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Abstract

A novel problem of packing soft convex 3D polyhedral objects in an optimized convex container is introduced.
Soft objects can change their shapes within certain limits to better fit into the container, while preserving their
volumes. Adjusted non-overlapping and containment conditions considering shape changes of soft objects are
presented. Novel geometric tools are constructed to state explicitly these packing constraints, using the phi-function
technique. The corresponding large-scale nonlinear nonconvex mathematical programming problem is introduced.
To cope with high dimensionality a decomposition-based multistart heuristic is proposed. Numerical results are
presented for packing soft tetrahedra and dodecahedra in minimum-volume cuboidal, spherical and cylindrical
containers for different deformation parameters of objects. Based on real petrophysical data, a case study of digital
core design is reported. The proposed approach is used for modeling porosity and particles shapes changes under
external pressure. It is demonstrated that structural characteristics of the digital and natural cores are very similar.

Keywords: 3D packing; soft polyhedra; phi-function technique; mathematical modeling; nonlinear optimization;
decomposition-based heuristic

1. Introduction

Optimized packing problems aim at allocating geometric objects completely within one or several con-
tainers without overlap, while minimizing either a metric characteristic (such as size, area, or volume)
of the container or the number of containers used (see, e.g.,Wäscher et al. (2007); Oliveira et al. (2023);
Chen et al. (2025); Hadj Salem et al. (2023)). In these settings, the shape of the container may be adjusted
within certain limits, while the shapes of the objects are typically assumed to be fixed. Packing problems
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of this type arise in logistics (Du et al. (2024)), 3D printing (Kim et al. (2024)), project management
(Zhang (2004); Fasano (2014)), thermal deburring, space engineering (Fasano and Pintér (2016)), and
raw material cutting (Fischer and Scheithauer (2015)), to mention only a few. In some variants, such as in
the construction of convex hulls of geometric objects (Kallrath et al. (2021)), the shape of the container
is not predefined and is determined through optimization. Packing problems for fixed-shape geometric
objects are formulated and solved for various classes of regular (see, e.g., Scheithauer (2018); Romanova
et al. (2020)) and irregular (see, e.g., Fasano (2014); Araújo et al. (2018); Leao et al. (2020); Chehrazad
et al. (2025); Alvarez-Valdés et al. (2025)) 2D&3D shapes.

However, practical applications require arranging objects that can change their shapes to better fit
the container. Typically, it is assumed that the volumes of objects remain constant under such shape
changes. Depending on the application, these objects are referred to as compressible (Moghaddam and
Baaj (2018)), deformable (Zuo et al. (2022); Coutinho et al. (2023)), elastic (Ma et al. (2023)), or soft
(Murata and Kuh (1998)) objects. In the following, we use the term “soft objects”.

Packing problems involving soft objects arise in floor planning (Ji et al. (2017)), logistics (Coutinho
et al. (2023)), mechanics (Yuan et al. (2019)), biology (Jiang et al. (2019)), material science (Chen et al.
(2021); Gou et al. (2020)), and nanotechnology (Winkelmann and Chan (2023)). The use of triangles or
tetrahedra for mesh generation in finite element analysis can also be interpreted as a packing problem
for soft objects (see, e.g., Lewis and Robinson (1978); Radovitzky and Ortiz (2000); Alliez et al. (2005);
Conway and Torquato (2006)). In project management models (Hartmann (2000); Fasano (2014)), soft
objects represent projects with fixed total resource consumption but flexible time schedules.

In the 2D case, various mathematical models and solution techniques are known for optimized pack-
ing of soft rectangles (see, e.g., Melashenko et al. (2025) and references therein), ellipses (Romanova
et al. (2023)), and convex polygons (Bennell et al. (2024); Litvinchev et al. (2024b)). In the 3D case,
a comprehensive study of packing soft spheres in a cylinder is presented in Winkelmann and Chan
(2023), with applications to nanotechnology. The discrete element method combined with simulation
approaches is typically used for packing basic 3D objects such as tetrahedra and cuboids (see, e.g., Zhao
et al. (2020a,b); Qian and Li (2024) and references therein). To the best of our knowledge, packing soft
convex 3D polyhedra has not been considered previously.

Our interest in packing soft 3D polyhedra is motivated by digital core reconstruction (see, e.g., Zhang
et al. (2021); Ponomarev et al. (2022) and references therein). A core (a cylindrical rock sample extracted
from subterranean formations) is originally located under relatively stable conditions, subject to high
underground temperature and pressure. After extraction, the core is exposed to altered environmental
conditions and gradually loses its original physical and chemical properties.

Core digitalization is a widely used method to address these issues, since core information can be
reused without loss of microstructural properties, thereby reducing experimental costs. Digital cores aim
to describe the microstructure of cores at the particle level and provide an effective way of analyzing
pore structures and related properties in rock physics and petroleum science.

In mathematical models of digital cores, it is necessary to consider the effects of stress on particle
shapes as well as particle size distributions. In contrast to the discrete element approach frequently used
to address these issues (see, e.g., Wang et al. (2024) and references therein), we use an optimized packing
model.

In this paper, packing of freely translated and rotated soft convex polyhedra in an optimized con-
vex container is considered. Non-overlapping and containment conditions are formulated using the phi-



function approach (see, e.g., Chernov et al. (2010)). A special class of shape transformations, called
“deformation”, is introduced to represent shape changes under pressure. This transformation preserves
the volume and convexity of a soft polyhedron.

The optimized packing problem is formulated as a nonlinear, nonconvex mathematical programming
problem. Due to pairwise non-overlapping constraints, the number of variables and constraints grows
quadratically with the number of objects (particles). A multistart decomposition-based heuristic is pro-
posed to obtain efficient approximate solutions for large-scale problem instances. This approach is ap-
plied to modeling the granular structure and porosity of natural cores. Deformation of particle shapes
enables the representation of granular matter behavior under external pressure.

The main contributions of this paper are as follows:

• A novel problem of packing freely translated and rotated soft convex 3D polyhedra in an optimized
convex container is introduced.

• New non-overlapping, containment, and volume-preserving conditions are presented, considering
shape changes of the objects.

• A corresponding nonlinear mathematical programming model is formulated.
• A decomposition-based heuristic is proposed to obtain efficient solutions for large-scale nonconvex

optimization problems.
• Numerical experiments are provided to demonstrate the efficiency of the proposed approach.
• A case study of digital core design is presented, showing good agreement between experimental and

modeling results.

The rest of the paper is organized as follows. Section 2 provides the basic mathematical construc-
tions using the phi-function technique extended to soft polyhedra. The main nonlinear mathematical
programming model for optimized packing of soft convex polyhedra is formulated. A decomposition-
based multistart solution algorithm is stated in Section 3. Results of numerical experiments are presented
in Section 4. A case study on digital core reconstruction in the oil industry is reported and discussed in
Section 5, while Section 6 concludes the paper. Basic definitions related to the phi-function technique
are summarized in Appendix A, while Appendix B provides a table of notations used in the paper.

2. Basic constructions and a mathematical model

Let Pi, i ∈ In = {1, 2, ..., n} be a set of convex polyhedra (objects). Each polyhedron Pi is defined
as the convex hull of a collection of its vertices X̃k

i = (x̃ki , ỹ
k
i , z̃

k
i ), k ∈ Ji = {1, 2, ...,mi}, i ∈ In.

Denote by Ω(L) ⊂ R3 a convex bounded region (container) defined by a vector of its variable metric
characteristics L ∈ Rσ, σ – is the number of variable metric characteristics of Ω.

