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Regularization by asymptotic subtraction: A constructive approach
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We propose a scheme to regularize divergent integrals in quantum field theory based on a new
asymptotic subtraction method. The framework builds on the structural decomposition of the integrand
asymptotic expansion, which distinguishes between contributions that drive ultraviolet singularities and
those that remain finite. This asymptotic subtraction method isolates the genuinely singular sector and
enables a consistent subtraction of divergences while maintaining covariance and gauge symmetry.
In single-scale theories, we show that the renormalized quantities exhibit a logarithmic dependence on the
physical scale uniquely determined by the ultraviolet asymptotics, offering a derivation of logarithmic
terms that is independent of standard renormalization-group flows. Because it relies only on the asymptotic
structure rather than on a standard relativistic power counting, the method is naturally applicable to theories
with modified dispersion relations and nonstandard ultraviolet scaling. Although formulated here for
ultraviolet divergences, the underlying strategy extends straightforwardly to infrared singularities.
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I. INTRODUCTION

Ultraviolet (UV) divergences are a structural feature of
quantum field theory (QFT) and must be regularized in
order to define renormalized amplitudes and extract physi-
cally meaningful quantities [1]. A variety of regularization
schemes have been developed for this purpose, among
which dimensional regularization has become the standard
framework. Its algebraic simplicity, compatibility with
gauge invariance and Lorentz symmetry, and its natural
connection with renormalization group techniques make it
particularly well suited for perturbative QFT. In this
scheme, the spacetime dimension is analytically continued
and UV singularities appear as poles in the dimension
parameter [2,3].

UV divergences are not exclusive to QFT in flat
spacetime. They also arise in QFT in curved spacetimes,
where the absence of global symmetries and the presence of
background curvature introduce additional subtleties [4].

“Contact author: chduran@ucm.es
“Contact author: luisj.garay @ucm.es
:]fContact author: m.martin.benito@ucm.es
SContact author: rita.neves @sheffield.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/114(6)/065015(16)

065015-1

Although dimensional regularization can often be applied
in covariant formulations, its implementation may become
technically involved or conceptually less transparent when
the UV structure of the theory departs from the standard
relativistic scaling [5].

A particularly relevant example occurs in the presence
of modified dispersion relations (MDRs). Such modifica-
tions arise in a variety of contexts, including effective
field theories, Lorentz-violating extensions, and quantum-
gravity-inspired models. By construction, MDRs alter the
high-momentum behavior of propagators and therefore
modify the UV asymptotic structure of integrands [6,7].
Since dimensional regularization is primarily designed to
treat divergences within the framework of standard rela-
tivistic power counting, changes in the asymptotic scaling
may render its direct application insufficient to fully
capture or isolate the UV structure in a transparent manner.
When the UV behavior deviates from standard relativistic
power counting, the relation between asymptotic scaling,
pole structure, and renormalization-group interpretation
becomes less direct. This suggests that the regularization
procedure should be formulated directly in terms of the UV
behavior. What is needed is a scheme whose applicability
does not rely on standard relativistic scaling, but only on
the asymptotic structure itself.

These considerations motivate the search for regulariza-
tion schemes that make the UV asymptotic behavior of
the integrand explicit. Several established approaches
share this philosophy. For instance, the Bogoliubov,
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Parasiuk, Hepp, and Zimmermann (BPHZ) method imple-
ments subtractions determined by local Taylor expansions
of amplitudes [8]. Adiabatic subtraction in cosmological
spacetimes isolates UV contributions through asymptotic
expansions of mode functions [9]. Another example is the
method of regions, that systematically separates contribu-
tions associated with different scaling regimes [10]. All
these techniques exploit, in one way or another, the fact that
UV divergences are encoded in the large-momentum
structure of the integrals.

Nevertheless, although these approaches make essential
use of the UV asymptotic structure, they do not always
provide a formulation that isolates the singular behavior in
terms of an explicit analytic regulator. In particular, sub-
traction-based schemes such as BPHZ or adiabatic renorm-
alization remove divergent contributions directly at the
integrand level but do not naturally lead to a structure
characterized by poles in a regulator parameter, as occurs in
dimensional regularization. Likewise, methods such as the
method of regions typically yield effective or asymptotic
expansions adapted to specific scaling limits, rather than
exact analytic representations of the full amplitude. As a
consequence, although these approaches can be imple-
mented in a manner consistent with Lorentz invariance
(and, when treated appropriately, with gauge symmetry),
the connection with renormalization-group concepts or
with a universal pole structure may be less transparent.

The purpose of this work is to formulate and analyze a
subtraction method that makes the role of the asymptotic
structure explicit while preserving the infrared (IR) struc-
ture as well as symmetries of the nonregularized theory.
The method that we propose exploits the large-momentum
expansion of the integrand isolating the divergent part. In
this manner, the scheme applies to a broad class of
integrands determined by their asymptotic behavior, yet
maintains the structural features, such as analytic control
and compatibility with renormalization group. In standard
relativistic settings, our construction reproduces the usual
well-known singular structure. However, because it is
formulated directly in terms of asymptotic behavior, it
remains applicable even when the UV scaling departs from
the relativistic one.

Our method, which we refer to as asymptotic subtrac-
tion, rests on a simple but structural observation: the UV
behavior of a rotationally invariant integral is encoded in
the large-momentum radial expansion of its integrand, yet
the different terms in this asymptotic series do not play
equivalent roles. In particular, only specific components of
the asymptotic expansion are responsible for genuine UV
singular structures, while others contribute in a qualita-
tively different manner. Rather than regularizing the
full integral in a uniform way, we exploit this hierarchy.
The method separates the integral into distinct contribu-
tions according to their asymptotic behavior: a finite
part containing the IR-sensitive information, a set of terms

with different UV scaling, and a marginal component
responsible for the logarithmic divergence. When the
ultraviolet expansion is algebraic, i.e. when it consists of
power-law terms, the decomposition acquires a particularly
simple structure. As we shall show, the asymptotic sub-
traction isolates all UV contributions directly at the level of
the original integral. Once this separation has been per-
formed, only the marginal contribution requires the intro-
duction of an auxiliary regulator, while the remaining terms
are treated without any further regularization. Standard
schemes, such as dimensional regularization or any other
convenient regulator, are therefore applied exclusively to
this isolated marginal sector. In this way, the UV singular
structure is isolated in a transparent manner, while the
remaining contributions are handled directly at the physical
dimension. While the present work focuses on UV diver-
gences, the same construction applies to IR singularities by
analyzing the small-momentum behavior of the integrand.

Furthermore, under the assumptions described above, the
analysis reveals a remarkable constrained behavior: when a
single physical scale is present, the regularized quantity
necessarily develops a logarithmic dependence on this scale
whose coefficient is entirely determined by the UV asymp-
totics. This provides a direct UV origin of logarithmic terms,
independently of renormalization-group arguments. An
analogous statement holds for IR singularities, where the
same marginal structure controls the logarithmic behavior,
reinforcing the universality of the asymptotic framework.

When no explicit hard cutoff is introduced to regularize
what we identify with the only singular structure of the
divergent integrals, gauge identities such as Ward and
Slavnov-Taylor identities [11-14] are preserved provided
the procedure is implemented consistently. Lorentz invari-
ance remains manifest throughout the construction, and the
framework is compatible with covariant formulations,
including those relevant for quantum field theory in curved
spacetimes. At the same time, since our method targets only
the UV structures and does not rely on full spacetime
covariance, the method can be consistently extended to
more general settings in which covariance is not manifest,
such as theories with MDRs, providing a unified frame-
work for treating UV divergences both within and beyond
the standard relativistic paradigm.

