £ is the language of fields, y is the relevant formula and Col
the relevant relation; and the case where § is an ordered field, £ is the language of
ordered fields, f is the relevant formula and Bw the relevant relation. To simplify the
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presentation of results below, we will write x (‘key formula’) in place of the formulas
y and f, i.e.,
R b if the language of § is the language of fields; and
~|p  ifthe language of § is the language of ordered fields.

We likewise define the ‘key relation’ to be K = (k. 3) 4. and note that K coincides either
with Col or Bw depending on the language of § (cf. Remark 6.3). In both cases, we
continue to write F for the universe of § and note that the language of § is usually
clear from context.

For every ¥ C RSymb .. we define a model Gy (90) for language Ly to be the model
with universe M ¢ in which the interpretation of every R € W is Ryny. i.c..

Gy (M) = (M?. Rona)rew. (11)

To express that two models 9t and O for possibly different languages are the
same, we introduce the following notation: we write 901 = 91 iff their universes are
the same and there is a one-to-one correspondence between their languages such that
the corresponding relation symbols and function symbols have the same interpretations
in the two models.

REMARK 6.4. In some models of the form Gy (9N), the same concept appears more than
once, but named using different relation symbols. This is because, if p and y are different
but logically equivalent formulas, then the symbols (p.n) and (y,n) of RSymb, differ
but the corresponding relations are the same. One extreme case is the conceptually richest
model G symb (M), where every field-definable concept appears as a primitive concept
infinitely many times.

REMARK 6.5. Suppose that L is the language of §. By Definitions 3.1 and 3.2, model G
is a field-definable coordinate geometry over § iff there is some Y C RSymb  such that
G = Gy (%) and the key relation K is definable in G. Moreover, G is FFD iff ¥ can be
chosen finite.

REMARK 6.6. For arbitrary models My and M,, and (a possibly infinite) subset ¥
of RSymb .. we have that Gy(9M) and Gy(IM,) are elementarily equivalent whenever
My and M, are elementarily equivalent. This is because, using the formula parts of the
symbols of ¥, one can define a translation Tr from the common language of Gy ()
and Gg (M) to the common language of My and My, and it can be shown by formula
induction that

Gy(M) o < METr(o)
holds for every model MM and sentence a of common language of MM, and M.

6.3. Extending automorphisms firom one geometry to another. In this section, we
establish the conditions under which affine automorphisms of certain coordinate
geometries are also automorphisms of their finite extensions. In particular, if Gy (F) is
a coordinate geometry for some finite ¥ C RSymb . and R € RSymb,, Lemma 6.11
establishes conditions under which every affine automorphism of Gy (F) must also be
an affine automorphism of Gy r} (3.

DEFINITION 6.7. We write o to denote the origin (0. ....0) € F?. and¥,. ....E; to denote
the unit vectors (1,0,....0),....(0,....0,1) € F?, respectively.
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The following simple proposition is well-known from linear algebra. We restate it
here to fix notation, and then re-express the concepts embedded within it in a form
suitable for our purposes.

PROPOSITION 6.8. Suppose &y.¢1.....8q € F?. Then there is an affine transformation
that takes the origin s to &y and each unit vector E; to the corresponding €; iff the vectors
(&, —€y). .... (€4 —€) are linearly independent. Moreover, this affine transformation is
unique.

DEFINITION 6.9. Suppose & € F¢ and ¢ = (&,,....€,) where each €; € F9 for 1 < j <
d. Provided the vectors (€, —&). .... (&4 — o) are linearly independent. we write Az, for
the unique affine transformation of Proposition 6.8 that maps o to €y and each E; to the
corresponding &;.

We now introduce various formulas, in the language £ of §, needed to capture the
concepts expressed in Proposition 6.8.” These are:

I Formula 1 € Fm, has d?> +d free variables and expresses the idea that
vectors (X| — Xp). ..., (Xz — Xo) are linearly independent:
A A A def
1(X0. X1.....%5) =

[V 92 (Z) 20(F - %0) =0 = AL 2 =0)].

0: Taken together with 7, formula 6 € Fm, (with d? + 3d free variables)
expresses the idea that affine map 4;.; takes vector X = (xi.....xy) to

vector ¥ = (1, ..., Vg ):
0(e0.01.....00.5.9) 2 [F =G0+ XLy xi- @ - %)),

Or: For each R = (0. n) € RSymb, we define a formula Oz which expresses'’

in the language of § that A; .; exists and respects R:

def

HR(éo,él,...,éd) = l(éo,él,...,éd)
A [VX] . VY91 Y,

(Af=y 0(e0.21.....8q.%i. i) = (e(k1..... %) < o(J1..... 7)) |-
Ow: Finally, if ¥ is a finite subset of RSymb . we define

Hq/(éo,él,...,éd) “ /\ QR(éo,él,...,éd).
ReY

LeMMA 6.10. Suppose R € RSymb, and let ¥ be a finite subset of RSymb ., where
L is the language of §. Suppose &.81. ....84 € F?. Then

(1) § [ Orlo.81.....8q41iff (&1 — ). ... (Eq — &) are linearly independent and Az
respects Rzg.

