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Abstract
Machine-scale instabilities in fusion devices are commonly described using magnetohydrody-
namics (MHD), however kinetic effects can significantly affect MHD instabilities through kinetic
compression and wave-particle interaction. We propose a new code that solves the drift-kinetic-
MHD equations using a spectral method, formulated using a Case–Van Kampen approach (Van
Kampen (1955 Physica 21 949)). The eigenvectors of the standardised eigenvalue problem are com-
posed of the perpendicular MHD-like displacement, a potential that describes the parallel electric
field, as well as the kinetic correction to the perturbed distribution function. The new code, which
can solve for generalised kinetic equilibria in axisymmetric toroidal geometry, is benchmarked
favourably against exact analytic solutions for kinetic-MHD in a cylindrical screw pinch. In this
configuration, kinetic effects are driven by the particles in the long free path limit subject to angu-
lar drifts associated with the radial curvature of the configuration. The kinetic effect of highly ener-
getic particles is shown to be stabilising via exact cancellation of ideal MHD interchange (Suydam),
while for moderately energetic particles, their effective guiding centre velocity resonates with the
wave frequency, causing novel kinetic instabilities in the cylinder.

1. Introduction

Large scale plasma instabilities in tokamaks are well described by fluid models such as ideal magnetohy-
drodynamics (MHD). Most of these instabilities must be avoided when operating the device, as they can
disrupt the plasma or even damage the machine. Tokamaks contain energetic particles, such as fusion
products or auxiliary heated particles, that cannot be fully described by fluid theory. Kinetic corrections
alter the growth rate and stability thresholds of large scale instabilities. A suitable solution for address-
ing these issues is that of so-called kinetic-MHD models, which treat kinetic effects as a correction to
the fundamentally ideal MHD model. One way to take into account kinetic effects is to insert kinetically
computed pressures in the MHD momentum equation. The kinetic pressures are obtained by computing
moments of a distribution function that evolves in time according to a Vlasov-type equation (Park et al
1992). The drift-kinetic equation serves as closure for the model, thus replacing the adiabatic equation
of state for the ideal MHD model. A linear study is justified by its cheap computational cost and its rele-
vant predictions for the onset of linear instabilities that are precursors of non-linear instabilities observed
in practice. Several existing works already implemented this idea. Such problems can be solved either
using an explicit time evolution approach for the kinetic part or a spectral approach. The first option
is followed by codes such XTOR-K (Lütjens and Luciani 2010), ORB5 (Lanti et al 2020), M3D-K (Fu et al
2006), HMGC (Briguglio et al 1995, 1998) or GTC (Deng et al 2012), which time evolve the full trajectories
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and use a particle-in-cells approach. For a more complete overview, see for example Vlad et al (2025).
The time evolution approach is however very expensive numerically, especially in cases such as the one
considered here where the spectrum aspect ratio (see definition later) is very large, which constrains the
possible time-steps to very small values.

An alternative option is to use a spectral approach. It is possible with this method to obtain sub-
dominant modes, unlike the time evolution approach, which can only find the most unstable mode. The
drawback is that it cannot be generalised to a non-linear case. Two main options exist for solving the
spectral kinetic-MHD problem. The first, Landau approach, consists in solving the drift-kinetic equation
analytically and inserting the result in the MHD momentum equation, yielding a non-linear eigenvalue
problem for the MHD displacement and the frequency. Careful integration of the resonant denomi-
nators appearing in the perturbed pressures is required. This is often done partially analytically under
some assumptions. Codes such as MARS-K (Liu et al 2009), NOVA-K (Cheng 1992) or LIGKA (Lauber et al
2007) are based on this approach.

The approach followed in this work is to keep the system of equations formed by the MHD momen-
tum equation along with the drift-kinetic equation and express it as a standard linear eigenvalue prob-
lem for the MHD variables and the perturbed distribution function as well as the mode frequency. The
resulting problem is much larger but is linear in the eigenvalue ω, and it does not have intrinsic poles to
handle over phase space integration. This Case–Van Kampen approach is also straightforwardly generalis-
able to non-linear cases. The spectral version of the gyrokinetic code GENE (Jenko et al 2000) follows this
approach. In this work, we propose solving the kinetic-MHD equations as an eigenvalue problem using
a new spectral code, VENUS-KMHD, based on the existing ideal MHD code VENUS-MHD (Bustos Ramirez
2023, Schaumans and Graves 2025). Following the Case–Van Kampen approach, we solve simultane-
ously both sets of equations, which means the eigenvector now consists in the MHD variables and the
kinetic variables. This has the significant advantage that the obtained eigenvalue problem is standard, in
the sense that it is linear in the eigenvalue ω, such that existing libraries can be used to solve the discre-
tised problem. Unlike kinetic-MHD codes using the Landau approach, the implementation is straight-
forward even without approximation on the particle orbits. Moreover, a drift-kinetic equation is used to
describe the evolution of the kinetic distribution function, which avoids problems linked to the validity
domain of the gyrokinetic approximation that arise when describing large scale MHD modes, in partic-
ular current-driven modes (McMillan 2023). In this paper, we will investigate instabilities in cylindrical
geometry, which corresponds to a straightened tokamak with no toroidal effects, a so-called screw pinch.
Using a Fourier representation for the poloidal and toroidal directions, cylindrical cases require signif-
icantly less numerical resources than toroidal cases of comparable radial and velocity space resolutions
thanks to the lack of poloidal modes coupling. This reduced numerical cost is very useful to do prelimi-
nary tests of a new code. Moreover, it is possible in cylindrical geometry to obtain exact analytical results
for several relevant quantities which can then be used to benchmark the code. Because the considered
matrices are very large but very sparse, it is crucial to use an appropriate method to solve the eigenvalue
problem. The mode of physical interest, which are usually the most unstable ones, cannot be obtained
using a simple power method to iteratively solve the eigenvalue problem. The spectrum of the problem
presents a very high aspect ratio. It is strongly elongated along the imaginary axis, corresponding to the
convective dynamics, but weakly elongated along the real axis, corresponding to unstable and damped
dynamics. As a consequence, the most unstable modes, despite being at the periphery of the spectrum,
are subdominant in the sense that their magnitude is much smaller than the fastest convective stable
modes. As a result, particular care is necessary in order to be able to find the modes of interest effi-
ciently and correctly, without requesting unrealistic amounts of computational resources. Note however,
that like VENUS-MHD, the new VENUS-KMHD code is already capable of solving toroidal cases, based on
profiles obtained with an equilibrium code such as VMEC (Hirshman and Whitson 1983). Kinetic-MHD
results in tokamak geometry will be presented in a future publication. Toroidal results obtained with
the ideal version VENUS-MHD are presented in Bustos Ramirez (2023), Schaumans and Graves (2025).
The remainder of this paper is organised as follows: in section 2, the kinetic-MHD model we use is
introduced, first in the general case and then in the specific case of cylindrical geometry with a single
kinetic species, which is the main focus of this work. The VENUS-KMHD code used for this work is briefly
described in section 3. A more detailed description of the numerical approach will be presented in a
future dedicated publication. Section 4 presents the different benchmarks that were undertaken in cylin-
drical geometry, first for the kinetic perturbed distribution function, then for the associated kinetic per-
turbed pressures. Benchmarking of the complete kinetic-MHD problem is then demonstrated in the very
low and very large frequency limits. Physical conclusions are presented for the novel stabilising kinetic
effects uncovered. Finally, a few full physical cases are studied in section 5, still in cylindrical geome-
try, to test the general possibilities of the code. In particular, it is shown that kinetic instabilities exist by
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virtue of the radial curvature of the cylinder and resonance between wave and guiding centre motion of
energetic ions.

2. Kinetic-MHDmodel

2.1. Presentation of the general model
We start this section considering the general case of an axisymmetric system (tokamak geometry), spe-
cialising in the cylindrical limit later on. We aim at a linear description of the kinetic-MHD problem.
The equations are linearised around an equilibrium configuration, which is either given by an analytical
result or obtained with an equilibrium code. The model proposed by Lanthaler et al (2019), Lanthaler
(2020) is used. Note that many papers have been written on kinetic-MHD instabilities (many are cited
in Lanthaler et al (2019)), including by the co-authors of this paper, but Lanthaler (2020) develops a
novel rigorous derivation for finite Larmor radius corrections (inertial diamagnetic effects) for popula-
tions in the long mean free path, and has shown that the drift-kinetic model is accurate to higher order
in Larmor radius than was previously appreciated. The advantages of kinetic-MHD over standard gyro-
kinetic closure deployed turbulence codes was clarified.

The kinetic-MHD model consists mainly of the MHD momentum conservation equation as well as
a drift-kinetic equation for each species which is treated kinetically. The kinetic effects enter into the
MHD momentum equation through corrections to the perturbed pressure. The perturbed electromag-
netic fields couple the drift-kinetic equations to the MHD momentum equation and are expressed in
terms of the MHD variables. A quasi-neutrality equation is used to close the system. Because our main
focus is long wavelength modes, certain finite Larmor radius effects can be neglected for the kinetic
species and we therefore use a drift-kinetic equation, instead of a gyrokinetic equation.

In this work, we consider cases with no equilibrium flows. They are not taken into account both in
the equilibrium configuration and in the stability computation. The model we use from Lanthaler et al
(2019), Lanthaler (2020) considers the effect of strong flows, including centrifugal effects, but the cor-
responding terms are removed here. It is known that even weak sheared flows can have an impact on
kinetic effects (Graves et al 2000). These effects are nevertheless not considered here. The inclusion of
weak sheared flows and then strong flows will be the object of future work.

At first, the most general model, including all effects included in Lanthaler et al (2019), Lanthaler
(2020) (except equilibrium flows) is presented. In this first part, all the species are considered to be sim-
ulated kinetically. The case where only some of the species are kinetic will be considered at the end of
this section. In the kinetic description, each species k is represented by a distribution function fk which
is decomposed into a background distribution Fk, chosen in advance and kept fixed throughout the sim-
ulation and fluctuations, which can in turn be decomposed into two types: adiabatic and non-adiabatic,

fk = Fk + δfk = Fk + δfadiabk
+ δhk. (1)

Note that a list of symbols used in this work is provided in appendix A. The evolution of δhk is
dictated by an effective drift-kinetic equation. The considered dependent variables are ξ (the MHD
displacement) and δϕ (the perturbed electrostatic potential) for the MHD part as well as δhk (non-
adiabatic fluctuation of the distribution function of kinetic species k) for the kinetic part.

The magnetic field fluctuations δB are expressed in terms of the fluctuating vector potential δA,
δB =∇× δA. We consider the gauge δA · b = δA∥ = 0 (the component of δA parallel to the equilib-
rium magnetic field is zero), with b = B/||B||= B/B (B stands for the equilibrium magnetic field). As a
result, the perturbed fields are expressed as:

δA = ξ×B, δE =− ∂

∂t
(δA)−∇δϕ, δB =∇× δA. (2)

Note that this gauge choice implies that the component δE∥ = δE · b of the perturbed electric field
δE parallel to the equilibrium magnetic field is entirely determined by the scalar potential δϕ, since δA
is perpendicular to B and has therefore no parallel component.

Because we are not considering equilibrium flows, the equilibrium quantities satisfy the simple force
balance equation:

j×B =
1

µ0
(∇×B)×B =∇P, (3)

3
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where P is the total pressure, P=
∑

kPk. The axisymmetric and divergence free equilibrium magnetic
field is written as follows in the general case:

B = F∇φ +∇φ ×∇ψ, (4)

where φ is the toroidal angle, F is the flux function5 and ψ is the poloidal magnetic flux, ψ =− 1
2π

´

B · dSp with dSp oriented in the direction of the poloidal angle θ close to the vertical axis of the
torus. The focus of this study is on modes of long wavelength and of frequency much lower than the
cyclotron frequency. The drift-kinetic description for the kinetic species is therefore appropriate. A two-
dimensional velocity space representation is sufficient as the gyroangle is averaged out and does not

appear in the equations. We use v∥, the parallel velocity, and µ=
mkv

2
⊥

2B , the magnetic moment, as the
two explicit velocity variables. This choice is inspired by gyrokinetic codes such as GENE (Jenko et al
2000). One drawback compared to some popular choices for analytical work such as (E ,µ,σ = sign(v∥))
or (E ,λ,σ) (λ= µ/E is the pitch angle) is that unlike E ,µ and λ, v∥ is not a constant of motion. The
main advantage for the numerical resolution is that the sign σ of the parallel velocity is explicitly known
and it is not necessary to handle an extra variable for this purpose. One can note that in a cylinder, σ is
a constant of motion. In a torus however, this would be the case only for passing particles while trapped
particles trajectories cover both signs of σ. Moreover, the sign change occurs at locations that are hard to
determine in advance.

The linearised MHD momentum equation is modified in a fundamental way by kinetic corrections.
With the effect of the perturbed electrostatic potential but without equilibrium flows, one has (Antonsen
and Bondeson (1993), Graves and Wahlberg (2017), Lanthaler et al (2019), Lanthaler (2020)):

∑

k

ρk

[(
∂

∂t
+ u∗k ·∇

)
∂ξ⊥
∂t

−
(
∂

∂t
+ u∗k ·∇

)(
∇δϕ ×B

B2

)]

= δj×B+ j× δB+ b
dP

dr
(b ·∇ξr⊥)+

∑

k

[(

δPtot
⊥k

− δPtot
∥k

)

κ−∇⊥δP
tot
⊥k

]

. (5)

Note that this expression is obtained by projecting the momentum equation with the perpendicular
component of the full magnetic field B+ δB, while the definition of ⊥ in equation (5) remains that the
quantity it is assigned to is perpendicular to the equilibrium B. In particular, the third term in the sec-
ond line of equation (5) results from the projection perpendicular to the total magnetic field of the pres-
sure gradient term and is given by b(δb ·∇)Pk ≃ b(dPk/dr)(b ·∇ξr⊥), with δb = δB/|δB|. Note that this
is exact in a cylinder and a very good approximation in the torus. This corresponds to the terms in blue
in equation (14) of Zhang et al (2024) in the limit of isotropic equilibrium. Here, ρk =mknk is the mass
density of species k with mk the mass and nk the number density of the species, u∗k =

1
qkBnk

b×∇Pk is

the diamagnetic flow velocity for species k, ξ⊥ = ξ− (ξ · b)b is related to the perpendicular fluid dis-
placement (see later, it has two independent components ξr⊥ and ξ⊥⊥), δPtot

⊥k
, δPtot

∥k
are the perpendic-

ular and parallel perturbed pressures for kinetic species k and κ= (b ·∇)b is the magnetic field line
curvature.