This paper is organized as follows. In Sec. II we review
the analytic regularization of algebraic singularities and
establish the basic properties of power-law divergences. In
Sec. I A we formulate the asymptotic subtraction pre-
scription, computing the isolated singular structure with
different regulators in Sec. III B. UV control of logarithmic
terms in presence of a scale is studied in Sec. IIIC. In
Sec. I D we present an alternative derivation of these
logarithms. In Sec. III E we present explicit examples that
illustrate the implementation of the method and clarify its
relation to standard dimensional regularization. A detailed
comparison between asymptotic subtraction and other
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existing approaches is presented in Sec. IV. In Sec. IVA we
first compare asymptotic subtraction with dimensional
regularization from the viewpoint of symmetry preserva-
tion. In Sec. IVB we then show how the pole can be
isolated and studied directly within the asymptotic sub-
traction framework. Then, in Sec. IVC we analyze an
example that lies beyond the direct scope of other regu-
larization schemes, illustrating how the method can be
applied in situations where standard techniques are not
readily available. In Sec. IV D we present a comparison of
the asymptotic method with other subtraction-based
schemes. Finally, Sec. V contains our conclusions. IR
singularities are discussed separately in Appendix A, where
the extension of the method is presented for completeness.
Appendix B is devoted to a study of a class of regulators
that can be employed to the isolated divergent part.

II. REGULARIZATION OF UV DIVERGENCES

In this section we show the main mathematical results
that set the basis for the regularization method that will be
presented in the next section.

A. Setup and hypotheses

We consider integrals over a D-dimensional Euclidean
momentum space,

/D dPLEFE). (1)
R

where ¢ = |7| denotes the Euclidean norm and the scalar
function f is assumed to be rotationally invariant, so that it
only depends on #. This assumption entails no loss of
generality: by standard arguments, any tensorial or non-
spherically symmetric integrand can be reduced to a finite
linear combination of scalar radial integrals after angular
averaging [1]. In particular, integrals involving products

of components of 7 reduce to scalar integrals multiplied
by combinations of the Euclidean metric, by rotational
invariance.

Throughout this work we restrict attention to integrals
exhibiting UV divergences. The regularization procedure
will therefore be formulated so as to control the singular
behavior responsible for such divergences. If IR divergen-
ces were present, they could be treated by applying the
same strategy after introducing a suitable IR regulator.
Appendix A is devoted to this end. The resulting regular-
ized structure would again be determined by the algebraic
nature of the underlying singularity.

After angular integration, any D-dimensional integral of a
rotationally invariant function reduces to a one-dimensional
radial integral. This procedure is formally grounded in the set
of axioms for D-dimensional integration (namely linearity,
translation invariance, and scaling) as defined in Ref. [1].
Under these prescriptions, the integral (1) takes the form

27P/2
=) )

Q) /0 T deeP1 g (0),

where €, denotes the volume of the unit D — 1 sphere.
Notice that the UV behavior of the original D-dimensional
integral is entirely controlled by the large-£ asymptotics of
the associated radial integrand. Although the explicit form of
Qp plays no role at this stage for purely scalar integrals, we
retain it for later consistency. In gauge theories, dimensional
continuation must be implemented coherently at the level of
angular integrations, and keeping €2, ensures that tensorial
structures and their associated D-dependence are treated in a
way compatible with gauge identities [1].

B. Analytic regularization and algebraic singularities

The theory of generalized functions with algebraic
singularities provides a systematic framework to assign a
precise meaning to otherwise divergent expressions by
embedding them into families depending on a complex
parameter [1,15,16]. By algebraic singularity we mean that,
as  approaches a singular point ¢, the function is bounded
by a finite power of |£ — £,,|~!. In other words, its growth is
at most polynomial [16].

Within this approach, quantities that are ill defined at
specific values of a parameter are first defined in a suitable
domain of convergence and subsequently extended to the
complex plane by analytic (or, more generally, meromor-
phic) continuation. The resulting meromorphic structure
encodes the divergences of the original expression. In
particular, distributions that depend analytically on a
complex exponent admit a unique meromorphic continu-
ation, and nonintegrable power-law behaviors give rise to
simple poles at specific values of the exponent. This
general mechanism underlies many regularization schemes
commonly used in mathematical physics, including ana-
lytic, zeta-function, and dimensional regularization [16].

We will restrict attention to integrands whose analytic
continuation exhibits a controlled singular behavior. For
these functions, divergences appear as isolated poles whose
position and order are determined by the algebraic com-
ponents of the asymptotic expansion. In this restricted
sense, the singular behavior is universal within the speci-
fied algebraic case, and does not depend on the detailed
subleading structure of the integrand.

We now illustrate these general ideas with a simple
explicit example, which, while fully consistent with these
general results, is worked out explicitly here for later use.
The calculation that follows should not be regarded merely
as an illustrative example, either of analytic regularization
or of the asymptotic subtraction method introduced later.
Rather, it establishes the mathematical framework on which
the method is built. In particular, it shows that for UV
divergences with algebraic scaling, analytic continuation
removes all power-law singularities, while the only non-
removable singularity is associated with what we will call
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the marginal contribution. This result provides the math-
ematical basis for identifying the marginal term as the
unique source of pole structures throughout the remainder
of this work.

Let us study the behavior as 1 — 07 of the following UV
divergent integral:

I(a;i):loodff“, a>-1. (3)

We note that we do not consider a < —1 since those cases
are UV convergent. In order to analyze its singular structure

in a systematic way, we complexify the exponent and study
the integral

J(s34) E/ dees, seC,AleR". (4)
2
This integral converges absolutely for Re(s) < —1, while
it diverges for Re(s) > —1. The usual strategy is to use the
convergence region to define the integral elsewhere by
analytic continuation. To make this explicit, we split the
integration domain at an arbitrary scale 4, > 4,

T (s:4) :/A* dffS+/°°dm. (5)
i Ay

The first term is finite and can be evaluated directly,

2 /15+1 /1s+1
dtts = ——— . 6
A s+1 s+l (6)

The second term, however, diverges when Re(s) > —1.
Nevertheless, for Re(s) < —1 it converges absolutely and
can be computed explicitly,

0 ' liJrl

The right-hand side of the previous result defines a
meromorphic function of s on the entire complex plane,
with a single simple pole at s = —1. We now use this
expression to define the divergent contribution in the region
Re(s) > —1 by analytic continuation.

The analytic continuation yields

/1s+1

j(s;ﬂ)z—ﬁ_—l, seC\{-1}. (8)

By the uniqueness theorem for analytic continuation, this
expression provides the unique analytical extension of
J(s;4) from the convergence domain Re(s) < —1 to the
whole complex plane except s = —1. In particular, no
additional singularities can appear in the continuation. It
follows immediately from Eq. (8) that 7 (s; 1) possesses a
single simple pole at s = —1. Indeed, since the numerator

A*1 is an entire function and satisfies 1° =10, no
cancellation occurs at s = —1, and the pole is therefore
genuine.

Therefore, for all s > —1 the analytic continuation
satisfies

llg(r)&j(s;l) =0. 9)

Thus, for Re(s) > —1, the unique value of the exponent for
which a nonvanishing singular contribution survives in the
limit A » 0" is s = —1.