Each polyhedron Pi can be rotated by angles θ1i , θ
2
i , θ

3
i and translated by a 3D vector vi. The

polyhedron can also be deformed along the axes Ox,Oy,Oz with bounded deformation parameters
(µxi , µ

y
i , µ

z
i ), µ

−
x ≤ µxi ≤ µ+x , µ

−
y ≤ µyi ≤ µ+y , µ

−
z ≤ µzi ≤ µ+z respectively. Here, low and upper

bounds for deformation parameters are known non-negative constants. The corresponding transformed
polyhedron is presented as

Pi(ui, µi) = {p ∈ R3 : p = vi +M(θi) ·A(µi) · p0T , ∀p0 ∈ P 0
i },



where ui = (vi, θi), vi = (xi, yi, zi), θi = (θ1i , θ
2
i , θ

3
i ), µi = (µxi , µ

y
i , µ

z
i ).

Here P 0
i denotes the original non-translated, non-rotated and non-deformed polyhedron (xi = 0, yi =

0, zi = 0, θ1i = θ2i = θ3i = 0, µxi = µyi = µzi = 1),

A(µi) =

⎛⎝ µxi 0 0
0 µyi 0
0 0 µzi

⎞⎠ is the deformation matrix,

M(θi) =

⎛⎝ M11 M12 M13

M21 M22 M23

M31 M32 M33

⎞⎠ is the rotation matrix,

M11 = cos θ2 cos θ3,M12 = cos θ3 sin θ1 sin θ2 − cos θ1 sin θ3,

M13 = sin θ1 sin θ3 + cos θ1 cos θ3 sin θ2,M21 = cos θ2 sin θ3,

M22 = cos θ1cosθ3 + sin θ1 sin θ2 sin θ3,M23 = cos θ1 sin θ2 sin θ3 − cos θ3 sin θ1,

M31 = − sin θ2,M32 = cos θ2 sin θ1,M33 = cos θ1 cos θ2.

Comment 1. Generally, a matrix product is not commutative, i.e., M(θi) · A(µi) ̸= A(µi) ·M(θi).
In the definition of the transformed polyhedron Pi(ui, µi) above, deformation along principal axes is
applied first, and then rotation is used. In this case the shape of the transformed polyhedron is similar
to that of the original object. For example, if the original object P 0

i is a cuboid (a rectangle in 2D),
it will remain a cuboid (a rectangle) after the transformation M(θi) · A(µi). However, if rotation is
applied first, and then deformation is used, the shape of the transformed object can be different after the
transformation A(µi) ·M(θi). For example, if the original object is a square, the transformed object may
have a rhomboid shape.

Each vertex X̃k
i = (x̃ki , ỹ

k
i , z̃

k
i ) after rotating, translating and deforming the original polyhedron P 0

i is
denoted as Xk

i = (xki , y
k
i , z

k
i ) ∈ R3, were

xki = (M11x̃
k
i +M12ỹ

k
i +M13z̃

k
i ) · µxi + xi,

yki = (M21x̃
k
i +M22ỹ

k
i +M23z̃

k
i ) · µ

y
i + yi,

zki = (M31x̃
k
i +M32ỹ

k
i +M33z̃

k
i ) · µzi + zi.

⎫⎬⎭ (1)

Proposition 1. If

µxi · µ
y
i · µ

z
i = 1, (2)

then the deformation transformation A(µi) preserves the volume and convexity of the polyhedron
Pi(ui, µi).

Demonstration. Let T be a square nonsingular m ×m matrix with detT ̸= 0, while A be an q ×m
matrix, and b ∈ Rq. Denote Sx = {x ∈ Rm : Ax ≤ b} and assume that Sx is a bounded set in Rm.
Consider a linear transformation of variables x = Ty and denote Sy = {y ∈ Rm : ATy ≤ b}. Since T
is nonsingular, then Sy is also bounded. Using the formula for change in variables in multiple integral
(see, e.g., Schwartz (1954)), we have∫︂

Sx

dx = |detT |
∫︂
Sy

dy.



For n = 3 we have the following correspondence between volumes of the Sx, Sy: vol(Sx) = |detT | ·
vol(Sy). In the case of deforming transformation, we have T = diag{µxi , µ

y
i , µ

z
i } and detT = µxi ×µ

y
i ×

µzi . Correspondingly, if µxi ×µ
y
i ×µzi = 1, then a polyhedral object P 0

i does not change its volume under
the deformation. Also, if the convex polyhedral object P 0

i is defined by a system of linear inequalities
Sx, then the deformed object Pi(ui, µi) is defined by the linear system Sy and thus is convex.

In what follows we will assume that deformation parameters fulfill the condition µxi · µ
y
i · µzi = 1.

Figure 1 shows examples of the shape transformations of a soft regular dodecahedron Pi(ui, µi) for
different deformation parameters µxi , µ

y
i , µ

z
i under the volume preservation.

(a) (b) (c)

(d) (e)

Fig. 1. Shapes of a soft polyhedron under its volume preservation for different deformation parameters:
(a) µx

i = 1, µy
i = 1, µz

i = 1; (b) µx
i = 0.64, µy

i = 1.25, µz
i = 1.25; (c) µx

i = 1.44, µy
i = 0.83, µz

i = 0.83;
(d) µx

i = 2.25, µy
i = 0.67, µz

i = 0.67; (e) µx
i = 3.0625, µy

i = 0.57, µz
i = 0.57

A packing problem for soft polyhedra with variable deformation parameters is considered in the fol-
lowing form:

Find deformation parameters and a placement of soft polyhedra Pi(ui, µi), i ∈ In, in a minimum-
volume convex container Ω(L) under the following conditions:

• polyhedra do not overlap, but can be tangent (non-overlapping condition);
• polyhedra are placed completely inside the container (containment condition);
• polyhedra remains convex under deformation (convexity preservation);
• polyhedra do not change their volumes under deformation (volume preservation).

The non-overlapping condition, intPi(ui, µi)
⋂︁
intPj(uj , µj) = ∅, can be defined using the concept

of quasi-phi-function (see Stoyan et al. (2016) and Appendix A for basic definitions).
Comparing to quasi-phi-functions for rigid polyhedra (Romanova et al. (2018)), the quasi-phi-function

for soft polyhedra Pi and Pj used in this paper depends not only on their variable motion vectors ui,
uj and separated plane coefficients τij , but also on their variable vectors µi and µj of deformation
parameters, fulfilling constraint (2).

Let H(τij) = {(x, y, z) : αij ·x+βij · y+ γij · z+ δij ≥ 0} be a half space with variable parameters
τij = (θxij , θ

y
ij , δij) ∈ R3, αij = sin θyij , βij = − sin θxij · cos θ

y
ij , γij = cos θxij · cos θ

y
ij .



A quasi-phi-function for soft polyhedra Pi(ui, µi) and Pj(uj , µj) can be defined as follows:

φij(ui, uj , µi, µj , τij) = min{φPiH(ui, µi, τij), φ
PjH∗

(uj , µj , τij)},

where φPiH(ui, µi, τij) = min
1≤k≤mi

(αij · xki + βij · yki + γij · zki + δij) is the normalized phi-function for

Pi(ui, µi) and Hij(τij), while
φPjH∗

(uj , µj , τij) = min
1≤k≤mj

(−αij · xki − βij · yki − γij · zki − δij) is the normalized phi-function for

Pj(uj , µj) and H∗
ij(τij) = R3\Hij(τij).

Note that max
τij

Φij(ui, uj , τij , µi, µj) is a phi-function for soft polyhedra Pi(ui, µi) and Pj(uj , µj).

Hence, by the quasi-phi-function definition, the inequality Φij(ui, uj , µi, µj , τij) ≥ 0 ensures the non-
overlapping of soft polyhedra Pi(ui, µi) and Pj(uj , µj).

The containment condition Pi(ui, µi) ⊂ Ω(L) ⇔ intPi(ui, µi)
⋂︁

Ω∗(L) = ∅, Ω∗(L) =
R3\intΩ(L), can be described as ψi(ui, µi, L) ≥ 0.

Here ψi(ui, µi, L) is a phi-function of the soft polyhedron Pi(ui, µi) and the object Ω∗(L) (see Cher-
nov et al. (2010) and Appendix A for basic definitions).

