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Abstract
The inverse equilibrium formulation and numerical code described in (Lao L L 1981 Phys. Fluids
24 1431–40) are extended in a new ‘exact’ fixed boundary equilibrium code that accounts for
plasma toroidal rotation and pressure anisotropy. The formulation precisely captures deviations
from an inverse aspect ratio ϵ := a/R0 expansion, at various orders, with a a minor radius and R0

the major radius at the magnetic axis. We show that for experimentally relevant elongation κ≲ 2
and moderate aspect ratio ϵ∼ 0.3, next to leading order (NLO) effects driven mainly by elonga-
tion and triangularity are important especially for the Shafranov shift. For the plasma diamag-
netism, order unity deviations are seen at moderate pressures, even though the NLO contribu-
tion is weak. The impact of strong perpendicular anisotropy on shaping is investigated, as it was
theoretically proposed in (Madden and Hastie 1994 Nucl. Fusion 34 519) that temperature ratios
such that ϵT⊥/T∥ ∼ 1 would lead to leading order modifications of the shaping through the strong
poloidal localization of the perpendicular pressure. We show through a near-axis analysis that the
leading order distribution function must be chosen carefully for consistency, and we verify numer-
ically that shaping modifications due to the anisotropy or rotation remain small for conventional
poloidal betas βp ∼ 1.

1. Introduction &motivation

Reliable magnetic equilibrium descriptions lie at the base of nearly every calculation in tokamak physics:
stability thresholds, particle orbits, and neoclassical and turbulent transport all depend on an accurate
description of the magnetic equilibrium geometry. In the most familiar formulation the axisymmetric
force balance is written as an elliptic equation for the poloidal flux; alternatively, the inverse formulation
solves instead directly for the parametrization of the flux surfaces. That viewpoint enables the power-
ful asymptotic expansion in inverse aspect ratio (Greene et al 1971, Connor and Hastie 1985, Fitzpatrick
2024), where effects due to toroidicity are treated as perturbations, and semi-analytical results are achiev-
able for any form of pressure profile and current distribution, unlike Solov’ev type solutions which
are restricted to non-vanishing current densities at the edge. Additional physics such as toroidal rota-
tion and pressure anisotropy can straightforwardly be included in the expansion (Madden and Hastie
1994), enabling to take those into account analytically in orbit studies and in MHD-stability problems
(Graves 2004, Jucker et al 2008). These two effects arise in discharges with auxiliary heating such as
ICRH with minority heating leading to strong perpendicular anisotropy, or tangential NBI leading to
parallel anisotropy and mass flows that can become sonic for Spherical Tokamaks (ST). Since conven-
tional aspect ratio Tokamaks and STs have their aspect ratio such that ϵ≈ 0.3− 0.5 or higher, leading
order results may not accurately reflect the equilibrium geometry.

In this article, we quantitatively analyze the deviations from the ϵ−expansion for experimentally rel-
evant parameters, taking into account both rotation and anisotropy via a kinetic closure. This is done
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by keeping the inverse aspect ratio ϵ as an input parameter by appropriately normalizing the underly-
ing equations, allowing scans that verify the error scaling with ϵ. Numerically we discretize the minor
radial force balance residuals with B-spline finite elements (FEs) and solve the resulting nonlinear sys-
tem with a Newton method, having obtained the residuals and the analytical Jacobian using a com-
puter algebra system (CAS). The approach allows calculation of exact fixed boundary equilibria, and
its comparison with an inverse aspect ratio expansion at user-defined order. Although several numeri-
cal implementations now solve rotating and anisotropic equilibria self-consistently (see e.g. Cooper et al
(2009) for 3D equilibria, (Guazzotto et al 2004) for poloidal and toroidal flows, (Fitzgerald et al 2013)
for free-boundary equilibrium reconstruction), the foundational theory already showed that flow and
anisotropy displace pressure and density contours away from flux surfaces and affect the Shafranov Shift
via an effective dynamic pressure p∥ + p⊥ +(1/2)ρu2. In particular, (Iacono et al 1990) derived axisym-
metric equilibria with general flows and anisotropic pressure, obtaining expressions for the density shift
for specific closures, and for the Shafranov shift for a rotating bi-Maxwellian, in the large aspect ratio
expansion. On the other hand, (Madden and Hastie 1994) treated the strongly perpendicular anisotropic
case ϵT⊥/T∥ ∼ 1 in that same expansion, and found that non-circular shaping enters at lower order than
previously appreciated. For the contour shifts discussed above, the leading effect can be captured by an
effective dynamic pressure, and in that sense the problem may be treated perturbatively once the geom-
etry is known (i.e. solve an effective isotropic-static equilibrium problem, then evaluate the equations of
state on the obtained fields). The predictions of Madden and Hastie (1994) are different: their asymp-
totic calculation predicts a genuinely self-consistent correction to shaping. Motivated by these asymp-
totic studies, we investigate numerically whether the equilibrium solutions converge to the expected
inverse-aspect-ratio ordering, and we derive the higher-order shaping corrections that emerge within our
self-consistent formulation. The asymptotic expansion is thus the natural framework for isolating this
kind of physical effect and, in the present work, for checking whether the numerical equilibria converge
toward the asymptotic prediction at the order expected from the theory. To our knowledge, such an
order-by-order convergence test against aspect ratio has not previously been demonstrated, even for the
simplest, isotropic-static case. A further advantage of our formulation is that, unlike existing equilibrium
codes, it combines the full rotating-anisotropic physics with the geometrical formulation of the equilib-
rium problem, in the same coordinates used in analytical MHD stability theory and in drift-precession
studies (e.g. Jucker et al (2008), Graves (2013)). At present, the consistent theoretical investigation of
pressure-driven instabilities with arbitrary pressure anisotropy (from T⊥/T∥ ∼ 1 to T⊥/T∥ ≫ 1) remains
an open problem: no analytic stability theory correctly accounts for anisotropy in the equilibrium for
such modes, extending the classic internal-kink framework of Bussac et al (1975) and the natural shaping
corrections of Wahlberg (2004). The equilibrium expansions derived here, together with their numer-
ical verification, establish the self-consistent geometric basis that such a theory will require, as will be
demonstrated in future work. The paper is organized as follows. The governing equations are presented
in section 2 with the chosen coordinates and flux surface parametrization. This is followed in section 2.1
by the normalization of the equations, and in section 2.2 by the adopted kinetic closure and distribu-
tion function models adopted in the numerical examples. The details of the numerical discretization
via finite-elements are shown in section 2.3. Next, the analytical results leveraging the inverse aspect
ratio expansion are presented in section 3, which contains the general setting 3.1, LO predictions in
section 3.2, and novel next to leading order (NLO) predictions in section 3.3. The numerical results fol-
low in section 4 and we conclude the work in section 5.

2. Problem formulation

We start from the flowing, anisotropic pressure force balance:

F = ρ(u · ∇)u+∇·P− j×B ≡ 0 (2.1)

Assuming axisymmetry ∂ϕ ≡ 0, the magnetic field is conveniently represented by B =∇ϕ ×∇ψ +
RBϕ∇ϕ. We take into account only leading order flows in an axisymmetric magnetized plasma which are
species independent and can be shown to be of the form u = R2Ω(ψ)∇ϕ (Abel et al 2013). The pressure
tensor is at this same order of the CGL form: P= p⊥I+(p∥ − p⊥)bb where b is the unit vector parallel
to the local magnetic field, bb denotes its dyadic product. We use lowercase (ρ,p∥,p⊥) for Eulerian fields
(functions on the poloidal plane), while uppercase (ϱ,P∥,P⊥) denote the constitutive state functions of
the parameter triple (ψ,R,B). These constitutive relations are obtained assuming that all species have
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distribution functions that depend on the following constants of motion:

E =
1

2
mw2

∥ +µB+ qΦ1 −
1

2
mu2, µ=

w2
⊥

2B
,

Pϕ
Ze

≈ ψ (2.2)

where (w∥,w⊥) denote respectively the parallel and perpendicular velocities of the particle in the frame
rotating with u. Also, Φ1 is the first order electrostatic potential ensuring quasineutrality. Note that Ω=
−∂Φ0/∂ψ is related to the leading order E×B drift. Assuming that ψ is the conserved quantity neglects
finite orbit width effects. The energy-like variable E is obtained by a combination of constants of motion
E = E− qΦ0(ψ

∗) with ψ∗ = Pϕ/Ze and E = 1
2 m(u+w∥b)2 +µB+ q(Φ0 +Φ1) is the particle energy in

the laboratory frame. Taking the scalar product of equation (2.1) with ∇ϕ leads to:

(
1−σ∥

)
RBϕ = T(ψ) (2.3)

with σ∥ = µ0(p∥ − p⊥)/B2 and T an arbitrary function of the poloidal flux. The parallel force balance
is identically satisfied provided the maps (ϱ,P∥,P⊥) satisfy the conditions described above. We now
choose independent coordinates (r,ω,ϕ), such that ψ = ψ(r). ω is for now a generic poloidal angle,
which will be fixed by the choice of parametrization (R(r,ω),Z(r,ω)) in equation (2.5) and it is shown
in appendix E.2 how to construct such coordinates from an arbitrary flux map. We define the following
geometrical quantities:

J = R [(∂rR)(∂ωZ)− (∂ωR)(∂rZ)]

and

gωω = (∂ωR)2
+(∂ωZ)2

, grω = [(∂rR)(∂ωZ)+ (∂ωR)(∂rZ)] .