The analysis above provides a natural regularization
prescription. We define the regularized value of
Z(a) =lim,_y+Z(A;a) by complexifying the exponent,
computing the meromorphic continuation of 7 (s; 1), then
evaluating the result at s = a, and taking the limit A — 0.
Explicitly, we set

Ireg(a) = /Ilir(l)}rj(S;le:a’ az-1, (10)

where J(s;4) is understood as its analytic continuation
given in (8).
For a > —1 the regularized value vanishes, i.e.,

Ireg(a) =0, a>—1. (11)

At a = —1, however, the meromorphic continuation
exhibits a simple pole,

Treg(a) ~— as a - —1, (12)

a+1

since, fora — —1, 14" — 1. The divergence of the original
integral is therefore encoded in the simple pole at a = —1.

We conclude that analytic continuation provides a
consistent regularization of the divergent integral (3): all
power-law divergences are set to zero, while logarithmic
divergences are encoded as simple poles of the analytically
continued expression.

This example provides a concrete realization of the
general results on algebraic singularities and analytic
regularization discussed in the theory of generalized
functions [16].

III. ASYMPTOTIC SUBTRACTION

In this section we present the subtraction procedure
employed throughout this work, which we call asymptotic
subtraction, and show how it can be used to regularize
divergent integrals. The central idea of the method is that
the UV behavior of a divergent integral can be systemati-
cally organized according to the large-momentum asymp-
totic structure of its integrand. Different asymptotic sectors
play qualitatively distinct roles in the physics of the
problem: Some contributions encode finite or IR-sensitive
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information; others generate UV growth that can be treated
unambiguously; and a marginal sector which, when
present, is solely responsible for the genuine logarithmic
divergence.

A. The method

Let us consider a rotationally invariant, D-dimensional
integral of the form (2). In what follows, we focus on the
analysis of UV-divergent integrals. IR singularities, when
present, can be handled in a completely analogous manner
within the same asymptotic framework, as outlined in
Appendix A. Independently of the detailed functional form
of f, its large-Z behavior allows for a decomposition into
asymptotically distinct contributions. Schematically, for
sufficiently large ¢, we may write

f(&) ~ fa(€) +R(?), fav(©) = fuv(€) + frmare (€),

(13)

where f;, captures all divergent contributions. Here, fyy
collects the nonmarginal asymptotic contributions. If
present, the marginal term f,., takes the form

Fmarg(€) = b7, beR. (14)
Finally, the remainder R(#) decays strictly faster than #=?
in the UV.

This separation is purely asymptotic, yet it has direct
consequences for the singular structure of the integral.
Contributions whose asymptotic scaling differs from #~°
do not generate logarithmic UV singularities. They may
lead to finite contributions or to divergences of a different
nature, depending on their precise structure. The logarith-
mic divergence is uniquely controlled by the marginal term.
As we shall see, this contribution gives rise to a genuine
simple pole in the regularized expression that cannot be
eliminated by purely algebraic manipulations (like those
computed in Sec. II) or by rearranging the asymptotic
decomposition, but reflects the intrinsic UV structure of the
integral.

The asymptotic subtraction method makes this structure
explicit by isolating the marginal sector from the rest of the
integrand. In doing so, it separates the universal logarithmic
divergence from the remaining contributions, which can be
treated independently. We now describe the subtraction
prescription that implements this separation in a system-
atic way.

We begin by adding and subtracting the asymptotic
sectors inside the integrand of Eq. (2),

1=y [ dEEP [F(0)= Furl€) 4 Fnl€) - Fin(6)]
(15)

This identity separates the integral into three asymptotically
distinct contributions: a finite remainder coming from
f — faiv» @ marginal sector, and a nonmarginal UV sector.

Although the original integral is IR-finite, isolating the
asymptotic sectors term by term may artificially generate
spurious IR singularities. To control this intermediate
decomposition, we introduce an auxiliary IR cutoff
A> 0 and define

1= tim [Tg (1) + Tne(2) + Tv(@)). - (16)

where

mw:%/%mwmaﬁMm,an

A

Toe () = Qp A T f(0). (18)
iwwz%AﬂWMWMﬂ (19)

Since 4 is introduced solely to render this decomposition
well defined, the full result must be independent of it once
the three sectors are recombined.'

By construction, I, (1) is UV convergent. It contains the
finite part of the original integral together with a spurious
IR divergence as 4 — 0T which cancels with another IR
divergence coming from Tmarg (1) as we show in what
follows. Therefore, after the removal of the IR cutoff, it
contains all IR-sensitive and finite information of the
original integral.

The structure of Ty (1) depends on the precise asymp-
totic behavior of fyy. In complete generality, this sector
may exhibit a variety of behaviors, potentially involving
nonpolynomial or logarithmic structures, among others. In
such cases, its treatment would require additional regulari-
zation techniques beyond the scope of the present work.
However, in all physically relevant situations known to us,
including loop integrals in local QFT, effective field theories
with local operators, and nonlocal theories with rational
propagators, the UV sector is of algebraic (power-law) type.
Thatis, there exist a finite integer N, coefficients a;, and real
exponents py > p; > --- > py > —D, such that

1Altematively, we could have worked directly with (15)
defining f e (£) = b(£ 4 2)~" in terms of a positive parameter
A that renders this term IR-finite. The difference between this
other approach and the one considered in the main text is only the
shifting of a finite term from T, (1) t0 Ty (4), as can be easily
seen by introducing the change of variable £ — ¢ — A.
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N
fUV(f):Zajfpj' (20)
=0
In this case,
5 s sD-1 S
Tuv(4) = QDA dee j;ajfm. (21)

Since the sum is finite, each monomial can be integrated
term by term. Using the analytic continuation results
established in Sec. II, each such contribution admits a
unique continuation and vanishes in the limit 4 — 0T,
Therefore,

llil(giUV.reg (’1) =0. (22)

We conclude that, for every physically relevant case of
algebraic UV behavior, the nonmarginal sector does not
contribute to the singular structure.

Assuming algebraic UV behavior as in (20), the regu-
larized integral takes the form

Ireg = lim QD /oo dfl’ﬂD_l [f(l’ﬂ) - fdiv(l’ﬂ)] + imarg,reg(/l)y

A—0" 2
(23)

where T ea(4) denotes the marginal contribution regu-
larized using any conventional regularization prescription.
Let us remind that the final result is independent of A and
therefore we can safely take the limit A — O%. Thus,
asymptotic subtraction isolates the only single pole, whose
residue is precisely the coefficient b of the marginal #~°
term in the asymptotic expansion of the integrand. As
discussed above, this structure encompasses all physically
relevant UV behaviors known to us, namely those whose
asymptotic expansion is of finite algebraic type. In such
cases, which include the standard UV structures arising in
local QFTs and effective field theories, the present method
provides a complete and systematic identification of the
physical divergence.

B. Regularization of the marginal integral

As can be read from (14) and (18), if present, the
marginal integral takes the form

Tonarg () = Qpb / Z deeP-147D, (24)
A

which, so far, we have not explicitly computed. Notice that
this marginal sector cannot be simply regularized to zero
like for the power-law contribution (19), since it produces a
pole (as shown in Sec. II). However, at this stage, the
asymptotic subtraction procedure has achieved its primary

goal: it has isolated the only nontrivial UV divergent
contribution of the integral, namely the marginal sector
(24). As shown in Sec. IIT A, this contribution is universal,
being entirely determined by the coefficient b of the #7P
term in the asymptotic expansion of the integrand, and it
captures the full logarithmic singular structure of the
problem.