? Technically, we should write these using variable names vy, v, ... . However, to simplify our
formulas and make them more intelligible, we will use metavariables such as X; and % for
the various v, ’s and sequences thereof.

0 We use Tarskian substitution of variables as follows: for formula o(vy....,vn) and

X1.....Xxp metavariables, we define o(x1.....xn) =  Joj(vy = x1 A ... (Foa(ve = xn A

o(1.....v0)) ...).
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(i) § = Owléo.81.....841iff (&1 — ). ... (& — &) are linearly independent and Az ;
is an affine automorphism of FFD coordinate geometry Gy (F).

LEMMA 6.11. Let Gy () be a coordinate geometry for some finite ¥ C RSymb . and
suppose R € RSymb . Then § |= Oy — Og iff every affine automorphism of Gy (F) is an
affine automorphism of Gy, ry (F).

Proof. Follows from Lemma 6.10. O

6.4. Results obtained using ultrapowers. The next theorem and lemma concern
the ultrapowers of a model 9, and will be used below to complete our proof of
Theorem 4.2. For the benefit of readers who are unfamiliar with this concept, and
also to fix our notation, we briefly recall the following definitions. For a more detailed
account, see e.g., [17].

Suppose that M is the universe of a model 91 of some FOL language £, and that U/
is an ultrafilter on some set / (called an index set); that is, U is a collection of subsets
of I satisfying (i) @ ¢ U: (ii) whenever S7 and S, are members of I/, so is S7 N Sy; (iii)
whenever S €Y and S C T C I, then T € U: and (iv) given any S C I, either S or
I\ Sisinl. One can use U to define an equivalence relation ~;; on the collection ‘M
of all functions from 7 to M by defining, for all f, f>: I — M,

fiou fr €0 i f16) = f2()y el

Given any f: I — M, we write f/U for the ~;-equivalence class containing f, and
IM/U for the set of all such equivalence classes.

The ultrapower of 9 according to U (written OMY) is the model of £ whose universe
is the set of ~y-equivalence classes, in which the interpretation RY of any (n-ary)
relation symbol R is defined, for f1, ..., f, € ‘M, by

(f1/U.cc. ffh) eRY &S (i (f1(0). ... fuli)) ERY U, (12)

where R is the interpretation of R in 9. The interpretations of function symbols and
constants are defined analogously. Given any (n-ary) formula ¢, Los’s Theorem [17,
theorem 8.5.1] tells us that

M =gl U fufU] = {i M=l 1), ... [} U, (13)

An easy but important consequence of (12) and (13) is that whenever g is a field or
ordered field, so is F“.

The following theorem is due to Andras Simon.'!

THEOREM 6.12. Let I be an FOL model and R a relation on its universe. Then R is
definable in M iff. for every ultrapower (MY, RY) of (M. R), every automorphism of MY
is an automorphism of (IMY, RY).

Proof. By [38. corollary 1 on p. 969]. if R is not definable in 91, then there is a
model (N, S) elementarily equivalent to (9, R) such that relation S is not respected
by some automorphism f of 91. By the Keisler—Shelah isomorphism theorem, there is

an ultrafilter ¢/ such that (9, RY) is isomorphic to (M, SY). The automorphism f
of O extends componentwise to an automorphism of 9 which does not respect S¥,

1" Here we give an independent proof. Simon’s proof (personal communication) uses Keisler—
Shelah’s theorem applied twice.
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and hence it is not an automorphism of (M, S¥). Since (MY, S¥) is isomorphic to
(MY, RY), there must also be an automorphism of MY that is not an automorphism
of (MY, RY). The other direction follows immediately because automorphisms have
to respect definable relations in every model. O

REMARK 6.13. The fact that in finite structures a relation is definable iff it is respected
by all automorphisms of the structure is a simple corollary of Theorem 6.12 since any
ultrapower of a finite structure is isomorphic to the original structure.

DEFINITION 6.14. If M is some set and j < d (j € NT), we write r; for the j-th projection
function from M9 to M, i.e., it (Pleec. Pjoee.Pa) > pj. Given a set M and an
ultrafilter U over some index set I, we define the function 7ty : (MY — (MY)? by

Tau(f/U) Z ((mo f)U. ... (nq0 f)/U)

forall f: 1 — M¢?. Since the context is always clear where we use this function below,
we will generally abbreviate 7t yr4 to © in what follows.

LEMMA 6.15. Let 0 be a model for some first-order language L. let M be its universe,
let U be an ultrafilter over some index set I, and ¥ C RSymb . Then,

(i) 7 is well-defined:
(ii) 7 is an isomorphism from Gy(IM)Y to Gy (IMY), and hence these models are

isomorphic.
Proof. See [25]. O
6.5. Proof of Theorem 4.2. We are now in a position to complete the proof of
Theorem 4.2.

THEOREM 4.2. Let § be an ordered field or a field that has more than two elements, let G
be an FFD coordinate geometry over . and let R be a relation on points of F¢. Then the
following statements are equivalent:

(i) Risaconcept of G (i.e., R is definable in G).
(ii) R is definable over § and is closed under automorphisms of G.
(iii) R is definable over § and is closed under affine automorphisms of G.