The perturbed pressures are given by corresponding moments of the perturbed distribution
function:

δPtot
⊥k

= 2π

ˆ ∞

−∞
dv∥

ˆ ∞

0
dµµ

B2

mk
δfk, δPtot

∥k
= 2π

ˆ ∞

−∞
dv∥

ˆ ∞

0
dµv2

∥Bδfk, (6)

where the tot superscript indicates that these perturbed pressures are computed from the full δfk, which
means they include the adiabatic perturbations due to δfadiabk

and the kinetic perturbations due to
δhk (see equation (1)). In our case, the perturbed distribution can be written explicitly as (Lanthaler
(2020)):

δfk = qkR
2 (ξ⊥ ×B) ·∇φ

∂Fk
∂Pϕ

+ qkδϕ
∂Fk
∂E −µ

δB∥
B

∂Fk
∂µ

+ δhk. (7)

The evolution of the non-adiabatic component δhk of the perturbed distribution function of kinetic
species k is described by the following effective linearised drift-kinetic equation (Porcelli et al 1994,

5 Note that to prevent confusion between F appearing in equation (3) and the equilibrium distribution Fk of species k (see
equation (1)), the latter always has the index of the species to which it belongs.
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Lanthaler 2020):

(
∂

∂t
− 1

mk

(
µb ·∇B−mkv∥κ · vgk

) ∂

∂v∥
+ vgk ·∇

)

δhk

=

(
∂Fk
∂E

∂

∂t
− ∂Fk
∂Pϕ

∂

∂φ

)
(
qk (ξ⊥ ×B) · vgk − qkδϕ −µδB∥

)
, (8)

where E =mkv2
∥/2+mkv2

⊥/2 =mkv2
∥/2+µB is the kinetic energy, mk is the mass of kinetic species k,

δB∥ = δB · b = (∇× (ξ×B)) · b, qk is the electric charge of kinetic species k and Pϕ is the canonical
momentum associated with φ. Note that since the velocity space coordinates are (v∥,µ) and because v∥
is not a constant of motion, a term involving ∂/∂v∥ appears in the full time derivative of δhk in (8). In
equations (7) and (8), we have Fk = Fk(E ,Pϕ,µ), the constants of motion of the unperturbed system.
The derivatives in E ,Pϕ,µ are evaluated with the other two variables kept constant. As a consequence,
the ∂Fk/∂µ term in (7) is zero for an isotropic equilibrium distribution function, as considered here. vgk

is the guiding-centre velocity for species k and is defined as:

vgk = v∥b+ vdk = v∥b+ b×
(

1

qkB

(

µ∇B+mkv
2
∥κ
))

. (9)

The system is closed by the quasi-neutrality equation, where once again the perturbed mass density
for each species is computed from the perturbed distribution function δfk given by equation (7):

∑

k

qk

ˆ ∞

−∞
dv∥

ˆ ∞

0
dµδfk = 0. (10)

The spatial coordinates we use are straight-field line coordinates with r denoting the radial direction,
θ the straight-field line poloidal direction and φ the toroidal direction. We express the dependence of
the fluctuating quantities ξ⊥, δϕ,δhk in the toroidal and poloidal directions using a Fourier expansion
with associated poloidal mode number m and toroidal mode number n. In a tokamak geometry, because
of axisymmetry of the equilibrium, eigenmodes have an exact toroidal mode number while they cou-
ple in the toroidal direction and are therefore composed of several poloidal modes m. A Fourier mode
representation is also used for the time dependence of all fluctuating quantities with associated complex
frequency ω. The space and velocity dependence of our variables therefore read:

ξ⊥ (x) =
∑

m

(ξ⊥)m (r)ei(mθ+nϕ−ωt), (11)

δϕ (x) =
∑

m

(δϕ)m (r)e
i(mθ+nϕ−ωt), (12)

δhk (x,v) =
∑

m

(δhk)m
(
r,v∥,µ

)
ei(mθ+nϕ−ωt). (13)

Note that we consider safety factor profiles with positive values, where the safety factor is defined as
q= 1

2π

´ 2π
0 (dφ/dθ)|along Bdθ. Resonant Fourier modes have phase fronts aligned with the magnetic field

lines and verify nq+m= 0. We typically choose n< 0, m> 0. Using equations (11)–(13) and replac-
ing j, δj and δB by their explicit expression, the perpendicular kinetic-MHD momentum conservation
equation (5) becomes:

∑

k

ρk (−iω+(u∗k ·∇))

(

−iωξ⊥ +
∇δϕ ×B

B2

)

= b
dP

dr
(b ·∇ξr⊥)+

∑

k

[(

δPtot
⊥k

− δPtot
∥k

)

κ−∇⊥δP
tot
⊥k

]

+
1

µ0
(∇×B)× (∇× (ξ⊥ ×B))+

1

µ0
(∇× (∇× (ξ⊥ ×B)))×B. (14)

2.2. Simplified model used in this work and application to cylindrical geometry
Several simplifying assumptions are used from now on. The main reasoning behind those choices is to
start with the simplest possible case for testing our new kinetic-MHD code. This makes the benchmark-
ing process easier by having simpler equations to deal with, which significantly simplifies the computa-
tion of analytical results for benchmarking purposes. It also simplifies the implementation process and
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lowers the numerical cost. These assumptions are detailed below. Nevertheless, the general kinetic-MHD
equations and variables as described above will be implemented in our kinetic-MHD code and studied
in future work.

Although our kinetic model can treat all the species kinetically, we choose to investigate the case of
one kinetic species in this paper. It is numerically expensive to describe all the species kinetically and
the dominant kinetic effects are often due to a particular species only. Therefore, from now on, we allow
some of the species to be described by the usual MHD fluid treatment, the others being described kinet-
ically. Each considered plasma species can either be described using the fluid equations only or using
the hybrid kinetic-MHD model. The index i will be used to describe all the species, kinetic and fluid,
the index j will designate the fluid species only and index k will be used to describe the kinetic species.
The total pressure is now the sum of the pressure due to non-kinetic and kinetic species, which can be
written as:

P=
∑

i

niTi =
∑

i

Pi =
∑

j

njTj

︸ ︷︷ ︸

Pfluid

+
∑

k

nkTk, (15)

where ni is the number density profile of species i and Ti is its temperature profile.
Only cases where a single species is simulated kinetically are presented in this work. In principle, it

can be either bulk ions, minority ions (e.g. generated by neutral beam injection, ion cyclotron resonance
heating or α-particles from fusion reactions) or the electrons. In the following, we focus on the case
of kinetic minority hot ions, distributed isotropically. The non-kinetic species are simulated only with
the standard perpendicular MHD model. The case with multiple kinetic species will be considered in a
future publication.

Note that this choice justifies the approximation δϕ ≡ 0, since the fast ion contribution to the den-
sity in (7) is weak. δϕ = 0 is adopted from now on. This in turn means that the perturbed parallel elec-
tric field is zero (see equation (2) and associated discussion, recall that we use a gauge choice where
the vector potential has no parallel component). This hypothesis restricts the class of instabilities that
can be reproduced by our current code. Note however that many studies of kinetic effects on MHD-
like instabilities also neglect this contribution, see e.g. NOVA-K for toroidal Alfvén eigenmodes (Chen
and Hasegawa 1991) and MARS-K for internal kink and resistive wall modes for example (Liu et al 2008,
2022). Future work will treat corrections due to this term, in particular those related to the perturbed
parallel electric field. Electrostatic effects on internal kink modes due to main ions and electrons were
found to be weakly stabilising by Antonsen and Lee (1982). In this work, we focus on the effect of
weakly collisional hot minority species on large scale instabilities, such as the internal kink mode. In
this case, δϕ = 0 is an especially good approximation since the kinetic species has a lower density and is
much hotter than the thermal population, see e.g. Cheng (1991). Because we have one variable less (δϕ),
the quasi-neutrality equation is no longer necessary. The system of kinetic-MHD equations is therefore
constituted only by the momentum equation (14) and the drift-kinetic equation (8). Note that, with
δϕ = 0, the vector ξ⊥, which defines the gauge and vector potential δA = ξ⊥ ×B, is exactly the per-
pendicular fluid displacement.

Using δϕ = 0, and assuming an isotropic hot distribution function, one obtains from equations (6)
and (7) for the kinetic species:

δPtot
⊥k

=−ξ⊥ ·∇Pk + δP⊥k , δPtot
∥k

=−ξ⊥ ·∇Pk + δP∥k
, (16)

where it was used that the background pressure is isotropic, P⊥k = P∥k
= Pk. The kinetic perturbed pres-

sures appearing in (16) are obtained, similarly to (6) as moments of the perturbed distribution, but here
only of the kinetic perturbation δhk:

δP⊥k = 2π

ˆ ∞

−∞
dv∥

ˆ ∞

0
dµµ

B2

mk
δhk, δP∥k

= 2π

ˆ ∞

−∞
dv∥

ˆ ∞

0
dµv2

∥Bδhk, (17)

where δhk satisfies equation (8). For the non-kinetic species, equation (16) simplifies to δPtot
⊥j

= δPtot
∥j

=

−ξ⊥ ·∇Pj. Hence, for the main ions and electrons, the perturbed pressure is almost equal to the ideal
MHD result:

δPMHD =−ΓP∇ · ξ− ξ⊥ ·∇P, (18)

except the compression term −ΓP∇ · ξ is absent. The suppression of this contribution has essentially
no consequence in a cylinder. The main effect of the compression term is to modify the inertia due to
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toroidal effects (i.e. γ2 → γ2(1+ 2q2) see for example Graves et al (2021) and references therein). Since
we are considering a cylinder in this work, this inertial enhancement is absent, and unless far from
marginal stability, there is no additional compression effect. In any case, in a torus, the usual MHD
inertial enhancement factor associated with MHD compression is much smaller than kinetic inertia
associated with the thermal ions (Graves et al 2000, Chavdarovski and Zonca 2014). Hence, the paral-
lel component of ξ, the term −ΓP∇ · ξ, and the parallel momentum equation are usually not required
for kinetic-MHD problems (exception being when strong equilibrium flows are accounted for).

The term involving u∗k in the left-hand side of equations (5) and (14) corresponds to diamagnetic
corrections due to species k. These effects are not kinetic and in principle appear for all species, regard-
less of whether they are described kinetically or not. Since we consider exclusively hot minority ions as
kinetic particles, their associated diamagnetic corrections are negligible compared to those due to the
bulk particles, because Pk ≪ Pfluid. Moreover, in this work, we also neglect all finite Larmor radius cor-
rections due to the non-kinetic species. This is an approximation that is used to simplify the physical
model in view of the benchmarking process and will be lifted in future work.

As mentioned, from now on, we focus on the simplified case of a cylindrical geometry. This is equiv-
alent to considering a tokamak where the major radius is much larger than the minor radius such that
the toroidal effects become negligible. We keep r,θ and φ as our three coordinates, where φ now follows
the axis of the cylinder. Its length is Lz = 2πR0 where R0 is an equivalent major radius if the cylinder
was bent into a torus. This choice implies that in addition to its existing symmetry in the φ direction,
the unperturbed system is now also symmetric in the θ direction. As a result, eigenmodes are not only
represented by a single Fourier mode n in the toroidal direction, but also by a single Fourier mode m in
the poloidal direction. This significantly reduces the number of non-zero elements in the matrices rep-
resenting the discretised system as defined in equation (31) which means that the numerical cost, both
in terms of memory and computation time for iteratively solving the associated generalised eigenvalue
problem, is strongly reduced. The cylindrical geometry case has the further advantage that many analyti-
cal results can be derived and then used to benchmark the new code. Given ξ⊥ and ω, it is for example
possible to solve the drift-kinetic equation exactly for δhk (see section 4.1). It is also possible to obtain
exact analytical expressions for the associated kinetic perturbed pressures. Moreover, in cylindrical geom-
etry, the equilibrium force balance equation (3) can be reduced to a differential equation for a single
variable, for example F (see equation (4)), that is sufficient to characterise completely the equilibrium
magnetic field. For a known pressure profile (obtained using (15)) and a known safety factor profile, the
following differential equation is solved numerically for F in order to obtain the cylindrical equilibrium
configuration:

dF

dr
=

rF 2
(

r dq
dr − 2q

)

−R4
0q

3µ0
dP
dr

qF(r2 + q2R2
0)

. (19)

Using the above assumptions, the kinetic-MHD equations (14), (8) can then be written in cylindrical
geometry as:

−ρω2ξ⊥ =
1

µ0
(∇×B)× (∇× (ξ⊥ ×B))+

1

µ0
(∇× (∇× (ξ⊥ ×B)))×B

+∇(ξ⊥ ·∇P)+
(
δP⊥k − δP∥k

)
κ−∇⊥δP⊥k , (20)

(
−iω+ vgk ·∇

)
δhk =−i

(
qk (ξ⊥ ×B) · vgk −µδB∥

)
(

ω
∂Fk
∂E + n

∂Fk
∂Pϕ

)

. (21)

In a cylinder, we have:

κ=− rF 2

q2R4
0B

2
er, (22)

vgk ·∇θ =
v∥F

qR2
0B

−
mkv2

∥F
3

qkB4q2R5
0

+
µF

2qkB3R0r

d
(
B2
)

dr
, (23)

vgk ·∇φ =
v∥F

BR2
0

+
mkv2

∥r
2F 3

qkq3B4R7
0

− µrF

2B3qqkR3
0

d
(
B2
)

dr
. (24)

Notice that the first bracket on the right-hand side of (21) is the Lagrangian associated with the
toroidal drift motion of the passing ions and the radial displacement, minus the parallel magnetic field,
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i.e. it is the first term in the right hand side of equation (4) in Graves (2013). Later in this paper, bench-
marks will adopt the simplified form for δB∥ which in fact cancels the effect of the pressure on the cur-
vature driven drifts, see also Graves (2013). As can be seen in equation (22), the only curvature present
in a cylinder is the poloidal curvature. As it is weaker than the toroidal curvature, the kinetic effects are
in general smaller in a cylinder than in a torus.