In comparison with the phi-function for a rigid polyhedron and the complement to a container (Ro-
manova et al. (2018)), the phi-function for a soft polyhedron Pi and the object Ω∗ depends not only on
variable motion vector ui of polyhedron Pi but also on its variable vector µi of deformation parameters,
fulfilling constraint (2).

The coordinates of the vertices of the soft polyhedron are defined by formulas (1). Since all soft
polyhedral objects and the container are convex, the containment condition in fact states that all vertices
of the polyhedral objects are in the container. The expression of ψi(ui, µi, L) depends on the shape of
the container. In this paper we focus on three types of containers: a cuboid, a sphere and a cylinder.

If Ω(L = (a, b, c)) is a cuboid, Ω = {(x, y, z) : 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ c}, then

ψi(ui, µi, a, b, c) = min
t=1,...,6

ψit(ui, µi, a, b, c),

where

ψi1(ui, µi, a, b, c) = xki , ψi2(ui, µi, a, b, c) = −xki + a,

ψi3(ui, µi, a, b, c) = yki , ψi4(ui, µi, a, b, c) = −yki + b,

ψi5(ui, µi, a, b, c) = zki , ψi6(ui, µi, a, b, c) = −zki + c.

If Ω(L = r) is a sphere, Ω =
{︁
(x, y, z) : −x2 − y2 − z2 + r2 ≥ 0

}︁
, then

ψi(ui, µi, r) = min
k∈Ji

(r2 − (xki )
2 − (yki )

2 − (zki )
2).

If Ω(L = (r, h)) is a cylinder, Ω =
{︁
(x, y, z) : −x2 − y2 + r2 ≥ 0, 0 ≤ z ≤ h

}︁
, then

ψi(ui, µi, r, h) = min{min
k∈Ji

(r2 − (xki )
2 − (yki )

2),min
k∈Ji

zki ,min
k∈Ji

(−zki + h)},

where xki , y
k
i , z

k
i are defined in (1).



A mathematical model for packing soft polyhedra can be represented as a nonlinear programming
problem as follows:

min
u,τ,µ,L

κ(L) (3)

subject to

φij(ui, uj , µi, µj , τij) ≥ 0, (i, j) ∈ Λ, (4)

ψi(ui, µi, L) ≥ 0, i ∈ In, (5)

µxi · µ
y
i · µ

z
i = 1, i ∈ In, (6)

µ−x ≤ µxi ≤ µ+x , µ
−
y ≤ µyi ≤ µ+y , µ

−
z ≤ µzi ≤ µ+z , i ∈ In, (7)

where

u = (ui, i ∈ In), ui = (vi, θi), vi = (xi, yi, zi), θi = (θ1i , θ
2
i , θ

3
i ), τ = (τij , (i, j) ∈ Λ),

τij = (ϕij , γij),Λ = {(i, j) ∈ In × In : i < j}, µi = (µxi , µ
y
i , µ

z
i ), µ = (µi, i ∈ In).

The objective function κ(L) characterizes the volume of the container and depends on its shape. For
example, κ(L = r) = r for a spherical container, κ(L = (r, h)) = r2 · h for a cylindrical container,
κ(L = (a, b, c)) = a · b · c for a cuboidal container.

The problem (3)–(7) is a large-scale nonlinear nonconvex mathematical programming problem having
O(n2) variables and constraints. It can be solved efficiently only for a relatively small number n of
objects (see Section 3 for details).

In the next section a heuristic decomposition-based solution approach is proposed aimed at reducing
the number of nonlinear non-overlapping constraints handled in each iteration.

3. A solution approach

To solve the problem (3)–(7), a multistart strategy is used, which includes three main stages. At the first
stage, a set of feasible starting points is formed (see Algorithm 1 below). The second stage implements
the search for local minima of the problem (3)–(7) for each starting point obtained at the first stage, using
a decomposition approach (see Algorithm 2 below). At the third stage, the best solution obtained at the
second stage is selected. This result is considered as a solution to the problem (3)–(7).

Algorithm 1. Constructing feasible starting points for packing 3D soft objects.
We define a circumscribed sphere Si(vi) of radius ri for each original polyhedron Pi(ui), i ∈ In. The

key idea of the algorithm is based on homothetic transformations of spheres circumscribed around the
original polyhedra. These scaling spheres grow inside a unit container as much as possible and then are
scaled to original sizes providing a configuration of polyhedra feasible to problem (3)–(7).

Step 1. Generate a set of random points v′i = (x′i, y
′
i, z

′
i), i ∈ In, within a “unit” container Ω′ (for

example, a sphere of radius r′ = 1; a cuboid of dimensions a′ = 1, b′ = 1, c′ = 1; a cylinder of
dimensions r′ = 1, h′ = 1. Define a vector v′ = (v′1, ... , v

′
n).



Step 2. Grow the spheres λSi(vi), i ∈ In within the “unit” container Ω′ centered at (0, 0, 0), solving
the following nonlinear programming problem:

max
v,λ

λ (8)

subject to

ωij(vi, vj , λ) ≥ 0, (i, j) ∈ Λ = {(i, j) ∈ In × In : i < j}, (9)

ωi(vi, λ) ≥ 0, i ∈ In, (10)

0 ≤ λ ≤ 1, (11)

starting from the point (v′, λ′ = 0).
In problem (8)–(11), the variable λ is a scaling parameter of each sphere Si, i ∈ In, ωij(vi, vj , λ) is

the phi-function of λSi(vi) and λSj(vj) for (i, j) ∈ Λ, while ωi(vi, λ) is the phi-function of the objects
λSi(vi) and Ω̄′ = R3\intS′ for i ∈ In.

Note that inequalities (9) and (10) provide the conditions of non-overlapping and containment for the
scaling spheres λSi(vi), i ∈ In, considering the constraint (11).

Denote a (local) solution to the problem (8)–(11) by (v′′, λ′′).
Step 3. Set L(0) = 1

λ′′ , x
(0)
i = x′′

i

λ′′ , y
(0)
i = y′′

i

λ′′ , z
(0)
i = z′′

i

λ′′ .
Step 4. Define vector u(0) = (u

(0)
1 , ..., u

(0)
n ),

where u(0) = (v(0), θ(0)), θ(0) = (θ
(0)
1 , ..., θ

(0)
n ) is a vector of randomly chosen rotation angles θ(0)i =

(θ
1(0)
i , θ

2(0)
i , θ

3(0)
i ), θ1(0)i ∈ [0, 2π), θ2(0)i ∈ [0, 2π), θ3(0)i ∈ [0, 2π), i ∈ In, τ (0) = (τ

(0)
ij , (i, j) ∈ Λ),

τ
(0)
ij is a vector of parameters of a separating plane for a pair of spheres Si(v

(0)
i ) and Sj(v

(0)
j ), (i, j) ∈ Λ.

The point (u(0), τ (0), r(0)) is used as a feasible starting point to solve the problem (3)–(7).
Figure 2 illustrates principal steps of Algorithm 1 for the problem (8)–(11). Cases (a)-(e) correspond

to Step 2 for different values of the scaling parameter λ: (a) λ = 0.01, (b) λ = 0.03, (c) λ = 0.05, (d)
λ = 0.1, (e) λ∗ = 0.1329, while cases (f)-(g) correspond to Step 3 and Step 4 of the Algorithm 1.

Thus, Algorithm 1 provides feasible starting points to the problem (3)–(7).
To search for local extrema of the problem (3)–(7), a decomposition technique is used. This approach

reduces a large-scale problem (3)–(7) to a sequence of nonlinear programming problems of much lower
dimension based on the idea proposed in (Romanova et al. (2020)) for fixed-shape objects.