Proof. (i) = (ii): Since R is definable in G it must be closed under automorphisms of
G. So to prove (ii), it is enough to show that R is definable over §. To do this, we note
that it’s possible to define a translation Tr from the language of G to the language of §

and prove (see [25] for details) that, for every formula (v, ..., v,) in the language of
G and points py. ..., p,., we have
G Eelp1. ... bl = FETr(Q)p1. ... pul- (14)

Now let ¢ be the formula defining R in G. Then, by (14), G = o[p1. ... pn] iff
S k= Tr(o)[p1s ..., pnl. i.e., Tr(o) defines R in §, and hence R is definable over § as
stated.

(ii) = (iii): Trivial as affine automorphisms are also automorphisms.

(iii) = (i): Assume that R is definable over § and closed under affine automorphisms
of G. We have to prove that R is definable in G. As affine automorphisms of G form a
group under composition, they respect R.

Let £ be the language of §, let R € RSymb, be the relation symbol for which
R = Rgz,. and let ¥ be a finite subset of RSymb . containing (k. 3), such that (G, K) =
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Gy (F). Such R and W exist by Remarks 6.2, 6.3 and 6.5. Since ¥ contains (x, 3), and
(K, 3)zq coincides with K, Gy (F) is a coordinate geometry as well, and it follows easily
that the definable relations, automorphisms and affine automorphisms of G and Gy (F)
coincide. Hence affine automorphisms of Gy(F) respect R = Rgz,. and to prove that
R = Ry, is definable in G, it is enough to prove that Ry, is definable in Gy (). Clearly,
the expansion of Gy () with Rg, to the language Lyyg} is Gyury (§) and every affine
automorphism of G¢(F) is an affine automorphism of Gwu{ry (T). so by Lemma 6.11,
T E (0w — 0r). We will apply Theorem 6.12 to obtain a proof that Rz, is definable
in Gy (g). namely, we will prove that for any ultrafilter &/, every automorphism of
(G (§))¥ is an automorphism of (G (z} (F)). To prove this, let ¢ be any ultrafilter
(on any index set). Applying Lemma 6.15 (twice), we observe that the function 7
is both an isomorphism from (Gg(F)) to G¢(FY). and also an isomorphism from
(Gwugry (B)Y to Geugry (FY).

It is therefore enough to prove that every automorphism of Gy (FY) is an
automorphism of Gyi (g} (FY). To this end. we observe that the model Gy (FY) is
a coordinate geometry over F¥ because ¥ contains (x.3) and relation (k.3)zu, of
Gy (FY) coincides with the relation K of the affine geometry over § (cf. Remark 6.3).

Moreover, we know that § = (0y — Or) because § |= (Oy — Or). By Lemma6.11,
this implies that every affine automorphism of Gy (F¥) is an affine automorphism of
Gwugry (FY) as well.

Assume therefore that « is an arbitrary automorphism of Gy (3“). By Proposi-
tion 6.1, we can write o = 4 o $ for some affine automorphism 4 of Gy (F¥) and
some automorphism ¢ of F¥. Since 4 is also an affine automorphism of Gwu(Rr) (FY).
applying Proposition 6.1 once again shows that & = 4 o ¢ is an automorphism of
Gwugry (FY) as required. O

§7. Applications. These results yield a simple but powerful strategy for comparing
the conceptual content of different geometries: If we wish to compare the sets of concepts
of FFD coordinate geometries over the same field and of the same dimension, it is enough
to compare their affine automorphism groups.

We demonstrate the power of this approach by showing the connection between
the concept-sets of various classical geometries, including Galilean, Newtonian and
Relativistic spacetimes and Euclidean geometry, as illustrated in Figures 3 and 4. We
define these spacetimes and geometries using a Tarskian first-order language centred
around the ternary relation Bw of betweenness. The language we use to model Galilean
spacetime is the same as the one used by [18], who gives a second-order axiomatization
for Galilean spacetime using the basic notions of betweenness (Bw), simultaneity (S),
and congruence on simultaneity (&s).

The power of this approach shows itself, for example, Theorem 7.8(ii) below states
that affine automorphisms respect lightlike relatedness if and only if they respect
Minkowski equidistance, which implies that these two concepts are interdefinable
(using betweenness). Finding the explicit formula that defines Minkowski equidistance
from lightlike relatedness and betweenness is not trivial, whereas comparing the
relevant affine automorphism groups is relatively straightforward.

In the remainder of this section, we show how this strategy can be used to
demonstrate the conceptual relationships between various historically significant
geometries (see Figure 3), thereby establishing which of these geometries are and
are not definitionally equivalent to one another. The main geometries considered here
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Conc LClass
Conc Newt \

Conc Eucl ConcRel = Conc Mink

ConcGal /

Conc O Aff

Figure 3. Hasse diagram showing how the concept-sets associated with various historically
significant geometries are related to one another by subset inclusion.