In the anisotropic case, the constitutive relations involve non trivially the magnetic field strength B, i.e.
explicitly, the pressures and the density are related via: p∥(r,ω) = P∥[ψ(r),R(r,ω),B(r,ω)] and similarly
for p⊥ and ρ. We thus rewrite (2.3) as an equation determining B:

B2 = ψ ′2 gωω
J2

+
1

(
1−σ∥

)2

T2

R2

where the RHS depends on B through σ∥. Finally, we obtain the generalized Grad-Shafranov equation
from the covariant component of the force in (2.1) F · eψ :

Fψ =
ψ ′

JR

[
∂

∂r

(
ψ ′gωω

JR

)
− ∂

∂ω

(
ψ ′grω

JR

)]
+

(RBϕ)

R2

∂ (RBϕ)

∂r
+
∂p⊥
∂r

− ψ ′2

2J3

(
2grωσ∥

∂J

∂ω
− J

[
2grω

∂σ∥

∂ω
+σ∥

(
2
∂grω

∂ω
+
∂gωω
∂r

)])
−σ∥

(RBϕ)
2

R3

∂R

∂r

− ρRΩ2 ∂R

∂r
. (2.4)

The first line corresponds to the usual isotropic static MHD force balance with replacements p⊥ → p(r)
and RBϕ → F(r) At this point, we set the reparametrization freedom assuming up-down symmetric flux
surfaces for simplicity (Madden and Hastie 1994, Graves 2013):

R(r,ω) = R0 + rcosω−∆(r)+
∑

k⩾2

Sk (r)cos [(k− 1)ω] + P(r)cosω

Z(r,ω) = r sinω−
∑

k⩾2

Sk (r) sin [(k− 1)ω] + P(r) sinω
(2.5)

R0 is assumed to be the magnetic axis, i.e. ∆(0) = 0, S2 sets the elongation, S3 the triangularity and so
on. The profile P(r) is introduced to set the following Jacobian gauge (Graves 2013):

r

R0
=

1

2π

ˆ 2π

0
dω

J

R2
(2.6)

which, in combination to the following relation for the poloidal flux:

ψ ′ (r) =
r

R0

T(r)

q(r)

3
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allows to use the same radial coordinate r as in the straight field line system with angular coordinate

ϑ= ϑ(r,ω) and its Jacobian Jϑ =
[
∇r · (∇ϑ×∇ϕ)

]−1
= rR2/R0. Here q(r) is the safety factor which we

treat as a given input. This means that T(r) must be solved for by enforcing the flux-surface averaged

momentum balance:
〈
JFψ
〉
= 0, where ⟨·⟩ := (2π)−1

´ 2π
0 dω. This is a first order non-linear differential

equation for T, and its boundary condition can be chosen to be T(0) = (1−σ∥,0)
−1R0B0 fixing the axis

magnetic field strength, with σ∥,0 = σ∥(r̂ = 0,ω). The shaping profiles (∆,Sk⩾2) are determined by the
Fourier harmonics of the flux-averaged force balance,

⟨cos(kω) ĴFψ⟩= 0. (2.7)

Equations (2.7) are much simpler than the Euler–Lagrange (EL) moment equations obtained from the
static isotropic variational principle presented in Lao et al (1981) and explicited for our coordinates
and parametrization in appendix A. Numerical tests show that using the Fourier form (2.7) reproduces
the EL results while offering the practical advantage of evaluating the residuals efficiently via an FFT
and considerably simplifying the Jacobian assembly. For the boundary conditions: at the axis, single-
valuedness in ω forces Sk(0) = 0, while the definition of the magnetic axis being R0 leads to ∆(0) =
P(0) = 0. This is unlike in Lao et al (1981), where a profile R0(r) is solved for with fixed outer boundary
condition, so that finding R0(0) is part of the problem. We choose to replace this outer boundary condi-
tion by fixing a priori the aspect ratio A = R0/a where r = a denotes the plasma-vacuum boundary. For
the other harmonics Sk, a boundary condition at the plasma-vacuum interface must be provided, this
means setting fixed values for Sk(a) for k ⩾ 2. This concludes the set of equations that we solve: given
the safety factor q(r), the constitutive relations (ϱ,P∥,P⊥) i.e. their functional dependence in (r,R,B),
and the boundary values Sk(a), we solve for the profiles

{
T,∆,Sk,P

}
and the field B(r,ω).

2.1. Normalization
In this section we normalize the quantities appearing in the previous section, putting the equations in a
form suitable to be expanded in ϵ := a/R0. As in Fitzpatrick (2024), we introduce the following:

R̂ =
R

R0
, Ẑ =

Z

R0
, r̂ =

r

a
, ∆̂ =

∆

ϵa
, Ŝn =

Sn

ϵa
, P̂ =

P

ϵ2a
, B̂ =

B

B0
.

Leading to the expressions:

R̂(r̂,ω) = 1+ ϵr̂cosω− ϵ2∆̂(r)+ ϵ2
∑

k⩾2

Ŝk (r̂)cos [(k− 1)ω] + ϵ3P̂(r̂)cosω

Ẑ(r̂,ω) = ϵr̂ sinω− ϵ2
∑

k⩾2

Ŝk (r̂) sin [(k− 1)ω] + ϵ3P̂(r̂) sinω
(2.8)

and also define pressure-related normalized quantities:

β̄t0 =
µ0

B2
0

p∥ + p⊥
2

, σ̂∥ =
βt∥ −βt⊥

B̂2
, ϱM2 =

µ0

B2
0

ρR2
0Ω

2. (2.9)

The normalized magnetic field strength is Fourier expanded:

B̂(r̂,ω) = 1+ ϵ
∑

ℓ⩾0

B̂ℓ (r̂)cos(ℓω) (2.10)

and rewrite:

T̂ =
T

R0B0
= 1− σ̂∥0 + ϵ2t2 (r̂) , f(r̂) =

ψ ′

R0B0
= ϵr̂

T̂(r̂)

q(r̂)

where f(r̂) represents the normalized poloidal magnetic field. We have introduced the profile t2 which is
related to the plasma toroidal diamagnetism, and σ̂∥,0 the normalized anisotropy parameter at the axis,
introduced here so that the relevant boundary condition is t2(0) = 0 enforcing B0 to be the axis mag-
netic field. We denote by Ĵ, ĝωω and ĝr̂ω the corresponding geometrical fields evaluated using (R̂, Ẑ) and
as functions of r̂. The above definitions lead to the following equation for the square of the normalized
magnetic field strength:

B̂2 = ϵ2f 2 ĝωω

Ĵ2
+

1
(
1− σ̂∥

)2

T̂2

R̂2
(2.11)

4
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which is used to solve for the Fourier amplitudes B̂ℓ. We define R̂Bϕ = T̂/(1− σ̂∥), and express the nor-
malized extended GSE from 2.4 as:

F̂ψ = ϵ2 f

Ĵ

[
∂

∂ r̂

(
fĝωω

Ĵ

)
− ∂

∂ω

(
fĝr̂ω

Ĵ

)]
+

R̂Bϕ

R̂2

∂R̂Bϕ
∂ r̂

+
∂βt⊥

∂ r̂

− ϵ2 f 2

2Ĵ3

(
2ĝr̂ωσ̂∥

∂ Ĵ

∂ω
− Ĵ

[
2ĝr̂ω

∂σ̂∥

∂ω
+ σ̂∥

(
2
∂ĝr̂ω

∂ω
+
∂ĝωω
∂ r̂

)])
− σ̂∥

R̂Bϕ
2

R̂3

∂R̂

∂ r̂

− ϱR̂M2 ∂R̂

∂ r̂
. (2.12)

For the constitutive relations, a change in units of B being immaterial, we can assume that they are of
the form P∥ = P∥(r̂, R̂, B̂), removing B0 from the equations, while a and R0 appear only through ϵ. We
introduce the normalized constitutive relations

Π∥,⊥ := µ0P∥,⊥/B2
0 (2.13)

which will allow us to express the next section results independently of the choice of underlying distri-
bution function. The last equation that we solve determines P̂(r̂) through:

ϵ2r̂ =
1

2π

ˆ 2π

0
dω

Ĵ

R̂2
. (2.14)

The set of equations (2.11), (2.12) and (2.14) are what we solve in the next section via the asymptotic
expansion, and in section 2.3 the full problem numerically. We remark in closing this section that for
the numerical problem these normalizations amount to rescalings, and no assumption on the order of
magnitude of the quantities introduced is made.