Algorithm 2. Decomposition algorithm for 3D soft objects.
Our decomposition algorithm is an iterative procedure and involves the following steps.
Let (u(0), τ (0), µ(0)), u(0) = (v(0), θ(0)), τ (0) be found by Algorithm 1 for X(0) and Ω0.
Step 1. Set iteration number t = 0.
Step 2. Fix parameters u(t)i = (v

(t)
i , θ

(t)
i ), i ∈ In.

Step 3. Construct a cubeB(t)
i with side 2(ri+δ) and centered at the point v(t)i , i ∈ In, δ = µ+ ·max

i∈In
ri,

where ri is the radius of the sphere Si(vi) circumscribed around the original polyhedron Pi(ui).
Step 4. Fix B(t)

i , i ∈ In.



(a) (b) (c) (d) (e)

(f) (g)

Fig. 2. Illustration of principal steps of the Algorithm 1.

Step 5. Set t = t+ 1. Define a system of linear inequalities

xi − x
(t−1)
i + δ ≥ 0, x

(t−1)
i − xi + δ ≥ 0, yi − y

(t−1)
i + δ ≥ 0, y

(t−1)
i − yi + δ ≥ 0,

zi − z
(t−1)
i + δ ≥ 0, z

(t−1)
i − zi + δ ≥ 0,

denoted by f (t)(vi) ≥ 0, i ∈ In.
Step 6. Solve the following nonlinear programming problem:

min
u,τ,µ

κ (12)

subject to

φij(ui, uj , µi, µj , τij) ≥ 0, (i, j) ∈ Λ(t), (13)

ψi(ui, µi) ≥ 0, i ∈ In, (14)

f (t)(vi) ≥ 0, i ∈ In, (15)

µxi · µ
y
i · µ

z
i = 1, i ∈ In, (16)

µ−x ≤ µxi ≤ µ+x , µ
−
y ≤ µyi ≤ µ+y , µ

−
z ≤ µzi ≤ µ+z , i ∈ In, (17)

where Λ(t) = {(i, j) : B(t−1)
i ∩B(t−1)

j ̸= ∅, i ∈ In, j ∈ In, i < j}.
Step 7. If

⃓⃓
κ(t) − κ(t−1)

⃓⃓
≤ ε, then stop Algorithm 2, otherwise go to step 8.

Step 8. Take the point of the local minimum of the problem (12)–(16) as a feasible starting point and
go to Step 2.

Instead of all pairs of polyhedra considered in non-overlapping constraints (4), Algorithm 2 typically
involves much fewer pairs since for each polyhedron only its “δ-neighbors” must be analysed. Parameter



δ controls a balance between dimensions of subproblems (12)–(17) and the number of subproblems (12)–
(17) to solve. The decomposition Algorithm 2 reduces the large-scale problem (3)–(7) to a sequence of
subproblems (12)–(17) with a considerably smaller number of variables and constraints.

Figure 3(a) presents a feasible starting point found by Algorithm 1. Figures 3(b)-3(d) correspond to
local minima of the problem (12)–(17) obtained at iterations t = 1, 2, 3. Figure 3 illustrates three itera-
tions t = 1, 2, 3 of solving the problem (12)–(17) in step 6 of Algorithm 2. In this example, Algorithm 2
terminates at the third iteration (Step 7).

(a) (b) (c) (d)

Fig. 3. Three iterations of the decomposition algorithm at Step 6.

4. Computational experiments

This section presents experimental results for packing soft polyhedra. The choice of regular polyhedra (as
original shapes) for experimentations is motivated by their frequent use in modelling various processes in
natural sciences (see, e.g., Zhao et al. (2015); Xie et al. (2017); Zhao et al. (2020a,b); Guo et al. (2023);
Dahle et al. (2023); Januszewski and Zielonka (2024); Lu et al. (2025)). Three types of containers are
considered: cuboid Ω(L = (a, b, c)), sphere Ω(L = (r)) and cylinder Ω(L = (r, h)). In each problem
instance, three feasible starting points are used. In Tables 1–6 below, V ∗ denotes the volume of the

optimized container, f∗ = (
n∑︁

i=1
Vi)/V

∗ is the container filling factor, where V ∗(sphere) = 4
3π(r

∗)3,

V ∗(cuboid) = a∗b∗c∗, V ∗(cylinder) = πh∗(r∗)2.
Denote the radius of a sphere circumscribed around a regular polyhedron as r(i). Then the volume Vi

of a regular tetrahedron with the edge-length a(i) = 2r(i)
√︂

2
3 is expressed as V (i) =

√
2(a(i))3

12 (r(i) = 3),

while the volume of a regular dodecahedron with the edge-length a(i) = 4r(i)

(1+
√
5)

√
3

is derived by V (i) =

(15+7
√
5)

4 (a(i))3 (r(i) = 2) (see, e.g., Bronshtein et al. (2015)). Since in our model volumes of objects
remain constant under shape transformations, these expressions define also volumes of the transformed
objects.

Note, that though the bounds µ−, µ+ for the deformation parameters are just the same for all ob-
jects, optimal values of deformation parameters µxi , µ

y
i , µ

z
i , i ∈ In are object-dependent. We consider

two groups of instances both for tetrahedra and dodecahedra. In the first group of instances we set the
tetrahedron variable deformation parameters µxi = µ̄i, µ

y
i = 1/µ̄i, µ

z
i = 1, for i ∈ In (see Table 1 for



µ− ≤ µ̄i ≤ µ+ ) and the dodecahedron variable deformation parameters µxi = µ̄2i , µ
y
i = 1/µ̄i, µ

z
i =

1/µ̄i, µ− ≤ µ̄i ≤ µ+ for i ∈ In (see Table 3 for µ− ≤ µ̄i ≤ µ+ ). In both cases, a specific relationship
between the parameters ensures that their product equals unity. Thus, constraint (6) for parameters can
be relaxed since it is fulfilled automatically. Moreover, optimization over three deformation parameters
is reduced to optimizing only one parameter µ̄i for each object. This choice of parameters is moti-
vated by typical deformation of objects under vertical pressure: changes in height are recompensed by
changes in width/length and vice versa. In the second group of instances we set µxi , µ

y
i , µ

z
i ∈ R+, i ∈ In

and the constraint (6) must be handled explicitly. Comparing with the first group of instances, the run-
times in the second group are typically 1.5–2 times higher (see Tables 1-4 below). Optimized values of
(µxi )

∗, (µyi )
∗, (µzi )

∗, i ∈ In for all problem instances are available from the authors upon request.
A computer with a processor 12th Gen Intel(R) Core(TM) i5-12500 3.00 GHz, RAM 32.0 Gb is

used for computational experiments. Programming language Python 3.12 is implemented for modeling,
while the nonlinear optimization solver IPOPT (Wachter and Biegler (2006)) is used to solve arising
optimization problems.

Results reported below were obtained by decomposition Algorithm 2 using starting points generated
by Algorithm 1. In all problem instances, we use ε = 0.005 in the stopping criterion at step 7 of Algo-
rithm 2.

The inputs and outputs to the soft packing problem for tetrahedra with µ− ≤ µ̄i ≤ µ+ for i ∈ In are
provided in Table 1 and with µxi , µ

y
i , µ

z
i ∈ R+ for i ∈ In are provided in Table 2 for each of containers,

respectively.