Throughout this work, we will assume a Maxwellian background distribution for the kinetic species,
that is:

Fk =

(
mk

2πTk

)3/2

nk exp

[

−
mkv2

∥/2−µB

Tk

]

. (25)

Moreover, we use the following expression for the toroidal momentum:

Pϕ ≃−qkψ =⇒ ∂Fk
∂Pϕ

=− 1

qk

∂Fk
∂ψ

, (26)

where ψ is the poloidal magnetic flux. This expression is exact in the cylinder. In the torus, it means
this approximation neglects the banana width correction term in Pϕ, though such corrections can be
important for certain types of anisotropic populations (see e.g. Graves et al (2009)). Finally, in this work,
unless specifically mentioned, we consider density and temperature profiles of the form:

X(s) = X0

(

η+∆

[(
s

sref

)ν

− 1

]µ)

, (27)

where X0 is a reference quantity in the units of X, η = 0, ∆=−1, sref = 1.01, ν = 2, µ= 1. The profile
parametrised by these values is monotonically decreasing. Note that using sref slightly larger than one
(for η = 0) avoids a zero pressure at the edge, which is numerically problematic to handle. As a conse-
quence, the pressure profile of each species, which is obtained by taking the product of the correspond-
ing density and temperature (see equation (15)), follows the same relation except that now µ= 2. Note
that we introduced the normalised radial variable s. In the cylinder, s= r/a where a is the minor radius.
We consider two different safety factor profiles for this work. The first one corresponds to a resonant
case, with the safety factor profile crossing the q= 1 rational surface at sres = 0.465). It is given by a
profile of the form (27) with ∆=−0.78, µ= 1, ν = 3, sref =−0.709, η = 0, X0 = 1. The other profile
we use:

qnon−res (s) = q0

[

1+

((
qa
q0

)ν

− 1

)

s2ν
] 1

ν

, (28)

is a so-called non-resonant case which does not cross the q= 1 rational surface but approaches it suffi-
ciently to allow an unstable internal kink mode in the low-shear region. In tokamaks, such modes are
sometimes referred to as quasi-interchange modes (see e.g. Wesson (1986), Hastie and Hender (1988),
Waelbroeck (1989)). We use q0 = 1.02, qa = 4, ν = 5.

Note that the restriction to the functional forms described above for the profiles and the background
distribution function are not required by the physical model and the VENUS-KMHD code. More general
choices for the background distribution function or arbitrary profiles from experimental or numerical
results are possible. We only make these choices as a first case to benchmark and test the code. However,
the current version of the code only supports isotropic background distributions Fk, for the reasons
discussed above.

3. Numerical method

3.1. Expressing the kinetic-MHD equations as a standard eigenvalue problem using the Case–
Van Kampen approach
Several techniques exist to solve the coupled kinetic-MHD equations. A common way to approach this
kind of problem is to first solve the kinetic equation for δhk in terms of ξ⊥ and insert the result in
the MHD equation via the kinetic perturbed pressure terms. This so-called Landau approach is used
by several existing kinetic-MHD codes such as MARS-K (Liu et al 2008), NOVA-K (Cheng 1992) or the
gyrokinetic code LIGKA (Lauber et al 2007). It reduces the system of equations to a non-linear eigen-
value problem with eigenvalue ω and the perturbed MHD field ξ⊥ as eigenvector. More specifically,
the resulting problem would be of the form M(ω)ξ⊥ = 0, with M(ω) a non-linear function of ω. The
evaluations of the kinetic perturbed pressures in particular invoke an integral over the velocity space that
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contains a resonant denominator. These integrals need to carefully address this resonance. In particu-
lar, correctly handling the case of damped modes requires carrying out these integrals over appropriate
Landau paths. Although this approach is followed successfully by some codes, this is a relatively tedious
process that usually involves approximations allowing a simplified semi-analytical approach.

The alternative is the Case–Van Kampen approach (Van Kampen 1955, Case 1959), where all the vari-
ables, including the perturbed distribution function, are kept for numerical resolution. The downside of
this method is that the discretised problem has a very large dimension because the perturbed distribu-
tion function, which is now included in the eigenvector, also depends on velocity space. The benefit is
that the discretised problem can be written as a linear standard generalised eigenvalue problem, which is
easier to handle for numerical resolution. This results in so-called Case–Van Kampen modes which are the
true eigenmodes of the system. One can show (Bratanov et al 2013), that the Case–Van Kampen eigen-
values and eigenvectors coincide with the standard Landau result for unstable modes. Moreover, stable
modes can match between the two approaches if finite collisionality is added to the equations (Ng et al
1999). In the limit of finite collisionality tending to zero, the collisional Case–Van Kampen spectrum
coincides with the collisionless Landau spectrum. Obtaining stable modes in this approach therefore
requires the introduction of a dissipation mechanism. Detailed comparisons of the Landau and Case–
Van Kampen approaches were performed for example in Bratanov (2011), Bratanov et al (2013). Unlike
the Landau approach, the Case–Van Kampen approach can straightforwardly be generalised to a time
evolution scheme which can then be used to include non-linear physics effects.

Once again following the method used by existing gyrokinetic codes, we propose the use of the
Case–Van Kampen approach to express our kinetic-MHD problem. In practice, it consists in including
the non-adiabatic fluctuation of the distribution function δhk in the eigenvector of the system, together
with the MHD fields. In this work, we focus on unstable modes, neglecting collisional effects. Being able
to express the physical equations as a standard eigenvalue problem is a major advantage in view of the
numerical resolution. Linear eigenvalue problems are indeed much easier to handle than non-linear ones
and a much greater variety of numerical tools already exists to solve such problems. Similarly, the ideal
MHD equations can already be formulated as a linear eigenvalue problem, as used by several existing
spectral codes such as KINX (Degtyarev et al 1997), CASTOR (Kerner et al 1998), and VENUS-MHD (Bustos
Ramirez 2023). In the case of this work, the goal is to apply the Case–Van Kampen approach to the
hybrid kinetic-MHD equations (20) and (21) expressing the combined system as a linear eigenvalue
problem.

Spectral ideal MHD codes typically use λ=−ω2 as the eigenvalue6, because only second order time
derivatives appear in the corresponding equations. On the other hand, λ=−iω is used as the eigen-
value in spectral gyrokinetic codes because only the first order time derivative appears in the associated
equations. In the case of the kinetic-MHD system (20) and (21), both ω and ω2 appear in the equations,
which at first sight would lead to a non-linear eigenvalue problem in ω. To avoid this difficulty, we
introduce an extra variable δu⊥, the perturbed fluid velocity. Taking into account the simplifications
considered for this work, it is linked to the MHD displacement ξ⊥ simply by:

−iωξ⊥ = δu⊥. (29)

As equilibrium flows are not yet included in this work, the full fluid velocity is simply given
by u = δu⊥. We now take advantage of this extra variable to remove the second time derivative in
equation (20), by replacing −ω2ξ⊥ by −iωδu⊥. Equation (20) modified in this way along with
equations (21) and (29) can be written as a generalised standard eigenvalue problem of the form:

A





ξ⊥
δu⊥

δhk



=−iωB





ξ⊥
δu⊥

δhk



⇐⇒ Ax = λBx, (30)

where λ=−iω is the numerical eigenvalue and x = (ξ⊥,δu⊥, δhk)⊺ is an abstract notation for our
vector of unknowns. The crucial point is that the matrices A and B do not depend on ω thanks to the
Case–Van Kampen formulation. The matrix A and B write:

A=





A11 0 A13

0 1 0
A31 0 A33



 , B=





0 ρ 0
1 0 0
B31 0 1



 , (31)

6 Note that in this section, λ denotes an eigenvalue, not the pitch angle.
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with:

A11 = (∇×B)× (∇× (•×B))/µ0 +(∇× (∇× (•×B)))×B/µ0 +∇(• ·∇P) , (32)

A13 = 2πκ

ˆ ∞

−∞
dv∥

ˆ ∞

0
dµ(•)

(
µB2

mk
−v2

∥

)

−∇⊥

(

2π

ˆ ∞

−∞
dv∥

ˆ ∞

0
dµ(•)B

2µ

mk

)

, (33)

A31 =−in
[
qk (•×B) · vgk −µ(∇× (•×B)) · b

] ∂Fk
∂Pϕ

, (34)

A33 =−vgk ·∇, (35)

B31 =−
[
qk (•×B) · vgk −µ(∇× (•×B)) · b

] ∂Fk
∂E , (36)

where the dots • indicate where the corresponding variable enters in the equation. This is however
a formal notation since the components of x still need to be discretised over configuration space.
Furthermore, δhk also needs to be discretised on velocity space using finite differences.

Note that this structure is preserved when generalising the equations to include multiple kinetic
species, equilibrium flows or non-zero perturbed electrostatic potential. For example, in the case of n
kinetic species, we have x = (ξ⊥,δu⊥, δh1, . . ., δhk, . . ., δhn). If corrections due to the electrostatic poten-
tial are included, δϕ (see equation (2)) has to be added to the variables of the problem and an extra
equation, the quasi-neutrality equation (10), needs be included in the kinetic-MHD system of equations.
Note that due to the presence of the B matrix in front of the eigenvalue λ with B different from the
identity matrix, this is a generalised linear eigenvalue problem, not the standard formulation. Unlike the
linearised ideal MHD problem or gyrokinetic equation, which can be formulated as a standard linear
eigenvalue problem (see for example Jenko et al (2000), Bustos Ramirez (2023)), the generalised form
is necessary in the kinetic-MHD case. This is a minor complication as many algorithms and existing
numerical libraries that solve standard linear eigenvalue problems can handle the generalised formula-
tion as well. Note that if, as in our case, the B matrix is invertible, it is sufficient to multiply (30) by B−1

on the left to transform the generalised eigenvalue problem into a standard one.

3.2. The VENUS-KMHD code
Although this work focuses on cylindrical geometry, we present here the numerical methods in the gen-
eral case. The numerical part of this work is an extension of the existing VENUS-MHD code (Lanthaler
2020, Bustos Ramirez 2023), which is a linear ideal MHD stability spectral code. It is written using a
modular structure that allows to solve any stability problem in toroidal or cylindrical geometry that can
be written as a generalised eigenvalue problem Ax = λBx. Many ideal MHD models, with and without
the parallel dynamic as well as with and without flows, can be written in this form and several are read-
ily available in the VENUS-KMHD framework. The physical model to be used is chosen at run time.

In practice, the main part of the VENUS-MHD code is written in Python. Following the work of
Lanthaler (2020), a Mathematica routine (Wolfram Research, Inc. 2017) is used to compute the weak
form of the physical equations in a finite element discretisation approach, compute each component of
the vector equations including geometrical factors, express the result in the form of a generalised stan-
dard eigenvalue problem and write the corresponding Python code. This allows us to easily change the
definition of the numerical variables if necessary and to significantly simplify the modification of the
physical model, for example when including a new physical effect. It also strongly mitigates the risk of
error when implementing long expressions.

An equilibrium configuration is required as part of the input. It can be obtained using an analytical
relation (e.g. toroidal equilibrium from Solov’ev (1968), cylindrical equilibrium from Gruber and Rappaz
(2012) or equation (19)) or with a numerical code (currently VMEC (Hirshman and Whitson 1983) is
used). The problem is discretised in space and the matrix elements of A and B are computed. An exter-
nal library is then called to solve the standard eigenvalue problem and obtain the physically most unsta-
ble eigenmode, i.e. the associated eigenvalue and eigenvector. Although it is significantly more expensive
numerically, one can in addition request a few of the first subdominant modes.

The poloidal and toroidal dependence of all physical dependent variables is discretised using Fourier
modes, as described in section 2 as well as equations (11) and (13). The radial direction is discretised
using finite elements, B-Splines are used. Their degree can differ for representing the different physical
variables and can be chosen at run time. In practice, one typically uses an order of one more for the
two radial variables ξr⊥ and δur⊥ than for the others. This permits the incompressibility condition that
involves ∇ · ξ⊥ as well as the ∇ · δB = 0 condition to be exactly satisfied, as these relations only involve
finite elements of the same order. Indeed, these conditions include a derivative in the radial direction
(which decreases the degree of the corresponding finite element by one) and a derivative in the poloidal
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direction (which leaves the degree of the radial finite element unchanged). This choice avoids the so-
called spectral pollution phenomenon that can arise otherwise (Gruber and Rappaz 2012).

The approach used by VENUS-MHD is then generalised to include kinetic effects. We call the result-
ing enhanced code VENUS-KMHD. As already explained in section 3.1, the kinetic-MHD problem can be
expressed as a generalised standard eigenvalue problem using the Case–Van Kampen approach. This is
precisely the type of stability equation that can be solved by the VENUS-MHD code. The generation of the
equilibrium as well as the handling of the spatial discretisation can be reused unchanged. We make sure
that ideal results can also still be obtained with VENUS-KMHD, thus ensuring the code is back-compatible.