2.2. Kinetic closure
The equations presented above need to be closed by providing the functional dependence of (ϱ,Π∥,Π⊥).
For distributions functions that are functions of the constants of motion we have Grad (1967):

Π⊥ =Π∥ − B̂

(
∂Π∥

∂B̂

)

r̂,R̂

, ϱR̂M2 =

(
∂Π∥

∂R̂

)

r̂,B̂

(2.15)

which specifies all functions appearing in equation (2.12) provided the map Π∥ is given. In this work,
the approach taken is to model anisotropy and rotation with as few parameters as necessary to obtain
their impact on the equilibrium problem, in contrast to a more detailed modeling which would for
example separate ions, electrons, and a fast particle species, and treat quasineutrality self-consistently.
We note that this is standard practice when studying this kind of physics in the equilibrium (as e.g. de
Blank (1991), Madden and Hastie (1994), Fitzgerald et al (2013)) but it is inadequate for more precise
equilibrium reconstruction applications. We detail in appendix F the splitting of the plasma kinetic func-
tions into various species. The first form of anisotropic distribution function that we analyze is the so-
called modified bi-Maxwellian that has been fully implemented in the VMEC and SCENIC workflow
(Graves et al 2006):

Π∥ (r̂,B) = β0 (r̂)





B

Bc

1+A(1−B/Bc)− 2 [A(1−B/Bc)]
5/2

1− [A(1−B/Bc)]
2 if B< Bc

B

[A(r)B− (A(r)− 1)Bc]
if B ⩾ Bc

(2.16)

where we have omitted the hats because the formula above is invariant under a change of units as stated
in section 2.1. Bc can in general be a profile, but we will specialize to the case of a constant Bc in what
follows. Here A = T̂⊥/T∥ is a measure of anisotropy, as defined in Graves et al (2006). The case analyzed

in Madden and Hastie (1994), is obtained by taking Bc(r) = minω B̂(r,ω) but a near axis expansion of
the force balance presented in appendix C shows that this is an inconsistent choice. For the rotation with
the anisotropy, we take a model distribution of fully parallel anisotropic population:

F (ψ,E ,µ)∝ exp

{
− E

T∥ (ψ)

}
δ (µ)

5
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capturing the effects of rotation and of pressure anisotropy and can be seen as a limiting case for dis-
charges with tangential NBI. This leads to the following expression for the parallel pressure:

Π∥

(
r̂, R̂, B̂

)
= β0 (r̂)exp

(
M2

0 (r̂) R̂2
)

B̂ (2.17)

exhibiting the typical high-field-side (HFS) shift of the pressure due to the dominantly passing popu-
lation (linear dependence in B) and the competing outward shift from the rotation. The isotropic case
is obtained by simply removing the B̂ prefactor. As shown in Graves and Wahlberg (2017), the above
model can be appropriate to describe plasmas with Ti ̸= Te and impurities provided the parameter M2

0

is suitably set.

2.3. Discretization & numerical implementation
Initially a straightforward adaptation of the method presented in Lao et al (1981) to cases with pressure
anisotropy, rotation and with the use of the coordinates introduced in this work was attempted. It was
soon realized that using a shooting method with an Initial Value Problem (IVP) solver would be imprac-
tical for the following reasons: radial derivatives of the magnetic field strength ∂r̂B̂ are present in the
generalized GSE (2.12), so with an IVP solver these would have to be computed via an implicit differen-
tiation of the non-linear algebraic equation (2.11) determining B̂, involving the highest order derivatives
of the unknowns. The coordinates and parametrization used also lead to the same problem even in the
standard static isotropic problem. Moreover, putting equation (2.7) into the canonical form u ′ = f(x,u)
requires significant symbolic manipulations. Solving the system of equations as a boundary-value prob-
lem allows direct access to the unknowns and their derivatives without unnecessary algebraic manipu-
lations of the underlying equations. The main difficulty with the current approach is that in order to
solve the resulting set of non-linear algebraic equations, one must provide the Jacobian of the residu-
als with respect to the unknowns or some approximation of its inverse for Jacobian-Free preconditioned
methods. The Jacobian can be obtained symbolically with CAS. Using equation (2.7) instead of the EL
equations presented in appendix A simplifies the symbolic expressions enough to allow using the full
analytical Jacobian and a Newton method. Note that the number of terms and the symbolic complexity
of the expressions involved makes the use of symbolic simplification impractical, so a common subex-
pression elimination strategy is used, where the sub-expressions appearing the most are simplified sepa-
rately and reused in the code instead of recomputed each time they appear. The EL residuals can also be
used in the code, but for them only the numerical inverse of the Leading Order (LO) Jacobian is used as
a preconditioner for a Jacobian-free Newton Krylov (JFNK) solve. In what follows, all results presented
use the first residuals. We now introduce the following notation: α=

{
t2,∆,{Bl},P,{Sk}

}
denoting the

profiles to be solved for on r̂ ∈ [0;1]. They are projected onto B-spline FE which in practice is imple-
mented via:

α(d)
(
r̂q

)
=

m∑

i=1

P(d)
i,q α

i , (2.18)

where αi are the degrees of freedom and P(d)
i,q =

ddΛi

dr̂d

∣∣∣∣∣
r̂=r̂q

denotes the evaluation of the dth derivative of

the test (B-spline) function at the quadrature point. It is also understood that for α= Sk, the vector of
unknowns is augmented by the imposed outer boundary condition at r̂ = 1 (while for the others this is
only the case at the axis r̂ = 0). At any radial location, the residuals are given by:

Rα =





〈
cos(kω)F̂ψ

〉
if α /∈ {B1, . . .BNb ,P}〈

cos(lω)(B̂2 − (B2
p +B2

ϕ)
〉

if α ∈ {B1, . . .BNb}
ϵ2r̂−

〈
Ĵ/R̂2

〉
if α= P

and project onto the ith FE:

Rαi =

ˆ 1

0
RαΛidr

with i = 1, . . . ,m denoting each node. The corresponding Jacobian is:

Jα,γi,j =

ˆ 1

0

[
∂Rα

∂γ
ΛiΛj +

∂Rα

∂γ ′
ΛiΛ

′
j +

∂Rα

∂γ′′
ΛiΛ

′′
j

]
dr.
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Figure 1. Convergence study for the plasma diamagnetism function t2 with LO residuals with spline order p = 3, number of
elements from mmin = 9 to mmax = 31. h is the geometrical mean of the distance between successive quadrature points.

Discretizing the above integrals via the q quadrature points we get:

Rαi = Mq
i Rαq , Mq

i = Λi (r
q)w(rq) , Rαq = Rα

(
rq

)

where we keep the two indices (profile, degree of freedom) for clarity, but it is understood that they are
flattened before the solver step. Here w(rq) is the Gaussian weight to approximate the integral above. For
the discretized Jacobian, we have:

Jα,γi,j = Mq
i J α,γ,(d)

q P(d)
j,q , J α,γ,(d)

q =
∂Rα

∂γ(d)

The explicit expressions of Rα and J α,γ,(d) are obtained using CAS. The code is written in a modu-
lar way, allowing a swap between residual/Jacobian pairs (LO, full, EL), distribution functions (isotropic,
rotating, bi-Maxwellian, parallel-rotating), solver (Newton, JFNK). Future work is planned on imple-
menting a spectral discretization instead of FE as the smoothness of the solutions is expected to yield
exponential convergence. The default initial guess is: t2 (r̂) = 0,∆̂(r̂) = 0, P̂(r̂) = 0, B̂ℓ(r̂) = 0 and for
the shaping, taken to satisfy the outer imposed BCs {ŜBC

m }m∈[[2;NS]] via Ŝm(r̂) = ŜBC
m r̂m−1. The code can

also be restarted from a given initial guess, which is useful to help convergence in difficult parameter
regimes. For B-spline FEs of degree p with maximal continuity Cp−1, the FEM approximation satisfies

∥u− uh∥L2 =O
(
hp+1

)
, |u− uh|H1 =O (hp) , (2.19)

provided that the exact solution u is sufficiently smooth, i.e. u ∈ Hp+1. In figure 1 a convergence study
is presented showing the expected orders 4 and 3 for 3rd order B-splines. The numerical solution of the
problem with leading order residuals is compared against the available solution, the leading order analyt-
ical solution presented explicitly in section 3.2 and obtained from quadratures. An important remark is
that for the full problem we use high order splines p ⩾ 6, which is a spectral elements method, because
the additional overlap between elements for high order splines helps to regularize the axis residuals
which otherwise lead to unconstrained derivatives at the axis. A study like in figure 1 with all profiles
is thus even more limited in h values, as the order of convergence is very high and a plateau is reached
sooner. The code is free to use and available at: https://github.com/GitGVP/EQUIL/, with the possibility
of reproducing all the figures of this article using the dedicated immutable tag.

3. Analytical expansion

In this section the inverse-aspect-ratio expansion is presented in detail. The current treatment differs
from previous work allowing in particular the derivation of the higher order corrections seen numeri-
cally in section 4 to be required to explain the observed shift and shaping. This treatment differs from
prior asymptotic work in three respects. First, the safety-factor profile q and the pressure maps are taken
to be exact, independent of ϵ. This choice permits a direct, pointwise comparison between the asymp-
totic expressions and the full finite-ϵ equilibria solved numerically. Second, results are expressed in terms

7
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of the normalized equation-of-state maps (ϱ,Π∥,Π⊥). Writing results in these variables makes mani-
fest that poloidal pressure variation is functionally constrained by the poloidal dependence of B and R.
Third, we emphasize the importance of higher-order corrections which lead to explicit formulae that
include anisotropy and rotation and that capture the impact of elongation and triangularity on the
shift, as well as the pressure-driven elongation, going one order higher than in the previously published
literature.