Importantly, up to this point no specific regulator has
been used. The method itself does not rely on any particular
prescription, but rather reduces the original problem to the
evaluation of a single, structurally simple divergent integral.
In this sense, asymptotic subtraction separates the identi-
fication of the UV divergence from its explicit regulariza-
tion. If one wishes to obtain explicit, well-defined
expressions, it is necessary to introduce a regulator to
handle the marginal integral. This step is not unique, and
different regularization schemes can be employed depend-
ing on the context and on the symmetries one aims to
preserve. In fact, as shown in Appendix B, the pole structure
and the associated logarithmic dependence are universal and
depend only on the marginal coefficient b, independently of
the particular analytic regulator employed.

In the following, we illustrate this point by considering
three standard choices: dimensional regularization, Pauli-
Villars regularization, and Gaussian soft cutoff.

1. Dimensional regularization

To implement the regularization, we analytically con-
tinue the dimension
D— D —g¢, Ree > 0, (25)
and take the limit ¢ — 0 at the end of the calculation.
Dimensional consistency requires the introduction of an
arbitrary scale y with the dimensions of Z. Equation (24)
then becomes

T g () = limJ 9™ (g, 2), (26)

e—0

with
Jm (e, 2) = utQp_, /°° ALV f e (£)
bl
— b Q. / T aee-e (27)
A

By continuing the dimension of the angular factor while
keeping the asymptotic expansion of f.., fixed, this
divergence is regulated by e. The volume of the unit
(D — 1 — ¢)—sphere is

(28)
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The marginal contribution (27) can then be computed
explicitly,

~ 27(D=€)/2 1 £
Jdlm reg(e’ ﬂ.) —b T - (E)

(2% e \4
1 u 1 D
=bQp | =+ log—— + O (=
DL’+ ogﬁ/1+21// (2>:|+O(8),

(29)

where () denotes the digamma function [17]. As antici-
pated, this marginal sector generates a genuine simple pole
in &, which encodes the intrinsic UV singularity of the
integral. Also as mentioned above, it contains an IR
divergent term proportional to logA which cancels with
the corresponding IR divergence in Ig, ().

2. Pauli-Villars regularization and scheme comparison

In order to further illustrate the regulator-independent
nature of the asymptotic subtraction method, it is instruc-
tive to consider an alternative regularization of the marginal
contribution based on Pauli-Villars subtraction.

Let us focus on the marginal integral given in (24), which
can be written as

~ o df
Imarg(l) = bQDA > (30)

This integral can be regularized by introducing a Pauli-
Villars regulator M, leading to the modified expression

Imarg(/l) = A/lli_rgojpv(M’ ), (31)

where

- o /11
PV _ .
J (M,/I)_bQDA df(f o > (32)

This integral can be computed explicitly, yielding

A+M

JV(M, 2) = bQp log
M )
= bQp log— =

bQp og- —i—(’)(M), (33)

which makes explicit that the logarithmic divergence is
now encoded in the regulator scale M, and emerges in the
limit M — oo.

The Pauli-Villars implementation presented above is
intended to illustrate the logarithmic structure of the
marginal contribution and its relation to dimensional
regularization. However, it has been applied at the level
of the radial integral, after exploiting rotational invariance.
In general, preserving gauge and Lorentz invariance

requires introducing the regulator at the level of the full
D-dimensional integrand, for instance through covariant
Pauli-Villars subtraction acting on the propagators. The
radial implementation discussed here should therefore be
regarded as a simplified realization that captures the uni-
versal UV behavior, but does not by itself guarantee the
preservation of gauge symmetries (unlike dimensional
regularization).

Within the asymptotic subtraction framework, this dis-
tinction is natural: the method isolates the universal
marginal contribution independently of the regulator, while
symmetry preservation is ensured by an appropriate choice
of regularization scheme at the final stage.

This result might be compared with the expression
obtained using dimensional regularization, where the mar-
ginal contribution produces a pole together with a loga-
rithmic dependence on the renormalization scale y. In that
case, the regularized result takes the form given in (29). The
two schemes can be related by identifying the UV scales
according to

1
logM ~ —+ log u, (34)
€

which corresponds to the formal relation M = pe'/¢. This
identification makes explicit that the pole in dimensional
regularization encodes the same UV behavior as the
logarithmic dependence on the Pauli-Villars mass.

Therefore, both regularization schemes lead to the same
physical logarithmic divergence, with the same coefficient
determined by the marginal term in the asymptotic expan-
sion. The difference between them is entirely captured by
scheme-dependent finite contributions.

3. Gaussian soft cutoff

As a further illustration of the regulator-independent
nature of the asymptotic subtraction method, it is useful to
consider a smooth (soft) UV regulator. Instead of modify-
ing the integrand by subtraction, one may introduce a
multiplicative damping factor that suppresses the large-
momentum region.

Focusing again on the marginal contribution (24), we
consider the regularized integral

7marg(l) = A/III_I)I;OJ‘G(M’ j‘)’ (35)
with
N o df
JS(M,2) = bQy / 7e—fz/Mz. (36)
A

The Gaussian factor provides a smooth suppression of the
UV region controlled by the scale M.
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This integral can be computed in closed form yielding

- bQ 2
JS(M, 1) = TDF<O, W) (37)

where I'(0, A2/M?) denotes the incomplete gamma func-
tion [18].
The UV behavior is obtained from the small-argument
expansion. In the limit M — oo one finds
J6(M,2) = bQ [10 ﬂ—y—E] + 0(£> (38)
. D [108 72 w2 )
with y5 the Euler-Mascheroni constant [18].

This expression makes explicit that the logarithmic
divergence is again encoded in the UV scale M, exactly
as in the Pauli-Villars case. The difference between the two
schemes is entirely captured by finite terms, here involving
the Euler-Mascheroni constant.

From the viewpoint of asymptotic subtraction, this result
is expected. The Gaussian factor acts as a multiplicative
analytic regulator that modifies the integrand only in the
UV, while leaving the asymptotic structure of the marginal
term unchanged. As a consequence, the coefficient of the
logarithmic divergence is still entirely determined by the
marginal contribution bZ .

These previous examples illustrate that the role of
asymptotic subtraction is not to prescribe a specific
regulator, but to isolate the universal UV structure of the
integral. Once the marginal contribution has been identi-
fied, different regularization schemes can be implemented
at this stage without affecting the physical content of the
result.

C. Control of logarithmic terms in a physical scale

It is a standard result that, in the presence of a single
physical scale, renormalized quantities in QFT generically
develop logarithmic terms on this scale [17,19]. Such
contributions are typically derived using renormalization
group arguments, dimensional regularization, or analyticity
and unitarity properties of scattering amplitudes [20]. Here
we recover this result from a different and more general
viewpoint. The derivation does not rely on renormalization
group methods, unitarity, or on the interpretation of the
integral as a Feynman loop. Instead, the logarithmic term
emerges solely from the asymptotic expansion of the
integrand and the analytic regularization framework intro-
duced above.

As we will explicitly see in this subsection, whenever the
asymptotic expansion contains a marginal term, a loga-
rithmic dependence on the physical scale is unavoidable,
and its coefficient is entirely fixed by the UV behavior. The
residue of the UV pole and the coefficient of the logarithm
term therefore encode the same information, providing a
direct and regulator-independent identification of the origin

of logarithmic terms. This statement remains valid in
situations where standard field-theoretic tools are unavail-
able, such as in QFT in curved spacetimes.

