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Towards real-time surrogate-free
Bayesian inversion for neutron
reflectometry
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Max D. Champneys 1 , Andrew J. Parnell 2, Philipp Gutfreund 3, Maximilian W. A. Skoda4,

J. Patrick A. Fairclough 5, Timothy J. Rogers1 & Stephanie L. Burg 6

Neutron reflectometry (NR) is a key enabling technology for many areas of scientific development.

Although the forward reflectivity model is well-known, inferring the physical properties of a sample

from NR data requires the solution of an inverse problem. Increasingly, beamline scientists are using

NR in fast kinetic configurations and probing highly-complex structures and interfaces, introducing

significant uncertainty. Existing uncertainty quantification (UQ) approaches in NR, such as Markov-

Chain Monte-Carlo (MCMC), suffer from poor sample efficiency and slow convergence times.

Recently, surrogate machine learning models have been proposed as an alternative. However,

physical intuition is lostwhen replacing governing equationswith fast surrogates. Instead,wepropose

a rapid, surrogate-free Bayesian inversion for NR. Our approach offers a step-change in inference

speed and efficiency. For the first time in NR, exact gradients through the reflectivity are computed,

enabling highly performant gradient-based inference schemes: Hamiltonian Monte-Carlo offers

significant advances in sample efficiency compared to MCMC. Variational inference enables

approximate UQ on the order of seconds rather than hours. We demonstrate state-of-the-art

performance on a thick oxide quartz film, and robust co-fitting performance in the high complexity

regime of organic LED multilayer devices. Additionally, we provide an open-source library of

reflectometry kernels in the python language.

Neutron reflectometry (NR) is a widely used technique for the nanometre
scale characterisation of soft matter1, thin films2 and bio-materials3.
Increasingly, this has involved the study ofmore complex layered structures
andones that are evolving in time (dynamic).The applicationofNRhas lead
to many high-profile breakthroughs in the physical and biological sciences.
Polarized neutron reflectivity (PNR) was crucial for understanding the
oscillatory exchange coupling behaviour so fundamental to giant magne-
toresistance (GMR)4, a pivotal modern technology. Ongoing work has
investigatedhowsurfactantmixtures performat varying temperaturesusing
surface tension and neutron reflectivity5, which has been crucial for devel-
oping more efficient, low-temperature detergents, vital for reducing the
carbon footprint of washing laundry. Ongoing NR studies have also been
important for the study of biological membranes6, their interaction with
drugs7, such as antimicrobial peptides and other antibiotics.

NR is a scattering technique that illuminates a sample of interest using
thermal neutrons produced and moderated from either a reactor or a
spallation neutron source. NR measures the specular reflectivity R as a
function of the momentum transfer Q from counting neutrons using a
detector8. Theoretically, the forward reflectivitymodel of complexmaterials
is well understood. Given the physical and apparatus parameters θ, one can
appeal toFresnel reflectivity to compute thepredicted specular reflectivity R̂.
NR is however, inherently an indirect technique, which requires the
reflectivity data to be modelled, as it is the absolute square of Fourier
transform of the scattering length density, which gives rise to a loss in phase
information. As an indirect measurement technique, access to the physical
quantities of interest (layer thickness, scattering length density, roughness),
necessitates the solution of an inverse modelling problem, that is inefficient
for large amounts of data or complex multilayer structures (e.g. lithium
batteries/electrodes). This inefficiency is particularly pronounced when
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uncertainty quantification is desired. Sampling schemes such as Markov-
chain Monte-Carlo (MCMC) can suffer from slow convergence and poor
sample efficiency as the number of unknown parameters increases.

Fitting a parametric physical model of the sample is the inverse pro-
blem at the core of NRmeasurements and data analysis. In the four decades
since the widespread adoption of NR as a measurement technique, many
methods have been proposed to solve this inversemodelling problem.Until
recently, advances in NR analysis and fitting have kept close pace with the
progress in machine learning (ML). The rapid rise of deep learning, auto-
matic differentiation and specialised computation libraries has revolutio-
nised the scalability of ML in many other fields. Yet, these analysis routes
have so far been very slow to translate to NR fitting. Among the leading
software packages for NR and thin-film analysis9,10, the underlying fitting
routines are often based on traditional data optimisation techniques such as
Levenberg-Marquardt (LM)11,12, Broyden-Fletcher-Goldfarb-Shanno
(BFGS)13, or heuristic techniques such as differential evolution14 or parti-
cle swarms15. Other approaches follow Bayesian methodologies such as
Markov-chainMonte-Carlo (MCMC)16,17ornested sampling18. The authors
are not currently aware of anywidely-usedNR software that fully utilises the
power of modern automatic-differentiation and gradient-based optimisa-
tion techniques to directly solve the inverse problem.

In place of physically derived models, surrogate approaches have very
recently been proposed to replace the inverse problem19–23 with ML. These
ML models supplant the forward reflectivity model and are trained to
predict the parameters of interest directly from the measured R. Although
such approaches are able to leverage advanced ML technologies and have
shown success in some areas, it is inevitable that physical intuition is lost
when replacing governing equations with fast machine learning.

In this paper, we seek to address the shortcomings of existing
approaches to uncertainty quantification (UQ) inNR.The key innovation is
that we access the gradients of the forward specular reflectivity of a thin
multilayerfilmw.r.t theunknownparameters of interest, unlocking ahost of
powerful optimisation and inference techniques that remain thus-far
unexploited in the context of neutron reflectometry. The principal advan-
tages of such an approach are:

• Order of magnitude gains in sample-efficiency (using Hamiltonian
Monte-Carlo) and inference speed (using a variational approach)
compared to gradient-free MCMC approaches.