The main difference of the kinetic-MHD case compared to ideal MHD is that one of the variables
in x (see equation (30)), δhk, depends not only on space r,θ,φ, but also on a two-dimensional velocity
space parametrised by the variables v∥ and µ (see section 2). The infinite velocity space is approximated

to −vmax ⩽ v∥ ⩽ vmax and 0 ⩽ µ⩽
mkv

2
max

2B . Numerically, normalised variables are used with v̂∥ = v∥/vthk
,

where vthk
=
√

Tk(0)/mk. Similarly, we use µ̂= µ(Bref/Tk(0)), where Bref is the reference magnetic field,
typically 1 T in this work. Moreover, we use vmax/vthk

∼= 6. The velocity space is discretised using a two-
dimensional grid containing Nv∥ points in the v∥ direction and Nµ points in the µ direction. Note that
since we consider only cylindrical geometry in this work, we do not need to worry about resolving cor-
rectly the passing/trapped boundary, as there are no trapped particles in a cylinder. However, this kind
of velocity discretisation has been used successfully in toroidal geometry by several gyrokinetic codes (for
example GENE, Jenko et al (2000)).

We start by discretising δhk over velocity space, which maps our five original variables to a collection
of 4+Nv∥Nµ variables that depend only on real space:

(ξr⊥, ξ
⊥
⊥ , δu

r
⊥, δu

⊥
⊥, δhk(v∥1

,µ1), · · · , δhk(v∥1
,µNµ

),

δhk(v∥2
,µ1), · · · , δhk(v∥2

,µNµ
),

...

δhk(v∥Nv∥
,µ1), · · · , δhk(v∥Nv∥

,µNµ
)).

(37)

In the general case of k kinetic species, the kinetic-MHD problem would thus require 4+ kNv∥Nµ
variables that depend only on space. The considered grid is regular in the v∥ direction with step size
∆v∥. The derivatives in this variable are evaluated using a fourth-order finite difference formula:

∂δhk
∂v∥

(
v∥l

)
=
δhk
(
v∥l−2

)
− 8δhk

(
v∥l−1

)
+ 8δhk

(
v∥l+1

)
− δhk

(
v∥l+2

)

12∆v∥
+O

(

∆v4
∥

)

. (38)

Note that there is no derivative in v∥ appearing in the equations in cylindrical geometry because
b ·∇B= 0 and κ · vgk = 0. Dirichlet boundary conditions are used for δhk in the velocity space. When
evaluating derivatives in v∥, values of δhk outside of considered velocity domain are taken to be zero.
As the distribution functions tend to zero at v∥,v⊥ →±∞, this is equivalent to neglecting the small
non-zero contribution of the tail of the distribution function between the numerical boundary of the
velocity domain and infinity. The velocity grid in the µ direction, which is a constant of motion and can
therefore be handled as a parameter, can either be regular in µ or irregular such that it is regular in v⊥
(∝√

µ). The latter option is the standard due to its observed faster convergence rate and will be used
throughout this work. The kinetic perturbed pressures are computed by numerically integrating the dis-
cretised δhk on the (finite) discretised velocity space, using the trapezoidal rule.

The matrices A and B have a three level block structure. The lowest level corresponds to the radial
discretisation, the second level to the poloidal modes. The highest level is associated with the collection
of variables (presented in the perpendicular kinetic-MHD case in equation (37)) which in the case of
VENUS-KMHD also contains the velocity space discretisation. This level of the block structure is charac-
terised by a small full matrix (32) corresponding to the ideal MHD part of the equations, a few sets
of full rows and columns corresponding to the kinetic-MHD coupling terms (kinetic pressures in the
MHD momentum equation (33) and perturbed Lagrangian in the drift-kinetic equations (34) and (36))
and a multidiagonal part (35) corresponding to the purely kinetic part of the equation. Its multidiag-
onal form is a consequence of the finite difference formula (38). Overall, because Nv∥Nµ ≫ 4, two of
the three block levels of the matrices are sparse. Furthermore, in cylindrical geometry, the non-sparse
level related to the number of considered poloidal modes is reduced to a single element because a sin-
gle mode is sufficient. Because the blocks associated with the poloidal modes are dense, this provides a
drastic reduction of the number of non-zero elements in the matrices, although the number of poloidal
modes necessary in tokamak geometry is of the order of 10 only.
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In order to have a reasonable resolution in velocity grid, the number of variables for the kinetic-
MHD model, 4+Nv∥Nµ, will be much larger than the number of variables typically used in ideal MHD
models in VENUS-MHD, which is at most eight (for example in the case of some models with flows).
Because of this, some numerical challenges arise in VENUS-KMHD where no problem appeared in the cor-
responding situation in VENUS-MHD. The two matrices A and B are much larger in kinetic-MHD which
means the computational requirements are higher, in particular in memory.

To address this issue, a parallel version of the code was developed. The parallelisation is done
through MPI and more specifically its Python implementation mpi4py (Dalcin et al 2011). The sparse
matrices are stored using the PETSc library (Balay et al 1997, 2022). The eigenvalue solver is provided
by the SLEPc library (Hernandez et al 2005), natively coupled with PETSc. Once again it is the Python
wrappers petsc4py and slepc4py that are used in practice. The parallelisation of the eigenvalue solver
and all the communications related to the splitting of the matrices over several processes are handled
entirely by the libraries. The matrices are divided over each MPI process by rows, each process owns
a few (entire) rows of the matrices A and B. The number of rows owned by each process is in general
not evenly spread and is determined such that the number of non-zero elements stored by each process
is approximately similar. It is still possible to use SciPy sparse matrices as well as SciPy’s wrapper of
ARPACK as the eigenvalue solver (as done in VENUS-MHD), but only in serial execution.

Numerically, both the ideal MHD and the kinetic-MHD spectral problems are characterised by a
large spectrum aspect ratio. We define the spectrum aspect ratio as max(|ℑ(λ)|)/max(|ℜ(λ)|), where
ℜ and ℑ denote the real and imaginary part of a complex number respectively. This number is typically
comprised between 105 and 106 in physically relevant cases. The modes of physical interest, which are
the most unstable ones, correspond to the eigenvalues with the largest real part (recall that λ=−iω).
Moreover, the eigenvalues associated with the physical modes are very close to the real axis, because their
real frequency is of the same order as the growth rate or smaller. As a consequence, because of the large
aspect ratio of the spectrum, the physical modes are very much subdominant in magnitude. Therefore,
although they are located at the periphery of the spectrum, the most common eigenvalue solvers are
unable to find them because in terms of magnitude, they are in the interior of the spectrum. Careful
selection of the numerical method is therefore required in order to be able to obtain these modes. We
use either the Krylov–Schur (Hernandez et al 2007) eigenvalue solver with a shift-invert transformation
or the generalised Davidson solver (Romero and Roman 2014). The challenges associated with identify-
ing the dominant mode in the kinetic-MHD problem as well as further details concerning the different
solving options available in VENUS-KMHD and convergence studies will be detailed in a future publication.

4. Benchmarks in cylindrical geometry

In this section, several benchmarks will be performed where the VENUS-KMHD code will be compared
with newly derived analytical relations. We consider the kinetic effects of minority hot α particles fol-
lowing a Maxwellian equilibrium distribution function. The kinetic hot particles are described using
the same temperature and density profiles as the main ions and electrons. We use Nr = 200, Nm = 1,
Nv∥ = 64, Nµ = 32, Tk/Tbulk = 50, nk/nbulk = 0.033. We consider an n= 1, m= 1 internal kink mode
both with a resonant and a non-resonant safety factor profile. Note that this corresponds to a m= 1,
n=−1 kink mode in the convention used by VENUS-KMHD; however, here it will be referred to as a
n=m= 1 kink mode in order to avoid highlighting the peculiarities of codes that are based on left-
handed coordinates (e.g. VMEC). The ideal MHD structure of the considered internal kink modes is
shown in figure 1. In the resonant case, the mode is destabilised by both pressure effects and current
effects in the inner region where q< 1. On the other hand, when the non-resonant q−profile (28) is
used, the current effects are stabilising everywhere, since q is always greater than one. However, in the
low shear region, they are small enough to enable a pressure-driven internal kink mode to develop, if the
pressure gradient is sufficiently strong. Since the two physical effects are competing in this case, a very
weakly unstable mode is obtained. The different assumptions considered in the following subsections
when obtaining analytical relations for benchmarking are summarised in table 1. Note that because we
use a linear approach to solve the kinetic-MHD equations, the norm and the phase of the eigenvector
and therefore of δu⊥,ξ⊥ and δhk has no physical meaning and can change between runs of the same
physical case. We choose the norm and the phase of the eigenvector by imposing that ξr⊥ is equal to 1
and has no imaginary part at the magnetic axis. This choice will be applied throughout this work.

On the technical side, these simulations are typically performed using the generalised Davidson
eigenvalue solver, except the simulations in the low frequency limit (see section 4.3.1) where we use the
Krylov–Schur eigenvalue solver with direct shift-invert using a LU decomposition. In all cases, only the
most unstable mode is requested and studied. These simulations can run on a standard computer. With
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Figure 1. Structure of the considered internal kink mode here for ξr⊥ as a function of the normalised radial variable for a res-
onant (left) and a non-resonant (right) q−profile, here without kinetic effects. In the resonant case, the dotted line shows the
location of the q= 1 rational surface. The q−profile is also shown (in blue).

Table 1. Summary of the different assumptions used throughout this work when solving the drift-kinetic equation (21) to
obtain semi-analytical results used to benchmark the code. The approximations that are not applied consistently in
VENUS-KMHD when benchmarking are detailed in the notes below the table. In these cases, we expect the numerical and
analytical results to agree if ∆q≪ 1, that is q is very close to 1 in the inner region. Note that in section 5, no analytical
computation will be considered and all the physical effects, including δB∥, will be included without approximation.

Section −iωδhk (vgk ·∇)δhk
(

qk (ξ⊥ ×B) · vgk −µδB∥
)

ω ∂Fk
∂E

n ∂Fk
∂Pϕ

4.1 Yes Yes δB∥ ≈ (41) Yes Yes

4.2.2 Yes ≈ n(ωϕ
d +∆qθ̇0)δh

1,2
k ≈

B0rqkω
ϕ

d0 ξ
r
⊥

q

1,3
Yes Yes

4.2.3 Yes ≈ v∥(b ·∇)δhk No δB∥ Yes Yes

4.3.15 No ≈ nωϕ
d δh

1,4
k ≈

B0rqkω
ϕ

d0 ξ
r
⊥

q

1,3
No Yes

4.3.25 Yes No δB∥ ≈ (41) Yes No

1 For notations, see section 4.2.1.
2 No approximation in VENUS-KMHD.
3 No approximation in VENUS-KMHD, except that approximation (41) for δB∥ is used, as in the analytical derivation.
4 In VENUS-KMHD, (vdk ·∇)δhk is used, see equation (9).
5 Assumptions used when deriving the governing equations but not in the VENUS-KMHD runs: expansion in large aspect

ratio, F ′ = (19), F= R0B0, dq/dr is neglected (assumed of higher order in ϵ= r/R0).

the standard resolution given above, they require approximately 30 GB of memory and of the order of a
few hundred to a few thousands seconds depending on the case to reach solution.

In section 4.1, we analytically solve the drift-kinetic equation in cylindrical geometry and use this
expression to benchmark the VENUS-KMHD code. In section 4.2, in addition to analytically solving the
drift-kinetic equation, we obtain analytical expressions for the kinetic perturbed pressures δP⊥k , δP∥k

.
Those are not complete analytical solutions of the kinetic-MHD equations, but are exact relations that
give us δP⊥k , δP∥k

as a function of the radius for known MHD variables ξ⊥ and ω. We will use energy
and pitch angle as the velocity space variables and obtain expressions for the kinetic perturbed pressures
that simply require a numerical integration on the pitch angle. We then note that under some approxi-
mations, it is possible to obtain fully analytical relations for δP⊥k , δP∥k

if we use the parallel velocity and
the magnetic moment as the velocity variables.