Cone LClys,

Figure 4. Venn diagram showing how the concept-sets associated with various geometries are
related to one another. The diagram shows which geometries do and do not contain various key
concepts (see Table 1).

are Ordered Affine (OAff) and Euclidean (&ucl) geometries, and Relativistic (Rel),
Minkowski (Mink), Galilean (Gal), Newtonian (NMewt) and Late Classical (£Class)
spacetimes.

7.1. Assumptions. Throughout, we restrict attention to d-dimensional coordinate
geometries over an ordered field § = (F, +, -, 0, 1, <) where, as always, we assume that
d>2.
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DerINITION 7.1 (Products, lengths and distances). A function @: F? x F? — F will
be called a product on F? iff it is both symmetric and bilinear. If ® is a product on
F4_ its corresponding squared length function is the function ||p % 2 p®pand its
correspondmg squared distance function is the function d% (p.§) = < \p-q I1%. for all

p.geF9.
In particular, the Euclidean scalar product - of vectors p. g € F¢ is defined, as usual,
by
Pd = pigy+ o+ pada.
and their Minkowski product (&) by

- — def
POqg = piqr— p2q2— - — Paqd-

The squared distance functions corresponding to the Euclidean and Minkowski
products will be denoted by d* and d?.. respectively.

7.2. Unit-firee spacetimes. Thinking of F¢ as the set of spacetime points, we regard
the first component, p;, of any vector p = (p1, pa,..., pg) as its time component,
and the rest, (p. ..., pq) as its spatial component. This is reflected in the following
terminology.

On the set of points F¢, the binary relations S of absolute simultaneity, Rest of being
at rest and | of lightlike relatedness are defined for p.g € F¢ by

PSq <= pi=qi.
P Restg LN (p2s e pa) = (@20 o2 qa).
g < (pr-q)*=(p2— @)+ + (pa —qa)™

We note that

prg = d(p.q)=0. (15)
On the set of points F?, the 4-ary relations = of (Euclidean) congruence, =, of
Minkowski congruence, and s of congruence on simultaneity are defined for p, 4,7, 5 €

F? by
7.5 ).

p.q)= (i5) <= d*(p.q) .5).
(r5).

§)=,(F3) <= d)(p.q) =d,

§) s (75) <5 (p.q)=(75)

When (p. *) (7.5) holds, we say that (p.q) and (7,5 ) are congruent segments,
)

and when (p, G ) =s (7.5 ) holds, we say that they are spatially congruent.

Note that the relations X, S, Rest, &, =, and =5 are all definable over 3.

We also define a ternary relation 8 on F? by

AN PSq N FSS.

8(5.5.7) <5 5SG A BT
Notice that (F?,S,\) and (F?,8) are definitionally equivalent, i.e.,
Conc (F?,S,\) = Conc (F“,38) (16)
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because & is defined in terms of S and '\, and it is not difficult to prove that both S and
\ can be defined in terms of 8 by pSq < I 8(p.¢.7)and pA7F < FG8(p.q.7).

All spacetimes and geometries considered in this section are unit-free.'” We now
recall the definition of (d-dimensional) ordered affine geometry, and introduce
Euclidean geometry and, respectively, Relativistic, Minkowski, Galilean, Newtonian
and Late Classical'® spacetimes over §:

OAff = (Fd,B ),
Sucl £ (F?, >~ Bw)
Rel = (F £, Bw)

Mink = (F =, Bw).
Gal & (F ,—S,BW>
Newt = (Gal, Rest).

LClass £ (Gal, \).
Note that these are all FFD coordinate geometries over §.

REMARK 7.2. If § is a Euclidean field (i.e., one in which positive elements have square
roots), then Bw is definable in the Bw-free reduct (F1.2) of &ucl :== (F¢.~ . Bw): if
d > 3 and § is Euclidean, then Bw is also definable in the Bw-free reducts of ’Rel, Mink
and LClass. On the other hand, Bw is not definable in the Bw-free reducts of Gal and
Newt for any d > 2.

Given the close historical relationship between Relativistic spacetime and Minkowski
spacetime, one would naturally expect to find, as shown in Figure 4, that Mink and
‘Rel are conceptually identical. Both this relationship and the other subset relationships
shown in Figure 4 are summarised in the following theorem.

THEOREM 7.3. The subset relations between ConcRel, Conc Mink, Concé&ucl,
ConcGal, ConcNewt, ConcLClass and Conc OAff are as shown in Figure 4. In
particular, the concepts S, Rest, ., =, =5, =, and § allow us to distinguish between
different geometries, as shown explicitly in Table 1. In more detail:

(i) ConcRel = Conc Mink , i.e., Rel and Mink are definitionally equivalent.

(ii) ConcGal C ConcMNewt.

(iii) Conc OAff C (Conc &ucl N ConcRel N ConcGal).

(iv) (Conc &ucl U Conc Rel U Conc Newt ) C Conc LClass .

(v) Table 1 correctly ldentlﬁes whzch of the cited geometries do and do not contain
the concepts S, Rest, \, &, =5, =, and §.