• The exact forward reflectivity laws are used to perform the inversion,
no approximate pre-trained surrogate model is required.

• Full Bayesian posterior that can accommodate arbitrary prior
knowledge.

The proposed approach is demonstrated in two NR case study
examples: A benchmark Quartz film and a co-fit to four LED devices.
Additionally, an open-source software library is provided for fast compu-
tation of forward reflectivity and gradients in the python language at https://
github.com/MDCHAMP/refjax.

Regarding the existing literature, the authors are not aware of previous
contributions directly applying automatic differentiation to the forward
reflectivity model to perform NR inversion in the literature. Although no
direct applications of automatic-differentiation for NR inversion are to be
found in the scientific literature, the authors are aware of at least two library
implementations that support this functionality in addition to our own
contribution. The jax backend in refnx9 which supports automatic differ-
entiation, although this functionality is not at the time of writing exposed to
the user through the user interface and differentiation with respect to refnx
model parameters is not possible due to architectural constraints. Very
recently, the reflectorch package24 has been published with a pytorch
backend that naturally supports automatic differentiation and tensor
computation. This library has been used to generate training examples of
NR data for neural networks in ref. 25. However, recent significant interest
has been shown in simulation-based surrogate modelling in both the
optimisation and inference settings.

In several works, neural-network surrogates have been proposed as an
alternative to optimisation for the NR inverse problem in order to extract
unknown parameters directly from data. Methods have been proposed in
both NR19,23 and X-ray diffraction21, with the latter motivated as a way to
provide real-time process control based on surrogate inversions. A recent
review of ML technology applied to scattering problems can be found in
ref. 20. In such cases, the principal idea is to pre-train a neural-network
surrogate on indicative reflectometry curves (either simulated or experi-
mental) such that it is able to directly extract the parameters of interest. The
key advantage is that for a new unseen testing reflectometry curve, the
parameters can be extracted in ‘one-shot’ without the need for potentially
computationally expensive algorithms when solving the NR inverse pro-
blem. While such approaches have merit, it is apparent that they are wea-
kened by the requirement to train the methods on large quantities of
appropriately labelled training data (experimental or otherwise). While
there are certainly situations in which this will be plausible, such methods
require training data representative of the sample under investigation,
which can be difficult to guarantee when the structure is unknown.

Recently, surrogate modelling has been proposed in an inference set-
ting for NR. In22, Starostin et al. propose to apply techniques from neural
posterior estimation and prior amortisation to train a neural network to
produce credible prior distributions based on reflectivity curves. The idea is
that the network is trained to rapidly identify credible regions of the para-
meter space in the form of prior distributions that can be supplied to tra-
ditional Bayesian inference techniques such asMarkov-chainMonte-Carlo
(MCMC) or importance sampling (IS). The result is a significant reduction
in the cost of evaluating a posterior over the NR parameters. The results of
the paper are impressive and show that credible prior distributions can be
found that include themultimodality that occursdue to thephase invariance
problem when using very wide priors. As with all simulation based mod-
elling approaches however, the requirement to pre-train a model (in this
caseon simulateddata fromafixednumberof layers) remains a limitationof
the approach.

In summary, we show that exact gradients of the forward reflectivity
model with respect to both the sample and instrument parameters can be
obtained by automatic differentiation, and that access to these gradients
materially changes what is achievable in uncertainty-aware NR inversion.
On a benchmark crystalline quartz film, gradient-based optimisation
recovers a quality offit exceeding that previously reported for these data. For
Bayesian inversion,HamiltonianMonte-Carlo is shown tobe highly sample
efficient compared to a gradient-free scheme on the same data. On a co-fit
example to four organic LED devices with 59 unknown parameters, varia-
tional inference returns an approximate posterior on the order of seconds
per run while retaining direct contact with the physically meaningful slab
parameters. We conclude that surrogate-free Bayesian inversion, at speeds
compatible with in-situ decision-making on the beamline, is achievable
without approximating the forward physics.

Methods
The NR inverse problem
At the very core of NR data analysis, is the inverse problem of obtaining
estimates of unknown parameters of interest pertaining to both the slab
model of the sample θslab (layer thicknesses, scattering length densities and
roughnesses) and the instrument θNR (scaling/alignment parameters and
the backgrounddetection level). For notational simplicity, in the description
that follows these unknown parameters shall be referred to jointly as
θ = {θNR, θslab}. The Abeles matrix formalism26 provides a physical model of
the reflectivity R̂ðQ; θÞ in terms of these parameters and the momentum
transfer. Predictions from the forward model can be compared to the
observed reflectivity in order to determine the values of the unknown
parameters. A key challenge in NR, is the non-uniqueness of the inverse
problembecause the phase information is lost whenmeasuring the reflected
neutron intensity. For a particular measured neutron reflectivity measure-
ment R(Q), there may be many possible slab model solutions and therefore
many sets of parameters that describe the data equallywell. In practice, there
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are a number of ways to mitigate the lack of phase information. One
approach (as discussed in ref. 2) is to use multiple independent datasets to
perform the inversion. Another approach uses reference layers with known
density profiles.

In the absence of additional measurements, optimisation routines can
be initialised in the vicinity of optima that are physically plausible given
prior knowledge of the sample under investigation. In this work we will
consider the problem of inversion in the vicinity of physically plausible
solutions. Such local optimisation is an area in which gradient-based
methods excel, particularly in high-dimensions.