3.1. Expansion setup
We formally set ϵ≪ 1, and adopt the Tokamak ordering: Ŝk,∆̂,q =O(1). Substituting in equation (2.12)
β→ ϵ2β leads to a regular perturbation theory, as the limit ϵ ↓ 0 is well defined and boundary condi-
tions can still be satisfied in the limit. This prescription is sometimes misleadingly referred to as the
‘low-β ordering’ (Freidberg 2014) but we will show in the next sections that it nevertheless allows us
to capture high βp ≈ ϵ−11 effects, albeit at higher order. The ordering used here is consistent with pre-
vious literature (Greene et al 1971, Connor and Hastie 1985, Graves 2013, Fitzpatrick 2024), in par-
ticular, toroidicity effects (Shafranov shift and shaping) appear at an order ϵ lower than the cylindri-
cal part ϵr̂cosω in R̂ and ϵr̂ sinω in Ẑ which are responsible for the nearest neighbor coupling in the
equations. As a result, the shaping does not couple to the shift at LO. This is unlike in e.g. Lao et al
(1981), Mikhailovskii (1998)and Brunetti et al (2020) where the shift prediction takes into account the
elongation, but note that in these references, an analytical prediction of the self-consistent shift and
shaping is unavailable (i.e. the elongation/triangularity is assumed to be known/prescribed in the shift
equation). Since their ordering does not lead to a closed analytic hierarchy for the geometry, it is not
well suited to the present goal of deriving explicit higher-order corrections. Moreover, while shaping
could formally be promoted to lower order (alongside the ϵr̂cosω term), the physical effects on insta-
bilities are unchanged at the relevant order, as can be seen by comparing the shaping contributions in
Eriksson and Wahlberg (2002) with those in Brunetti et al (2020); the ordering adopted here instead
enables a formal order-by-order Fourier decomposition in which the geometric coefficients separate
and their radial profiles are determined self-consistently. A further remark is that from our assumptions
above, the fact that P̂, t2 =O(1) is a consequence of their respective LO equation. Physically, lowering
ϵ should be interpreted as straightening the device, not as a near axis expansion which corresponds to
setting r̂ ≪ 1. The latter allows to obtain axis regularity boundary conditions: the assumption that r̂ = 0
corresponds to a magnetic axis (i.e. a parabolic point of ψ) means that locally, flux surfaces are concen-
tric ellipses, giving in our coordinates:

R̂(r̂,ω) = 1+ ϵr̂

(
1+ ϵ

dŜ2

dr̂

∣∣∣∣∣
r̂=0

)
cosω+O

(
r̂2
)

Ẑ(r̂,ω) = ϵr̂

(
1− ϵ

dŜ2

dr̂

∣∣∣∣∣
r̂=0

)
sinω+O

(
r̂2
)

(3.1)

which, on top of the mentioned axis BC in section 2 leads to ∆ ′(0) = S ′
k⩾3(0) = 0 for physically accept-

able forcing (i.e. vanishing axis pressure gradients and magnetic shear). We construct truncated solutions
to order N, assuming that all unknowns admit regular expansions in ϵ:

t2 (r̂) =
N∑

k⩾0

t2,k (r̂)ϵ
k, ∆̂(r̂) =

N∑

k⩾0

∆̂k (r̂)ϵ
k,

Ŝm (r̂) =
N∑

k⩾0

Ŝm,k (r̂)ϵ
k, P̂(r̂) =

N∑

k⩾0

P̂k (r̂)ϵ
k.

Collecting powers of ϵ yields, at each order k, a linear second-order ODE of the form Lyk = fk, with L a
linear differential operator that is independent of the order k, while fk is an inhomogeneous term which
depends on previous order solutions (yk−1,yk−2, . . .). The general solution is

yk (r̂) = c1,ky1 (r̂)+ c2,ky2 (r̂)+ ypart,k (r̂)

with y1,2 ∈ kerL (i.e. such that Ly1,2 = 0). Boundary conditions determine the coefficients ci,k. For
(t2,∆̂, P̂) the physical BCs are homogeneous and enforced identically at every order; the homogeneous

1 In this article ∼ is used to define an asymptotic relation, strictly valid after passing to the limit, while ≈ refers to a pointwise (or
uniform) order of magnitude equality.
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coefficients are therefore fixed accordingly. For the shaping modes Ŝm two prescriptions were tested.
The first sets all higher-order homogeneous coefficients to zero and retains only the particular solutions,
adapting the k = 0 regular solution coefficient to the higher order’s contributions at the edge to match
the prescribed outer BC. The second keeps the free homogeneous coefficients at higher orders and uses
them to enforce homogeneous BCs at orders k ⩾ 1. The latter method produces noticeably better agree-
ment in our numerical tests and is adopted in what follows. Expanding F̂ψ order by order in ϵ yields the
relevant differential operators determining the unknowns. For t2 this is:

Ldia = r̂q2 d

dr̂
⇒L−1

dia [F] =

ˆ r̂

0
ds

F(s)

sq(s)2 .

Having imposed t2(0) = 0 for the inverse. Relevant physical forcing are such that F ∼ r2 near the axis
which is sufficient to avoid singularities. It is seen that increasing the q profile at a constant aspect ratio
means increasing the ratio Bϕ/Bp and more forcing is required to reach the same amount of diamag-

netism. For the shift (∆̂) equation, we instead have:

L∆ =
d

dr̂

(
r̂3

q2

d

dr̂

)
⇒L−1

∆ [F] =

ˆ r

0
dt

q(t)2

t3

ˆ t

0
ds(F(s))

where in the inverse we have enforced ∆̂(0) = 0 and axis regularity. Here, on the contrary the forcing
gets enhanced by q2, which can be intuitively understood as a smaller poloidal field (higher q) being eas-
ier to shape. It will be seen in the following section that the forcing that arises from geometrical cou-
pling will also be proportional to q−2 and therefore will be weakly affected by the value of the safety
factor, unlike the pressure drive. For the general shaping (Ŝm), an explicit inverse for arbitrary q profile
is not available:

Lm =
d

dr̂

(
r̂3

q2

d

dr̂

)
− r̂

m2 − 1

q2
.

Here it is useful to comment on diverted equilibria, which exhibit a logarithmically divergent safety fac-
tor q ∼− log(1− r̂). The results of the current analysis can be shown to be valid also for these equilibria,
provided the analysis is carried up until some threshold, e.g. the engineering r95, as the remainder con-
tribution can be shown to be vanishingly small with distance δ from the plasma-vacuum interface. For
the shaping, since it is smooth between r95 and r = a, the boundary conditions can be safely imposed at
r95 instead, treating the plasma as a limited one. In this work, we treat only plasmas with a maximum
q ⩽ 10 for this reason. For the pressure-related forcings, following section 2.2, they can all be expressed
in terms of derivatives of the map Π∥ as e.g.

∂β̄∥

∂ r̂
=

d

dr̂
Π∥

(
r̂, B̂(r̂,ω) , R̂(r̂,ω)

)
=

(
∂Π∥

∂ r̂

)

R̂,B̂

∣∣∣∣∣
R̂=1,B̂=1

[1+O (ϵ)]

and the expansion in ϵ is related to that of (R̂, B̂) only. Note in particular that this formulation is signif-
icantly different to what is done in Greene et al (1971), Madden and Hastie (1994), Fitzpatrick (2024),
where the pressure profile is also assumed to have a series representation p(r) = ϵ2p2(r)+ ϵ3p3(r)+ . . . ,
with only p2(r) assumed to be the known forcing. Their prescription leads to an underdetermined sys-
tem at higher order and is also more difficult to validate against finite-ϵ simulations. At leading order,
the first derivatives of Π∥ can be substituted using equation (2.15) making the total dynamical pres-
sure (p∥ + p⊥ + ρR2Ω2) appear, while at higher order 2nd derivatives appear which do not have a simple
intuitive meaning. In the next section, we explicit the leading order forcings Fdia,F∆,Fm, show the solu-
tions when available explicitly, followed in the next section by the novel higher order effects.

3.2. Leading order
The leading order flux averaged force balance leads to:

t2 (r̂) =

ˆ r̂

0
ds

s

q(s)2

(
s
q ′ (s)

q(s)
− 2

)
−
(
Π∥

(
r̂, B̂ = 1, R̂ = 1

)
−Π∥

(
0, B̂ = 1, R̂ = 1

))
(3.2)

which is related to the plasma diamagnetism via (restoring dimensions):

RBϕ (r,ω) = R0B0

(
1− ϵ2

[
r2

2q2
+

ˆ r

0
ds

s

q(s)2 − µ0

B2
0

(P⊥ − P⊥,0)

])
+O (ϵ)

4 (3.3)
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with P⊥,0 the perpendicular pressure at the axis and we have integrated by parts to make manifest that
the two terms in the square brackets involving the q profile are strictly positive. The poloidal dependence
is seen to come only at higher order. Equation (3.3) is extremely important for equilibrium reconstruc-
tion, as it shows that measurements related to the toroidal field such as the plasma toroidal diamag-
netic flux are insensitive to the parallel component of the pressure, and may therefore allow isotropic
and anisotropic discharges to be discerned. Next, the m = 1 harmonic corresponding at this order to the
force balance in the ∇R direction, gives the shift of the flux surfaces:

L∆ [∆] =
r̂3

q2
− 2r̂2 ∂

∂ r̂

(
Π∥ +Π⊥

2
+

1

2
ϱR̂Ω2

)
.

Restoring dimensions, it is seen that a simple generalization of the isotropic formula is valid:

d∆

dr
=

r

R0

(
β̄p (r)+

ℓi (r)

2

)

with the definitions:

β̄p (r) =−q2

r4

µ0R2
0

B2
0

ˆ r

0
ds

[
s2 ∂

∂s

(
P∥ + P⊥ + ρR2Ω2

)
R=R0,B=B0

]
, ℓi (r) = 2

q2

r4

ˆ r

0
ds

s3

q2
.