The next theorem tells us that, with just a few exceptions, if we expand
any of the geometries we have been studying with any of the concepts from

12 By “unit-free” we mean that there is no specific units fixed for measuring spatial or temporal
distances.

13 Late classical spacetime is a geometry corresponding to the understanding of classical
kinematics during the time of the search for the luminiferous ether before Einstein’s
introduction of special relativity in 1905, cf. also [22, 23] for an alternative approach to
this kinematics.
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Table 1. The geometries shown in Figure 4 which do and do not contain the concepts S, Rest, \,
g, gs, =3 u and §

Conc &ucl ConcRel ConcGal Conc Newt Conc LClass
€

¢ > IR R

=S

wn

Rest
)

Note: This information confirms which geometries are definitionally distinct from one another.

MMMMMMM

{2, u» M. =s. S, Rest, 8} that are not concepts of the geometry in question, the result
is definitionally equivalent to L£Class.

THEOREM 7.4. Let G € {Rel. Eucl, Gal, Newt} and R € {=.2,. \.=s.S. Rest, 8} and
suppose that R ¢ ConcG and R # Rest if G = Gal. Table 1 shows the possible choices of
G and R. Then:

(i) 1fd > 3, then (G, R) is definitionally equivalent to LClass, i.e., Conc (G, R) =
Conc LClass .

(ii) If d =2 and (G.R) & {(Eucl. \). (Eucl. =), (Rel, =)}, then (G.R) is defini-
tionally equivalent to LClass, i.e., Conc (G, R) = Conc LClass .

(iii) If'd = 2. then (Rel. =), (Eucl.=2,) and (Eucl.'\) are definitionally equivalent,
but they are not definitionally equivalent to LClass.

(iv) (OAff.8) is definitionally equivalent to LClass, i.e., Conc(OAff.8) =
Conc LClass .

7.3. Affine automorphisms and similarities. In this section, we show that the
affine automorphisms of various geometries can be characterised as similarity
transformations. We begin by defining the various types of similarities we will be
using.

DEFINITION 7.5 (®-similarities). Suppose A: F¢ — F9 is a function and & is a product
on F?. As a natural generalization of the notion to arbitrary ordered fields §. we call A
a ®-similarity iff it is an affine transformation that respects squared Q-distances up to
scaling, i.e., there is a € F such that

d% (A(p). A(G)) =a-d3, (p.q) forevery p.g e F*. (17)
The value a is called the squared scale factor (or square-factor).

In particular, if ® is the Euclidean scalar product, we call 4 a Euclidean similarity,
and if ® is the Minkowski product, we call 4 a Poincaré similarity. When the
square-factor a is 1, these similarities are traditionally called Euclidean and Poincaré
transformations.
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REMARK 7.6. We note, in the Euclidean case, that a is necessarily positive,'* and if
d > 2. a must also be positive in the Poincaré case."> However, this need not be the case
when d = 2: for example. the transformation that interchanges ‘time’ and ‘space’ in F?
is a Poincaré similarity with a =— 1.

If § is a Euclidean field and 4 a Euclidean similarity with square-factor a, then
A is the composition of a Euclidean transformation with the uniform scaling p —
\/a p with scale factor y/a. For non-Euclidean fields this need not hold, e.g., the map
L(t,x) = (t + x.t — x) is a Euclidean similarity with square-factor 2 which cannot be
decomposed in this way over the field of rationals. We also note that, for any ordered
field, the composition of a Euclidean transformation with a uniform scaling of factor
. # 0 is a Euclidean similarity with square-factor A2. Analogous statements hold for
Poincaré transformations and similarities when d > 2.

DEFINITION 7.7 (Trivial similarities). A map is called a trivial Euclidean similarity iff it
is a Euclidean similarity that respects Rest.

The sets of Euclidean, Poincaré and trivial Euclidean similarities are denoted by
EuclSim, PoiSim and TrivEuclSim, respectively.

The following key theorem shows that these similarities are precisely the affine
automorphisms of their associated spacetimes. It is this result which makes it easy for
us to check for definitional equivalence between spacetimes. '°

THEOREM 7.8.

(i) AffAut Eucl = EuclSim.
(ii) AffAut Rel = AffAut Mink = PoiSim.
(iii) AffAut LClass = TrivEuclSim.

Because Aut 9t is always a group under composition for any model 91, it immediately
follows that all of these similarity sets are groups.

COROLLARY 7.9. EuclSim, PoiSim and TrivEuclSim all form groups under composition.

The results collected in the following lemma can all be proven using standard linear
algebraic methods; full details are provided in [26].

LEMmA 7.10.

(i) EuclSim N Aut (F?,S) = EuclSim N Aut (F?, Rest) = TrivEucISim.
(ii) PoiSim N Aut (F9,S) = PoiSim N Aut (F¢, Rest) = TrivEuclSim.
(iii) EuclSim N PoiSim = TrivEuclSim if d > 2.

7.4. Proofsketches for Theorem7.8. Theorem 7.8 identifies which similarity groups
act as automorphism groups for which geometries. We provide here sketch versions of
the proofs, and note that full details are provided in [26].