Table 1
Optimized packing n soft tetrahedra with µ− ≤ µ̄i ≤ µ+ for i ∈ In

n µ− ≤ µ̄i ≤ µ+ L V ∗ f∗ runtime (sec)

Tetrahedra in a cuboid
10 1 ≤ µ̄i ≤ 2 (a∗, b∗, c∗) = (7.02, 5.65, 7.0) 277.54 0.5 6.0
20 0.5 ≤ µ̄i ≤ 2 (a∗, b∗, c∗) = (8.44, 8.44, 7.4) 527.2 0.53 50.69
30 0.5 ≤ µ̄i ≤ 2.5 (a∗, b∗, c∗) = (8.96, 8.96, 8.79) 704.84 0.59 108.71
40 1.5 ≤ µ̄i ≤ 2.5 (a∗, b∗, c∗) = (10.06, 9.2, 11.16) 1032.65 0.54 229.43

Tetrahedra in a sphere
10 1 ≤ µ̄i ≤ 2 r∗ = 4.33 340.58 0.41 13.18
20 0.5 ≤ µ̄i ≤ 2 r∗ =4.9 492.38 0.563 16.98
30 0.5 ≤ µ̄i ≤ 1.5 r∗ =5.56 718.24 0.579 105.83
40 0.5 ≤ µ̄i ≤ 2.5 r∗ =6.11 957.23 0.579 177.78

Tetrahedra in a cylinder
10 1 ≤ µ̄i ≤ 2 (r∗, h∗) = (4.32, 4.32) 254.16 0.545 4.14
20 0.5 ≤ µ̄i ≤ 2 (r∗, h∗) = (4.3, 8.6) 499.28 0.555 36.35
30 0.5 ≤ µ̄i ≤ 1.5 (r∗, h∗) = (4.77, 9.55) 683.99 0.61 168.19
40 0.5 ≤ µ̄i ≤ 1.5 (r∗, h∗) = (5.3, 10.61) 937.47 0.591 239.12

Packing n soft tetrahedra with µ− ≤ µ̄i ≤ µ+ for i ∈ In, obtained by the proposed approach for min-



imal cuboidal, spherical and cylindrical containers are presented in Figures 4, 5 and 6 correspondingly.

(a) (b) (c)
Fig. 4. Soft tetrahedra in a cuboid for: (a) n = 20, 0.5 ≤ µ̄i ≤ 2, (b) n = 30, 0.5 ≤ µ̄i ≤ 2.5 and (c) n = 40,

1.5 ≤ µ̄i ≤ 2.5.

(a) (b) (c)
Fig. 5. Soft tetrahedra in a sphere for: (a) n = 20, 0.5 ≤ µ̄i ≤ 2, (b) n = 30, 0.5 ≤ µ̄i ≤ 1.5 and (c) n = 40,

0.5 ≤ µ̄i ≤ 2.5.

(a) (b) (c)
Fig. 6. Soft tetrahedra in a cylinder for: (a) n = 20, 0.5 ≤ µ̄i ≤ 2, (b) n = 30, 0.5 ≤ µ̄i ≤ 1.5, (c) n = 40, 0.5 ≤ µ̄i ≤ 1.5.

Packing n soft tetrahedra with µxi , µ
y
i , µ

z
i ∈ R+ for i ∈ In, obtained by the proposed approach for

minimal cuboidal, spherical and cylindrical containers are presented in Figures 7, 8 and 9 correspond-
ingly.

The inputs and outputs for soft packing of dodecahedra with µ− ≤ µ̄i ≤ µ+ for i ∈ In are provided
in Table 3 and with µxi , µ

y
i , µ

z
i ∈ R+ are provided in Table 4 for each of containers, respectively.



Table 2
Optimized packing n soft tetrahedra with µx

i , µ
y
i , µ

z
i ∈ R+ for i ∈ In

n L V ∗ f∗ runtime (sec)

Tetrahedra in a cuboid
10 (a∗, b∗, c∗) = (6.07, 6.07, 6.07) 224.03 0.61 4.80
20 (a∗, b∗, c∗) = (7.53, 7.53, 7.53) 426.70 0.65 25.87
30 (a∗, b∗, c∗) = (8.61, 8.61, 8.61) 639.65 0.65 154.85
40 (a∗, b∗, c∗) = (9.38, 9.38, 9.38) 826.16 0.67 479.71

Tetrahedra in a sphere
10 r∗ = 4.33 349.00 0.40 3.52
20 r∗ = 4.94 501.78 0.55 19.16
30 r∗ = 5.48 689.13 0.60 106.10
40 r∗ = 5.91 865.60 0.64 373.90

Tetrahedra in a cylinder
10 (r∗, h∗) = (4.0, 5.032) 252.93 0.548 8.80
20 (r∗, h∗) = (4.0, 9.65) 485.34 0.57 45.45
30 (r∗, h∗) = (5.45, 7.09) 662.00 0.63 205.14
40 (r∗, h∗) = (5.9, 7.66) 838.16 0.66 481.16

(a) (b) (c)
Fig. 7. Soft tetrahedra in a cuboid for: (a) n = 20, (b) n = 30 and (c) n = 40.

(a) (b) (c)
Fig. 8. Soft tetrahedra in a sphere for: (a) n = 20, (b) n = 30 and (c) n = 40.



(a) (b) (c)
Fig. 9. Soft tetrahedra in a cylinder for: (a) n = 20, (b) n = 30, (c) n = 40.

Table 3
Optimized packing n soft dodecahedra with µ− ≤ µ̄i ≤ µ+ for i ∈ In

n µ− ≤ µ̄i ≤ µ+ L V ∗ f∗ runtime (sec)

Dodecahedra in a cuboid
10 0.5 ≤ µ̄i ≤ 1.5 (a∗, b∗, c∗) = (7.69, 8.31, 7.08) 452.62 0.49 84.18
20 0.5 ≤ µ̄i ≤ 2 (a∗, b∗, c∗) = (9.52, 9.22, 9.81) 862.65 0.52 250.45
30 0.5 ≤ µ̄i ≤ 2.5 (a∗, b∗, c∗) = (11.9, 11.92, 11.88) 1229.9 0.54 860.74
40 0.5 ≤ µ̄i ≤ 2 (a∗, b∗, c∗) = (11.9, 11.92, 11.88) 1685.6 0.53 1173.4

Dodecahedra in a sphere
10 1 ≤ µ̄i ≤ 2 r∗ = 4.68 430.94 0.52 28.8
20 0.5 ≤ µ̄i ≤ 2 r∗ =5.73 789.63 0.56 132.9
30 1.5 ≤ µ̄i ≤ 1.5 r∗ =6.68 1248.4 0.54 529.93
40 0.5 ≤ µ̄i ≤ 2.5 r∗ =7.26 1602.6 0.56 1530.02

Dodecahedra in a cylinder
10 1 ≤ µ̄i ≤ 2 (r∗, h∗) = (4.25, 8.51) 483.71 0.46 68.84
20 0.5 ≤ µ̄i ≤ 2 (r∗, h∗) = (6.63, 6.34) 876.9 0.51 748.05
30 0.5 ≤ µ̄i ≤ 1.5 (r∗, h∗) = (6.62, 8.6) 1185.48 0.56 908.66
40 0.5 ≤ µ̄i ≤ 1.5 (r∗, h∗) = (6.36, 12.72) 1618 0.55 1069.61



Packing n soft dodecahedra with µ− ≤ µ̄i ≤ µ+ for i ∈ In, obtained by the proposed approach
for minimal cuboidal, spherical and cylindrical containers are presented in Figures 10, 11 and 12 corre-
spondingly.

(a) (b) (c)
Fig. 10. Soft dodecahedra in a cuboid for: (a) n = 20, 0.5 ≤ µi ≤ 2; (b) n = 30, 0.5 ≤ µi ≤ 2.5; (c) n = 40,

0.5 ≤ µi ≤ 2.

(a) (b) (c)
Fig. 11. Soft dodecahedra in a sphere for: (a) n = 20, 0.5 ≤ µi ≤ 2; (b) n = 30, 1.5 ≤ µi ≤ 2.5; (c) n = 40,

0.5 ≤ µi ≤ 2.5.

(a) (b) (c)
Fig. 12. Soft dodecahedra in a cylinder for: (a) n = 20, 0.5 ≤ µi ≤ 2; (b) n = 30, 0.5 ≤ µi ≤ 1.5; (c) n = 40,

0.5 ≤ µi ≤ 2.5.