4.1. Benchmark of the distribution function
We start the series of benchmarks by verifying that the solution of the drift-kinetic equation obtained
by the code is correct. To check this, we consider a cylindrical geometry for which the drift-kinetic
equation (21) can actually be analytically solved. In this geometry, it reads:

[

−ω+
v∥F

qBR2
0

(m+ nq)+
F

R0rqkqB4

(
mkv2

∥rF
2

q2R4
0

− µB

2

d
(
B2
)

dr

)((
r

R0

)2

n−mq

)]

δhk

= δL
[

n

qk

(

1

nk

dnk
dψ

+

(
mkv2

∥
2

+µB

)

1

T 2
k

dTk

dψ
− 3

2Tk

dTk

dψ

)

+
ω

Tk

]

Fk, (39)
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where we used (9), (15), (26), (23), (24) and we replaced the derivatives of Fk by their explicit expres-
sion for the Maxwellian (25). The perturbed Lagrangian δL in a cylinder is given by:

δL=

[

ξr⊥
B2

(
mkv2

∥rF
2

q2R4
0

− µB

2

d
(
B2
)

dr

)

−µδB∥

]

. (40)

Following Graves et al (2019), we use the following approximation:

δB∥ =−
µ0δPtot

⊥k

B
≃ ξr⊥

B0
µ0

dP

dr
, (41)

where we neglected the kinetic contribution in δPtot
⊥k

, see equation (16). This approximation can be
obtained from the perpendicular component of Ampère’s law, see also e.g. Antonsen and Lane (1980),
Chen and Hasegawa (1991), Zonca and Chen (2006) and can be interpreted as the perpendicular pres-
sure balance with kinetic corrections to δP⊥ omitted. This approximation is not necessary at this point,
but it will be very useful later to simplify the analytical developments. Note that this approximation was
observed to be good in most cases in the physical situations we considered. However, as will be discussed
below, this approximation is also used in VENUS-KMHD when the goal is to benchmark it against analyt-
ical derivations that use (41). For this reason, it is not critical to ensure that this approximation is valid
physically since we apply it consistently in the two results we aim to compare. Nevertheless, its validity
domain will be briefly discussed in the two limits considered in sections 4.3.1 and 4.3.2. We also need
to express the derivatives with respect to ψ as derivatives in r before continuing. Using ψ =−R0Aϕ and
rF/(qR2

0) =−dAϕ/dr, we find dψ/dr= rF/(qR0). Using this result and (41), we find:

δhk =

ξr⊥δL
[

R0nq
rFqk

(

1
nk

dnk
dr +

(
mkv

2
∥

2 +µB

)

1
T 2
k

dTk
dr − 3

2Tk

dTk
dr

)

+ ω
Tk

]

Fk
[

−ω+
v∥F

qBR2
0
(m+ nq)+ F

R0rqkqB4

(
mkv2

∥
rF 2

q2R4
0

− µB
2

d(B2)
dr

)((
r
R0

)2
n−mq

)] . (42)

It is now possible to use this expression to test the code. Knowing the input profiles, the equilib-
rium and the result for ξ⊥ and ω, one can then compute the corresponding analytical solution for δhk
using (42) and compare with the numerical solution for δhk. Two examples are presented in figure 2
for the resonant and non-resonant physical cases of figure 1. In each case, two VENUS-KMHD simula-
tions are presented, one using the exact expression for δB∥ and one using approximation (41), which
was also used to obtain the analytical solution (42). In the latter case, one observes excellent agreement,
even for the resonant case which includes fine-scale structures. Those abrupt variations of δhk are due
to wave-particle resonances, as will be discussed in section 5. It is important to note that since we used
the approximation (41) for δB∥, for closest benchmark, it is necessary to use the same approximation
in VENUS-KMHD as well. On the other hand, it appears clearly that when the exact expression for δB∥ is
used in the code, a significant discrepancy is observed. As a consequence, for the rest of the benchmarks,
approximation (41) will be used in the code in order to correspond to the method used to obtain the
analytical relations.

4.2. Benchmark of the kinetic perturbed pressures: general case
4.2.1. Introduction and notations
Now that it was shown that the VENUS-KMHD code correctly solves the drift-kinetic equation, one can
do a further analytical test and see if the kinetic perturbed pressures δP⊥k , δP∥k

are correctly repro-
duced. The general idea is the same as before: first a self-consistent kinetic-MHD solution is computed
with VENUS-KMHD, then the profiles as well as the numerical results for ω and ξ⊥ are used as input for
the analytical relation. When we compare the pressure, one also needs to compute the numerical per-
turbed pressures from the numerical δhk provided by the code. This is done by using the same two-
dimensional trapezoidal rule to compute (17) on the discretised velocity grid as used by VENUS-KMHD.
For the analytical derivation that follows, unlike what was done above, we use as velocity variables E and
λ= µ/E , which are more convenient for analytical work. We introduce the following new notations (see
e.g. Graves (2013)) that were used for this derivation as it is more convenient for this computation and
would allow a straightforward generalisation to the toroidal case:

ωϕd = vgk · (∇φ − q∇θ)∼= E
qk

(
2−λB

BR2
0q

+
λqµ0

rB2

dP

dr

)

, θ̇0 =
v∥
qR0

, ∆q= q+m/n. (43)
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Figure 2. Analytical (solid line) and numerical (points) result for the kinetic perturbed distribution function for a resonant (top
row) and a non-resonant (bottom row) safety factor profile. In the analytical solution as well as in the case of the numerical results
denoted by crosses, approximation (41) for δB∥ is used while for the numerical results denoted by the + markers, the exact
expression is used. The real part (black) and the imaginary part (orange) are shown. Cuts in the velocity space are shown, we
fix µ̂= 1 (left column) and v̂∥ = 1 (right column) at s= 0.3 (in both cases).

Using once again (41), we also introduce:

ωϕd0 = ωϕd − qµδB∥
qkB0rξr⊥

∼= 1

R2
0qΩck

(

v2
∥ +

µB

mk

)

= E 2−λB

qkBR2
0q
. (44)

Using these new notations, the drift-kinetic equation (21) can be rewritten as:

[

ω+ n
(

ωϕd +∆qθ̇0

)]

δhk =
B0rqkω

ϕ
d0ξ

r
⊥

q
(ω+ nω∗)

∂Fk
∂E , (45)

where ω∗ =−
(

q
qk
∂Fk
∂ψ

)

/
(
∂Fk
∂E

)

. Note that because there are no radial drifts in cylindrical geometry, no

ωψd term appears in the equation, unlike what is observed in the toroidal computation of Graves (2013)
for example. A consequence of this is that, in a cylinder, the drift-kinetic equation only involves the
radial component of the displacement. The solution for δhk is straightforward to obtain from (45):

δhk =
B0rqkω

ϕ
d0ξ

r
⊥

q
[

ω+ n
(

ωϕd +∆qθ̇0

)] (ω+ nω∗)
∂Fk
∂E . (46)

4.2.2. Computation of the perturbed kinetic pressures
Knowing the analytical solution of the drift-kinetic equation, it is now possible to compute the kinetic
perturbed pressures. In the (E ,λ) velocity variables, the kinetic pressures (17) write:

δP⊥k =
2π

2m3
k

∑

σ

ˆ ∞

0
dEE3/2

ˆ 1/B

0
dλ

λB2

√
1−λB

δhk, (47)

δP∥k
=

4π
√

2m3
k

∑

σ

ˆ ∞

0
dEE3/2

ˆ 1/B

0
dλB

√
1−λBδhk. (48)

We compute the perturbed pressures using equations (46)–(48). The integral on E can be performed
analytically, we find:
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Figure 3. Comparison of the kinetic perturbed pressures δP⊥k
, δP∥k

obtained with VENUS-KMHD (dashed lines) using approx-
imation (41) for δB∥ and with the analytical relations (49) and (50) (solid lines). In each case, the real and the imaginary parts
are shown. The MHD displacement and the growth rate used in the analytical relations are taken from the numerical result. A
resonant-case (left) and a non-resonant case (right) are shown. For the former, the rational surface q= 1 associated with the
considered n= m= 1 internal kink mode is shown by the vertical dotted line.

δP⊥k =
nk

T3/2
k

B0r

q
ξr⊥

ˆ 1/B

0
dλ

λB2

√
1−λB

(

2−λB

BR2q

)

×
[(−4

ω̃ϕd

)(
1

x1 + x2

)(

ω1T
7/2
k

(
3

4
(x1 + x2)+

1

2
(x3

1 + x3
2)+ (x5

1 + x5
2)+ x6

1Z(x1)+ x6
2Z(x2)

)

+ ω2T
9/2
k

(
15

8
(x1 + x2)+

3

4
(x3

1 + x3
2)+

1

2
(x5

1 + x5
2)+ (x7

1 + x7
2)+ x8

1Z(x1)+ x8
2Z(x2)

))]

, (49)

δP∥k
=

2nk

T3/2
k

B0r

q
ξr⊥

ˆ 1/B

0
dλB

√
1−λB

(

2−λB

BR2q

)

×
[(−4

ω̃ϕd

)(
1

x1 + x2

)(

ω1T
7/2
k

(
3

4
(x1 + x2)+

1

2
(x3

1 + x3
2)+ (x5

1 + x5
2)+ x6

1Z(x1)+ x6
2Z(x2)

)

+ ω2T
9/2
k

(
15

8
(x1 + x2)+

3

4
(x3

1 + x3
2)+

1

2
(x5

1 + x5
2)+ (x7

1 + x7
2)+ x8

1Z(x1)+ x8
2Z(x2)

))]

, (50)

where we introduced ω1 =− ω
Tk
− n

qk

(
1
nk
∂nk
∂ψ − 3

2Tk

∂Tk
∂ψ

)

, ω2 =− n
qkT 2

k

∂Tk
∂ψ , x1,2 =

τ
√
Q± ˜̇

θ/ω̃ϕ

d
2 , Q=

(
˜̇
θ
ω̃ϕ

d

)2

+

4 ω
ω̃ϕ

d
, τ = sign(ω̃ϕd ), ω̃

ϕ
d =−nωϕd Tk/E , ˜̇θ =−n∆qθ̇0

√

Tk/E . The result is expressed in terms of Z(x) =
√
πe−x2

i(1+ Erf(ix)), the Fried–Conte dispersion function (Fried and Conte 1961). One notes that the
parallel and perpendicular perturbed pressures are different, which confirms that unlike the MHD con-
tribution, the kinetic effects we consider are anisotropic.

The integral on the pitch angle can in general not be done analytically, we do it numerically using
the trapezoidal rule. Note that these expressions can diverge around λ= 1/B as well as when x1,2 →∞.
In those cases, we compute the corresponding analytical limit and use it instead of the numerical result
in the neighbourhood of the divergence. We use equations (49) and (50) to benchmark VENUS-KMHD
using the numerical result for ω and ξr⊥ in the equations. The result, for the same resonant and non-
resonant case as before, is shown in figure 3. The agreement is very good but slight discrepancies are
nevertheless observed for both δP⊥k and δP∥k

. The drift-kinetic equation solved by the code (21) differs
from the drift-kinetic equation considered in this section (45) because the drifts are slightly approxi-
mated in the latter. The approximation is valid if ∆q≪ 1 in the region where the mode is developed.
The observed differences are therefore likely the consequence of this assumption. One furthermore notes
that the largest differences are observed in the inner region, where q is lower than one, which seems to
confirm this hypothesis.

4.2.3. Exact analytical result in a specific limit
We finish this section presenting benchmarks of the kinetic perturbed pressures by noting that it is
possible, under certain assumptions, to obtain fully analytical results for δP⊥k and δP∥k

which, unlike
equations (49) and (50) do not require a numerical integration on one of the velocity variable.
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The necessary assumptions are the following: in the guiding-centre velocity appearing in the left-
hand side of equation (21), only the v∥ advection term is considered, the contributions coming from
the ∇B and the curvature drifts are dropped (see equation (9)). However, the full expression of vgk is
kept in the right-hand side of the equation. Nevertheless, the effect of the perturbed parallel magnetic
field δB∥ on the drift-kinetic equation is neglected here (the drift-kinetic equation has in this respect an
approximation for the perturbed Lagrangian).

This approximation is motivated by the fact that it allows us to obtain fully analytical expressions for
the kinetic perturbed pressures as a function of radius if v∥ and µ are used as the velocity variables also
for the analytical derivation. No further approximation and no numerical resolution or integration is
necessary. Moreover, the approximation on vgk as well as the fact that δB∥ is ignored can be made con-
sistently in the code and in the analytical derivation. The simplified drift-kinetic equation thus reads:

(
−iω+ v∥b ·∇

)
δhk =−i

(
qk (ξ⊥ ×B) · vgk

)
(

ω
∂Fk
∂E + n

∂Fk
∂Pϕ

)

. (51)

Using equations (25) and (26) and using the fact that we are in cylindrical geometry, equation (51)
can be solved to find the equivalent of (42) under the assumptions mentioned above:

δhk
(
s,m,n,v∥,µ

)
=
ξr⊥
B

C4,0v4
∥ +(C2,0 +µC2,1)v2

∥ +µC0,1 +µ2C0,2

ω− v∥
(

Fm
BqR2

0
+ Fn

BR2
0

) Fk, (52)

where C4,0 =
nF 2rm2

k

2Bq2R4
0qkT

2
k

dTk
dψ , C2,0 =

rF 2mk

Bq2R4
0

(

− ω
Tk
+ n

qknk
dnk
dψ − 3n

2qkTk

dTk
dψ

)

, C0,2 =− nB
2qkT2

k

d(B2)
dr

dTk
dψ , C2,1 =

nmk

2qkT2
k

dTk
dψ

(
2rF 2

q2R4
0
− 1

2
d(B2)

dr

)

and

C0,1 =
1
2

d(B2)
dr

(
ω
Tk
− n

qknk
dnk
dψ + 3n

2qkTk

dTk
dψ

)

and Fk is given by (25). Inserting (52) in equations (17) and

evaluating the two integrals analytically, one obtains the two kinetic perturbed pressures:

δP⊥k (s) =−ξ
r
⊥B

√
Tkx

ω

√
mk

2

[

C4,0

(
2T 2

k

Bmk

)2(x

2
+ x3 + x4Z(x)

)

+

(

C2,0 +
2Tk

B
C2,1

)(
2T 3

k

B2mk

)
(
x+ x2Z(x)

)
+

(

C0,1 +
3Tk

B
C0,2

)(
2T 3

k

B3

)

Z(x)
]

, (53)

δP∥k
(s) =−ξ

r
⊥B

√
Tkmkx

ω

√
mk

2

[

C4,0Tk

B

(
2Tk

mk

)3(3x

4
+

x3

2
+ x5 + x6Z(x)

)

+

(

C2,0 +
Tk

B
C2,1

)(
4T 3

k

Bm2
k

)(x

2
+ x3 + x4Z(x)

)

+

(

C0,1 +
3Tk

B
C0,2

)(
2T 3

k

B2mk

)
(
x+ x2Z(x)

)
]

, (54)

where x= ω/
[√

2Tk
mk

∣
∣
∣

Fm
qBR2

0
+ Fn

BR2
0

∣
∣
∣

]

. Now, for a known ω and ξr⊥ (obtained from VENUS-KMHD), this

expression can be easily evaluated to obtain the perturbed kinetic pressure, compared with the code
results. The plasma dispersion function Z is evaluated using the numerical implementation included in
SciPy, except around the rational surface (x→∞) where the numerical implementation fails to give
the correct result. Near the rational surface we use instead the analytical limit computed using a series
expansion of Z(x), as already done above in the general case.