Methods for solving the NR inverse problem can be broadly cate-
gorised into two groups that will be discussed in this section. The first group
comprises Optimisation methods, these seek to find an optimal set of
parameters θ* that optimally satisfy an error metric e,

θ�jR ¼ argmin
θ

e RðQ; θÞ; R̂ðQ; θÞ
� �

ð1Þ

Alternatively, Inference methods seek to describe the unknown para-
meters probabilistically, accounting for various sources of uncertainty in the
analysis. Such approaches commonly apply Bayes rule to enumerate the
posterior distribution,

pðθjRÞ ¼
pðθÞpðRjθÞ

pðRÞ
ð2Þ

where p(θ) is the prior over parameters, p(R∣θ) is the likelihoodmodel that
encompasses both the forward reflection model and the instrument para-
meters and p(R) is the (usually intractable) marginal data likelihood. Since
the observedR(Q) is derived fromcount data, itmay be possible to derive an
exact likelihood function. However, the authors note that in practice it is
often sufficient to approximate p(R∣θ) as a Gaussian with variances derived
from the count data directly.

In both the optimisation and inference setting, powerful techniques
based on automatic differentiation exist in the ML literature for solving
inverse problems. Access to the gradients of the error function (from this
work, Fig. 1)means that these approaches can be readily applied toNR. The
remainder of this section will be dedicated to introducing approaches from
both categories that are applied in the case studies outlined in this paper.

Optimisation for NR by gradient descent
Although several approaches that use approximate gradient information11–13

are common in the NR literature, we are not aware of any method that
explicitly harnesses the analytical gradient with respect to the parameters of
interest using automatic differentiation techniques. Methods in this class
have seen intensive development since the rise of deep neural networks,
particularly stochastic gradient descent methods. Access to gradient infor-
mation as in this paper will make the application of these schemes very
straightforward to the NR community. Efficient implementations of many
popular algorithms are readily available in a number of programming
languages. Themost popularmethods (e.g. Adam27, RMSPROP28)make use
of gradient averages between iterations and momentum terms that help to
overcome local minima. Such approaches help to alleviate some of the
inherent shortcomings of these popular gradient descent approaches when
applied to NR data analysis, such as becoming trapped in local minima and
computational efficiency in the case of high dimensions of very many
parameters.

Inference for NR by Hamiltonian Monte-Carlo
In the interest of keeping this paper self-contained and in order to appeal to
practitioners of NR whomay not be familiar with gradient-based sampling
and approximate inference schemes, brief overviews of Hamiltonian
Monte-Carlo (HMC) andvariational inference (VI) forNRpractitioners are
included here. The interested reader is directed to29 (HMC) and30 (VI) for
more comprehensive tutorial overviews of the method.

The essential idea behind HMC is to construct a pseudo-dynamical
system in the space of the unknownNRand slab parameters, designed such
that the stationary density of the resulting position vector is the target
posterior distribution of interest,

θðtÞ � pðθjRÞ ð3Þ

Thus, one can simply simulate the dynamic system and interpret the
time series as samples from the posterior in the sameway as aMarkov-chain
approach. By requiring that the proposeddynamics of θ(t) areHamiltonian,
one is able to express the joint distribution of position θ andmomentum r in
terms of the potential and kinetic energies.

Hðθ; rÞ ¼ UðθÞ þ KðrÞ ð4Þ

pðθ; rÞ / expð�Hðθ; rÞÞ ¼ expð�UðθÞÞ expð�KðrÞÞ ð5Þ

From the above, it can be straightforwardly shown that the choice
UðθÞ ¼ � log pðθjRÞ leads to the required stationary density for θ. A
common choice for the momentum distribution is to choose a zero-mean
Gaussian distribution with ‘mass’ matrix M as a hyperparameter of the
method KðrÞ ¼ 1

2 r
TM�1r. The resulting Hamiltonian system is governed

by the ordinary differential equation (ODE),

dθ
dt

¼ ∂H
∂r

¼ M�1r

dr
dt

¼ � ∂H
∂θ ¼ �∇θUðθÞ ¼ ∇θ log pðθÞpðRjθÞ

� � ð6Þ

Where the differentiation has removed the unknown normalisation
constant in the kinetic energy and the ODE now depends on the hyper-
parameters, likelihood andprior only.Aswith anyother nonlinearODE it is
necessary to integrate forward in time numerically in order to obtain tra-
jectories (and therefore samples from the target posterior distribution over
the slab andNRparameters). Symplectic integrators are a class of integrator
specifically designed to simulate Hamiltonian dynamics, by attempting to
conserve (or bound the drift in) the systems total energy through the
Hamiltonian. A popular solver in the context of HMC is the leapfrog
algorithm31. For a given integration period Δt, the dynamics are updated
sequentially as,

rtþ1
2

¼ rt �
Δt
2
∇θUðθtÞ

θtþ1 ¼ θt þ Δt M�1rtþ1
2

rtþ1 ¼ rtþ1
2
� Δt

2
∇θUðθtþ1Þ

ð7Þ

Thus, the overall sampling scheme consists of aMarkov chain with the
following kernel. In each iteration, an initial momentum is drawn, and the
integration is run for a number of stepsLwith a step size ofΔt. Although the

Fig. 1 | Automatic-differentiation back propagates the gradient of the error

function through the forward reflectivity model by successive application of the

chain rule. The result is the gradient of the error function with respect to the

parameters of interest.
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position at the end of the integration window should theoretically be a valid
sample from the target distribution, in practice, numerical errors in the
integration can lead to bias. To overcome this, aMetropolis-Hastings step is
typically taken after integration. At the end of the integration window, the
last value of the parameter is accepted as the next state of theMarkov Chain
with probability α. It can be shown (in29 for example) that the correct choice
of α to ensure detailed balance in the Markov Chain is given by,

α ¼ min 1; exp Hðθ; rÞ �Hðθ0; r0Þ
� �� �

ð8Þ

HMC for NR practitioners. In practice, the performance of HMC comes
to depend strongly on the choice of the hyperparameters L,Δt andM. The
optimal setting of these parameters strongly affects the sampling effi-
ciency (howmany samplesmust be drawn in order to robustly explore the
posterior), and is affected by the geometry of the posterior, such as by
parameters that vary on vastly different scales. For NR practitioners
working with HMC, it is advisable to pre-scale parameters such that the
parameter variances have the same order of magnitude. An example
would be fitting the thickness of a wide layer, or a very small background
term subject to a fixed scaling value to improve numerical conditioning.