Table 4
Optimized packing n soft dodecahedra with µx

i , µ
y
i , µ

z
i ∈ R+ for i ∈ In

n L V ∗ f∗ runtime (sec)

Dodecahedra in a cuboid
10 (a∗, b∗, c∗) = (7, 41, 7.41, 7.41) 406.46 0.55 80.59
20 (a∗, b∗, c∗) = (9.29, 9.29, 9.29) 802.32 0.56 199.67
30 (a∗, b∗, c∗) = (10.54, 10.54, 10.54) 1170.00 0.57 386.63
40 (a∗, b∗, c∗) = (11.51, 11.51, 11.51) 1526.67 0.58 1036.90

Dodecahedra in a sphere
10 r∗ = 4.58 401.32 0.56 17.21
20 r∗ = 5.66 762.67 0.58 260.98
30 r∗ = 6.48 1136.68 0.59 795.91
40 r∗ = 7.07 1479.38 0.60 1831.35

Dodecahedra in a cylinder
10 (r∗, h∗) = (4.55, 5.92) 385.92 0.577 21.11
20 (r∗, h∗) = (5.68, 7.38) 748.22 0.596 204.90
30 (r∗, h∗) = (6.22, 9.32) 1131.98 0.59 991.02
40 (r∗, h∗) = (6.76, 10.14) 1455.30 0.61 1872.45

Packing n soft dodecahedra with µxi , µ
y
i , µ

z
i ∈ R+ for i ∈ In obtained by the proposed approach

for minimal cuboidal, spherical and cylindrical containers are presented in Figures 13, 14 and 15 corre-
spondingly.

(a) (b) (c)
Fig. 13. Soft dodecahedra in a cuboid for: (a) n = 20, (b) n = 30 and (c) n = 40.

From Tables 1–4 we may conclude that achieved filling factors are moderate, 0.4−0.67 for tetrahedra
and 0.5 − 0.6 for dodecahedra. The best-known theoretical estimations of filling factors for regular
polyhedra are up to 0.8563 for tetrahedra (Chen et al. (2010)) and up to 0.716 for dodecahedra (Jiao and
Torquato (2011)). However, these results were obtained for packing thousands of regular polyhedra in
an “open space”, without considering containment constraints.

Consider an illustrative example of packing 12 equal regular dodecahedra in a minimal height cuboidal
container. The fixed rectangular base of the container has dimensions a = 8, b = 8. The problem
(3)-(7) is solved by the global solver BARON (Tawarmalani and Sahinidis (2005)) for rigid objects



(a) (b) (c)
Fig. 14. Soft dodecahedra in a sphere for: (a) n = 20, (b) n = 30 and (c) n = 40.

(a) (b) (c)
Fig. 15. Soft dodecahedra in a cylinder for: (a) n = 20, (b) n = 30, (c) n = 40.

(µi = (1, 1, 1) for i ∈ In) under free translations and rotations. The best feasible solution (Upper bound)
found by the global solver BARON is c∗ = 9.3276605236185528 with the corresponding Lower bound
= 9.3275669482421875. This configuration is presented in Figure 16a. The corresponding filling factor
is f∗ = 0.4479. The best feasible solution obtained by our approach for soft dodecahedra is provided
in Figure 16b with c∗ = 7.5885 and f∗ = 0.55. Here deformation parameters are nonnegative, and
constraint (6) is handled explicitly.

(a) (b)
Fig. 16. (a) V ∗ = 596.97, c∗ = 9.3276605236185528, f∗ = 0.4479, (b) V ∗ = 485.67, c∗ = 7.5885, f∗ = 0.55.

As an example of efficiency of the decomposition approach, a comparative solution to three problem
instances is reported in Table 5. Here solutions are presented for packing n = 60 soft tetrahedra in a
minimum-volume cuboidal, spherical and cylindrical container obtained with and without decomposition
for the same starting points.

In both cases, Algorithm 1 is first used to generate a feasible initial solution. In the case with de-
composition, Algorithm 2 is subsequently applied, taking this feasible solution as its starting point. In



Table 5
Packing n = 60 soft tetrahedra in a minimum-volume container

µ− ≤ µ̄i ≤ µ+ Approach L V ∗ f∗ runtime (sec)

Cuboidal container

1.5 ≤ µ̄i ≤ 2.5
without decomposition

(a∗, b∗, c∗) =
(12.6, 10.53, 11.57)

1579.83 0.53 1616.38

with decomposition (a∗, b∗, c∗) =
(12.017, 10.456, 11.673)

1466.57 0.57 940.37

Spherical container

0.5 ≤ µ̄i ≤ 2
without decomposition r∗ = 7.0 1436.76 0.57 672.14
with decomposition r∗ = 6.982 1425.53 0.58 475.68

Cylindrical container

1 ≤ µ̄i ≤ 2
without decomposition (r∗, h∗) = (6.19, 12.38) 1488.58 0.559 2054.89
with decomposition (r∗, h∗) = (6.14, 12.27) 1451.08 0.57 1245.97

contrast, in the case without decomposition, Algorithm 2 is not used; instead, IPOPT is applied directly
to the feasible solution obtained by Algorithm 1 to compute a local optimum of problem (3)–(7). Thus,
the difference in computational times arises from the use (or absence) of the decomposition procedure
in Algorithm 2.

As can be seen from Table 5 and Table 6, the decomposition approach permits obtaining better and
faster solutions. Time savings depend on starting points used and the container type.

Considering the multistart nature of the proposed solution approach, it is interesting to see how the
choice of starting points affects the final solution. For packing n = 40 soft dodecahedra in an optimized
cuboid with 0.5 ≤ µ̄i ≤ 2, 50 starting points are randomly generated. For each starting point the optimal
volume of the container and corresponding total runtime are analyzed. The obtained mean value of the
optimal volume is 1731.577 with the standard deviation 36.16003. For the runtime, the obtained mean
value is 2308.865, the standard deviation 716.0289. Corresponding relative coefficient of variation for
the optimal volume is 2.088272%, while the coefficient of variation of the runtime is 31.01216%. Thus,
we may conclude that the choice of starting point affects significantly the runtime, while the optimal
objective is almost independent. Detailed results of this experiment are available from the authors on
request.



Table 6
Packing n = 40 soft dodecahedra in a minimum-volume container

µ− ≤ µ̄i ≤ µ+ Approach L V ∗ f∗ runtime (sec)

Cuboidal container

0.5 ≤ µ̄i ≤ 2
without decomposition

(a∗, b∗, c∗) =
(12.71, 7.01, 19.27)

1717.83 0.52 2696.94

with decomposition (a∗, b∗, c∗) =
(11.9, 11.92, 11.88)

1685.6 0.53 1173.4

Spherical container

0.5 ≤ µ̄i ≤ 2.5
without decomposition r∗ = 7.35 1662.5 0.54 1906.23
with decomposition r∗ = 7.26 1602.5 0.54 1530.02

Cylindrical container

0.5 ≤ µ̄i ≤ 2.5
without decomposition (r∗, h∗) = (6.38, 12.75) 1628.44 0.55 1715.93
with decomposition (r∗, h∗) = (6.36, 12.72) 1618.0 0.55 1069.61

5. A case study – digital model of a natural core

During the operation of oil wells, their flow rates usually decrease. The reason is not only in a reservoir
pressure drop but also in a decrease of the ability of a porous medium to transmit fluids (permeabil-
ity), especially in the zone immediately surrounding a wellbore (bottomhole formation zone) (Blunt
(2017); Kravchenko et al. (2019)). The productivity of such wells can be restored by applying various
oil production enhancement methods (Gerke et al. (2021); Kravchenko et al. (2023b)). To determine
experimentally the permeability change, cylindrical rock samples extracted from subterranean forma-
tions (natural cores) can be used. They are a source of specific information about the reservoir rock and
the character of fluid filtration therein. However, extraction of core rock from a productive formation
without damaging it is a complex and expensive process. Therefore, cores are either available in limited
quantities or are completely absent.