The comparison of the two kinetic perturbed pressures for a resonant n=m= 1 internal kink mode
is shown in figure 4. Once again, excellent agreement is observed. The slight discrepancy observed in
the parallel perturbed pressure around the rational surface is due to the use, for the analytical result, of
the analytical limit for x→∞ also in the vicinity of the rational surface, where it is no longer exactly
correct but the numerical result is still unusable.

4.3. Full benchmark in the low and high frequency limit
In the two following sections, we present a benchmark for the full kinetic-MHD problem. Shown is
a semi-analytical approach for the growth rate of a kinetic-MHD mode and associated benchmarks
for the growth rate obtained from VENUS-KMHD. This will be undertaken in two opposite limits, the
low frequency and the high frequency limits. Each allows us to test only part of the implementation
of the drift-kinetic equation, but because we consider the two opposite cases, almost all the terms in
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Figure 4. Comparison of the kinetic perturbed pressures δP⊥k
, δP∥k

obtained with VENUS-KMHD (dashed lines) and using the
fully analytical relations (53) and (54) (solid lines). In each case, the real and imaginary parts are shown. The MHD displace-
ment and the growth rate used in the analytical relations are taken from the numerical result. A resonant-case (left) and a non-
resonant case (right) are shown. For the former, the rational surface q= 1 associated with the considered n= m= 1 internal
kink mode is shown by the vertical dotted line. The additional assumptions required to obtain a fully analytical solution were
consistently applied in the code, to allow for a fair comparison.

the full equations are tested at least by one of the limits. Because the analytical treatment described
below is most accurate at low pressure, we consider in this section an internal kink mode with βtot(0) =
µ0P(0)/B2

0 = 0.11% and βkin(0)/βtot(0) = 0.53 on the axis, where we define βkin(0) = µ0Pk(0)/B2
0. The

resonant safety factor profile is still given by (27) with the usual parameters. The non-resonant q−profile
is given by (28), with q0 = 1.001. Since the pressure is smaller than in our reference case, it is necessary
to bring q0 closer to 1 to ensure the mode will still be unstable. Note that the derivation of the govern-
ing equations requires a number of assumptions which will be detailed below. These approximations are
not done consistently in the VENUS-KMHD results with the exception of approximation (41) for δB∥. We
typically present one result using the exact expression for δB∥ and one result using the approximation,
the latter being expected to match better with the governing equations results.

4.3.1. Low frequency limit
First, we consider the low frequency limit, that is we assume ω≪ ωϕd ,ω∗ and ∆qθ̇0 ≪ ωϕd . When com-
paring the results with VENUS-KMHD later, we will artificially remove in the code the corresponding
terms: in the numerator, the ∂Fk/∂E term is neglected and in the denominator, we keep only vdk ·∇
(see also equation (9)). In this limit, the solution of equation (45) is:

δhk =
ωϕd0ξ

r
⊥

ωϕd

∂Fk
∂r

. (55)

We now follow Graves et al (2021) to obtain a governing equation for the kinetic-MHD problem in
the low frequency limit. For this purpose, we define the radial and the toroidal vorticity operators:

Vr (X) =
1

2π

ˆ π

−π
dθ

eimθ

im
J∇ ·

(
X×∇r

B ·∇φ

)

, (56)

Vϕ (X) =
1

2π

ˆ π

−π
dθ

eimθ

im

R0J

B0
∇ ·
(
X×∇φ

B ·∇φ

)

, (57)

where X is the vector on which we apply the vorticity operator, B0 is the equilibrium magnetic field at
the magnetic axis and J is the Jacobian of the coordinate system. Following the work of Graves et al
(2021), we do an expansion in large aspect ratio, that is small inverse aspect ratio ϵ= r/R0. In a cylin-
der, a large aspect ratio corresponds to a case where the poloidal magnetic field is significantly smaller
than the field parallel to the axis of the cylinder, Bθ/Bϕ = ϵ2/q. We use the following definition for the
MHD displacement variable: ξ⊥ = ξB, where ξB ·∇φ = 0, ξr⊥ = (F/F0)ξB ·∇r and ξθ⊥ = (F/F0)ξB ·∇θ,
where F0 = R0B0. This slightly differs from the definition used in Graves et al (2021), but remains very
similar. We first impose Vr(X̃) = 0, where X̃ is the MHD momentum equation without the inertia term
and kinetic perturbed pressures. From this, we obtain the following relation up to order 2 in ϵ which
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gives us the poloidal displacement as a function of the radial displacement:

ξθ⊥ =
i

r

[

ξr⊥ + r dξr⊥
dr

m
+
ϵαξr⊥
2mq2

−ϵ2
2m2qξr⊥ −m2rξr⊥

dq
dr −mnq2

(

ξr⊥ − r dξr⊥
dr

)

+ n2q3
(

ξr⊥ + r dξr⊥
dr

)

m3q3



 .

(58)

This corresponds to equations (1988) and (33) of Graves et al (2021). The differences are due to the
slightly modified definition of the components of ξ⊥ as well as to the different convention for the sign
of the toroidal mode number n. Note that in principle, one should include the kinetic pressures when
computing the radial vorticity. This would result in additional terms in (58) proportional to the kinetic
pressures. In order to simplify the computation, we drop those corrections and assume that the kinetic
pressure and the total pressure are sufficiently small to make those terms negligible, which justifies this
approximation.

We then insert this relation in the MHD equation. The equation Vϕ(X) = 0, where X is the full
kinetic-MHD momentum equation (now including kinetic effects), gives a governing equation. It is an
eigenvalue equation whose eigenvalue is the growth rate γ = ℑ(ω) and eigenvector is the radial MHD
displacement ξr⊥. One can expect that our governing equation will contain terms associated with the
ideal MHD response as well as one or several kinetic corrections that encapsulate the kinetic effects.
We do not detail the derivation of the governing equation for the standard ideal MHD (see Graves et al
(2021)). The result is:

1

r

d

dr
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γ
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)2

+ f 2

)

r3 dξr⊥
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−
(
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+
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(
3
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+

1

q(r)

)(
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q(r)
− 1

qs

)

ξr⊥ +
ϵα

q4
s

ξr⊥ +Xkin = 0, (59)

where f = 1/q− 1/qs, qs = q(sres) =−m/n, sres is the location of the rational surface, α=− 2µ0q
2R0

B2
0

dP
dr ,

ϵ= r/R0, ωA is the Alfvén frequency and Xkin is the kinetic correction that will be detailed below. Note
that the analytical solution (19) of (3) was used to express all occurrences of dF/dr as a function of
derivatives of the total pressure, that is in terms of α. The remaining occurrences of F were replaced by
R0B0 and terms involving the magnetic shear were neglected.

In order to obtain the kinetic part of the governing equation, we need to compute the toroidal vor-
ticity of the terms involving the perturbed kinetic pressures. Adopting the vorticity operator on the
kinetic pressure tensor, following a similar approach to the construction of quadratic forms, where the
kinetic contributions to δW can be written in terms of a velocity integral with integrand being the prod-
uct of δhk and the toroidal drift precession (Antonsen and Lee 1982), it can be shown that in a cylinder
one obtains exactly (Graves 2020):

Vϕ






(
δP⊥k − δP∥k

)
κ−∇⊥δP⊥k

︸ ︷︷ ︸

Xkin




=mk

R0

B0

ˆ

dv3 J

q

Ωck ω
ϕ
d

B
δhk. (60)

This result is obtained in a cylinder because there is no radial drift motion, so that geodesic curva-
ture, and hence associated inertial enhancement (Graves et al 2000), can be neglected.

In the above, Ωck = qkB/mk is the cyclotron frequency for the kinetic species k. Using the solution for
the drift-kinetic equation in the low frequency limit (55), we have:

Vϕ (Xkin) =
mk

B0

ˆ

dv3 r

B

1

q2

(

v2
∥ +

µB

mk

)

ξr⊥
∂Fk
∂r

, (61)

where we used J= rR0 in a cylinder as well as equation (44). We have:

Vϕ (Xkin) =
rξr⊥
BB0q2










ˆ

dv3 mkv
2
∥
∂Fk
∂r

︸ ︷︷ ︸
dPk∥

dr

+

ˆ

dv3µB
∂Fk
∂r

︸ ︷︷ ︸
dPk⊥

dr










, (62)
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where we identified the radial derivatives of the equilibrium pressures. Since our equilibrium state is
isotropic, we have P⊥k = P∥k

= Pk where Pk = nkTk is the equilibrium pressure associated with the kinetic
species. Therefore:

Vϕ (Xkin)∼=−2
rξr⊥
BB0q2

dPk

dr
=−B0

B

ϵαkin

q4
ξr⊥ = Xkin, (63)

where αkin =−2µ0R0q2(dPk/dr)/B2
0 is the pressure parameter corresponding to the equilibrium pressure

of the kinetic species. We note that at the lowest order in ϵ, that is if B0/B≈ 1, the kinetic effect exactly
cancels the contribution of the kinetic species to the (Suydam) interchange term ϵα/q4. More precisely,
the last term in (59) cancels with the contribution of the kinetic particles to the second to last term in
the same equation. Since the interchange term is destabilising for the internal kink mode in a cylinder,
it means that the low frequency kinetic effect is stabilising. This kinetic effect is analogous to the low-
frequency result in a torus, where the kinetic effect cancels the destabilising contribution of trapped ions
to the ideal fluid response, leaving the stabilising fluid effect of passing ions (see e.g. appendix of Graves
et al (2003)).

We can now use the governing equation formed by (59) and (63) as a benchmark for the
VENUS-KMHD code. We solve the governing equation numerically using VENUS-MHD, since it can be writ-
ten as a generalised eigenvalue problem for the eigenvalue γ and corresponding eigenvector ξr⊥. Note
that even if we solve the governing equation with VENUS-MHD, this is still a meaningful benchmark
because the governing equation is an equation for only one component of the displacement ξ⊥ and the
kinetic effects were solved completely analytically. In VENUS-KMHD, the low frequency limit is achieved
by removing from the matrices the terms that are neglected in the drift-kinetic equation. Note that this
would make the matrix B singular, which is not handled by our eigenvalue solver. To avoid this issue,
instead of completely removing the terms from the equations, we put a flag equal to 10−7 in front of
the terms that should be neglected. It was verified that this value of the flag is appropriate to converge
to the low frequency limit. It is because of these numerical difficulties that the Krylov–Schur eigen-
value solver with LU shift-invert was used for these results instead of the usual generalised Davidson
eigenvalue solver.

The result of the benchmark is shown in figure 5 for both the resonant and non-resonant safety
factor profile: In both cases, we show a scan on the kinetic fraction βkin(0)/βtot(0) at constant
total pressure (βtot(0) = 0.11%) as well as a scan on the total pressure at constant kinetic fraction
(βkin(0)/βtot(0) = 0.53). The first scan corresponds to a case where our hot minority ions are divided
into two subspecies with equal physical parameters, one that is treated kinetically and the other one
that is considered as a fluid species (so it is only entering in the ideal MHD equation). By varying the
fraction of those two subspecies, one evolves from a case that matches the ideal MHD result to the case
where the hot particles are fully kinetic. We do this while keeping the total pressure constant. The main
advantage of this approach is that the ideal growth rate, which depends on the total pressure gradient,
stays constant throughout the scan. As a consequence, the observed variation of the growth rate is purely
due to the kinetic effects.

Note that because the governing equation is not exactly equivalent to the true MHD momen-
tum equation, the ideal growth rate obtained when solving the ideal governing equation will not
exactly match the ideal growth rate obtained when solving the ideal MHD momentum equation with
VENUS-MHD. Because we are interested in the kinetic effect, that is the deviation of the ideal result due to
kinetic effects, we show in figure 5 the difference between the kinetic-MHD growth rate γkinetic-MHD and
the ideal growth rate γMHD:

∆γkin = γkinetic-MHD − γideal MHD. (64)

The objective is to identify the true kinetic contribution to the growth rate. In this way, we do not
get distracted by discrepancies in the ideal growth rate and can focus on the comparison of the kinetic
correction obtained with the governing equation and with VENUS-KMHD.

The fact that γkinetic-MHD − γideal MHD is negative indicates that the kinetic effects are stabilising, as
predicted above, because they cancel the contribution of the hot particles in the destabilising interchange
term. One observes good agreement of the governing equation results with the fully numerical results
obtained with VENUS-KMHD. A more significant discrepancy is observed at higher total pressure. The
more erratic behaviour of the VENUS-KMHD results can be explained by the increasing difficulty with
increasing β to converge to the low-frequency limit. As noted before, it can only be approached since
it is numerically singular. Moreover, this discrepancy can also be explained by the fact that the terms we
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Figure 5. Kinetic correction on the growth rate in a scan on the fraction of kinetic particles at constant total pressure (left col-
umn) and a scan on the total pressure at constant kinetic fraction (right column) in the low-frequency limit. This shows a reso-
nant case (top row) and a non-resonant case (bottom row). The results obtained with VENUS-KMHD are shown using either the
exact expression (red) or the approximation (41) for δB∥ (orange) which was also used when obtaining the governing equation.

neglected in our analytical computation are proportional to the pressure (both total and kinetic pres-
sure) and they start to become important at higher β. In order to have a good match at higher pressure,
it would be necessary to include the kinetic effects in equation (58) and recompute the toroidal vorticity
and the resulting governing equation accordingly. Moreover, the ordering in inverse aspect ratio (large
Bϕ/Bθ) used to derive the governing equation starts to break down at large total pressure. This also the
case of our simple approximation for δB∥. From equation (55), one can estimate the kinetic perturbed
pressures as δP⊥,∥k

∼ ξr⊥dPk/dr. This indicates that the approximation (41) for δB∥ should be valid in
the low frequency limit as long as dPk/dr≪ dP/dr. This is no longer true at the largest values of βtot

considered in the right column of figure 5.