Because it can be calculated from a = d?(A4(3). A(E;) ). which is a non-empty sum of squares.
To see this, it is enough to show that two non-zero ‘timelike’ vectors cannot be Minkowski-
orthogonal (where a vector p is said to be ‘timelike’ if p & p > 0). This latter follows easily
from the Cauchy—Schwarz inequality, and we omit the details.

In [26] we also introduce the sets of Galilean and trivial Galilean similarities, and show that
AffAut Gal = GalSim and AffAut Mewt = TrivGalSim.

16
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Proof of (i) AffAut Eucl = EuclSim. It follows from the definitions that EuclSim C
AffAut &ucl. To prove the reverse inclusion, let 4 € AffAut Eucl. Then A takes segments
of squared-length 1 to segments of squared-length a for some positive a. If § is
Euclidean it is easy to show that A4 is a Euclidean similarity with square-factor a
because any straight line contains segments of length 1 and affine transformations
preserve segment length ratios. For the complete proof, including the case where § is
not Euclidean, see [26]. O

Proof of (ii) (AffAut Rel = AffAut Mink = PoiSim). It follows easily from the
definitions that PoiSim C AffAut Mink, and we know that AffAut Mink C AffAut Rel
because \ is definable in terms of &, (as p NG <= (p. 4 )=, (p. p)). This shows that

PoiSim C AffAut Mink C AffAut Rel,

so we only need to show the reverse inclusion, AffAut Rel/ C PoiSim. For the case d > 2,
this follows easily from Lester [24]. In [26] we provide a self-contained proof which
works for the case when d = 2 as well. O

Proof of (iii) AffAut LClass = TrivEucISim. By definition, LClass = (Rel, ~s), and
we know that S is definable from =g (as pSq <= (p.q)=s(p.q)). It follows from
this, from Lemma 7.10(ii) and Theorem 7.8(ii) that

AffAut LClass = AffAut Rel N Aut (F?,~s) C PoiSim N (F?,S) = TrivEucISim.
On the other hand, by Lemma 7.10(i) and item (i) we have
TrivEucISim = EuclSim N Aut (F?.S) = AffAut ucl N Aut (F9.S).

whence elements of TrivEuclSim respect both = and S, and hence also =g (which
is defined in terms of them). So TrivEucISim C Aut (F¢,~s). By Lemma 7.10(ii),
TrivEuclSim C PoiSim. It therefore follows, as required. that

TrivEucISim C PoiSim N Aut (F?, 2s) = AffAut Rel N Aut (F?.2s) = AffAut LClass.
O

7.5. Proof sketches for Theorems 7.3 and 7.4. In the proofs of Theorems 7.3 and
7.4, we use Corollary 4.6(ii), according to which, for any FFD coordinate geometries
G and G’ over 3,

ConcG = ConcG' <= AffAutG = AffAut g,

together with Theorem 4.2 which implies that for any FFD coordinate geometry G and
relation R on F¢ which is definable over §,

R € ConcG <= Ris closed under the elements of AffAutG.

The proofs as to which concept sets are contained within one another are generally
straightforward (full details are provided in [26]). For example:

Proof of 7.3(1) ConcRel = Conc Mink . Follows from Corollary 4.6(ii) and
Theorem 7.8(ii), which says that AffAut Rel = AffAut Mink. O

Proof of 7.3(iv) ((Conc &ucl U Conc Rel U Conc Newt ) C Conc LClass ). We know
that {\.=s,Bw} C Conc LClass by definition of LClass. The affine automorphism
group of LClass is TrivEuclSim by Theorem 7.8. Elements of TrivEucISim respect Rest
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and = because TrivEuclSim = EuclSim N Aut (F?, Rest) by definition and elements
of EuclSim respect = by Theorem 7.8. Therefore, by Theorem 4.2, {Rest, =} C
Conc LClass. We have that Conc&ucl/ C ConcLClass by {=.Bw} C Conc LClass;
ConcRel C Conc LClass by {\,Bw} C Conc LClass: and Conc Newt C Conc LClass

by Newtr = (F?, >, Bw, Rest) and {=g, Rest, Bw} C Conc LClass . O

Demonstrating that Table 1—which shows which specific concepts are included in
the various geometries considered above—is correct is only slightly more involved. We
have already shown (Theorem 7.3(i)) that

Conc (Fd,x, Bw) £ ConcRel = Conc Mink £ Conc <Fd,%’#, Bw) .
Therefore, for any coordinate geometry G over §, we have that
LeConcg <« =, e ConcG. (18)
Similarly, by (16), we have
e Concg <« {N\,S}CConcG. (19)

Furthermore, since S is definable in terms of =g (as pSq & (p.4)¥s(p.g)). we
have that

(¥s € ConcG = SeConcG) and (S¢ ConcG = s & ConcG). (20)