A further factor that can lower sample efficiency in HMC is sharp
curvature in the posterior geometry. A typical example in NR is parameters
with hard constraints e.g. layer thicknesses or SLDs constrained to be
positive. Close to a zero value, the posterior has infinite curvature and thus
the leapfrog integrator presented above can quickly accumulate errors. A
commonmitigation that can work well in the context of NR inversion is to
run the HMC sampler in log space and then exponentiate for the physical
parameters once the sampling is completed.

Fortunately, the adaptive specification of HMC hyperparameters is a
well studied problem. Variants of the standard HMC algorithm such as the
no U-turn sampler (NUTS)32 have shown incredible robustness to a wide
range of posterior geometries. NUTS is now a standard approach in
Bayesian inference and implementations can be found in many program-
ming languages.

With regard to evaluation of the performance ofHMC in the context of
NR, all methods that are appropriate forMCMC can be applied toHMC. A
common statistic is the effective sample size33, a measure of representation
power that is lower for chains that are non-stationary and poorly converged.
Theauthors note that althoughacceptance rate canbe ausefulmeasurement
of sampler performance, inHMC it is not unusual to see rates above 80% in
well converged chains.

Approximate inference for NR by variational inference
HMC has shown good performance across a range of inference scenarios.
However, in the limit of very large data and many unknown parameters,
even advanced sampling schemes can suffer from slow convergence and
high computational complexity. In such settings, variational approaches
(collectively known as variation inference (VI)) have shown significant
promise by approximating the true posterior with a parametric
distribution34. VI essentially transforms the inference problem back into an
optimisation problem that can be solved by gradient descent methods.

Variational inferencemethods differ from sampling approaches in that
they attempt to directly approximate the posterior distribution with some
parametric form that is straightforward to sample from,

pðθjRÞ � qðθ; ϕÞ ð9Þ

Where ϕ are some deterministic unknown parameters that control the
shape of a surrogate distribution q. It is important here that the choice of q is
a valid distribution (that it integrates to unity and covers the support of the
posterior) regardless of the parameters ϕ. For this reason it is common to
choose families of probabilities distributions or mixture models for q35,36.

With q selected, all that remains is to find the optimal setting of ϕ such
that the surrogate distribution forms the best possible approximation to the

true (but unknown) posterior distribution p(θ∣R) over the unknown slab
andNR parameters. To achieve this, we first require a notion of how far our
approximation is from the true posterior. To measure divergence between
probability distributions, we can use the Kullback-Leibler divergence (KL
divergence), defined as,

KLðqjjpÞ ¼ Eq log
qðθ; ϕÞ

pðθjRÞ

� 	

ð10Þ

thus, the optimal choice for the variational parameters ϕ is,

ϕ� ¼ arg min
ϕ

KLðqðθ; ϕÞjjpðθ Rj ÞÞ ð11Þ

Note that this form still contains the unknown posterior p(θ∣R), and so
some rearrangement is required. Recalling that from Bayes rule,

pðθjRÞ ¼
pðθÞpðRjθÞ

pðRÞ
ð12Þ

KLðqjjpÞ ¼ Eq log
qðθ; ϕÞpðRÞ

pðθÞpðRjθÞ

� 	

ð13Þ

¼ Eq log qðθ; ϕÞ � log pðθÞpðRjθÞ þ log pðRÞ
� �

ð14Þ

Since the log evidence is constant we can bring it outside the expec-
tation,

KLðqjjpÞ ¼ Eq log qðθ; ϕÞ � log pðθÞpðRjθÞ
� �

þ log pðRÞ ð15Þ

Given thatwewant tominimise theKLdivergence between q andp and
that it is invariant to changes in ϕ we can essentially ignore this term in the
optimisation and focus on the expectation in the above. This expectation
term is often called the ‘evidence lower bound’ (ELBO)30 because it provides
a lower bound on the unknown evidence term. This can be proved with
Jensen’s inequality for probability distributions34. For a concave function f,

f ðE½θ�Þ≥E½f ðθÞ� ð16Þ

Now rewriting the log evidence term as,

log pðRÞ ¼ log

Z

pðθÞpðRjθÞdθ ð17Þ

¼ log

Z

pðθÞpðRjθÞ
qðθ; ϕÞ

qðθ; ϕÞ
dθ ð18Þ

¼ logEq

pðθÞpðRjθÞ

qðθ; ϕÞ

� 	

ð19Þ

since the logarithm is a concave function, Jensen’s inequality gives that,

log pðRÞ ¼ logEq

pðθÞpðRjθÞ

qðθ; ϕÞ

� 	

≥ Eq log
pðθÞpðRjθÞ

qðθ; ϕÞ

� 	

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ELBO

ð20Þ

Therefore, maximising the ELBO is equivalent to minimising the KL
divergence,

ϕ� ¼ arg max
ϕ

ELBO ð21Þ
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Thus, the appropriate loss function is,

LðϕÞ ¼ �ELBO ¼ Eq log qðθjϕÞ � log pðθÞpðRjθÞ
� �

ð22Þ

Note that these expectations are rarely available analytically. In prac-
tice, they are approximated by Monte-Carlo. A common choice in the VI
literature is to make this approximation using a single sample37.