4.3.2. High frequency limit
We now consider the limit ω≫ ωϕd ,ω∗,∆qθ̇0 (Kruskal and Oberman 1958). Similarly to what was done
in the low frequency case, when comparing the results with VENUS-KMHD later, we will artificially remove
the matrix elements associated with the drift-kinetic equation that do not contain ω. For this computa-
tion, we go back to the notation of section 4.1, which is more convenient in this case since one wants
to avoid doing any approximation, and we use v∥,µ as velocity variables. Equation (42) reduces in this
limit to:

δhk =−
[

ξr⊥rF

qR2
0B

2

(
mkv2

∥F

qR2
0

−µB

(
d

dr

(
rB

qR2
0

)

+
1

R0

dF

dr

))

−µδB∥

]

Fk
Tk
, (65)

where the explicit expression of ∂Fk
∂E was replaced using (25). Using equations (17) and (41), one com-

putes the kinetic perturbed pressures:

δP⊥k = ξr⊥Pk

[

1

B2

d
(
B2
)

dr
+

2µ0
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dP
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− rF 2

q2R4
0

]

, (66)
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δP∥k
= ξr⊥Pk

[

1

2B2

d
(
B2
)

dr
+
µ0

B2

dP

dr
− 3rF 2

q2R4
0

]

. (67)

Using equations (22), (66) and (67), one can compute the kinetic pressure terms in (20) exactly. We
start by reproducing the approach followed in section 4.3.1 for the low-frequency limit. The result of
the radial vorticity gives once again (58). Replacing this in the MHD momentum equation gives once
again (59). In the case of the high frequency limit, the kinetic correction is:

Xkin =
ϵ2µ0Pkξ

r
⊥

B2
0q

4

(
2m2 + 9mnq

)
+

3µ0m2ϵαPkξ
r
⊥

2B2
0q

4
+

3µ0ϵ
2rPk

dξr⊥
dr

q4
m(m+ nq) . (68)

One notices that all these terms are smaller than the kinetic effect in the low frequency limit, which
was given by equation (63) by a factor µ0Pk/B2

0. As a consequence, one can expect the kinetic correc-
tions to be weaker in this limit compared to the low frequency limit. The first term of (68) corresponds
to a stabilising effect while the two others are destabilising.

Because the kinetic effect in this limit is smaller than it was in the low frequency limit, we decide
to also consider here the indirect kinetic effects that enter through the relation giving ξθ⊥ as a func-
tion of ξr⊥. These effects are indirect in the sense that the kinetic effects appearing in ξθ⊥ will affect the
final result only through the ideal part of the MHD momentum equation. This is because, as mentioned
above, in cylindrical geometry, kinetic pressure terms depend only on ξr⊥. This can be verified by inspec-
tion of (66) and (67) and is a consequence of the lack of radial drifts in cylindrical geometry.

In order to obtain the kinetic correction to the poloidal displacement, we need to calculate once
again the radial vorticity. Writing (20) as XI = XW, we enforce:

Vr (XW) = 0, (69)

where the Vr operator is defined in equation (56). Similarly to what we did in the low frequency limit,
the inertia is ignored in the radial vorticity, but this time, the kinetic effects are included. We solve (69)
for the poloidal displacement and obtain, up to order 2 in ϵ:

ξθ⊥ =
i

r

[

ξr⊥ + r dξr⊥
dr

m
+
ϵαξr⊥
2mq2

+
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+ n2q3
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ξr⊥ + r dξr⊥
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)

m3q3



 . (70)

Note that this is equal to (58) except for the last term of the first line that is a kinetic correction to
the ideal variable ξθ⊥. We replace ξθ⊥ by (70) in (20) to obtain the final governing equation. As in the
previous section, we also assume that q is close to 1 where the mode is developed, that is q+m/n is
small. With these assumptions, we once again compute Vϕ(X) = Vϕ(XI −XW) (see definition of Vϕ
in (57)) and obtain (59). Only the kinetic correction differs. The modification due to the indirect kinetic
effect entering through ξθ⊥ is also absorbed into the new expression for Xkin, which is now given by:

Xkin =
ϵ2µ0Pkξ

r
⊥

B2
0q

4

(
8m2 + 24mnq+ 9n2q2

)
+

3µ0ϵ
2rPk

dξr⊥
dr

q4
(m+ nq)2

. (71)

As already discussed before, not all the kinetic effects come from Vϕ((δP⊥k − δP∥k
)κ−∇⊥δP⊥k),

which means that Vϕ(Xkin) ̸= Xkin. Some come from the toroidal vorticity of the ideal MHD equation,
because ξθ⊥ is altered by the kinetic effects, which is also in Xkin above. Comparing equations (68)
and (71) indicates the approximation associated with neglecting the kinetic correction in (70). One
recognises the first and third terms of (68) in (71) with slightly different coefficients. But most impor-
tantly, the second term of (68) is totally absent from our updated computation, a cancellation happens
between the kinetic effects coming directly from the toroidal vorticity of Xkin and those entering through
ξθ⊥. Since the last term of the kinetic correction is proportional to (m+ nq), which is small where the
internal kink mode is located (recall that we use a negative n and positive m,q), one can predict that the
first term is going to dominate the high-frequency kinetic response, which will be stabilising. In the limit
q=−m/n one obtains

Xkin ≈−7m2 ϵ
2µ0Pkξ

r
⊥

B2
0q

4
. (72)
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Figure 6. Kinetic correction on the growth rate in a scan on the fraction of kinetic particles at constant total pressure (left col-
umn) and a scan on the total pressure at constant kinetic fraction (right column) in the large-frequency limit. This shows a res-
onant case (top row) and a non-resonant case (bottom row). The results obtained with VENUS-KMHD are shown using either the
exact expression (red) or the approximation (41) (orange), used also in the analytical work leading to the governing equation for
δB∥. Two different governing equations are compared, one (light blue), ignoring kinetic effects when using the radial vorticity to
link the poloidal displacement to the radial one, as done in section 4.3.1, the other (dark blue) including this effect.

At this stage, one can solve numerically the governing equation formed by equations (59) and (71)
for ξr⊥ and ω and compare with the VENUS-KMHD result. Similarly to what was done in section 4.3.1
for the low-frequency limit, we study the behaviour as a function of the kinetic fraction at fixed total
pressure as well as the behaviour in terms of the total pressure at fixed kinetic fraction, both for a res-
onant and a non-resonant q−profile. The result is shown in figure 6 where one verifies that the kinetic
effects in the high frequency limit are stabilising, as predicted. Once again, good agreement is observed
between the governing equation and the numerical results. As expected, the plots of the simplified gov-
erning equation, which neglect the kinetic corrections in the ideal MHD equation show a bigger dis-
crepancy compared to the code compared to the fully consistent model. The difference is significant at
higher kinetic fraction and, most importantly, at higher total pressure, as also observed in section 4.3.1.
On the other hand, the consistent analytical model shows excellent agreement up to high values of β.
The complete analytical model exhibits particularly good agreement with the VENUS-KMHD result when
using the same approximation for δB∥ as the analytical work, as expected. Note that this approximation
works well in this limit. From equation (66), one has δP⊥k ∼ ϵξr⊥Pk/R0. This means that approxima-
tion (41) for δB∥ is appropriate as long as dP/dr≫ ϵPk/R0, which is typically the case in these results.

5. Results in cylindrical geometry

In this section, we present a few results in cylindrical geometry outside of the two limits explored so
far. All the physics is now included and the goal of this section is to explore the capabilities of the
VENUS-KMHD code. Note that from now on, only the exact expression for δB∥ will be used. In this
section, Nv∥ = 80, Nµ = 40 was used. We consider the usual resonant and non-resonant cases. For each
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Figure 7. Scan on the hot particles density for a resonant (left) and a non-resonant (right) case. The sets of points shown are the
growth rate of the ideal result from VENUS-MHD (black) as well as the growth rate (red) and the real frequency (orange) of the
kinetic-MHD results from VENUS-KMHD. The circle markers correspond to the case where the hot kinetic particles have the same
pressure profile as the main ions and electrons while the crosses correspond to a case where the hot particles kinetic pressure fol-
lows a non-monotonic pressure profile that peaks at s= 0.6. Note that β on the axis is used for this figure. In the non-monotonic
pressure case, it can be smaller than the maximum β. The horizontal grey line indicates ω = 0, which in the case of the growth
rate corresponds to a stable mode.

one, two sub-classes are simulated, one where the kinetic hot α particles have the same density and tem-
perature profiles as the main ions and electrons, another one which has an inverse pressure gradient in
the inner region. In the latter case, the pressure peaks at s= 0.6 and then goes to zero at the edge, as
usual. This is achieved using for the number density and for the temperature of the hot kinetic par-
ticles profile (27) with η = 6.35, ∆=−1, sref = 0.6, ν = 2, µ= 2. Here, we consider an ideal MHD
case to which we add more and more kinetic hot particles. As a consequence, the total pressure is not
constant and the ideal growth rate will also change throughout the scan. Note that in addition to the
hot ion contribution, the main electrons will also contribute more and more as their pressure needs
to also increase to ensure quasi-neutrality. As a consequence, we must record the ideal and the kinetic-
MHD growth rate, the difference between the two giving the kinetic effect. The results are presented in
figure 7.

Focusing first on the ideal result, one observes that the addition of hot particles has a destabilising
effect when their pressure profile is monotonically decreasing but stabilising when the pressure increases
in the inner region. This can easily be understood by remembering that these modes are mostly driven
unstable by the pressure gradient in the inner region, where the field-line bending terms are small
enough to allow the mode to develop (because the safety factor profile is close to one). In the case where
all species have the same pressure profile, adding more and more hot kinetic particles increases the total
pressure without changing its shape and therefore makes the pressure gradient stronger, which makes the
mode more unstable. On the other hand, if the kinetic particles have a non-monotonic pressure profile,
the total pressure gradient in the inner region becomes smaller and smaller as we add more kinetic par-
ticles, which decreases the pressure drive and as a consequence the growth rate of the mode.

Now focusing on the kinetic effect, one can observe that in the case with monotonic pressure profile
for all species, the kinetic-MHD result follows the trend of the ideal result but with a smaller slope. This
means that the kinetic effects in this case are stabilising, the kinetic-MHD result is less unstable than the
ideal solution.

The physics at play is more complex and more interesting if the kinetic particles have a non-
monotonic pressure profile. In this case, the kinetic effect is destabilising. It is observed that the kinetic-
MHD growth rate is everywhere larger than the ideal growth rate. Using an increasing pressure pro-
file in the inner region reverses the sign of ∂Fk/∂Pϕ, which can be sufficient to change the sign of
the total kinetic effect if one is not in the high frequency limit. Beyond a critical amount of kinetic
hot particles (βkin(0)/βtot(0)≃ 0.6 in the resonant case and βkin(0)/βtot(0)≃ 0.4 in the non-resonant
case), the total pressure gradient in the inner region is too weak to drive the ideal mode unstable and
it reaches marginal stability. The kinetic-MHD solution however remains unstable until a much larger
hot particle pressure is reached. In this region, the kinetic effects alone are sufficient to drive unstable
a mode which ideally would be marginally stable. Finally, beyond another critical value of the hot par-
ticles pressure, even the kinetic-MHD result with resonant q−profile reaches marginal stability beyond
βkin(0)/βtot(0)≃ 0.7 while the non-resonant case remains unstable. When the total pressure becomes
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Figure 8. Visualisation of the kinetic perturbed distribution function δhk in the normalised velocity space v̂∥, µ̂ at three different
radial locations and as a function of s and v̂∥ for µ̂= 1 (bottom right). The situation considered here is a resonant case with non-
monotonic hot pressure profile and βkin(0)/βtot(0) = 0.67. The radial location shown in the top right plot corresponds to the
q= 1 rational surface. The dashed white lines indicate the locations where the resonance condition (73) is satisfied. The dotted
line indicates the location of the q= 1 rational surface. Note that the ranges of the colorbars differ in each subplot.

increasing in the inner region due to the dominant effect of the hot particles, the pressure gradient has
a stabilising effect which must be compensated by the kinetic effects. Past a certain threshold, the kinetic
effects are insufficient to do so and the mode is fully stabilised.

The real frequency of the mode is also shown in figure 7. As expected, it gets larger with stronger
kinetic effects and tends to zero when they become negligible, therefore matching the ideal MHD
result which has ℜ(ω) = 0. It is interesting to observe that the real frequency of the mode changes sign
depending on whether a standard monotonic pressure profile is used for the hot kinetic ions (positive
ℜ(ω)) or a non-monotonic hot pressure profile is used (negative ℜ(ω)). However, for a given pressure
profile, the sign is the same with a resonant or a non-resonant safety factor profile. One observes that
when the non-monotonic pressure profile is used, the real frequency is often larger (in absolute value)
than the growth rate. It is the opposite when the standard pressure profile is considered.

Since the kinetic perturbed distribution function δhk is part of the eigenvector of our kinetic-MHD
problem, it is readily available and one can look at its structure. As an example, this is presented for
two of the four results of figure 7: the resonant case with non-monotonic hot particles pressure profile
(figure 8) and the non-resonant case with monotonic hot particles pressure profile (figure 9). We show
in each case δhk as a function of the normalised velocity variables v̂∥, µ̂ at three specific radial locations
and as a function of s and v̂∥ at fixed µ̂= 1. Since a single Fourier mode is sufficient to represent the
poloidal direction in a cylinder, we see here the coefficient corresponding to this only mode. In order to
emphasize the wave-particle resonant interactions in the kinetic-MHD response, the locations in phase
space where the real part of the denominator of (42) cancels, that is where the wave-particle resonant
condition is exactly satisfied, are also represented in the figures. The resonance condition is repeated in
equation (73).