For the specific isotropic rotating case, the pressure drive becomes −r̂2
[
(1+ 2M2)β0

] ′
, with the factor

2 coming from one contribution related to the centrifugal term ρ(u · ∇)u and the other to the pres-
sure gradient ∇p. We define βp,int as the integrand in the definition of β̄p as this combination of pres-
sures will again appear in the next section. This analysis is relevant for equilibrium reconstruction, as the
poloidal magnetic field is given by:

Bp = ϵ
rB0

q(r)

(
1− ϵ(r−∆ ′)cosω+ ϵcosω

∑

k⩾2

S ′
k (r)cos [(k− 1)ω]− ϵ sinω

∑

k⩾2

S ′
k (r) sin [(k− 1)ω]

)

so that flux loops and magnetic probes measuring Bp outside the plasma can infer the total enclosed
Shafranov parameter β̄p + ℓi/2.

Here we stress what we mean by ‘Tokamak ordering’, in the expression for Bp both factors ϵ and r
can be seen, the former means that in straightening the Tokamak (ϵ→ 0) the considered limit is that of
the θ−pinch and not of the general screw pinch (because we want to keep q fixed in this variation for
stability applications), while the latter is consistent with the vanishing of the poloidal field at the axis
(r → 0). For the shaping, the leading order forcing vanishes, leading to

Lm

[
Ŝm

]
= 0

meaning that the only drive at leading order is the coil-imposed outermost surface shaping, which is sig-
nificant for modern Tokamaks. A useful special case is obtained for constant−q, leading to Ŝm = ŜBC

m r̂m−1

with ŜBC
m the imposed boundary harmonic. This simple result is used to gain intuition on the results of

the next section, and is shown in the numerical simulations to be a reasonably good approximation even
when q is not constant. The LO prediction for P̂ has been given in Graves (2013) and since this profile
serves as gauge fixing, all physical predictions can be expressed without explicitly invoking it.

3.3. Higher order effects
In this section we focus on the two most important effects that come at the NLO, namely the shaping-
driven shift and the pressure driven elongation. In what follows, we assume that the boundary shaping
is such that Ŝ2, Ŝ3 ≫ Ŝm≥4, that is we consider experimentally relevant elongated D-shaped (outwards or
inwards) cross sections, while higher harmonics would contribute a minor correction. For the shift, we
split the contributions into F∆ = F∆,geom/q2 + F∆,β , the first coming from purely geometrical coupling:

F∆,geom = r̂Ŝ ′
2,0

(
10Ŝ3,0 − r̂

(
r̂+(1− 3s) Ŝ ′

3,0 + 3(s− 1)∆̂ ′
0

))
+ Ŝ2,0

(
r̂
(

5Ŝ ′
3,0 − 3∆̂ ′

0

)
− 2Ŝ3,0 (s− 7)

)

(3.4)
where we have neglected terms like −r̂Ŝ ′

4,0(14Ŝ3,0 + r̂Ŝ ′
3,0) and other coupling Ŝm,0Ŝm±1,0 from the

assumption of small squareness and higher harmonics above. The pressure driven contribution is:

F∆,β =
3

2

1

r̂

(
Ŝ2,0 + r̂Ŝ ′

2,0

)
βp,int.
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Both contributions vanish for non-elongated plasmas Ŝ2,0 = Ŝ ′
2,0 = 0, while for conventionally elon-

gated cross sections Ŝ2,0, Ŝ ′
2,0 < 0 the shift is usually reduced (monotonic pressures ∂r̂p̄< 0, positive

triangularity Ŝ3,0 > 0) as found in Lao et al (1981). Using the zero-shear replacement for the shaping
(Ŝ2,0 = ŜBC

2 r̂, Ŝ3,0 = ŜBC
3 r̂2) we find that the contribution from triangularity, i.e. terms containing Ŝ3,0 or

Ŝ ′
3,0 in equation (3.4) lead to −32r̂3ŜBC

2 ŜBC
3 , having also neglected the shear term here, which is in gen-

eral smaller. The dimensionless numerical prefactor 32 makes the NLO shift very sensitive to the trian-
gularity. The main conclusions for the shift are that the elongation is the main driver of this term, if
the cross section is elongated then it is the same combination of pressures in βp,int that contribute, and
finally that the coupling with triangularity is strong. For the elongation, we split again the forcing into
Fκ = Fκ,geom/q2 + Fκ,β , with expressions:

Fκ,geom = ∆̂ ′
0

(
1+(2− 3s) Ŝ ′

3,0 − 8
Ŝ3,0

r

)
+

1

2

(
r̂− 2Ŝ ′

3,0

)
+

3

2r̂
(s− 2)∆̂ ′

0

2

and

Fκ,β =
q2

r̂3

(
6
(
∆̂ ′

0 − Ŝ ′
3,0

)
− r̂− 8

Ŝ3,0

r̂

)
βp,int

+
q2

4

∂

∂ r̂

[
3ϱR̂Ω2 +

(
Π⊥ −Π∥

)
+
∂2Π∥

∂R̂2
− 2

∂2Π∥

∂R̂∂B̂
+
∂2Π∥

∂B̂2

]
(3.5)

where Fκ,geom is the same for any plasma model (isotropic, etc), and the first line of equation (3.5) is
the pressure drive that depends on the same combination as the shift, while the second line is differ-
ent and only present in the case of anisotropy and or rotation. It is interesting to note that the cross
derivative term ∂R,BP∥ is an effect that is present only when both rotation and anisotropy are taken into
account. For the special case of constant−q and parabolic pressure profiles, all the operators are analyti-
cally invertible and one can obtain from CAS software solutions up to arbitrary ordering ϵ. We show this
in appendix B to illustrate some properties of the expanded solutions explicitly.

4. Numerical results

In this section, we present numerical results illustrating the geometry and plasma diamagnetism in con-
ventional aspect ratio equilibria, for isotropic, strongly perpendicularly anisotropic, and rotating paral-
lel anisotropic plasmas. We do not study the perpendicular anisotropic rotating case as it is less experi-
mentally relevant, and would require a more accurate treatment of quasineutrality. The results are illus-
trated with aspect ratio scans, validating the LO predictions from section 3.2 and the NLO ones from
section 3.3. To compare the numerical results with the analytical ones, we define the following errors:
the LO error is:

∥∆̂num − ∆̂0∥2
L2 :=

ˆ 1

0

(
∆̂num − ∆̂0

)2
dr̂ (4.1)

and similar definitions hold for the other profiles (t2,Sm, . . .). The NLO error is defined by:

∥∆̂num − ∆̂0 − ϵ∆̂1∥2
L2 :=

ˆ 1

0

(
∆̂num − ∆̂0 − ϵ∆̂1

)2
dr̂ (4.2)

the expected order of convergence in ϵ are respectively 1 for the LO error and 2 for the NLO one, as
verified in the following sections. Note that we do not include the Jacobian in the radial measure i.e. we
use dr̂ instead of Ĵdr̂, as this would involve non-trivially the unknowns and change the aspect ratio scal-
ing. We first present briefly a comparison of the code, the LO prediction and Solov’ev full solutions for
isotropic rotating plasmas at high aspect ratio A = 10, acting as a benchmark for the code and showing
the magnitude of deviations compared to the LO prediction even at such high aspect ratios. Next, we
present a TCV-like shaped isotropic case, to show the magnitude of the deviation from analytical predic-
tions, followed by cases of fully parallel anisotropic rotating plasmas, showing that the toroidal diamag-
netism is similar to pressureless equilibria, while the shafranov shift is strongly affected by the pressure
and the rotation. Finally, we show very strongly perpendicularly anisotropic equilibria, for which it is
shown that the pressure-driven shaping remains small compared to the LO prediction in shaped plasmas.
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Figure 2. Normalized shift for elongated equilibria comparing the code output (dots), the Solov’ev output (dashes), and the LO
prediction (dash-dotted), for various rotation levels.

4.1. Comparison with rotating Solov’ev equilibria
We confine to appendix E the details of the construction of the analytical rotating Solov’ev solution
for prescribed boundary shaping, as well as the method used to retrieve the shaping coefficients from
equation (2.8). Given that the structure of the Solov’ev solutions limits the possibility of performing
aspect ratio scans, we fix A ≈ 8 and assess the validity of the code by varying the rotation strength,
focusing here on the shift to provide a concise assessment. We construct an elongated equilibrium cor-
responding to ŜBC

2 =−1.7 and compare in figure 2 the normalized shift ∆̂ = ∆/(ϵa) predicted by the
code with those from the Solov’ev solution and the LO expansion. Both the safety factor and the pres-
sure profiles are quadratic in r̂, leading to βp ≈ 0.9 and wϕ ≈ 0,0.2,0.7 for M2 = 0,0.25,1 respectively.
The code shows excellent agreement with the Solov’ev profiles, whereas the LO prediction exhibits a vis-
ible deviation despite the high aspect ratio, as it does not account for the shift reduction related to the
elongation, analyzed in the next section.

4.2. Isotropic plasmas
Here we study an isotropic static plasma (Ω = 0,p∥ = p⊥) by doing an aspect ratio scan, from ϵ= 10−3

to ϵ= 0.4 and showing the L2 error for the leading order and NLO shaping (∆,S2). The diamag-
netism profile t2 will be analyzed in more detail in the next sections. We use a parabolic pressure pro-
file β(r̂) = βt0(1− r̂2) as well as a parabolic q profile q(r̂) = q0(1+ s0r̂2/2). The simulation parameters
are βt,0 = 0.8,q0 = 1, s0 = 4, ŜBC

2 =−0.8, ŜBC
3 = 0.2 and are held constant during the aspect ratio scan.