To cope with this problem, experimental studies are carried out on artificial cores made by special
technologies. It is very important that artificial cores have morphological, mineralogical, and filtration-
capacity properties as close as possible to those of natural cores. To produce artificial cores that simulate
the compression effect and permeability anisotropy, the prepared powder mass (sandstones and plasti-
cizing binder) is pressed at a temperature of 120-140°C. This temperature level reduces the viscosity of
the binder and allows for the deformation of the composite particles without fracture, while using the
pressing pressure 1.3-1.4 tons per cm2 changes the original shapes of the particles. To create a model of
the artificial core the optimized packing approach proposed in the previous section is used. It is assumed
that the reservoir is granular, i.e. a porous one. The rock grains (particles) have a polyhedral shape and
are packed in a circular cylinder (container).

The actual data for our case study is obtained by petrophysical studies of real natural cores
(Kravchenko et al. (2023a)) and are presented in Table 7. The third column provides information on
fractions sizes, while the last column gives a volumetric ratio for each fraction. The following notations



are used: k is the type of rock grains, d(k) ∈ [d−(k), d+(k)] is the k-th type grain diameter, τ (k)= (to-
tal volume of the k-th type particles)/(total volume of particles) is the ratio of appearance of the grains
(particles) in the natural core (container).

The modeling is aimed at refining the fractional composition to create a model core with specified
porosity parameters. Here the porosity is defined as a relative value of unfilled space of the container,
(1− f∗), where f∗ is a filling factor defined in Section 4.
Table 7
Actual data obtained by petrophysical studies of real natural cores

# Composition d(k) ∈ [d−(k), d+(k)] (mm),
k = 1, .., 7

Content (ratio),
τ (k), k = 1, .., 7

1 Coarse-grained sandstone 0.5-1.0 0.04
2 Medium-grained sandstone 0.25-0.5 0.02
3 Fine-grained sandstone 0.1-0.25 0.44
4 Aleurolitic coarse-grained 0.05-0.1 0.06
5 Fine-grained aleurolitic 0.01-0.05 0.18
6 Pelitic 0.001-0.01 0.09
7 Ultrafine-grained sandstone 0.001-0.005 0.17

In the experimental study an optimized packing of n = 200 soft dodecahedral particles in a circular
cylinder with r = 5.56 mm and the deformation parameter limits µ̄−i = 1, µ̄+i = 2 is considered to
minimize the height of the container. The deformation parameters are limited, but no specific relation
between parameters is assumed, i.e. constraint (6) is handled explicitly. In this sense the experimental
design is similar to the second group of problem instances in Section 4. Note that dodecahedral shapes
are frequently used in complex systems modeling (see, e.g., Li et al. (2020); Jenczyk (2024)).

Initially all particles have the shape of regular dodecahedra with regular pentagonal facets. Particles
inside each of the 7 types have the same diameters selected randomly from the corresponding intervals
[d(k)−, d(k)+] defined in Table 7.

The number of particles nk for each of the seven types is calculated directly from the corresponding
volume fractions τ (k) given in Table 7: nk = n · τ (k), where n = 200. In the example, n1 = 8, n2 =
4, n3 = 88, n4 = 12, n5 = 36, n6 = 18, n7 = 34. The particles within each type are assigned diameters
selected randomly from the corresponding interval [d(k)−, d(k)+]. The particles are numbered as follows:
type 1 (coarse-grained sandstone) i = 1, ..., 8; type 2 (medium-grained sandstone) i = 9, ..., 12; type
3 (fine-grained sandstone) i = 13, ..., 100; type 4 (aleurolitic coarse-grained) i = 101, ..., 112; type
5 (fine-grained aleurolitic) i = 113, ..., 148; type 6 (pelitic) i = 149, ..., 166, type 7 (ultrafine-grained
sandstone) i = 167, ..., 200. Note that the volume of each particle remains constant under deformation.

Two variants of the main problem are considered. In the first case the principal objective is modeling
the porous structure like that obtained by scanning electron microscopy. The corresponding problem
(3)–(7) is solved by the decomposition approach using the data presented in Table 7.

In the second case the focus is on modeling natural cores obtained by cutting a core from a rock
structure using a special sharp diamond tool. The principal difference is that here a so-called border-wall
effect arises since particles close to the core boundary can be truncated by the sharp tool. Correspond-
ingly, only parts of these particles’ volumes must be considered in the porosity estimations.



This border-wall effect is handled as follows. First, optimal packing of soft particles is obtained with-
out considering the border-wall effect, but for a cylindrical container with a larger radius r(1+∆), ∆ >
0. Then, particles laying partially outside the original container are detected. This is done by simply ver-
ifying if the containment conditions (5) stated for the original radius r are violated. For a particle with
violated containment condition the volume of its part laying inside the original container is calculated.
This volume is then used in porosity calculation. The main concepts of quasi-packing are illustrated in
Figure 17.

(a) (b)

Fig. 17. Illustration of the quasi-packing approach.

The view from above on particles in a cylindrical container is presented in Figure 17. The red circle
corresponds to the original container of radius r, while the the larger blue circle represents the expanded
container of radius r(1 + ∆). Optimal packing in the expanded container is provided in Figure 17a.
Corresponding quasi-packing in the original container with truncated particles near the boundary is
given in Figure 17b.

The phi-function used in the containment condition (5) is changed for a larger radius r(1+∆), ∆ > 0
as follows:

ψ∆
i (ui, µi, r, h) = min{min

k∈Ji

(r2(1 + ∆)2 − (xki )
2 − (yki )

2), min
k∈Ji

zki , min
k∈Ji

(−zki + h)}.

Corresponding changes must be made to those stages of the main algorithm where the containment
conditions are used.

Volume of the particle part left inside the original container after truncation is calculated using the
open-access library https://trimesh.org/ (Dawson-Haggerty, M. et al. (2019)). First, a mesh with certain
accuracy is generated for the cylindrical container obtained by optimization, as well as for all dodeca-
hedra with violated containment conditions. Then the volume of the intersection of the mesh cylindrical
container and mesh dodecahedra is calculated using Boolean operations on mesh to represent intersec-
tion of two mesh objects (see Dawson-Haggerty, M. et al. (2019) for more details).

The results obtained by the proposed solution approach are presented in Figure 18. Here Figure 18a
and Figure 18c provide starting feasible points for cases 1 and 2, correspondingly. Solutions obtained
by the proposed approach for cases 1 and 2 are demonstrated in Figure 18b and Figure 18d. For quasi-
packing approach ∆ = 0.25 is used.



(a) (b)

(c) (d)

Fig. 18. Optimized packings for modeling digital core: (a) r = 0.556, h∗ = 1.668, µ̄i = 1, f∗ = 0.5679, runtime
= 18839.32 sec; (b) r = 0.556, h∗ = 1.584, 1 ≤ µ̄i ≤ 2, f∗ = 0.6, runtime = 51927.92 sec; (c) r = 0.519, h∗ = 1.558,
µ̄i = 1, f∗ = 0.63, runtime = 39462.8 sec; (d) r = 0.519, h∗ = 1.085, 1 ≤ µ̄i ≤ 2, f∗ = 0.72, runtime = 42999.92 sec.

For the natural core with characteristics summarized in Table 7, the experimental value of porosity
1−f∗ is 29.4%. The value of porosity obtained without considering the border-wall effect (Figure 18(b)
is 40%. If the border-wall effect is considered (Figure 18(d) the values of the porosity is reduced to 28%,
which is very close to experimental results. Note, that in (Kravchenko et al. (2023a)) the particles are
approximated by different-sized spheres and even considering the border-wall effect (quasi packing) the
porosity obtained by modeling differs from experimental value in more than 10%. A principal difference
of our approach from that model is not only in considering the polyhedral shapes of the particles, but
in the possibility to describe the anisotropy of permeability in the vertical and horizontal directions.
Typically, horizontal permeability is greater than vertical permeability. This is due to the process of
layer-by-layer formation of sedimentary rocks with subsequent deformation of individual fractions due
to compression in the vertical direction. The deforming transformation of the soft particles considered
in this paper permits modeling of these anisotropy effects and thus increases the compatibility with
experimental results. We may conclude that using computer modeling tools based on optimized packing
soft polyhedra, a granular structure has been designed tightly approximating results of experimental
petrophysical studies.