LðϕÞ �
1

N

XN

i¼1

log qðθ ðiÞjϕÞ � log pðθ ðiÞÞpðRjθ ðiÞÞ
� �

ð23Þ

where the θ(i) are the N samples drawn from q to approximate the expec-
tation. Taking the gradient of the above with respect to the unknown
parameters ϕ,

∇ϕLðϕÞ �
1

N

XN

i¼1

∇ϕ log qðθ ðiÞjϕÞ � log pðθ ðiÞÞpðRjθ ðiÞÞ
� �

ð24Þ

It has been observed empirically that single sample Monte-Carlo
approximations to the ELBO have low variance and give good
performance37. However, care must be taken to ensure that the gradients
remain available through the sampling procedure. A common approach is
to reparametrise q such that the sampling procedure does not depend on
ϕ.For more detail on the reparameterisation trick see ref. 37.

VI for NR practitioners. In the context of NR, the loss gradient above
once again requires access to the gradient of the forward reflectivity
model, made possible by the contribution of this work.With access to the
gradient of the ELBO, all that remains is to solve the optimisation pro-
blem with a gradient descent scheme such as one of those described in
‘Optimisation for NR by gradient descent’ above.

It is important to note here that VI based on minimisation of the KL
divergence can display ‘mode-seeking’ behaviour that emphasises high

probability regions of the posterior at the expense of lower probability areas
leading to underprediction of variance. For a discussion of why this occurs
and advice in the context of NR see Supplementary Information Section S3.

In the limit of very large data (>10k samples), computing the expec-
tations above (even with a single sample approximation) may become
prohibitively expensive. In such contexts, a particularly powerful extension
is Stochastic variational inference (SVI)35. The results of this paper indicate
that SVI is particularly promising in the largedata, complexmodel regimeof

NR having been successfully applied to datasets numbering millions of
examples in other fields35. However, because most static NR datasets
comprise <1k samples, only a standard VI approach is considered in
this work.

An important choice in VI is the selection of a surrogate distribution q
that will approximate the true posterior. In an NR context it is important
that the support of this distribution covers the expected support of the
parameters of interest. For example, if two parameters are expected to be
correlated (e.g. thickness and SLD in a kinetic heating experiment) then a q
must be selected that can represent this correlation. For example, inde-
pendent Gaussian distributions would be unable to reproduce this corre-
lation, whereas a multivariate Gaussian would (at the cost of additional
parameters to be optimised).

refjax: an open-source library for gradient-based NR
Rather than implement any single bespoke gradient-based optimisation or
inference technique for NR, the authors present here an open-source soft-
ware library for fast computation of forward reflectivity and gradients in the
python language. The library, titled refjax, is available at github.com/
MDCHAMP/refjax. The library is built on top of the python JAX ecosystem
from Google38 that provides flexible automatic differentiation, parallelism
andGPUacceleration. refjax provides simple access to the forward specular
reflectivity calculation (including smearing) for an arbitrary slab model. In
refjax, all input parameters are collected in standard python dictionaries
with a standardised format.

These parameters can then be provided to a kernel to compute the
forward reflectivity.

Because the library is built upon the JAX ecosystem, just in time
compilation, parallelism and gradient computation are handled
naturally.

The module also provides a number of smearing kernels including
constant and pointwise Gaussian smearing.

A key advantage of the provided library is the freedom to apply any

optimisation routine developed in the JAX ecosystem and beyond. To date,
highly performant packages are available for traditional optimisers (LM,

BFGS)39, (stochastic) gradient descent40, HMC (including the no U-turn
sampler32)41 and others. Several examples of how to use the library in con-
junctionwith popularMLoptimisation suites are providedat https://github.
com/MDCHAMP/refjax/tree/main/examples.
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Results
Crystalline quartz
The effectiveness of gradient-based approaches toNR inverse problems and
the software we have developed is demonstrated here for two case-study
examples. In each case the forward reflectivity computation and automatic
differentiation is implemented using the refjax software.

In thefirst case study, theperformanceof gradient based techniques are

highlighted on an existing dataset. To this end, the parameters of a highly
homogeneous crystal quartzfilmdeposited on aflat siliconwaferwith a thin
native oxide layer are considered. The reflectivity data were collected on the
D17 neutron reflectivity instrument at the ILL (Grenoble, France)42. As part
of the data collection, pointwise full-width at half maximum (FWHM)
smearing kernel estimates were estimated. These were used to perform
smearing in the forward reflectivity model as fixed known parameters. The
slab model considered in this case study is provided in Table 1 and the NR
parameters are displayed in Table 2. All parameters are considered
unknown and are fit using both the optimisation and inference methods.

First, an optimisation approach is considered. To perform the model
fit, the widely-used stochastic gradient descent technique ADAM27 is
employed. Starting from an approximate initial values for the relevant
parameters (listed in Tables 1 and Table 2), the optimiser descends the

gradient of a χ2 error metric,

χ2 ¼
X ðR̂ðQÞ � RðQÞÞ

2

σ2RðQÞ
ð25Þ

for 2000 iterationswith a learning rate of 0.05. The resulting fit to the data is
given in Fig. 2. As can be seen in the Figure, the fit to the data is excellent,

achieving a χ2 error of 1.302. This is marginally lower than the value of
χ2 = 1.32 reported in ref. 42, indicating that the approach has found optimal
parameters. Note that because the optimisation is unconstrained, and the
data are not very sensitive to the natural oxide layer, the fitted values for this
layer should be interpreted with care.