From a physical perspective, the logarithm in the physical
scale arises when the UV subtraction is combined with
integration over the IR region. While divergences originate
in the UV, the logarithmic dependence on the physical scale
emerges through this interplay. Consequently, the same
coefficient that multiplies the marginal scaling in the
asymptotic expansion multiplies the logarithmic term after
asymptotic subtraction.

To make these statements precise, consider an integral
depending on a single scale A > 0, which for definiteness
has dimensions of momentum 2,

1(A) = Qp / T At f (8, A). (39)

Assume that f(#, A) admits a large-momentum asymptotic
expansion of the form (13), where the marginal contribu-
tion is f g (£, A) = b(A)£~P. We assume that there exists
a dimensionless constant ¢, > 0, independent of A, such
that the expansion is valid for £ > 6yA, and that the
remainder decays faster than 7P at large momentum.
Following the procedure described in Sec. I A, we
subtract the asymptotic contribution and consider the finite
part given by (17). To make the A-dependence explicit, we
consider the integral

Iin(A) = ﬂl_i}(T)ljﬁn(/L A),

Ton(2.A) = Qp A " APV F(6A) — fan(£.A)]. (40)

and we split the finite part, Tg, (4, A), at the scale 6yA and
analyze the two contributions separately:

Ton(h &) = 2, ( [ aze g0 - e )

+ ["aeeise.8) - pate, A)]). (41)

0A

In the first integral of (41) all contributions are finite
except the one coming from f,., (¢, A), which diverges in
the limit A — O". This contribution is

_b(A) A i i: — _b(A)log <G°f) (42)

The log A term cancels against the UV log A term gene-
rated by the regularization of the marginal sector [i.e.
from 7 e (A, A)].

On the other hand, in the second integral of (41), the
asymptotic expansion (13) is valid by construction. Hence,
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/°° AEEPV(F(£,A) = fan(£,A)) = /°° d¢¢PIR(4,A),

0A oA
(43)

with R(Z,A) < O(£7P), which is absolutely convergent
and defines a smooth function in A. Since only an #~!
behavior can generate a logarithmic primitive, the remain-
der cannot produce any additional log(cyA) contribution
that could cancel the logarithmic dependence generated in
the first integral. Hence, whenever the asymptotic expan-
sion of f(#,A) contains a marginal term b(A)Z~" with
b(A) # 0, the integral (41) necessarily contains a contri-
bution proportional to log(A/A), independently of the
subleading details of the UV.

Furthermore, the previous analysis has been performed
on the finite quantity Iy, (4, A), which is UV-convergent.
All divergences are encoded in Tmarg and Tyy.

Consequently, I, does not depend on the particular
analytic regularization used to treat the UV sector. The
logarithmic term is therefore independent of the regulari-
zation scheme employed.

It is important to emphasize that this analysis determines
the functional form of the nonanalytic dependence on the
physical scale A, but not its overall magnitude. However,
once a single physical scale is present in the problem,
physical considerations imply that this scale provides the
natural argument of the logarithm [17]. Any alternative
choice differing by a dimensionless constant ¢, would only
modify the result by an additive constant, as we have seen,
which corresponds to a local contribution that can be
absorbed into local counterterms but the coefficient of
log A remains unchanged.

Since A is the only dimensionful parameter entering the
problem, dimensional analysis implies that any function f
with momentum dimension p can always be expressed as

f(¢,8) = APh(Z/A), (44)

where h(¢/A) is a dimensionless function. This scaling
behavior follows directly from dimensional consistency
and is consistent with the general structure of renormalized
amplitudes in QFT, where the dependence on physical
scales factorizes in the same way (see, e.g., [1]). The
exponent p controls the UV scaling of the integrand and is
therefore related to the superficial degree of divergence of
the integral (39). For p < —D the integrand decays faster
than #7P at large momentum and the integral becomes
UV-convergent. Therefore, we will assume that p > —D.
Dimensional consistency then requires that the same
structure applies to fyy and to the remainder R. For the
marginal contribution f,,,e = b(A)£77, dimensional con-
sistency requires b(A) = boAP*P with by €R.

Applying this reasoning to the remainder R(#, A) in the
second integral of (41), and performing the change of

variables y = #/A, the A-dependence factorizes as AP*P,
leaving a finite integral independent of A. The same holds
for contributions coming from f(£,A) and fyy(Z,A),
confirming that, when taking 4 — 0, they generate only
powers of A. The only exception is the marginal contri-
bution fy,e, Whose primitive is logarithmic, as shown
in (42).

Let us now consider the physically relevant situation in
which f(Z, A) is analytic in the physical scale A. In this
case, the dimension p must be an integer and therefore
p + D must be a natural number. As a consequence, all
contributions arising in (39), except for the marginal one,
reduce to integer powers of A. Such terms correspond to
local contributions and can be absorbed into local counter-
terms. The only nonanalytic dependence on A therefore
originates from the marginal contribution displayed in (42).

An important consequence of this analysis is that the
coefficient of the logarithmic term is uniquely fixed by the
UV asymptotics of the integrand. In particular, both the UV
divergence and the logarithmic dependence on the physical
scale originate from the same marginal contribution
Fmarg(Z- A) = b(A)7P, with b(A) = AP™Pby. As aresult,
the coefficient multiplying the UV pole is precisely the
same coefficient that multiplies the logarithmic term in A.

D. An alternative derivation of the logarithmic terms

In Sec. IIIC we showed that, whenever the marginal
contribution f ., is present, the resulting dependence on
the physical scale A takes the form

Iﬁn(A> ~ AP+DbO log A. (45)

We now derive the same result from a complementary
viewpoint that makes the control of the scale dependence
particularly transparent.

Let us consider the finite integral Ig,(4, A) defined in
(40). When A is the only physical scale in the problem,
dimensional analysis implies that the functions appearing
in the integrand can be written as

f(va :Al’h(f/A), fUV<f7A) :APhUV(?’ﬂ/A)v (46)

while the marginal term takes the form
fmarg(f’ A) = AP+Db0f_D7 (47)

where % and &y are dimensionless functions. As discussed
in the previous subsection, these expressions simply reflect
the fact that A is the only dimensionful parameter entering
the integrand.

Introducing the dimensionless variable y = #/A, the
finite contribution becomes
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I (A, A) = APTPQ, A/A dyyP=[h(y) = hyy(y) — boy™™].

(48)

The explicit dependence on A can be extracted by
differentiating with respect to the scale. A straightforward
computation gives

dlg, (2, A) -
AT = (p+ D)5y (4, A)
— APPQ, by {1 o) <£>} . (49)

This relation has the structure of a renormalization-group
equation for the scale A, where the marginal coefficient b,
acts as the source responsible for the logarithmic running.

Equation (49) provides a first-order differential equation
governing the scale dependence of Ty, (4, A). To determine
the solution one must specify an initial condition.
Dimensional consistency restricts the possible choices to
scales proportional to the IR cutoff 1. We therefore fix the
value of the integral at A = 1/6, where ¢ is a dimensionless
constant. Solving (49) with this condition and taking the
limit A — 0T, while retaining the only divergent contribu-
tion, yields

A
Iﬁn(A) = —AP+DQDb0 IOgG—M s (o} eR. (50)

This expression coincides with the result obtained in
Sec. III B, confirming that the logarithmic dependence on
the physical scale A is entirely dictated by the marginal
contribution in the asymptotic expansion.