We use these observations to prove the correctness of the table, one column at a
def

time. For example, consider Table 1, column 1, which concerns &ucl = (F d o2 Bw).
We need to prove that = is a concept—and that =,, N, =g, S, Rest and § are not
concepts—of &ucl. Clearly, = € Conc ucl. To prove that the other relations are not
concepts, it is enough to find an automorphism of &uc/ that does not respect them.
Let E: F? — F9 be the linear transformation that takes the unit vectors E; and E,
respectively, to %El + %Ez and %El — %Ez, and keeps the rest of the unit vectors fixed.
It can be proven that E is a Euclidean similarity, hence by Theorem 7.8(i), E is
an automorphism of &uc/. Transformation E respects neither Rest, S nor \ because
oRestE;. 5SE; and o\ (E; + E) all hold, but none of E(3)Rest E(E), E(c)S E(E,).
E(5) N E(E| +Ey) do. Therefore, Rest,S. N & Conc&ucl. By these and (18)—(20), we
have that =, =s.8 ¢ Conc &ucl. O

7.5.1. Proof sketch of Theorem 7.4. Since the proofs of parts (i) and (ii) overlap
to some extent, we will prove them together, considering each possible choice of G in
turn.

Proof (i) and (ii): Here we consider only those cases where R € {Rest,S, L, =}
because the claims follow for the other relations easily by (16), Theorem 7.3(i)
and the fact that S is definable in terms of =s. By Theorem 7.8(iii) (which says
that AffAut £LClass = TrivEucISim) and by Corollary 4.6(ii), we have, for any FFD
coordinate geometry G over § and any relation R definable over §, that

Conc(G,R) = Conc LClass <= AffAut (G, R) = TrivEucISim. (21)

Case G = Eucl. We will prove that (Eucl,S), (Eucl, Rest) and (if d > 2) (Eucl,\) are
all definitionally equivalent to £Class. By Theorem 7.8(i), AffAut Eucl = EuclSim. By
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this and Lemma 7.10(i), we have that

AffAut (Eucl, S) = AffAut Eucl N Aut (F?.S)

) (22)
= EuclSim N Aut (F“,S) = TrivEuclSim

and likewise

AffAut (Eucl. Rest) = EuclSim N Aut (F?, Rest) = TrivEuclSim. (23)

Similarly, by Lemma 7.10(iii). by Rel = (F¢,\,Bw) and by AffAut Re/ = PoiSim
(Theorem 7.8(ii)). we have, when d > 2,

AffAut (Eucl, \) = AffAut Eucl N AffAut Rel

= EuclSim N PoiSim = TrivEuclSim. (24)

Therefore, by (21)—(23) we have that Conc (€ucl, Rest) = Conc (€ucl,S) = Conc LClass .
And by (21) and (24) we also have Conc (&ucl, \) = Conc LClass when d > 2.

The rest follow from these, e.g., Conc (&ucl,=s) = Conc LClass because g €
Conc LClass , S is definable in terms of =5 and Conc (&ucl, S) = Conc L lass .

Case G = Rel: We need to show that (Rel, S), (Rel, Rest) and (if d > 2) (Rel, &) are
all definitionally equivalent to £Class. By Theorem 7.8(ii), we have that AffAut Rel =
PoiSim. By this and Lemma 7.10(ii),

AffAut (Rel.S) = PoiSim N Aut (F9,S) = TrivEucISim, and (25)
AffAut (Rel, Rest) = PoiSim N Aut (F¢, Rest) = TrivEucISim. (26)

The proof is analogous to that just given. By (21), (25) and (26)., we have that
Conc (Rel, Rest) = Conc (Rel,S) = Conc LClass .

From the definitions of &ucl and Rel, we have that (Rel, =) = (Eucl,\). We
have already seen that Conc (&ucl, \) = Conc LClass if d > 2. Thus Conc (Rel, =) =
Conc LClass if d > 2.

Case G = Gal. We need to show that (Gal,~) and (Gal,\) are definitionally

def def

equivalent to LClass. This is straightforward because LClass = (Gal,\), Gal =
(F4 =~ Bw)and &ucl = (F?, 2 Bw): whence it follows immediately that (Gal, =) =
(Eucl, =s). As we have already seen that Conc (&ucl, =s) = Conc LClass . the claim
follows. O

Proof of (iii). We have to show that (Rel, =) and (ucl,\) are definitionally
equivalent to one another; and that they are not definitionally equivalent to LClass
when d = 2. Note first that (Eucl, \) and (Rel, =) are clearly definitionally equivalent,

def def

because &ucl = (F?, >~ Bw) and Rel = (F?,\.Bw). However, geometries (Eucl, \)
and LClass are not definitionally equivalent if d = 2, because the linear transformation
that interchanges the unit vectors E; and E, is an automorphism of (&uc/, \), but it is
not an automorphism of LClass as it does not respect =s. O

Proof of (iv). We have to show that (OAff,8) is definitionally equal to LClass.
Recall that OAf = (F9 Bw) and Rel = (F9 \.Bw). and that Conc (F9 §) =
Conc (F¥.\.S) by (16). We have already seen that Conc (Rel.S) = Conc LClass .

