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ABSTRACT

Start with a large convex polygon and add all other edges inside independently with probability 𝑝. At what critical

threshold 𝑝𝑐 do triangulations of the polygon begin to appear? The first author and Gravner asked this question

and observed that 𝑝𝑐 = Θ(1), using the relationship with the Catalan numbers and a coupling with oriented site

percolation on ℤ2. More recently, Archer, Hartarsky, the first author, Olesker-Taylor, Schapira, and Valesin proved

that 1∕4 < 𝑝𝑐 < 𝑝𝑜
𝑐
, where 1∕4 is the Catalan exponential growth rate and 𝑝𝑜

𝑐
is the critical threshold for oriented

percolation. The upper bound is strict, but nonquantitative and follows by a renormalization argument. In this work,

we show that 𝑝𝑐 < 1∕2 using a simple ear clipping algorithm, which can be analyzed by comparing with random

walks with negative drift. This bound is closer to the truth (perhaps near 0.4) and shows that most configurations of

edges inside large convex polygons contain triangulations.

MSC2020 Classification: 60K35, 82B43

1 | Introduction

Let 𝑃𝑛 be a convex polygon with vertices labeled by {1,… , 𝑛}. We further include a set 𝐸𝑛,𝑝 of random edges obtained
by adding all other edges inside 𝑃𝑛 independently with probability 𝑝. We are interested in the critical point 𝑝𝑐 at which
triangulations of 𝑃𝑛 appear. More formally, if 𝑛,𝑝 is the event that 𝑃𝑛 can be triangulated using some subset of the edges
of 𝐸𝑛,𝑝, then

𝑝𝑐 = inf{𝑝 ∶ lim inf
𝑛→∞

ℙ(𝑛,𝑝) > 0}

is the critical threshold at which triangulations begin to emerge.

In this work, we show the following:
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Theorem 1.1. There exists 𝜀 > 0 such that 𝑝𝑐 < 1∕2 − 𝜀.

We actually show that 𝑝𝑐 ⩽ 𝑝∗, where 𝑝∗ ≈ 0.4916. Theorem 1.1 implies that most configurations of edges inside a large
convex polygon can be used to triangulate the polygon.

1.1 | Previous Results

Recent work by Archer et al. (2026) shows that 𝑝𝑐 < 𝑝𝑜
𝑐
, where 𝑝𝑜

𝑐
is the critical threshold for oriented site percolation on

the integer lattice ℤ2; see Durrett (1984). Numerical simulations suggest that 𝑝𝑜
𝑐
≈ .7055; see Essam et al. (1988). On the

other hand, the numerics in Archer et al. (2026) appear to indicate that 𝑝𝑐 is much smaller, perhaps somewhere between
0.39 and 0.41; see Fig. 3 in Archer et al. (2026).

The connection with oriented percolation was already observed by Gravner and Kolesnik (2023) (see Theorem 1.3,
Section 3 and Conjecture 6.1 therein), where the problem of finding 𝑝𝑐 was referred to as Catalan percolation, as a special
case of a certain transitive closure dynamics in polluted environments (see Section 1.2 below). The motivation in Gravner
and Kolesnik (2023) was to bring together ideas from weak saturation (see Bollobás (1968) and Balogh et al. (2012)) and
polluted bootstrap percolation (seeGravner andMcDonald (1997)), in response to the final paragraph inBalogh et al. (2012)
(see p. 439 therein).

Let us remark that although Theorem 1.1 improves the upper bound in Archer et al. (2026), it is the proof rather than
the result that is the main contribution in Archer et al. (2026). Indeed, the coupling, first observed in Gravner and
Kolesnik (2023), with oriented percolation is based on a significant restriction of the full Catalan dynamics (see Section 1.2
below). As such, 𝑝𝑐 < 𝑝𝑜

𝑐
is certainly not unexpected. However, due to long-range, non-decaying correlations in themodel,

it is not straightforward to deduce a strict inequality using standard techniques from percolation (e.g., themethod of essen-
tial enhancements of Aizenman and Grimmett (1991) does not apply); see Section 1.2 in Archer et al. (2026) for a detailed
discussion. As such, ideas in the proof in Archer et al. (2026) may be useful in analyzing other oriented percolation mod-
els, beyond the specific case of Catalan percolation. Indeed, the dynamics studied in Archer et al. (2026) can be thought
of as a directed version of Brochette percolation, as studied by Duminil-Copin et al. (2018).

1.2 | EquivalenceWith Catalan Percolation

The perspectives taken in Gravner and Kolesnik (2023) and Archer et al. (2026) are conceptually different than ours, but
are formally equivalent, as we will now explain.