E. Example

Let us illustrate the application of the asymptotic
subtraction method with a standard class of integrals
appearing in QFT. We consider the following integrals,
which arise in the one-loop radiative correction to the
photon propagator in QED [17]:

d4ff2a
I= / DA AT (51)
Rt (27)* (6% 4+ A®)
where a takes the values 0 and 1.
The large-# asymptotic expansion of the integrand reads
e
(fZ + A2)2 602

a-+1 A2a AZ(a+1)
( f} +0< ~ ) (52)

We now apply the asymptotic subtraction prescription.
To make the calculation explicit, we use dimensional
regularization to treat the marginal sector as shown in
Sec. III B. Then, performing the dimensional continuation,

(=1

introducing an auxiliary infrared cutoff A, separating the
integral according to the asymptotic decomposition, com-
bining the finite contribution with the regularized loga-
rithmic term, and taking the limit A — 0", the regularized
integral reads

Az’ a
——7Ye| + 0(8)

(a+ 1)A% 2 ~
A2 2

(47)? (=1)7 —log

(53)

Notice that some constant factors differ from the general
expressions in (29). This originates from the fact that in the
present example we have analytically continued the dimen-
sion also in the constant factor of the denominator. Such
differences can be absorbed into a redefinition of the
renormalization scale .

For comparison, the same integral evaluated using
standard dimensional regularization gives the same
result [17].

IV. COMPARISON WITH OTHERS
REGULARIZATION SCHEMES

Up to this point we have introduced the asymptotic
subtraction method, established its general structure, and
illustrated its application through explicit examples. Since
the method employs other regulators to treat the marginal
sector, one question arises: how does it differ from the
standard regularization schemes?

The purpose of this section is to clarify this relation. We
first show that, when implemented through dimensional
continuation, the asymptotic subtraction method preserves
the same symmetry properties that make dimensional
regularization particularly powerful, such as gauge invari-
ance and Lorentz covariance. We then emphasize a con-
ceptual advantage of the asymptotic approach: the pole
structure of the integral can be identified directly from the
UV scaling of the integrand, without any particular
regulator. Finally, we present an example where other
regularization schemes cannot be applied in its standard
form, while the asymptotic subtraction procedure remains
well defined.

A. Symmetries preservation

The asymptotic subtraction method introduced in this
work may employ analytic continuation of the spacetime
dimension as a regulator for the marginal integral. Applied
in that way, it shares a common foundation with dimen-
sional regularization. The continuation acts at the level of
the angular factor, while the UV singular sector is isolated
through the large-momentum asymptotic expansion of the
integrand. Although, as discussed in Sec. III B, the mar-
ginal term could in principle be treated using an arbitrary
regulator, the choice of the spacetime dimension D as
regulator has some advantages. Indeed, implementing the
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subtraction through dimensional continuation ensures that
gauge symmetry and Lorentz invariance are preserved,
aligning the procedure with the structural advantages of
dimensional regularization. Certainly, Ward and Slavnov-
Taylor identities remain valid, as no hard cutoff or non-
covariant scale is introduced. Lorentz invariance is likewise
manifest, since the procedure depends only on rotationally
invariant combinations such as #? and does not single out
preferred directions. In covariant formulations, the method
is compatible with diffeomorphism invariance.

We recall that the essential difference between these two
procedures lies in the way the UV sector is identified.

B. Direct identification of the UV pole

Within the asymptotic framework, the presence or
absence of UV poles can be determined directly from the
large-momentum expansion of the integrand. In particular,
logarithmic divergences arise only when a marginal con-
tribution is present in the asymptotic expansion. To illustrate
this point we consider an integral arising in models with
MDRs of Corley-Jacobson superluminal type [5,7],

&t
RS /K2 + 2 4 m?
4 ~
NGIEY +m?

I =

(54)

where «,. sets the UV scale.
The large-Z expansion of the integrand is

o lo(E)] e 69

Importantly, no marginal contribution of order #~3 appears.
According to the general structure established in Sec. II,
this immediately implies the absence of a logarithmic
divergence. The regularized expression is obtained by
subtracting the leading asymptotic term,

- Kc) ’ (5 6)

© 52
1 ZQ/ df(
R V2 + 2+ m?

which is finite in three spatial dimensions without the need
of introducing any regulator.

Notice that other regularization schemes can also be
applied to this integral. In particular, within dimensional
regularization one may construct an analytic representation
of the dimensionally continued integral in a suitable
convergence domain of the complex D-plane and sub-
sequently perform its analytic continuation to the physical
value D = 3. The absence of poles follows from the
analytic structure of the continued expression. In contrast,
within the asymptotic approach the conclusion follows

directly from the UV expansion itself. This fact becomes
particularly important in situations where other regulari-
zation schemes cannot be implemented in a straightforward
way using the well-known expressions. In such cases the
asymptotic subtraction procedure can be useful, as we
illustrate in the following example.

C. Extension beyond standard regularization schemes

Our asymptotic subtraction method can be applied in
situations where standard regulator-based approaches are
not naturally adapted. As a physically relevant example, we
consider the momentum integral associated with the
coincidence limit of the two-point function of a scalar
field obeying the Unruh-type modified dispersion relation
[6]. Although, for simplicity, we restrict ourselves here to
its Minkowski-space counterpart, this dispersion relation is
one of the most extensively studied modified dispersion
relations in trans-Planckian models of black-hole physics
and inflationary cosmology [6,21-25]. The corresponding
momentum integral reads

=0, [ dee? (57)
’ Vi2tanh(£/x.) + m?’

where k. denotes the ultraviolet scale associated with the
modified dispersion relation.

At the level of the full integral, the implementation of
standard regulator-based schemes is not straightforward.
Prescriptions such as Pauli-Villars or smooth cutoffs can be
formally introduced, but they act globally on the integrand
and do not naturally separate the UV structure from the IR
behavior. Consequently, they modify the integrand
throughout the whole integration domain, obscuring the
identification of the genuinely singular contribution.
Furthermore, as already discussed, such regulator-based
prescriptions do not generally preserve the symmetry
properties of the original theory. It is therefore natural to
investigate whether the integral can instead be treated
within dimensional regularization.

To apply dimensional regularization, one first embeds
the physical integral (57) into a family of integrals para-
metrized by the complex dimension D,

£P=1dr

/ V2 tanh2(£ /) + m?

(58)

This integral possesses no common convergence domain in
the complex D-plane, since the UV behavior requires
Re(D) < 0, whereas the IR behavior requires Re(D) > 0.
Consequently, the original integral (57) cannot itself be used
as the starting point for dimensional regularization.
Following the construction proposed by Collins [1], one
may instead adopt an additional prescription, namely to
subtract suitable regular terms from the Taylor expansion

065015-11



ROMERO, GARAY, MARTIN-BENITO, and NEVES

PHYS. REV. D 114, 065015 (2026)

around the origin before introducing the dimensional
continuation. This prescription defines a new integral with
an enlarged convergence domain, to which the standard
machinery of dimensional regularization can then be
applied. In particular, subtracting the first n + 1 terms of
the Taylor expansion yields the convergence strip

—2n -2 <Re(D) < —2n, (59)

which never contains the physical value D = 3. Therefore,
recovering the original three-dimensional integral neces-
sarily requires constructing an analytic continuation from
the corresponding convergence strip to D = 3. Such a
continuation is constructive only when an explicit analytic
representation (or an equivalent functional characteriza-
tion) of the resulting complex-dimension-dependent inte-
gral is available. To the best of our knowledge, no explicit
analytic representation of this type is currently known for
the present example. Consequently, although Collins’
construction provides a well-defined starting point for
dimensional regularization, we are not aware of any
constructive procedure that allows one to obtain the
required analytic continuation to the physical value
D = 3 for the present integral.