With the effectiveness of gradient based optimisation established, a
further study considering gradient-powered inference for NR fitting is
presented here. The same quartz data is used to perform Bayesian inference
of the unknown parameters by HMC. The NUTS sampler32 (as imple-
mented in the ‘numpyro’ library41) is used to sample from the posterior
distribution over the parameters. NUTS has the advantage that the hyper-
parameter L is set automatically in each iteration leading to efficient
exploration of the typical set. The otherHMCparameters are adapted using
the default strategy in the numpyro library for a burn-in period of 1000
samples.

Table1 | TheSlabmodel for theQuartz sample including initial parameterguesses foroptimisation, priorsused for inferenceand
identified posterior mean and standard deviations

Layer Parameter Initial value Prior distribution Posterior(mean ± stdev.)

Air SLD (Å−2)

Thickness (Å)

0.0

∞

Interfacial roughness (Å) 5.0 Uð2:0; 20:0Þ 11.402 ± 0.0827

Quartz (Si02) SLD (Å−2)

Thickness (Å)

5.0

1500

Uð0:0; 5:0Þ

Uð1400:0; 1500:0Þ

4.240 ± 0.0015

1470 ± 0.487

Interfacial roughness (Å) 5.0 Uð2:0; 20:0Þ 10.905 ± 0.43

Native oxide (Si02) SLD (Å−2)

Thickness (Å)

4.2

10

Uð0:0; 5:0Þ

Uð0:0; 50:0Þ

0.323 ± 0.216

2.122 ± 0.415

Interfacial roughness (Å) 5.0 Uð2:0; 20:0Þ 3.163 ± 0.733

Silicon backing (Si) SLD (Å−2)

Thickness (Å)

2.07

∞

Uð0:0; 5:0Þ 2.195 ± 0.0236

Note the large range in prior values corresponding to very weak prior knowledge.
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The prior distributions were set to be uniform in the vicinity of the
initial parameters used by the gradient scheme (see Tables 1, 2). Note that
the Bayesian approach enables us to incorporate prior knowledge and
constrain these parameters to physically-plausible values. The chain was
initialised prior to the burn-in at the optimal value found by gradient des-
cent. Overall, 10 independent chains were run, each comprising 2000 sam-
ples drawn after burn-in. Posterior means and standard deviations are
recorded in Tables 1, 2. The resulting predictive posterior pðR̂jRÞ is plotted
in Fig. 3,wherein an excellentfit to the data is seen taking the posteriormean
parameters and performing further optimisation using a BFGS optimiser

(SciPy implementation) results in a χ2 score reduction of only 0.004 indi-
cating that the inference has found optimal parameters. The mean predic-
tion of the posterior E½R̂� has a χ2 error of 1.22, an improvement over
previously published results (χ2= 1.32,42) althoughwe note that in ourwork,
all parameters are left free to fit. In Fig. 4, the marginal posterior distribu-
tions of the NR parameters of interest are shown alongside the distribution
over the SLD profile of the quartz film.

It is noteworthy that the obtained results are obtained by drawing only
2000 samples from theNUTS algorithmper chain, a fraction of the number
of samples typically required by MCMC methods for good convergence.
This phenomenon is in line with the efficiency gains expected from HMC
over traditional MCMC methods, as demonstrated in other fields43,44.
However, it is of interest to quantify this phenomenon in the context of NR
inversion.

In order to compare the efficiency of HMC (here NUTS) against
gradient-free MCMC methods, Fig. 5 plots the effective sample size (ESS)
against iteration for both HMC and a Sample-adaptive MCMC (SA-
MCMC) approach45 implemented in the numpyro library41. ESS gives a
measure of how many independent samples a correlated Markov-chain is

Table 2 | NR parameters for the quartz data including initial
parameter guesses for optimisation, priors used for inference
and identified posterior mean and standard deviations

Parameter Initial value Prior distribution Posterior ( ± σ)

Background 10−7 Uðe�20
; 1Þ (1.05 ± 0.201) × 10−7

Scale parameter 1.0 Uð0:9; 1:5Þ 1.048 ± 0.00363

Fig. 2 | Optimisation of quartz thin film NR

dataset fit using gradient decent with the ADAM

optimiser27. All parameters are floating and so free

tofit. The identified χ2 error is lower than the value of

χ2 = 1.32 reported previously in ref. 42 for the

same data.

Fig. 3 | Inference of quartz NR model by Hamil-

tonian Monte-Carlo. All parameters remain free to

fit. It is notable that the mean of the posterior dis-

tribution has a lower error than values identified by

the deterministic optimisation routine. Posterior

uncertainty is given by the width of the orange

shaded region, corresponding to a ± 3σ interval.
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equivalent to. A common rule of thumb in the Bayesian inference literature
is that an ESS value of 200 per parameter represents a good coverage of the
posterior for well-converged chains, whereas low values can correspond to
poor exploration and autocorrelation.

Samples from both NUTS and SA-MCMC are collected from 10
independent chains for 2000 iterations, starting from the same initi-
alisation point at the optimal parameter values found by gradient des-
cent. At each iteration the ESS for each parameter in each chain is plotted
in Fig. 5.

As can be seen in Fig. 5, the NUTS samples increase in ESS broadly
monotonically with iteration, indicating good convergence and efficient
exploration of the typical set even after only 1000 samples. SA-MCMC
appears to start well (by exploring a local region of the typical set efficiently)
but slow mixing and high auto-correlation lead to a decrease in ESS. It is
interesting to note that although the per-sample computational complexity
for NUTS is several times higher than SA-MCMC, better exploration of the
typical set is seen with the gradient-based scheme, in line with results from
other fields43,44.

Organic LED
With good performance shown on data from a relatively simple slabmodel,
it is next of interest to consider how gradient-based approaches perform on
more complex samples.Here, data fromseveral organic light-emittingdiode
devices architectures are presented that correspond to different stages in the
processing of these devices.