In Gravner and Kolesnik (2023) the authors considered the following situation: start by initially infecting all directed
nearest-neighbor edges along the integer line path from 1 to 𝑛. Then open all other leftward (resp. rightward) directed
edges 𝑖 ← 𝑗 (resp. 𝑖 → 𝑗), for 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑛 and 𝑗 − 𝑖 > 1, with some probability 𝑝

𝓁
(resp. 𝑝𝑟). All other directed edges are

polluted and can never become infected. Open edges, on the other hand, can become infected by the following transitive
closure dynamics: if at some point there are directed edges 𝑖 → 𝑗 → 𝑘which are both infected (initially or otherwise) then
𝑖 → 𝑘 becomes infected if it is open. This model is introduced in Gravner and Kolesnik (2023) as a simple model for the
spread of information in the presence of censorship. (In fact, other initial graphs, besides paths, are considered in Gravner
and Kolesnik (2023)).

What is called Catalan percolation in Gravner and Kolesnik (2023) is the special case in which 𝑝
𝓁
= 0 and 𝑝𝑟 > 0. (When

both 𝑝
𝓁
, 𝑝𝑟 > 0 the behavior is very different, and still not fully understood.) In this case the dynamics have a simple

graphical description, using undirected edges, in which open edges {𝑖, 𝑘} become infected if there are two infected edges
{𝑖, 𝑗} and {𝑗, 𝑘} “underneath” the edge {𝑖, 𝑘}.

In Archer et al. (2026), the authors let𝜑𝑛(𝑝) be the probability that the edge {1, 𝑛} joining the endpoints of the path from 1
to 𝑛 is eventually infected, conditional on it being open, and put 𝑝𝑐 = inf{𝑝 ∶ 𝑙𝑖𝑚𝑖𝑛𝑓𝑛→∞𝜑𝑛(𝑝) > 0}. However, the eventual
infection of {1, 𝑛} by these dynamics, assuming that it is open, is equivalent to the existence of a triangulation of 𝑃𝑛 using
the edges in 𝐸𝑛,𝑝; see Figure 1 below.

TheCatalan numbers are, of course, related tomany combinatorial objections. InGravner andKolesnik (2023) andArcher
et al. (2026), the connection is, in some sense, viewed in terms of parenthesizations of a product. In the current work, we
work with triangulations instead.
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FIGURE 1 | Comparing Catalan percolation to the existence of a triangulation.

The couplingwith oriented percolation, used inGravner andKolesnik (2023) andArcher et al. (2026), arises from a simple
restriction of the Catalan percolation dynamics, where {𝑖, 𝑘} is only infected if at least one of the infected edges {𝑖, 𝑗} or
{𝑗, 𝑘} underneath it is a nearest-neighbor edge.

1.3 | Our Strategy

In thiswork, we recast Catalan percolation in a new light, in terms of triangulations, which leads to better bounds and sim-
pler proofs. The proof of Theorem 1.1 gives an upper bound of about 0.4916, and elaborations on ourmethods would yield
further improvements. Our methods are rather elementary. We simply note that many natural ear clipping algorithms,
using the random edges 𝐸𝑛,𝑝, are related to random walks.

We recall that an ear in a triangulation of a polygon is a triangle with two adjacent edges along the boundary of the
polygon. Removing such a triangle leaves us with a smaller polygon to triangulate. In discussing our recursive algo-
rithms, when we refer to an ear, we mean an ear with respect to the convex polygon that currently remains, after all
clippings up to this point have been performed. Such an ear may, of course, not be an ear with respect to the original
polygon 𝑃𝑛.

In Sections 3 and 4, we use a simple greedy ear clipping algorithm to show that 𝑝𝑐 ⩽ 1∕2. The main idea is that, when
𝑝 > 1∕2, there is a natural comparison to simple randomwalks with negative drift. In this range of 𝑝, the greedy algorithm
with high probability finds a triangulation of𝑃𝑛 in linear𝑂(𝑛) time. In Section 5,we establish a strict inequality 𝑝𝑐 < 1∕2 by
relaxing the greedy dynamics to allow for additional flexibility at the local decision level.We show that for 𝑝 just below 1∕2
this continues to allow for a comparison to a (slightly more complicated) randomwalk with negative drift. Expanding this
local neighborhood further would lead to better upper bounds on 𝑝𝑐 but, as it would appear, at the expense of increasingly
more elaborate arguments. See Section 6 below for more on this.