The previous discussion shows that the integral (57) does
not admit a direct treatment within the standard regulari-
zation procedures discussed above. This naturally moti-
vates studying the same problem using the asymptotic
subtraction method. As we now show, the general con-
struction developed in Sec. III applies directly to the
original three-dimensional integral, without requiring addi-
tional definitions or auxiliary prescriptions.

For the integral (57), the large-momentum, £ — oo,
expansion of the integrand is

1 1
/2 tanh?(£/x,) +m? B /K2 +m?

[14+O(e~?/%)]. (60)

The leading UV contribution is therefore a constant.
Following the asymptotic subtraction prescription, one
subtracts this term, obtaining

w | |
Ireg:47t/ d&’z[ - ,
0 Vitanh?(£/k,) +m? /2 +m?
(61)

whose integrand decays exponentially at large momentum
while remaining regular in the IR. The resulting integral is
therefore finite directly in the physical dimension and may
be evaluated analytically whenever possible or numerically
otherwise.

Furthermore, no marginal contribution appears in the
asymptotic expansion, so no logarithmic divergence or pole
structure is generated. Consequently, no auxiliary regulator
is required, as the marginal sector is absent. The regularized

result is therefore obtained entirely within the asymptotic
subtraction procedure and is independent of the particular
regularization prescription that would otherwise be
employed for marginal contributions.

This example illustrates one of the practical advantages
of the asymptotic subtraction method. Unlike the dimen-
sional-regularization approach discussed above, its imple-
mentation follows exactly the same general prescription
developed throughout this work and does not require
introducing additional definitions or auxiliary constructions
tailored to the particular integral under consideration. The
UV contribution is extracted directly in the physical
dimension, yielding a finite expression without the need
for an intermediate dimension-dependent representation or
a subsequent analytic continuation.

D. Comparison with other subtraction methods

The discussion above emphasizes practical advantages
of the asymptotic subtraction method. It is equally impor-
tant, however, to understand its conceptual relation to other
subtraction-based frameworks. Indeed, the present frame-
work is related in spirit to subtraction schemes that exploit
the short-distance structure of QFT, such as adiabatic
subtraction in curved spacetimes [9], the Hadamard pre-
scription [11], or BPHZ renormalization [8]. This naturally
raises the question of how the present construction differs
from these well-established approaches. Rather than com-
paring specific examples, which would inevitably depend
on the particular problem under consideration, it is more
instructive to examine the underlying principles that
define each method. In particular, we compare the various
schemes according to the quantity that is subtracted,
whether the subtraction acts as a regularization or as a
renormalization prescription,2 the extent to which the
construction depends on the underlying theory, and
whether the UV structure is made explicit during the
calculation.

Adiabatic subtraction is formulated for quantum fields in
homogeneous curved spacetimes through an adiabatic
(WKB) expansion of the mode functions [9]. The sub-
traction removes the complete adiabatic contribution up to
the order required for renormalization and is therefore a
renormalization prescription rather than a regularization
scheme. Since the subtraction is organized in terms of
adiabatic orders instead of UV asymptotics, the marginal
contribution responsible for logarithmic running is not
isolated explicitly. Moreover, the construction relies on
the existence of an adiabatic expansion and is therefore

2By regularization we mean the introduction of an auxiliary
regulator (or an equivalent mathematical construction) that
renders a divergent expression well defined while recovering
the original singular behavior when the regulator is removed. By
renormalization we mean a procedure that removes the divergent
contribution in order to produce finite quantities, independently
of whether a regulator is introduced.
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restricted to backgrounds where such an expansion can be
defined.

The Hadamard prescription is based on subtracting a
local parametrix in configuration space [11]. The subtrac-
tion prescription is determined by the Hadamard-DeWitt
coefficients, whose explicit form depends on both the field
content and the differential operator defining the theory. As
in the adiabatic case, Hadamard subtraction is fundamen-
tally a renormalization prescription for local observables
rather than a regularization framework for general divergent
integrals. Furthermore, its manifestly local and covariant
formulation is naturally adapted to locally Lorentz-
invariant theories, whereas its extension to theories with
modified UV structures or broken local Lorentz invariance
is considerably less straightforward.

BPHZ renormalization [8] removes UV divergences by
subtracting the Taylor expansion of Feynman amplitudes
with respect to the external momenta. Consequently, the
subtraction is organized around the IR behavior of the
external kinematics rather than the UV asymptotics of
the internal momentum. Like the previous methods, BPHZ
constitutes a renormalization prescription and is formulated
diagram by diagram within perturbative QFT.

The asymptotic subtraction framework developed in this
work follows a different organizing principle. The sub-
traction is performed directly on the large-momentum
asymptotic expansion of the original integrand, independ-
ently of whether the calculation is carried out in momentum
or configuration space. As a consequence, the method
isolates the UV sector before renormalization, making the
marginal contribution explicit whenever it is present and
thereby identifying directly the origin of logarithmic
running. Since the construction depends only on the
asymptotic behavior of the integral itself, it does not
require theory-dependent coefficients, adiabatic expan-
sions, local parametrices, or diagrammatic Taylor subtrac-
tions. Moreover, because it is formulated directly at the
level of the integral, its construction does not rely on
Lorentz invariance or on any particular class of field
theories, making it naturally suited to situations in which
the UV behavior differs from the standard relativistic case,
such as theories with modified dispersion relations.

V. CONCLUSIONS

In this work we have presented a constructive formu-
lation of a subtraction method for UV divergences based on
the large-momentum expansion of the integrand. The
central idea is that the singular UV sector can be identified
directly from the asymptotic structure of the integrand,
prior to introducing any regulator. In this framework, the
integrand naturally separates into three distinct contribu-
tions associated with the asymptotic expansion: power-
divergent contributions, a marginal contribution, and a
rapidly decaying remainder. While the procedure is com-
pletely general and can be applied to arbitrary asymptotic

structures, in this work we have focused on the physically
most relevant situation in QFT, namely integrals exhibiting
algebraic (power-law) UV behavior.

For this class of integrals we have shown that the UV
singular structure is remarkably simple. The power-
divergent contributions correspond to local terms that
can be absorbed into counterterms and therefore, can be
set equal to zero using analytical continuation, whereas the
rapidly decaying remainder generates finite contributions.
The only genuine UV singularity arises from the marginal
term in the asymptotic expansion. In this sense, the UV
singular structure of the integral can be read directly from
the asymptotic expansion of the integrand.

A direct consequence of this structure is the universal
appearance of a logarithmic dependence on a physical
scale when it is the only scale present in the analysis.
The logarithmic term originates from the primitive of the
marginal contribution and reflects the interplay between the
UV subtraction and the IR scale entering the problem. In
particular, the coefficient governing the logarithmic running
coincides with the coefficient of the isolated UV divergence.
This relation follows directly from the asymptotic structure
of the integrand: both the pole and the logarithmic depend-
ence originate from the same marginal contribution in the
large-momentum expansion, in close analogy with the
structure underlying renormalization-group running.