These are chosen such that at ϵ= 0.4, we have βp = 1.7, ℓi = 0.8,κ= 1.9, δ = 0.4, with q95 ≈ 3, accord-
ing to the definitions in appendix D which are realistic TCV plasma values. In particular, these choices
are in the high range of plasma betas and shaping, which are far from an almost circular, low β ohmic
discharge. Figure 3 presents the convergence plot for the L2 error (equations (4.1) and (4.2)) for the
Shafranov shift on the left and for the elongation on the right, for ϵ ∈ [10−3;0.4]. The expected first
and second orders of convergence are verified. For the shift, the NLO correction is seen to significantly
improve the LO prediction, dropping the error by a factor 10 for conventional aspect ratio ϵ≈ 0.4. The
corresponding shift profiles are shown in figure 4, where the LO (left) and NLO (right) analytical pre-
diction is shown as a black dashed line. The colored lines correspond to the numerical solution ∆̂num on
the left and the numerical NLO correction, defined via:

∆̂1,num :=
∆̂num − ∆̂0

ϵ
(4.3)

which is introduced to compare against the analytical prediction ∆̂1. The colors correspond to the aspect
ratios of figure 3. The pink dashed line on the left figure shows the LO and NLO correction for the
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Figure 3. Normalized Shafranov shift (left) and elongation (right) convergence plots in aspect ratio for both leading order (cir-
cles) and next to leading order (squares) prediction for the isotropic equilibrium. Linear fits are done up to the black dashed
vertical line at ϵ1 = 0.02. The red dashed vertical line at ϵ2 = 0.16 shows where the LO prediction has a lower error than the NLO
prediction for the elongation.

Figure 4. Normalized Shafranov shift. Colored lines are the numerical solutions, with aspect ratio of figure 3. The analytical
predictions are in dashed black, for the LO (left) and the NLO correction (right). The full NLO prediction is shown in pink on
the left plot for the highest ϵ= 0.4.

highest ϵ= 0.4, to be compared with the red line, which significantly deviates from the LO prediction.
The finite-ϵ shift reduction observed numerically is well explained by the NLO prediction. Figures 3
and 4 thus show that the NLO correction is a significant improvement on the LO prediction for con-
ventional aspect ratio tokamaks with outer elongation and triangularity, as the error to the full solution
goes from ∥∆̂− ∆̂0∥L2 ≈ 5 to ∥∆̂− ∆̂0 − ϵ∆̂1∥L2 ≈ 0.8 for ϵ= 0.4. Conversely, the left plot in figures 3
and 5 show the same analysis for the elongation. There the conclusions are significantly different: even
though the predicted order of convergence is found, it is observed that ∥Ŝnum − (Ŝ2,0 + ϵŜ2,1)∥L2 >
∥Ŝnum − Ŝ2,0∥L2 for ϵ > 0.15, meaning that for experimentally relevant aspect ratios, the LO prediction
for the shaping is a more accurate approximation than the NLO one. These results illustrate that with
the current formulation of the expansion, and of the underlying equations, scans in ϵ to assess the valid-
ity of the error bounds of the expansion are simplified: the leading order solution does not depend on ϵ
due to the rescalings of section 2.1.

4.3. Strong parallel anisotropy with near sonic flows
In this section we analyze with the full code a conventional aspect ratio ϵ= 0.35 elongated negative tri-
angularity (δ =−0.41,κ= 1.74) plasma, comparing various cases with or without rotation and with or
without strong parallel anisotropy. Figure 6 shows the flux surfaces as well as the parallel normalized
pressure contours for the case without perpendicular pressure and no rotation on the left, with sonic
rotation in the middle, and the normalized pressure contour for the isotropic rotating case with sonic
rotation on the left. Note that M2 = 1 is higher than the rotation expected to be seen in TCV and con-
ventional aspect ratio tokamaks. For the parallel anisotropic case (p⊥ = 0), the pressure contours are
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Figure 5. Normalized elongation. Colored lines are the numerical solutions, with aspect ratio of figure 3. The analytical predic-
tions are in dashed black, for the LO (left) and the NLO correction (right). The full NLO prediction is shown in dashed pink on
the left plot for the highest ϵ= 0.4.

slightly shifted towards the HFS, while the opposite is true for the rotating isotropic case, and the par-
allel rotating case has a combination of both effects. The figure also displays the TCV limiter contour to
show that the boundary conditions and aspect ratio used (ϵ= 0.35, ŜBC

2 =−0.8, ŜBC
3 =−0.3) correspond

to realistic parameters. Figure 7 instead shows the profile of diamagnetism, shift, and plasma driven
elongation from the full code. From the diamagnetism plot, we see that the pressureless case and the
fully parallel cases (rotating or not) are very close to each other, which is coherent with the notion that
perpendicular pressure is responsible for the plasma diamagnetism. On the other hand, for the shift and
elongation which characterize the poloidal field, the pressureless case is different to all the other cases,
and the parallel anisotropic and isotropic rotating cases are overlapping. This means that in this case
the poloidal field is modified significantly by the rotation and its contribution to the dynamical pressure
ρR2Ω2. The effect of the plasma on the poloidal field is well described by the plasma’s Shafranov param-
eter: βp,∥ +βp,⊥ +wϕ + ℓi/2, which is ≈3 for the similarly shifted rotating isotropic and rotating parallel
anisotropic, while it is ≈2 for the static parallel anisotropic case, and ≈0.7 for the pressureless case. It is
remarkable that both the isotropic (M2 = 1) and parallel rotating cases (β⊥ = 0,M2 = 1) have nearly
identical flux contours, as expected from their similar Shafranov parameter, but completely opposite
diamagnetism, which means that isotropic static equilibrium reconstruction codes which use the total
plasma toroidal diamagnetic flux Φp and magnetic probes and flux loops would receive opposite infor-
mation from the two diagnostics. This will be investigated more in detail in a following publication.

4.4. Strong perpendicular anisotropic discharges
In this section we study a case representative of ICRH heating and that should exhibit perpendicular
anisotropy-driven shaping as predicted in Madden and Hastie (1994). To do so, we analyze a conven-
tional aspect ratio (ϵ= 0.37) circular equilibrium (δ = 0,κ= 1) which means that Ŝ2,0 = 0 as a result of
the homogeneous BCs, and ∆̂1 = 0 as shown in section 3.3. The distribution function used is the mod-
ified bi-Maxwellian from equation (2.16) and we model a low field side (LFS) resonance by choosing
B̂c = 0.98. The q(r̂) profile and β(r̂) are obtained from fitting those of an isotropic test case of the MEQ
suite (Carpanese 2021), via polynomials of the form q(r̂) = 1+

∑10
k=1 qkr̂2k and β(r̂) =

∑10
k=0βkr̂2k. The

obtained profiles yield q(1)≈ 5.3,β(0) = 0.19 corresponding to βp = 2, ℓi = 1.14 according to the def-
initions given in section D. We set T⊥/T∥ = 3 corresponding to βp,⊥/βp,∥ ≈ 2.9, so that we are in the
regime ϵT⊥/T∥ ∼ 1 described in Madden and Hastie (1994). Figure 8 shows the contours of the mag-
netic field strength and the normalized perpendicular pressure, the parallel one being much smaller.
These are obtained from simulations with NS = 10,NB = 10 the number of shaping harmonics and
field harmonics respectively. On the field strength plot, we can see the bending of the vertical contours
inwards where the pressure is highest, which is the typical cylindrical Z-pinch pressure balance between
pressure and diamagnetism. The contour B = Bc is shown in green on both plots. On the perpendicu-
lar pressure plot, the strong poloidal localization of the pressure towards the LFS is manifest. Figures 9
and 10 show a convergence study from ϵ= 0.37 to ϵ= 10−3 similar to that done for the isotropic case
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Figure 6. Flux surface contours (dashed black) and normalized pressures contours (colors) for the parallel static case (left), paral-
lel rotating (middle) and isotropic (P= pI) rotating case (right), obtained from the full code, in the TCV vacuum vessel.

Figure 7. Plasma diamagnetism, shift and plasma driven elongation, for a negative triangularity TCV-like shaping. Pressureless
case (blue), fully parallel with sonic rotation (orange), isotropic with sonic rotation (yellow) and fully parallel static case
(purple).

in section 4.2. In figure 9 the orders now are 2 and 3 since ∆̂1 = 0 as well as Ŝ2,2 = 0 for non-shaped
boundaries. This is verified also analytically in appendix B where it is seen that Ŝ2,2 ∝ ŜBC

2 . In spite of
the high order of convergence of the error, the numerical solution at ϵ= 0.37 significantly deviates
from the analytical predictions. The flux surfaces predicted by the expansion would in fact intersect
due to the highly overestimated shift shear ∆̂ ′ and elongation shear Ŝ ′

2. We note that these observations
are very similar to high βp isotropic cases, as presented in section 4.2. For this case also we have that
∥Ŝnum − (Ŝ2,0 + ϵŜ2,1)∥L2 > ∥Ŝnum − Ŝ2,0∥L2 for ϵ > 0.15, so that the NLO prediction for the elongation
should not be used for relevant aspect ratio.
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Figure 8. Normalized magnetic field strength and perpendicular pressure contours for a circular equilibrium (δ = 0,κ= 1) with
resonance at the LFS Bc/B0 = 0.98 (in green) and strong perpendicular anisotropy (ϵ= 0.37,T⊥/T∥ = 3, ϵT⊥/T∥ = 1.1).