The organic (OLED) devices are fabricated using spin coating. They
comprise three main layers. The first being Poly(3,4-ethylenediox-
ythiophene):poly(styrene sulphonate) (PEDOT:PSS): This serves as the hole
injection layer (HIL), facilitating charge transfer from the anode. Then
Poly[(9,9-dioctylfluorenyl-2,7-diyl)-co-(4,4’-(N-(4-sec-butylphenyl)diphe-
nylamine))] (TFB): This layer functions as both ahole transport layer (HTL)
and an electron blocking layer (EBL), ensuring efficient charge recombi-
nation in the emissive zone. Finally, Poly[(9,9-di-n-octylfluorenyl-2,7-diyl)-
alt-(benzo[2,1,3]thiadiazol-4,8-diyl)] (F8BT), this is the emissive layer,
responsible for green light emission upon charge recombination. The TFB
wasdeuterated toprovide suitableneutron scattering lengthdensitycontrast
to accurately probe the interfacial mixing of TFB and F8BT.

Fig. 4 | Posterior SLD profile and posterior mar-

ginal parameter distributions for the NR para-

meters of the quartz film, obtained by

Hamiltonian Monte-Carlo. Error bars on the SLD

profile represent ± 3σ intervals, these are visible on

the right for the oxide and Silicon.

Fig. 5 | Comparison of effective sample sizes per

iteration between a Hamiltonian Monte-Carlo

(NUTS) scheme (green) and a gradient-free sam-

ple adaptive MCMC approach (orange). Each line

is the effective sample size of a single parameter in a

single chain. The horizontal line corresponds to a

sample size of 200 which is a common rule of thumb

for well converged chains in the literature49.
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Aslabmodel of the LEDdevice is given inTable 3.Overall, four devices
are considered. The first is not annealed aftermanufacture andwas tested as
cast. The other three were annealed at temperatures of 80 ∘C, 140 ∘C, and
180 ∘C respectively. Because smearing kernel sizes are not available for this
dataset, a constant Gaussian smear is adopted with its size left as a further
unknown parameter (see Table 4). The four devices were measured on the
same instrument and were fabricated on nominally identical silicon sub-
strates. It is therefore physically reasonable to treat only the instrument-
related parameters (the background level and the resolution smearing) and
the substrate scattering length density as being shared between devices. We
emphasise that the physically meaningful slab parameters of the polymer
layers (their thicknesses, SLDs and interfacial roughnesses) are left entirely
free and are inferred independently for eachdevice.The co-fit therefore does
not assume that the samples are identical; it encodes only the fact that they
share a common measurement apparatus and substrate, which reduces the
number of instrument nuisance parameters that must be inferred. For this
reason (and todemonstrate the effectiveness of variational inference forNR)
the parameters of all four devices are inferred jointly, with the background
and smearing parameters being common to all four devices. In addition, the
SLD value of the silicon backing (which is expected to be very close to the
literature value of 2.07 for all four devices) is treated as a co-fit parameter. In
general, wider priors are adopted that apply to all layers, representing weak
prior knowledge. However, in order to encourage physically plausible
roughness values around the native silicon oxide layer, the prior over the
roughnesses either side of the oxide are constrained to values less than8.0. In
total this results in a posterior distribution over 59 unknown parameters.
Given the large parameter size, approximate inference with VI will be
applied here.

To produce an approximate inference over the co-fit posterior of all
four devices a VI scheme is adopted. The surrogate posterior q is selected to
be a multivariate normal distribution defined in an unconstrained space.
That is, all parameters aremapped from their physical bounded space to one
that is unconstrained by an appropriate invertible transformation. The
resulting ELBO is evaluated by automatic differentiation (using the num-
pyro library) and the refjax software for reflectivity kernel calculations. The
mean of the surrogate posterior is initialised at identical values for each
device and the variance is initialised as a diagonal matrix σ0I with σ0 = 0.1.
The ELBO is optimised using the ADAM27 optimiser for 2000 iterations
with a learning rate of 0.05. To ensure that the optimisationdoesnot become
trapped in local minima, the optimisation procedure is run 100 times and

the best (largest) value of the ELBO is retained as surrogate posterior. VI has
significant computational advantages over samplingbasedapproaches, each
run of the inference is complete in <20 s on our hardware (AMD Ryzen
Threadripper PRO 5995WX). Successive restarts can be run entirely in
parallel and so the VI approach is very attractive with regard to modern
CPU and GPU acceleration.

The predictive results of the inference are plotted in Fig. 6 (for full
results see Supplementary Information Section S1). As can be seen in the
Figure, the fit to data is very goodwith χ2 < 3 in all cases. Examining the SLD
profiles, it appears that the samples annealed for the longest havehigher SLD
in the TFB layer due to extended annealing above the glass transition
temperatureTg, this will help remove any trapped processing solvent as well
as enable the layer to achieve an equilibriumdensity.We also see changes in
the interfacial width between the two polyfluorenes which we are able to
more rigorously quantify using this fitting approach. It is of note that the
identified SLD of the Silicon backing (2.09 ± 0.0178) is fit very close to the
literature value of 2.07 indicating convergence to a physically plausible slab
model. The posterior distribution over the thickness of the native oxide layer
for the device annealed at 140 ∘C is markedly larger than for the other three
devices. Because the reflectivity is only very weakly sensitive to this thin,
buried layer, we caution that this difference is almost certainly a fitting
artefact rather than a genuine physical change between the devices, and the
oxide-layer parameters should be interpreted with corresponding care. We
further note that, for the as-cast device, the measured reflectivity displays
slightly higher-amplitude fringes at high Q than the fitted model (Fig. 6a);
we attribute this to the single resolution-smearing parameter that is shared
across all four devices, which may slightly over-smear the as-cast curve.
Device-specific sample non-uniformity or layer polydispersity, which are
not captured by the shared smearing and slabmodel,may also contribute. A
demonstration of both the HMC and VI approaches on a standard, pre-
viously published lipid bilayer dataset9 is provided in Supplementary
Information Section S2, together with a discussion of the variance under-
prediction inherent to VI in Supplementary Information Section S3.