Therefore, Conc (OAff.8) = Conc (OAff.\.S) = Conc(Rel,S) = ConcLClass. O
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§8. Spacetimes with units. In a spirit similar to ours, but using a metric approach
to define Galilean, Newtonian and Minkowski spacetimes instead of a Tarskian first-
order language, Barrett [4] compares the “amount of structure” in each model. Barrett’s
results seemingly contradict our own because for Barrett, the automorphism group
of Newtonian spacetime is a subgroup of that of Minkowski spacetime, whereas
in our work it is not. This contradiction is only apparent; it arises because the
metric approach gives more rigid models of these spacetimes (it fixes the units of
measurements) while our Tarskian approach gives unit-free models: certain scalings.
intuitively corresponding to changing the units of measurement, are automorphisms
of the spacetimes considered by us but not those of [4].

Adding units to our own geometries can be achieved by defining additional relations
telling us how to identify when a length is ‘one unit’ long, and using these to extend
our existing constructions. We define the binary relations u of Euclidean unit. u, of
relativistic unit, us of spatial unit, and ut of temporal unit on F? as

pug < d*(p.g) =1
pung < di(p.g)=1
pusqg <= pug A pSq.

def

f)uTé < |p17q1\:1.

Now we expand our spacetimes and Euclidean geometry by adding in the appropriate

units:
EuclUn = (Eucl, u),
MinkUn = (Mink, u,).
GalUn = (Gal. us. ut).
NewtUn = (Newt, us. ut).
LClassUn = (LClass. us. uT).

Results similar to those given above for unit-free geometries can be derived using
our approach. For example, it can be proven that the affine automorphisms of both
NewtUn and LClassUn are the Euclidean isometries that respect Rest, from which
it follows that Conc NewtUn = Conc LClassUn (ensuring agreement with Barrett),
while Conc Newt C Conc LClass . Likewise the affine automorphisms of &uclUn are
the Euclidean isometries, and the affine automorphisms of Mink Un are the Poincaré
transformations. These results are summarised in Figure 5.

§9. Concluding remarks. We have introduced FFD coordinate geometries over
fields and ordered fields, and have shown that the definable relations (concepts) of
an FFD coordinate geometry are exactly those relations that are closed under the
automorphisms of the geometry and are definable over the (ordered) field; moreover
they are exactly the relations closed under the affine automorphism and are definable
over the (ordered) field. These results of §4, and in particular Corollary 4.6, yield
a simple but powerful strategy for comparing the conceptual content of different
geometries: If we wish to compare the sets of concepts of FFD coordinate geometries
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Conc LClassUn = Conc NewtUn

Conc EuclUn Conc MinkUn

4 4
.2 ConcGalUn e P
it ,° e .

4
Conc LClass ~ .* .’ e

4
Conc Newt L’
,/
4

P Conc &ucl ConcRel = Conc Mink

Conc g,al //

Conc O Aff

Figure 5. Extension of Figure 3 to include historically significant geometries in which units are
defined.

over the same field and of the same dimension, it is enough to compare their affine
automorphism groups.

This insight is strongly connected to the famous Erlangen program of Felix Klein’s
because it directly states that to understand the concepts of these geometries it is
enough to understand their affine automorphisms. In line with this observation, we
have shown the connection between the concept-sets of Galilean, Newtonian, Late
Classical, Relativistic and Minkowski spacetimes and ordered affine and Euclidean
geometries illustrated by Figures 3 and 4.

9.1. Open questions.
QUESTION 1. Do the results of §4 hold for all field-definable coordinate geometries?

The concept-sets of field-definable coordinate geometries form a complete lattice
under C. This is so because complete semilattices are complete lattices; and it is a
complete join-semilattice where the supremum of any subset is the geometry obtained
by taking all of the associated relations simultaneously.

QUESTION 2. Do the concept-sets of FFD coordinate geometries over § form a lattice
under C?

A positive answer to Question 2 could be obtained by answering Question 3
positively.

QUESTION 3. Let Gy and G, be two FFD coordinate geometries over §. Is there an FFD
coordinate geometry G such that ConcG 1 N Conc G, = Conc G 3?
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QUESTION 4. The status of OAff. By Theorem 7.4, we know that LClass is the concep-
tually smallest geometry that contains Conc Gal U ConcRel, Conc &ucl U ConcGal or
Conc &ucl U Conc Rel . What about if we take the intersections of incomparable geometric
concept sets do we always obtain Conc OAff", or can we find concepts showing this not
to be the case? For example, is there a common concept of Newtonian spacetime and
Relativistic spacetime which is not a concept of ordered affine geometry? In all, we have
five related questions of this kind.:

(i) Is Conc OAff a proper subset of Conc Newt N Conc Rel?
(ii) Is Conc OAff a proper subset of Conc Gal N Conc Rel?
(iii) Is Conc OAff a proper subset of Conc Eucl N Conc Gal?
(iv) Is Conc OAff a proper subset of Conc Eucl N Conc Newt ?
(v) Is Conc OAff a proper subset of Conc Eucl N ConcRel?

Notice that, because Conc Gal C Conc Newt , problems (i) and (ii) are not independent,
and similarly for problems (iii) and (iv).
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