Figure 9. Normalized Shafranov shift (left) and elongation (right) convergence plots in aspect ratio for both leading order (cir-
cles) and next to leading order (squares) prediction for the anisotropic circular equilibrium. Linear fits are done up to the black
dashed vertical line at ϵ1 = 0.02. The red dashed vertical line at ϵ2 = 0.16 shows where the LO prediction has a lower error than
the NLO prediction for the elongation.

Figure 10. Normalized shift (left) and elongation (right). Colored lines are the numerical solutions, with aspect ratio of figure 9
while the analytical predictions are in dashed black. The elongation is divided by ϵ to compare with the NLO prediction Ŝ2,1.

5. Conclusion

In this work, a next-to-leading-order asymptotic expansion in inverse aspect ratio for pressure-
anisotropic, rotating tokamak equilibria was developed and formulated so that it maps directly onto the
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fixed-boundary numerical problem used for verification. We implemented a new ‘exact’ fixed-boundary
equilibrium solver that extends the formulation of Lao et al (1981) to include rotation and pressure
anisotropy. The code uses high-order B-spline FEs to discretize the extended Grad-Shafranov residuals,
with the Jacobian computed symbolically enabling a Newton method to be used. The numerical imple-
mentation was validated against an analytically tractable test case. Implementation of different distri-
bution functions adapted to any kinetic species is straightforward, requiring only the analytical expres-
sion of the normalized parallel pressure as a function of (r̂, R̂, B̂). The extension to the full treatment of
quasineutrality and different species, relevant for the study of heavy impurities, is also possible with-
out large modifications to the code. The direct comparison between the asymptotic expansion and the
numerical solutions yields three principal results relevant to experiment and modeling: (i) the NLO cor-
rection to the Shafranov shift significantly improves agreement with the full solution for experimentally
relevant aspect ratios and shaped cross sections; (ii) the NLO correction to elongation only improves
the approximation at very large aspect ratios (A ≳ 10) and only the LO prediction should be used for
relevant aspect ratios, which means that the coupling with neighboring and other shaping harmonics
can be neglected; (iii) for the strongly perpendicular anisotropic regime anticipated to produce strong
shaping in Madden and Hastie (1994) via pressure localization, the drive is found to only weakly affect
the shaping for the tested parameter regimes. This framework further enables analytical investigation
of the physics of tight-aspect ratio, high-βp, highly shaped plasmas, going beyond the perturbative esti-
mates used in the current work. The new (‘exact’) code will serve to benchmark the rotation/anisotropy
module of the free-boundary code LIUQE (Moret et al 2015) in the fixed boundary limit, and, together
with the ideal MHD stability solver VENUS-MHD, will allow quantitative assessment of how the stability
problem is affected by effects not captured at the order of the asymptotic expansion.

Data availability statement

The code and data supporting the findings of this study are publicly available at: https://github.com/
GitGVP/EQUIL.

Appendix A. Moment equations

In what follows, we denote the degrees of freedom of the problem as Fm, such that R(ρ,θ) =
fR(Fm(ρ),ρ,θ) and Z(ρ,θ) = fZ(Fm(ρ),ρ,θ) with generic independent variables (ρ,θ) spanning the
poloidal plane. We call each choice of a set of Fm as different representations. One can then obtain the
Euler–Lagrange (EL) equations for this representation:

EL(Fm) =

〈
EL(R)

∂R

∂Fm
+ EL(Z)

∂Z

∂Fm

〉
=

〈
RFψ

(
−Zθ

∂R

∂Fm
+Rθ

∂Z

∂Fm

)〉
(A1)

where EL denotes the corresponding EL equation. This is obtained from the action presented in Lao et al
(1981), with Lagrangian density L= B2

p/(2µ0)−B2
ϕ/(2µ0)− p, with the first term a kinetic energy for

ψ and the rest a potential energy (hence the sign). For the representation of Fitzpatrick (2024), used for
the inverse aspect ratio expansion, extended to up-down asymmetric cases, the equations are:

EL(∆) =

〈
R
∂Z

∂ω
Fψ

〉
(A2)

EL(Sm) =

〈
RFψ

(
∂Z

∂ω
cos((m− 1)ω)+

∂R

∂ω
sin((m− 1)ω)

)〉
(A3)

EL(Vm) =

〈
RFψ

(
∂Z

∂ω
sin((m− 1)ω)+

∂R

∂ω
cos((m− 1)ω)

)〉
. (A4)

Appendix B. Higher order expansion for shearless equilibria

Here we set q = 1 so that all operators Ldia,L∆,Lm have analytical inverses, and β(r̂) = β0(1− r̂2) which
makes all forcings simple functions of r̂ that can be integrated explicitly. We solve for Ŝ2, Ŝ3 only, which
is justified only for cross-sections which have small driven higher order shaping ŜBC

m≥4 ≪ 1. Here we
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choose the isotropic rotating distribution function, but the same method applies for any of the presented
distribution functions. The following expressions are obtained automatically from CAS, starting with the
diamagnetism profile:

t2 (r̂) = (β0 − 1) r̂2 + ϵ2
(
− 2
(

ŜBC
2

)2
r̂2 − 1

32
r̂4
(

16β2
0

(
3
(
M2

0

)2
+ 6M2

0 + 4
)

+ 8β0

(
−2
(
M2

0

)2
+M2

0 + 7
)
+ 192

(
ŜBC

3

)2
− 3
))

+
1

48
ŜBC

2 r̂2ϵ3
(

48β2
0

(
M2

0

)2
+ 96β2

0M2
0 + 48β2

0 − 32β0

(
M2

0

)2 − 64β0M2
0

+ 24r̂2
(
− 12β2

0

(
M2

0 + 1
)2

+ 2β0

(
2
(
M2

0

)2
+M2

0 − 3
)

+ 3ŜBC
3

(
12β0

(
M2

0 + 1
)
+ 5
)
− 3
)

−48ŜBC
3

(
8β0

(
M2

0 + 1
)
+ 1
)
+ 9
)
+O (ϵ)

4

(B1)

where we see the pressure-driven diamagnetism and the term coming from the q profile at LO, a vanish-
ing 1st order (hence order 2 convergence to the LO in simulations), and more complicated combinations
at higher order, with numerical coefficients and powers of (β0,M2

0, Ŝ
BC
2 , ŜBC

3 ) that are growing with order
ϵk, suggesting that the series is divergent in some parameter ranges and therefore only asymptotic. The
other profiles lead to the same conclusions: for the elongation (truncated at order 3 for clarity):

Ŝ2 (r̂) = ŜBC
2 r̂+

1

192
r̂
(
r̂2 − 1

)
ϵ
(

48β2
0

(
M2

0 + 1
)2 − 32β0M2

0

(
M2

0 + 2
)

− 48ŜBC
3

(
8β0

(
M2

0 + 1
)
+ 1
)
+ 9
)

+
1

24
ŜBC

2 r̂
(
r̂2 − 1

)
ϵ2
(

12β2
0

(
M2

0 + 1
)2 −β0

(
8
(
M2

0

)2
+ 35M2

0 + 27
)

+ 312
(

ŜBC
3

)2
− 6ŜBC

3

(
20β0

(
M2

0 + 1
)
+ 1
)
− 3
)
+O (ϵ)

3 (B2)

where it is manifest that we use the LO to satisfy the boundary conditions Ŝ2(1) = ŜBC
2 , as all higher

order contributions have radial dependence as r̂(r̂2 − 1). Similar expressions are obtained for ∆̂ and P̂.

Appendix C. Near axis forces with strongly trapped bi-Maxwellian

The modified bi-Maxwellian presented in equation (2.16) with choice Bc = minω B corresponds to a
standard bi-Maxwellian evaluated at the field minimum, as stated in Madden and Hastie (1994). We first
remark that with B̂ = B̂0 + B̂1(ω)r̂+O(r̂)2, with B̂0 = g0/R0, which is valid for any ϵ, then minω B ∝ r ∼√
ψ which breaks the assumption that all profiles (free functions) should be analytical functions of their

arguments. One can prove that such a distribution function leads to unbalanced forces by expanding
both F · ∇ϕ = 0 and F · ∇ψ = 0 order by order in r̂, without ever invoking the aspect ratio expansion,
but this leads to unnecessarily complicated algebra. We choose instead to use the same method as in the
previous section, appendix B, i.e. assume a parabolic pressure profile βt(r̂) = β0(1− r̂2) and a constant q
profile q = 1, constant anisotropy T⊥/T∥ = A0 = cst, expand the equations in ϵ and obtain for the shift:

∆̂(r̂) =
1

8
r̂2 (2(A0 + 1)β0 + 1)+ ϵ

(1

8
ŜBC

2 r̂2
(

6(A0 + 1)β0 − 32ŜBC
3 + 1

)

− 1

15

(
2A2

0 −A0 − 1
)
β0r̂
(
3r̂2 − 5

))
+O (ϵ)

2 (C1)

which is linear in r̂ with the term −β0ϵr̂(A0 − 1)(2A0 + 1)/3, inconsistent with equation (3.1). This lin-
ear term vanishes for A0 = 1 which is the isotropic case. In the numerical simulations, this is seen as
converged solutions with ∆̂ ′(0) ̸= 0 that do not represent valid magnetic equilibria.
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Appendix D. Expression for common figures of merit

Here we explicit formulas for figures of merit with the LIUQE convention (Moret et al 2015), starting
from the elongation and the triangularity

κ(r̂) =
maxω Z(r̂,ω)−minω Z(r̂,ω)

maxω R(r̂,ω)−minω R(r̂,ω)

and

δ (r̂) =
(maxω R(r̂,ω)+minω R(r̂,ω))− 2R(r̂,argminω (Z(r̂,ω)))

(maxω R(r̂,ω)−minω R(r̂,ω))

which have the advantage to be parametrization invariant quantities but these vary in our ϵ scans shown
in e.g. figure 3. Typical TCV values are κ ∈ [1;2.5], δ ∈ [−0.4;0.4] at the plasma boundary r̂ = 1. For the
normalization of the figures of merit, we use:

WN =
µ0

4π
πR2

0I2
p =

µ0

4π
πR2

0

(
ˆ

jϕ dS

)2

.