Discussion
The results of our work demonstrate the potential of automatic differ-
entiation and gradient-based optimisation techniques in the context of
neutron reflectometry data analysis. Excellent fits to both simple and
complex NR data are demonstrated, in one case exceeding the quality of fit
compared to previous literature results despite wide priors.

In the optimisation setting, access to cutting edge gradient descent
algorithms will enable practitioners to quickly and efficiently fit NR data,
particularly as samples become more complex and traditional approaches
(LM, BFGS) become prone to computational complexity and become stuck
in local minima in the large data limit.

In the inference setting, the application ofHamiltonianMonteCarlo to
NR data has shown considerable sample efficiency gains over traditional
gradient-free MCMC methods. HMC is a promising replacement for
MCMC in NR in scenarios where accurate uncertainty quantification is
required and complex posterior distribution geometries (multimodality,
highly correlated variables) make NR inference challenging.

In the second case-study, techniques from variational inference show
remarkable performance in a complex NR fitting task. VI is shown to be a
potentially revolutionary technique for several NR applications particularly

Table 3 | The Slab model for the LED data including initial
parameter guesses for optimisation and priors used for
inference

Layer Parameter Initial value Prior distribution

Air SLD (Å−2)

Thickness (Å)

0.0

∞

Interfacial roughness (Å) 10.0 Uð0:0; 30:0Þ

F8BT SLD (Å−2)

Thickness (Å)

1.0

700.0

Uð0:0; 5:0Þ

Uð0:0; 800:0Þ

Interfacial roughness (Å) 10.0 Uð0:0; 30:0Þ

TFB SLD (Å−2)

Thickness (Å)

4.0

400.0

Uð0:0; 5:0Þ

Uð0:0; 800:0Þ

Interfacial roughness (Å) 10.0 Uð0:0; 30:0Þ

PEDOT:PSS SLD (Å−2)

Thickness (Å)

1.5

600

Uð0:0; 5:0Þ

Uð0:0; 800:0Þ

Interfacial roughness (Å) 5.0 Uð0:0; 8:0Þ

Native oxide (Si02) SLD (Å−2)

Thickness (Å)

3.0

50

Uð0:0; 5:0Þ

Uð0:0; 800:0Þ

Interfacial roughness (Å) 5.0 Uð0:0; 8:0Þ

Silicon backing (Si) SLD (Å−2)

Thickness (Å)

2.07

∞

Uð0:0; 5:0Þ

Table 4 | NR parameters for the LED data including initial
parameter guesses for optimisation and priors used for
inference

Parameter Initial value Prior distribution

Scale parameter (per device) 1.0 Uð0:9; 1:5Þ

Background (shared) 5.0 Uðe�20
; 1× 10�7Þ

Smearing parameter (%) (shared) 1.0 Uð0:0; 10:0Þ
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in settings whereby uncertainty quantification of high-throughput data is
critical. An example is fast kinetic NR experiments whereby large quantities
of NR data are collected dynamically and in-situ inference of model para-
meters is required. A key application of VI in NR might be in real-time
parameter inference for closed-loop process control, something that has
thus far required fast model surrogates and has been unattainable with
traditional inverse modelling techniques. Another application could be in
iterative experimental designwhereby the parameter posterior distributions
of initial experiments are used to inform the design of subsequent experi-
ments during a single beamtime. Here, techniques from Bayesian
optimisation46may provide a principled way to select the most informative
experiments sequentially. A related opportunity is to use the proposed
approach to provide fast inversion to be used during active learning of
sequential NR experiments as in ref. 47.

Alongside the case-studies developed here, the authors make available
an open-source software library for fast computation of forward reflectivity
and gradients in the python language. It is the intention of the authors to use
this platform as a springboard to develop further forward reflectometry
models for other indirect measurement techniques such as small-angle
neutron scattering, ellipsometry and grazing-incidence X-ray scattering
(where HMC has previously been shown to be a successful approach48). In
conclusion, we have demonstrated that the availability of fast-forward
reflectometry models is critical to ensure that NR fitting keeps pace with
high-throughput experimentation and the rapid advances in ML and
optimisation techniques. This paper presents a promising step in this
direction by ensuring that gradient-based inverse methods are readily
available for NR data analysis.

Fig. 6 | . a Results of the inference for the LED

devices. Note that the reflectivity curves are spaced

for visibility on the y-axis. b Samples from the dis-

tributions of the posterior SLD profiles.
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Data availability
Regarding theQuartz film data used in thismanuscript, for users of the ILL,
the data logbook and reduction parameters can be found under cycle 162/
D17/InternalUse/processed at http://data.ill.fr/. However, to ensure all
readers can access this dataset we additionally make the data accessible as
part of the refjax library in the example data folder at https://github.com/
MDCHAMP/refjax/tree/main/examples. The LED device data used in this
manuscript ismade available as part of the refjax library in the example data
folder at https://github.com/MDCHAMP/refjax/tree/main/examples. The
Lipid bilayer system example used in the appendices of this paper is freely
available from freely available at https://github.com/reflectivity/
reproducibility/tree/master/examples/refnx

Code availability
The refjax software library is available as open-source code at https://github.
com/MDCHAMP/refjax, including several examples of fitting routines.
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