The q=m/n resonant case shown in figure 8, which exhibits a destabilising effect, shows a strong
wave-particle resonance in the inner region. It is observed that the numerical result for δhk is strongly
matching the region of wave-particle resonance, which is caused by the interaction between the real fre-
quency of the kinetic-MHD mode and the average of the guiding frequency vgk ·∇. At the rational sur-
face, there is no possibility of wave-particle resonance, and we observe a perturbed distribution function
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Figure 9. Same as figure 8 but for a case using a non-resonant safety factor profile and a standard monotonic pressure profile for
the hot kinetic ions.

which is symmetric in v∥. However, δhk is strongly dominated by the q<m/n region, as one can verify
by comparing the maximum amplitude for the different radial locations. It can be seen that in the non-
resonant case with non-monotonic hot pressure profile, there is no wave-particle resonance in the low
shear region where the mode is developed. There is however such a resonance in the outer region, simi-
larly to what is observed for the resonant case. The kinetic effect in the non-resonant case is however as
big or even bigger than in the resonant case. As a consequence, one observes that presence or not of a
q=m/n resonance is not significant to predict the magnitude of kinetic effects. The same statement is
also true for wave-particle resonances as discussed below.

The non-resonant case where the hot particles follow the standard pressure profile is shown in
figure 9. A wave-particle resonance condition can be observed at most radial locations. The distribution
function however aligns with the resonance only very loosely. One can note the presence in the inner
region of two wave-particle resonant surfaces, one at negative and one at positive v∥. A similar obser-
vation can be made in the resonant case (not shown here). It is interesting to see that these cases with
standard hot pressure profile have a weak kinetic effect, despite the resonance that can be observed at
almost all radial locations. A wave-particle resonance in the kinetic pressures is therefore not a sufficient
condition to obtain a strong kinetic effect. On a more technical note, the advantages of the Case–Van
Kampen formulation of the kinetic-MHD problem are evident here, since despite the presence of a reso-
nant denominator in several cases in the solution of drift-kinetic equation, the VENUS-KMHD code is able
to produce clean results without any difficulty.

The resonance condition used to draw the white dashed lines in figures 8 and 9 is:

−ℜ(ω)+
F

R0B

1

qR0
(m+ nq)v∥ +

F

R0rqkqB4

(
mkv2

∥rF
2

q2R4
0

− µB

2

d
(
B2
)

dr

)((
r

R0

)2

n−mq

)

= 0, (73)

which is simply the condition that should be satisfied for the denominator of equation (42) to cancel.

Equation (73) describes a parabola. The
v∥F

qBR2
0
(m+ nq) term, often denoted as k∥v∥, is odd in v∥ and can-

cels at the rational surface. It is responsible for the structure visible in figure 8 (bottom right), with a res-
onance located at positive v∥ in the core region and at negative v∥ beyond the rational surface. Since this
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Figure 10. Radial (left column) and perpendicular (right column) components of the displacement for a resonant (top row) and
a non-resonant (bottom row) safety factor profile for different hot particles pressures (βkin(0)/βtot(0)) in the case of a non-
monotonic hot particles pressure. The perpendicular displacement ξ⊥⊥ is defined as the component of ξ⊥ that is perpendicular
to both r and the equilibrium magnetic field B. The colours indicate the kinetic fraction, that is the kinetic pressure divided by
the total pressure on the magnetic axis.

term cancels at the rational surface and since all the other terms in (73) are even in v∥, one also under-
stands why a symmetric structure in v∥ is observed at the rational surface.

As discussed above, one observes in figures 8 and 9 a resonant region of very different width,
very narrow in the first case, very broad in the second. In order to find a possible explanation for
this, one can write the resonant denominator of equation (42) as 1

D(v∥,µ)−ω , where using the same

notation, equation (73) writes D(v∥,µ)−ℜ(ω) = 0. One can then use the fact that
∣
∣
∣

1
D(v∥,µ)−ω

∣
∣
∣

2
=

1
(D(v∥,µ)−ℜ(ω))2+γ2 to estimate the width in velocity space of the resonance region. It is characterised by

the quantity ∆v= γ
|∂D/∂v| . Note that the derivatives of D in v∥ and µ involve quantities that are essen-

tially the same in the two considered physical cases. The growth rate γ is however very different. One
verifies in figure 7 (for βkin(0)/βtot(0) = 0.67) that it is almost ten times larger in the case of figure 9
compared to the case of figure 8. This simple argument therefore explains why a very narrow resonant
region is observed in velocity space in the latter case, while a much broader resonance is observed in the
former case.

Finally, it is interesting to have a look at the mode structure with different values of the hot parti-
cles pressure. The radial structure of ξr⊥ and ξ⊥⊥ is shown in figure 10 for a resonant and a non-resonant
case using a non-monotonic hot particles pressure profile. In the non-resonant case, one observes that
the mode structure is only very weakly affected by the kinetic effects. In the resonant case however, one
observes a flattening of the mode around the ration surface, which is located here at s= 0.465. This
modification of the mode structure is more easily seen in the perpendicular displacement. When using
the resonant q−profile, the peak formed by ξ⊥⊥ at the rational surface progressively splits in two on each
side of the rational surface for increasing kinetic effects. This is consistent with the flattening observed in
ξr⊥ around the rational surface. The perpendicular displacement is proportional to the poloidal displace-
ment ξθ⊥ which is itself approximately proportional to the radial derivative of ξr⊥ (see the derivations in
section 4.3). Further investigations would be required to understand the cause of this flattening. Finally,
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it can be noticed that the mode with the strongest kinetic effects reach their maximum amplitude just
before the rational surface instead of at the axis.

The observations in this section, while being specific to cylindrical geometry, are also relevant to
the kinetic response associated with wave-circulating particle interaction in a torus. Nevertheless in a
torus, toroidal curvature is important for circulating particles and critically important for the fraction of
toroidally trapped particles, so significant new physics can be expected in future work in a torus.

6. Conclusion

A model for perpendicular kinetic-MHD in cylindrical geometry has been presented. We briefly intro-
duced the new spectral kinetic-MHD code VENUS-KMHD based on the Case–Van Kampen approach.
Although this code can solve kinetic-MHD cases in toroidal geometry, we focus here on the case of a
cylinder (screw pinch geometry) to simplify the benchmarking process. The numerical methods used by
VENUS-KMHD have nevertheless been briefly presented in the general toroidal case. Some key elements of
the numerical implementation, such as the structure of the discretised matrices, convergence studies and
the challenges associated with obtaining the physically most unstable mode were briefly mentioned but
will be detailed further in a future work.

A number of exact semi-analytical and fully analytical results have been derived in cylindrical geom-
etry to provide benchmarks for the newly implemented code. First, a benchmark of the non-adiabatic
part of the distribution function has been presented in the general case. Expressions were derived for the
kinetic perturbed pressures for known complex frequency and MHD displacement in E ,λ velocity vari-
ables. The integral on the pitch angle has to be performed numerically. Good agreement was observed
between the analytical expression and the VENUS-KMHD code for both the distribution function and the
perturbed pressures. The section was completed by showing that using specific assumptions, it is possible
to obtain fully analytical expressions for the kinetic perturbed pressures in v∥,µ velocity variables. Once
again, excellent agreement was observed.

Then, a benchmark of the full kinetic-MHD problem was demonstrated in two opposite limits,
low and large frequency. In these limits, it is possible to obtain analytical solutions of the drift-kinetic
equation, and therefore an exact expression of the kinetic effects can be obtained. We then used a vor-
ticity operator to express one of the MHD displacement components in terms of the other and finally
obtain a governing equation, which is an eigenvalue problem for the frequency of the mode and one
component of the MHD displacement. The resulting governing equation was solved numerically and
compared with the full kinetic-MHD code where the appropriate assumptions were applied in the con-
sidered limits. Good agreement was observed between the two approaches. In addition, it was shown for
the first time that in the low-frequency limit, the kinetic effect cancels the energetic species contribution
to the destabilising interchange term. Analogies were made with kinetic effects in a torus, which tend to
cancel the destabilising effects of trapped ions in the fluid response. Some discrepancies were observed at
larger total pressure, which is a known issue. We showed that in the large frequency limit, because of the
weakness of the kinetic effects, it can be important to carefully include some higher order kinetic correc-
tions in the computation, which in turn enables a match with the numerical results at higher β values.

Finally, it was shown that kinetic effects can drive instabilities in cylindrical geometry. The modes
investigated were m= n= 1 fishbone-like instabilities, with resonance between the wave frequency and
the guiding centre frequency of fast ions subject to curvature drift in the cylinder. While it is observed
that kinetic effects are usually stabilising, cases of destabilisation were identified; for example when the
hot pressure peaks outside the mode location and rapidly decreases towards the edge. Using such a hot
pressure profile, we observe modes that would be ideally stable and that are driven unstable solely by
kinetic effects. Most of the observed kinetic-MHD cases in a cylinder involve a resonant interaction
between the guiding centre frequency (including the contribution from v∥b ·∇= k∥v∥) of the particle
and the mode frequency. These resonances would require very careful treatment if the kinetic response
were to be solved instead using the standard Landau approach deployed in most other kinetic-MHD
codes. Thanks to our code using the Case–Van Kampen approach, such resonant interactions can be
solved in a straightforward way, without any specific caution. In this respect, we can therefore con-
fidently expect success when solving for kinetic instabilities in a torus, especially because the adopted
approach can handle arbitrary orbit width.
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Appendix A

X, δX Equilibrium and perturbed generic quantity,

[a.u.] arbitrary units, typically because the amplitude of a linear mode is fixed arbitrarily,

µ0 vacuum permeability,

Γ adiabatic index,

x vector of unknowns, see equation (30),

r radial variable,

s normalised radial variable, see subsection 2.2, in a cylinder s= r/a,
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θ poloidal straight-field angle,

φ toroidal angle,

(R,Z,φ) cylindrical coordinate system,

R0 major radius of tokamak equilibrium. In cylindrical geometry: R0 = Lz/2π with Lz the
length of the cylinder,

a minor radius of the tokamak or the cylinder equilibrium,

ϵ inverse aspect-ratio,

L Lagrangian,

Pϕ canonical momentum conjugated to the toroidal angle,

E energy,

λ pitch angle except in section 3: eigenvalue (λ=−iω),

vthk
thermal velocity of species k, vthk

=
√

Tk(0)/mk,

v∥ parallel velocity,

v̂∥ normalised parallel velocity, v̂∥ = v∥/vthk
,

v⊥ perpendicular velocity,

µ magnetic moment,

µ̂ normalised magnetic moment, µ̂= µBref/Tk(0),

vgk guiding-centre velocity for species k, see equation (9),

j electric current,

E electric field,

A vector potential,

ϕ electrostatic potential,

B magnetic field,

b unit vector parallel to the magnetic field (B/B),

F RBϕ, see equation (4),

κ magnetic curvature,

q safety factor profile,

∆q deviation from the rational surface, see equation (43),

qs safety factor at the rational surface, typically 1 in this work,

rs radial location of the rational surface, q(rs) = qs,

ψ poloidal magnetic flux,

ξr⊥, ξ⊥⊥ radial and perpendicular components of the perpendicular MHD displacement,

δur⊥, δu⊥⊥ radial and perpendicular components of the perpendicular perturbed fluid velocity,

m poloidal Fourier mode,

n toroidal Fourier mode,

ω (complex) mode frequency,

γ growth rate γ = ℑ(ω),
∆γkin kinetic correction on the growth rate, see equation (64),

ωR real mode frequency, ωR = ℜ(ω),
ωϕd drift frequency, see equation (43),

ωϕd0 modified drift frequency, see equation (44),

ω∗ diamagnetic frequency, ω∗ =−
(

q
qk
∂Fk
∂ψ

)

/
(
∂Fk
∂E

)

,

ωA Alfvén frequency, including the density of all species, evaluated at the magnetic axis,

Vr radial vorticity operator, see equation (56),

Vϕ toroidal vorticity operator, see equation (57),

i unit imaginary number, index of all the species (kinetic and non-kinetic),

j index of the non-kinetic species,
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k index of the kinetic species,

Pi pressure of species i,

P total equilibrium pressure summed over all species,

Pfluid equilibrium pressure of the non kinetic species, Pfluid =
∑

jPj,

βtot normalised plasma pressure for all the species βtot =
∑

i µ0Pi/B2, sometimes simply
called β,

βkin normalised plasma (equilibrium) pressure of the kinetic species, βkin =
∑

kµ0Pk/B2,

α normalised pressure gradient,

αkin normalised gradient of the equilibrium pressure associated with the kinetic species,

δPtot
⊥,∥k

full perpendicular/parallel perturbed pressure for species k, computed as a moment of δfk,

includes adiabatic and kinetic effects, see equation (6),

δP⊥,∥k
kinetic perpendicular/parallel perturbed pressure for species k, computed as a moment of
δhk, includes adiabatic and kinetic effects, see equation (17),

fk total (nonlinear) distribution function for species k,

Fk equilibrium (background) distribution function for species k,

δfk fluctuating part of the distribution function for species k,

δfadiabk
adiabatic part of the fluctuating distribution function for species k,

δhk non-adiabatic part of the fluctuating distribution function for species k,

ni number density profile of species i,

qi electric charge of species i,

mi mass of species i,

Ti temperature profile of species i,

ρi mass density for species i,

ρ total mass density (summed over all species),

∆x grid spacing for variable x= r,m,v∥,µ,

A first matrix of the generalised eigenvalue problem,

B second matrix of the generalised eigenvalue problem or norm of the magnetic field.
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