The poloidal beta and internal inductance are then given by:

βp =
1

WN

ˆ

pdV, ℓi =
1

WN

ˆ

B2
p

2µ0
dV

with typical values: βp ⩽ 2, ℓi ≈ 1. For the anisotropic and/or rotating cases, we use the following gener-
alizations:

βp,∥ =
1

WN

ˆ

p∥dV, βp,⊥ =
1

WN

ˆ

p⊥dV, wϕ =
1

WN

ˆ

1

2
ρ(RΩ)2 dV.

Computing these quantities more explicitly in our coordinates, the (isotropic) pressure integral is:

Wk =
3

2

ˆ

pdV = 2πϵ4 R3
0B2

0

µ0

ˆ 1

0
dr̂β (r̂)

ˆ 2π

0
dωĴ

where one factor of ϵ2 comes from geometrical factors while another ϵ2 comes the substitution β→ ϵ2β
in section 2.1. Similar computations hold for the anisotropic and rotation case. The Ip integral yields:

WN =
1

4

R3
0B2

0

µ0

(
ϵ2 T(1)

q(1)

ˆ 2π

0
dω

gωω

Ĵ

∣∣∣∣∣
r̂=1

)2

and the poloidal field energy:

Wp = πϵ2 R3
0B2

0

µ0

ˆ 1

0
dr̂f(r̂)2

ˆ 2π

0
dω

gωω

Ĵ

Then βp = (2/3)Wk/WN and ℓi = Wp/WN. The leading order poloidal beta with this definition and a
parabolic pressure profile β(r̂) = β0(1− r̂2) gives βp = β0q(r̂ = 1)2, while for a constant q the leading
order internal inductance is ℓi = 1.

Appendix E. Up-down symmetric Solov’ev solution and shaping coefficients extraction

In this appendix, we first outline the chosen form of rotating Solov’ev solution, followed by the extrac-
tion of the shaping coefficients given a flux map ψ(R,Z), which is a standard output of other equilib-
rium codes.
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E.1. Rotating up-down symmetric Solov’ev equilibrium
Assuming the free flux functions to be constants:

T
dT

dψ
= CT,

dP

dψ
= CP, M=M0

leads to a linear PDE for which a family of analytical solutions to the Grad-Shafranov equation is given
by Throumoulopoulos and Pantis (1989):

ψ (R,Z) =
N−1∑

n=0

αn+1R2
n∑

m=0

(−1)m (R
2

)2(n−m)
Z2m

(n−m)! (n−m+ 1)! (2m)!
− CTZ2

2
− CPR4

8
Q(R) , (E1)

where αn, n ⩽ N− 1, are numerical coefficients determined by the boundary conditions on ψ, and

Q(R) = 2R4
0

R4M4
0

[
exp
(

M2
0R2

R2
0

)
−
(

1+ M2
0R2

R2
0

)]
. It should be noted that the solution in equation (E1) is

expressed specifically for up-down symmetric equilibria. In practice, boundary conditions are enforced
at a finite set of N points, {(R̄k, Z̄k) | k = 0, . . .,N− 1}, such that

ψ
(
R̄0, Z̄0

) !
= ψ

(
R̄1, Z̄1

) !
= · · · !

= ψ
(
R̄N−1, Z̄N−1

)

which fully determine the coefficients αn+1, n ∈ {0, . . .,N− 1}.

E.2. Extraction of shaping harmonics from the poloidal flux map
The flux surface profiles resulting from a given equilibrium can be obtained by expressing the cylindrical
coordinates R and Z in the expanded (r,ω) system, as defined in equation (2.8), through integration of
the function X(r,ω) := R(r,ω)− iZ(r,ω). Namely :

∆(r) =
1

2π

ˆ 2π

0
dωX(r,ω) , (E2)

Sm (r) =
1

2π

ˆ 2π

0
dωX(r,ω)e−i(m−1)ω. (E3)

In order to construct the (r,ω) system, one must first rely on the expressions for R(ρψ,θ) and Z(ρψ,θ)
in a general flux coordinate system (ρψ,θ). This is achieved by solving the following algebraic non-linear
equation

ψ (R0 − a(ρψ,θ)cos(θ) , a(ρψ,θ) sin(θ)) = ψA − ρ2
ψ (ψA −ψB)

for a(ρψ,θ) (chosen as the smallest positive solution), here ψA = ψ(R0,0) and ψB is the value of the
flux at the plasma boundary. ρψ is the square root of the normalized poloidal flux, but other flux coor-
dinates would work as well. This equation must be discretized on ρψ ∈ [0;1], θ ∈ [0;2π). The maps
R(ρψ,θ),Z(ρψ,θ) are not in the form of equation (2.8) as the Fourier cosine harmonics of R will gen-
erally differ to the sine harmonics of Z. Consequently, we express the geometrical angle θ as a function
of the angle ω via:

θ (ρψ,ω) = ω+
D−1∑

k=0

ck (ρψ) sin [(k+ 1)ω] ,

where D denotes the chosen number of sine modes and the ρψ dependence is parametric. The coeffi-
cients ck(ρψ) have to be found by imposing:

ˆ 2π

0
dωX(ρψ,θ (ρψ,ω))ei(1+s)ω = 0, ∀s ∈ N

∗, (E4)

and requires D ⩾ nmax, such that equation (E4) describes as many equations as unknowns. This system
of non-linear algebraic equations is solved using a Gauss–Newton method. Since ρψ is a general flux
coordinate, we compute the radial coordinate r by making use of the Jacobian gauge equation (2.6) with
the Jacobian of the (r,ω) system expressed as Jr,ω =

∂ρψ
∂r Jρψ,ω . This yields

r(ρψ) =

√
R0

π

ˆ ρψ

0
dρ̄ψ

ˆ 2π

0
dω

Jρ̄ψ,ω
R2

,

completing the construction needed to extract the flux surface profiles from a given flux map.
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Appendix F. Kinetic closure with multiple species & quasineutrality

Let s denote a plasma species, with distribution function fs = fs(ψ,E ,µ,σ) that is a function of the con-
stants of motion from equation (2.2), we have:

∂

∂B

(
p∥,s
B

)

ψ,R

=−p⊥,s
B2

− qsns
1

B

∂Φ1

∂B
(F1)

and:

∂

∂R

(
p∥,s
B

)

ψ,B

=−ns

B

(
−msRΩ

2 + qs
∂Φ1

∂R

)
(F2)

in summing over species in the plasma and using quasineutrality, i.e.
∑

s qsns = 0 one gets
equation (2.15) with p∥ =

∑
s p∥,s and ρ=

∑
s msns. Furthermore, the bulk thermal plasma can be shown

to be Maxwellian at leading order in a magnetized expansion (Abel et al 2013), so that their parallel
pressure is given by:

p∥,th = p0,th (ψ)exp

(
mthR2Ω2

2Tth (ψ)

)
exp

(
−qΦ1 (ψ,R,B)

Tth (ψ)

)
.

The dependence in B of the potential Φ1 comes from the anisotropic species’ contribution to the
quasineutrality, which can safely be neglected as long as nA/nth ≪ 1, with nA the density of the
anisotropic specie(s), and nth the density of the bulk plasma. We remark that relaxing that assumption
would require to solve the quasineutrality equation for the field Φ1(r,R,B), which adds a non-linear
algebraic equation to the system, and the appearance of (∂rΦ1,∂BΦ1,∂RΦ1) terms in the force balance
which require considerable symbolic manipulations. On the other hand, the rotation part of Φ1 is such
that there exists an effective mach number M2

0(Te,Ti,me,mi,Ω;ψ) (Graves and Wahlberg 2017) such
that:

p∥,th = p0,th (ψ)exp
(
M2

0 (ψ)R2
)

i.e. with bulk ions and electrons having different temperatures. Therefore, equations (2.16) and (2.17)
are valid for multi-species plasmas with the addition of a term βth(r̂) for the static case (e.g. bi-
Maxwellian), and for the fully-parallel anisotropic, rotating, we would have:

Π∥

(
r̂, R̂, B̂

)
=
(
βth (r̂)+βA (r̂) B̂

)
exp
(
M2

0 (r̂) R̂2
)

the results presented in sections 3 and 4 take βth = 0 to isolate the impact of anisotropy/rotation, and
not to have an additional free parameter.
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