6. Conclusions

The problem of arranging soft polyhedra in a minimal volume convex container is considered. Soft poly-
hedra can change their shapes within certain limits subject to their volume and convexity preservation.
Polyhedral objects can be freely translated/rotated and must be placed into a container without overlap-
ping. The objective is to define the values of the deformation parameters and positions of the polyhedra
to feet in the minimal volume container. Mathematical modeling tools to formulate analytically place-
ment conditions for soft polyhedra are proposed: phi-functions are used to state containment conditions,
while quasi phi-functions are implemented to ensure non-overlapping of soft polyhedra. A mathematical
model for optimized packing soft convex polyhedra is proposed and a corresponding nonlinear noncon-
vex programming problem is formulated. A multistart heuristic solution strategy is developed based on
generating feasible starting points and decomposing the original large-scale problem into a sequence
of subproblems of smaller dimension. Computational results for arranging soft tetrahedra and dodeca-
hedra in rectangular, spherical and cylindrical containers are presented to demonstrate efficiency of the
proposed solution approach.

The proposed approach is used to design an artificial core based on petrophysical studies of real natural
cores. Particles of the real core are approximated by soft dodecahedra of different sizes, while cylindrical
core (container) is considered. It is demonstrated that the granular structure and porosity of the artificial
core are very close to those of the natural one.

In what follows we would like to highlight some directions for future research. These directions can
be considered as natural generalizations of the proposed approach and do not require significant changes
in the proposed modeling and solution scheme.

A special shape transformation represented by a diagonal deformation matrix is used in this paper
to guarantee volume preservation of polyhedral objects. However, as follows from the demonstration
of Proposition 1, more general deformation matrices can be considered without breaking the volume
preservation. Using general shape transformations can increase geometric diversity of soft objects. In
the paper deformation is applied before rotation thus maintaining the shape of the transformed object
similar to that of the original one. This is motivated by the specific core application where objects are
basically deformed under vertical pressure. Considering deformations not aligned with principal axes
would increase the modelling flexibility (see Litvinchev et al. (2024b) for 2D case).

In many physical systems, the volumes of the objects are not conserved and can be either reduced due
to freezing/evaporation or increased because of heating/extension. This situation can also be modelled
by the proposed approach allowing the determinant of the shape transformation matrix to be different
from unity.

Packing problems in higher dimensions have various interpretations, e.g., in project management and
scheduling (see, e.g., Zhang (2004); Fasano (2014)) where dimensions of the object are defined by the
number of resources used by the project. Modeling and solving multidimensional soft packing problems
is an interesting area for future research.

The proposed approach can be further extended to the packing of irregular 3D soft objects composed
of convex 3D shapes (Pankratov et al. (2020); Litvinchev et al. (2024a)). Some results in these directions
are on the way. It is also interesting to revise online packing formulations and algorithms (Ali et al.
(2022, 2024, 2025)) for soft 3D objects.

In most problem instances of digital core modeling the runtimes are high. This is caused by the



large-scale nature of the main optimization problem (3)–(7). Although the core problem typically is
not solved in real time, high runtimes may limit practical applicability. One of limitations of the pro-
posed heuristic solution approach is the lack of suboptimality bounds that can be useful to improve the
convergence. Using the special structure of the optimization problem (3)–(7) to construct efficient de-
composition/aggregation techniques and/or derive bounds for the optimal value (see, e.g., Litvinchev
and Tsurkov (2003)) can reduce runtimes and strengthen the proposed heuristic solution technique.
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Appendix A. Basic phi-function definitions

To place feasibly two objects within a container, an analytical description of the relations between the
pair of objects is required. In this paper the phi-function technique is used to express this relation. Let
A and B be three-dimensional objects. The position of the object A is defined by a vector of placement
parameters uA = (vA, θA), where: vA = (xA, yA, zA) is a translation vector and θA is a vector of rotation
parametrs. The object A, rotated by θA and translated by vA is denoted by A(uA).

A continuous function ΦAB(uA, uB) is called a phi-function of the objects A(uA) and B(uB) if the
following conditions are fulfilled (Chernov et al. (2010)):

– ΦAB(uA, uB) > 0, for A(uA) ∩B(uB) = ∅;
– ΦAB(uA, uB) = 0, for intA(uA) ∩ intB(uB) = ∅ and frA(uA) ∩ frB(uB) ̸= ∅;
– ΦAB(uA, uB) < 0, for intA(uA) ∩ intB(uB) ̸= ∅.
Here frA denotes the boundary (frontier) of the object A, while intA stands for its interior.
Thus, ΦAB(uA, uB) ≥ 0 ⇔ intA(uA) ∩ intB(uB) = ∅.
Note, that the phi-function ΦAB(uA, uB) for a pair of objects A and B can be constructed in different

ways, and the most convenient representation can be used in designing optimization algorithms.
Now define a function Φ′AB(uA, uB, τAB) introducing auxiliary variables τAB defined in a domain

U ⊂ Rn depending on the shapes of the objects A and B. This function is defined for all values of
uA, uB and has to be continuous in all its variables.

By the definition ((Stoyan et al. (2016)), the function Φ′AB(uA, uB, τAB) is called a quasi-phi-function
for two objects A(uA) and B(uB) if max

τAB∈U
Φ′AB(uA, uB, τAB) is a phi-function for the objects.

The definition of the quasi-phi-function provides an additional “degree of freedom” since the auxiliary
variables τAB can be chosen as necessary.

The general property of the quasi-phi-function for two objects A(uA) and B(uB) is as follows: if
Φ′AB(uA, uB, τAB) ≥ 0 for some τAB , then intA(uA) ∩ intB(uB) = ∅.



Appendix B. Table of Notations

Table B1

n the number of convex polyhedra
In = {1, 2, ..., n} index set
Pi, i ∈ In set of convex polyhedra
mi the number of vertices of Pi

Ji = {1, 2, ...,mi} index set
X̃k

i = (x̃ki , ỹ
k
i , z̃

k
i ), k ∈ Ji vertices of polyhedron Pi

Ω(L) ⊂ R3 convex bounded region (container)
L ∈ Rσ vector of variable metric characteristics of Ω
σ the number of variable metric characteristics of Ω
vi = (xi, yi, zi) translation vector of Pi

θi = (θ1i , θ
2
i , θ

3
i ) vector of rotation parameters of Pi

ui = (vi, θi) vector of placement parameters of Pi

µi = (µxi , µ
y
i , µ

z
i ) vector of deformation parameters of Pi

µ−x , µ
+
x given deformation limits of µxi

µ−y , µ
+
y given deformation limits of µyi

µ−z , µ
+
z given deformation limits of µzi

A(µi) deformation matrix
M(θi) rotation matrix
Λ = {(i, j) ∈ In × In : i < j} index set of pairs of polyhedra
τij , (i, j) ∈ Λ vector of additional variables of quasi-phi-functions φij

φij(ui, uj , µi, µj , τij) quasi-phi-function for non-overlapping of soft polyhedra
Pi(ui, µi) and Pj(uj , µj)

ψi(ui, µi, L) phi-function for containment polyhedron Pi(ui, µi) into con-
tainer Ω(L)

κ(L) objective function
λ scaling parameter of each sphere Si, i ∈ In in Algorithm 1
δ = µ+ ·max

i∈In
ri decomposition parameter in Algorithm 2

ε computational accuracy in Algorithm 2
∆ parameter of the border-wall effect in the case study