1.4 | Ear Clipping Comparison

Finally, to further compare with the previous works by Gravner and Kolesnik (2023) and Archer et al. (2026) discussed
above, let us note that the proof of the oriented percolation bound can also be viewed in terms of a certain ear clipping
strategy. This strategy, however, is much more restricted, requiring that each ear being clipped contains at least one edge
in the original polygon 𝑃𝑛.

Basically, in the coupling with oriented percolation, the orientation of a step corresponds to either clipping directly
to the left or right of the currently clipped region; see Fig. 3 in Gravner and Kolesnik (2023) and Fig. 6 in Archer
et al. (2026). The strict inequality in Archer et al. (2026) essentially comes from studying a process that can clip slightly
deeper into the polygon, by also clipping ears of 𝑃𝑛 if they are adjacent to the currently clipped region; see Fig. 8 in
Archer et al. (2026).

In this work, on the other hand, we consider exploration processes that can clip well into the polygon, and this opens up
a lot more combinatorial freedom; see Figure 3 below.
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1.5 | RelatedWorks

In closing, let us mention a few other works in the literature with some connection to ours. First, we recall that Bollobás
and Frieze (1991) found the thresholds for spanning maximal planar/outerplanar subgraphs of the Erdős–Rényi random
graph 𝑛,𝑝. In particular, their result implies the threshold probability, up to a polylogarithmic factor, for the appearance
of a triangulation of a triangle (i.e., a triangulation with the maximum possible number of “internal” vertices) and a
triangulation of an 𝑛-gon (a somewhat opposite case when there are no internal vertices in a triangulation). A precise
order of magnitude for the former threshold follows from a later result of Riordan (2000). The threshold for the latter case
follows, up to a constant factor, from the recent results on the square of a Hamiltonian cycle by Kahn et al. (2021) and
Zhukovskii (2025).

2 | RandomWalks With Negative Drift

We recall that a random walk (𝑆𝑛, 𝑛 ≥ 0) on ℤ is determined by an independent and identically distributed sequence of
random variables (𝑋𝑘, 𝑘 ≥ 1), called the increments of the walk. If the walk is started at 𝑥 ∈ ℤ then 𝑆𝑛 = 𝑥 +

∑𝑛

𝑘=1𝑋𝑘. In
this work, we use the following classical result, concerning the first time 𝜏 = inf{𝑛 > 0 ∶ 𝑆𝑛 < 0} that thewalk is negative.

Lemma 2.1. Suppose that a random walk (𝑆𝑛, 𝑛 ≥ 0) started at 𝑥 ≥ 0 has a negative drift 𝜇 = 𝔼(𝑋1) < 0 and bounded
increments; that is, for some 𝑎, 𝑏 > 0, we have that ℙ(−𝑎 ⩽ 𝑋𝑖 ⩽ 𝑏) = 1. Then ℙ(𝜏 > 𝑛) = 𝑂(𝑒−𝛾𝑛), for some 𝛾 > 0.

By the law of large numbers 𝑆𝑛∕𝑛 → 𝜇 < 0, so even just 𝑆𝑛 ≥ 0 (which must hold if 𝜏 > 𝑛) is an exponentially small
large deviations event. In fact, the above result holds with the bounded increments condition replaced with the
Cramér condition that 𝔼(𝑒𝜆𝑋1) < ∞ for some 𝜆 > 0. The precise asymptotics of ℙ(𝜏 > 𝑛) are known in many cases (see
Doney (1989)) but the above bounds will serve our purposes.

3 | Greedy Ear Clipping Algorithm (GECA)

In this section, we describe a natural greedy ear clipping algorithm (GECA), whichwill play an important role in our proofs.

Input. As input, GECA takes in:

• a polygon 𝑃 with vertices labelled by 𝑣1,… , 𝑣𝑛 in counter-clockwise (CCW) order around the boundary of 𝑃 ; and

• some set of edges 𝐸 inside 𝑃 .

Output. If successful, GECA returns:

• a polygon 𝑃 ′ with vertices 𝑣1, 𝑣𝜏 ,… , 𝑣𝑛, for some 3 ⩽ 𝜏 ⩽ 𝑛; and

• a triangulation of the region inside 𝑃 to the right of {𝑣1, 𝑣𝜏} ∈ 𝐸 (i.e., the region delimited by the edge {𝑣1, 𝑣𝜏} and
the CCW path from 𝑣1 to 𝑣𝜏 in 𝑃𝑛).