The asymptotic subtraction method provides some relat-
able advantages. When the dimension is employed as
regulator for the marginal sector, the present scheme
inherits the main structural advantages of dimensional
regularization. Gauge symmetry, Lorentz invariance, and,
in covariant settings, diffeomorphism invariance are pre-
served since the procedure does not introduce hard cutoffs
or noncovariant scales. In our asymptotic method the UV
singular sector is identified directly from the large-momen-
tum behavior of the integrand, so that the pole structure can
be read off immediately from the existence of a marginal
term. More importantly, the method can be applied even in
situations where other regularization schemes cannot be
implemented in their standard form. Since the action of a
concrete regulator within asymptotic subtraction method is
only required for the marginal sector, it remains applicable
in such cases. This suggests that the asymptotic approach
provides a natural framework to analyze UV singularities in
situations where standard regularization methods are diffi-
cult to implement.

The results presented here suggest that asymptotic
subtraction should be viewed not as a reformulation of
any well-known regularization scheme, but as a subtraction
method determined directly by the asymptotic behavior of
the integrand. Its applicability is therefore controlled by the
UV scaling of the theory rather than the choice of a
particular regulator.

Future work will explore the application of this frame-
work to quantum field theory in curved spacetimes in
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presence of MDRs. In such settings the UV structure of
momentum integrals often departs from the standard
relativistic form, and the asymptotic approach developed
here may provide a particularly natural tool to identify
and isolate the relevant divergences.
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APPENDIX A: ASYMPTOTIC SUBTRACTION
FOR IR-DIVERGENT INTEGRALS

The asymptotic subtraction procedure described in
Sec. IIT A can be extended straightforwardly to the treat-
ment of IR singularities. The logic is entirely analogous,
with the only difference that the relevant asymptotic region
is now ¢ — 0 rather than £ — oo.

In fact, this correspondence can be made explicit by the
change of variables u = 1/¢, which formally maps the IR
region £ — 0 into a UV regime u — oo. Although we will
not rely on this transformation in what follows, it provides
an intuitive way to understand the parallelism between the
two cases.

Let us consider again a rotationally invariant D-dimen-
sional integral of the form (2) and assume that the integrand
is UV finite. The potential singular behavior is therefore
localized in the IR region. Independently of the detailed
structure of f, its small-Z behavior admits an asymptotic
decomposition of the form

F(8) ~ R (€) + R(2). (A1)
where fIR collects all IR-divergent contributions, and R(¢)
is regular as £ — 0. As in the UV case, we further
decompose

{illzv(l’ﬂ) = fIR(f) + fmarg(l’ﬂ)’ (AZ)
where f1r contains nonmarginal contributions and, if present,
the marginal term takes the universal form given by (14).

As in the UV analysis, the logarithmic singularity is
uniquely associated with the marginal scaling #=", while
all other contributions lead either to finite terms or to
divergences of a different (nonlogarithmic) nature.

We now implement the asymptotic subtraction at the
level of the integral. Adding and subtracting the divergent
sectors. In this case, isolating the asymptotic contributions
may generate spurious UV divergences in the intermediate
expressions. To control this, we introduce an auxiliary UV
cutoff A and define

I = Al_r)rolo[jfm<A) + irnarg(A) + le(A)L (AB)
with
. A

Tn(8) = [ dee ()= £ (). (A4)

- A
Imarg(A) =Qp A dffD_lfmarg(f)’ (AS)
Tw(h) =0y [ deeP (o). (a0

0

By construction, I, (A) is IR convergent. It contains the
finite contribution of the original integral together with a
spurious UV divergence as A — oo, which cancels against
a corresponding contribution in 7, (A).

The structure of Tz (A) depends on the detailed small-#
behavior of fir. In all physically relevant situations, this
sector is of algebraic (powerlike) type, i.e.

N
fIR(f):Zajfpi’ pj <-D. (A7)
=0

In this case, each contribution can be treated using the
analytic continuation methods developed in Sec. II
Although those results were originally derived for positive
powers, they extend to the present situation mutatis
mutandis by analytic continuation. As a consequence,

gi_{rgoiIRVreg (A) =0. (AS)

Therefore, as in the UV case, the nonmarginal sector does
not contribute to the singular structure.

The only nontrivial contribution arises from the marginal
term, which takes the form

~ Ade
Imarg(A) = bQD/ 7
0

(A9)

This integral encodes the full logarithmic IR divergence of
the original expression.

At this stage, the asymptotic subtraction procedure has
again reduced the problem to the evaluation of a single
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universal divergent contribution. Its regularization can be
carried out using any convenient scheme, such as dimen-
sional regularization or Pauli-Villars, exactly as discussed
in Sec. III B. The resulting logarithmic structure and its
coefficient are independent of this choice.

In summary, the asymptotic subtraction framework
applies equally to IR singularities: the divergent structure
is entirely captured by the marginal #~" term in the small-
momentum expansion of the integrand, while all other
contributions can be treated unambiguously and do not
affect the logarithmic behavior.

As a final remark, it is worth emphasizing that the
marginal contribution f,,, has exactly the same structure
in the UV and IR analyses. As a consequence, the results
obtained in Sec. III D apply to the IR case discussed here. In
particular, whenever the integrand depends on a single
physical scale A, the presence of a marginal term necessarily
induces a logarithmic dependence of the form (50) with a
coefficient b, entirely fixed by the same marginal term that
controls the divergence. Therefore, independently of whether
the singular behavior originates in the UV or in the IR region,
both the divergence and the logarithmic dependence on the
physical scale are universally determined by f... The
difference between the two cases is purely kinematical, while
the underlying structure remains identical.

APPENDIX B: ANALYTIC SCHEME
INDEPENDENCE AND CONTROL
OF THE RUNNING

We now clarify in which sense the UV singular structure
identified through asymptotic subtraction is independent of
the particular analytic regulator employed, and why the
coefficient of the marginal asymptotic term is the only
quantity that controls the physical running.

In Sec. III we saw that, for nongauge theories, Pauli-
Villars regularization and dimensional regularization are
equivalent. Here we consider a broad class of analytic
multiplicative regulators. Let G(¢;¢) be a one-parameter
family, analytic in € in a neighborhood of ¢ = 0, such that
in the UV

G(t:e) = wt=A(e)(1 + 1.(£)). (B1)

£ — o0,

where y is a renormalization scale, A(e) is analytic near
e =0withA(0) = 1,and r,(¢) — 0as £ — oco. We assume
that for sufficiently large e the regulated integral is
convergent and admits an analytical continuation to ¢ = 0.
Consider a function f(#) admitting an asymptotic expan-
sion of algebraic type, where fyy is given by (20), and let b
denote the coefficient of the marginal term f,,,(¢) =
b¢~P. The marginal integral (24) can be regularized using
any analytic regulator of the family G(¢; ¢), leading to

T = limJ .2, (B2
where
Ji(e.) = by A T deePG(ge),  (B3)

where the only possible source of a singularity occurs at
e = 0. Using (B1), we obtain

Jia(e,2) = buAle) /oo dee='=¢[1 +r.(¢)]. (B4)
A

Expanding near & = 0, one finds

~ 1 u 1 D
A = - ARy (O
Jreg(€.4) A(O)bQDLﬂogﬁﬁzw (2)]+0<8),

(BS)

which coincide with (29). Notice that in the previous
expansion, we have used that the contribution involving
r.(£) is analytic at ¢ = 0 and that A(0) = 1.

The simple pole and the associated logarithmic depend-
ence on the renormalization scale u are therefore entirely
determined by the marginal coefficient b, as discussed in
Sec. III.

Consequently, within MS type schemes [1,17], the
running with respect to y is fixed entirely by the marginal
asymptotic coefficient b, independently of the specific
analytic realization of the regulator. The UV structure
relevant for renormalization group flow is therefore uni-
versal and controlled uniquely by the #7? term in the
asymptotic expansion.
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