Algorithm.We start with 𝑃 (0) = 𝑃 and 𝓁
(0) = (𝑣1, 𝑣2, 𝑣3) and will construct recursively 𝑃

(𝑘) and 𝓁
(𝑘). In the 𝑘th step of

GECA, we have a polygon 𝑃 (𝑘) and a list

𝓁𝑘 = (𝑣1 = 𝑣
(𝑘)
1 ,… , 𝑣(𝑘)

𝑚𝑘
)

of vertices in a CCW path along the boundary of 𝑃 (𝑘) starting from 𝑣1. Then, in the (𝑘 + 1)th step of GECA, we proceed
as follows:

• Clipping step: If {𝑣(𝑘)
𝑚𝑘−2

, 𝑣(𝑘)
𝑚𝑘
} ∈ 𝐸, then we obtain 𝑃 (𝑘+1) from 𝑃 (𝑘) by clipping the ear on {𝑣

(𝑘)

𝑚𝑘−2
, 𝑣

(𝑘)
𝑚𝑘−1

, 𝑣(𝑘)
𝑚𝑘
}. In this

case, we put

𝓁𝑘+1 = (𝑣
(𝑘)
1 ,… , 𝑣

(𝑘)

𝑚𝑘−2
, 𝑣(𝑘)

𝑚𝑘
).

That is, we obtain 𝓁𝑘+1 from 𝓁𝑘 by removing 𝑣
(𝑘)
𝑚𝑘−1

.
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FIGURE 2 | InGECA,we clip an ear if possible, and otherwisemove to the next vertex along the boundary of𝑃 . The key observation

is that, when using random edges from 𝐸𝑛,𝑝 inside the polygon, the length of the list decreases by 1 with probability 𝑝 and increases by

1 with probability 𝑞 = 1 − 𝑝. If 𝑝 > 1∕2 this gives rise to a random walk with negative drift.

• Extending step: Otherwise, if {𝑣(𝑘)
𝑚𝑘−2

, 𝑣(𝑘)
𝑚𝑘
} ∉ 𝐸, let 𝑃 (𝑘+1) = 𝑃 (𝑘) and

𝓁𝑘+1 = (𝑣
(𝑘)
1 ,… , 𝑣(𝑘)

𝑚𝑘
, 𝑣),

where 𝑣 is the next vertex after 𝑣(𝑘)
𝑚𝑘
in CCW order along the boundary of 𝑃 .

See Figure 2 for an illustration.

Termination. GECA continues in this way, until eventually in some step 𝑘 either:

• Success: 𝓁𝑘 = (𝑣1, 𝑣𝜏), for some 3 ⩽ 𝜏 ⩽ 𝑛, in which case (by induction) GECA has triangulated the region inside 𝑃
to the right of {𝑣1, 𝑣𝜏} ∈ 𝐸, and we terminate the algorithm and return 𝑃 ′ = 𝑃 (𝑘); or else

• Failure: the last vertex in the list 𝓁𝑘 is 𝑣
(𝑘)
𝑚𝑘

= 𝑛 and {𝑣(𝑘)
𝑚𝑘−2

, 𝑣(𝑘)
𝑚𝑘
} ∉ 𝐸, in which case we say that GECA has failed and

terminate the algorithm.

The following observation will play a key role in our arguments, as it allow us to connect GECA with a random walk.

Lemma 3.1. Starting with a polygon 𝑃 , let us run GECA and reveal the edges𝐸 inside 𝑃 on a need-to-know basis. Recall
that the 𝑘th step of GECA is determined by whether the edge {𝑣(𝑘)

𝑚𝑘−2
, 𝑣(𝑘)

𝑚𝑘
} is in 𝐸 (the step is clipping if so and extending

otherwise). The status of this edge is revealed in step 𝑘, and is not involved in any earlier steps 𝑗 < 𝑘.

Proof. In each step of GECA, we check to see if the vertex 𝑣𝑚 at the end of the current list (the open dot in Figure 2)
is adjacent to some vertex 𝑣𝑚−2 in the CCW path along 𝑃𝑛 from 1 to 𝑣𝑚 (i.e., to the “left” of 𝑣𝑚). In an extending step, we
add a new vertex 𝑣 to the end of the current list, and so, in the next step, this will be the first time that an edge incident
to 𝑣 has been checked. On the other hand, after a clipping step we clip an ear involving the edge most recently checked.
Moreover, this edge will become a boundary edge of the polygon in the next step, and so will never be checked again. ◽

4 | Greedy Triangulation Algorithm (GTA)

We show that if 𝑝 > 1∕2 then we can find a triangulation of 𝑃𝑛 using a certain greedy algorithm based on GECA.

Proposition 4.1. For every fixed 𝑝 > 1∕2, with high probability, we can find a triangulation of 𝑃𝑛 in linear time. In
particular, 𝑝𝑐 ⩽ 1∕2.

The proof is almost as simple as iterating GECA, and using Lemmas 2.1 and 3.1 to bound the time between iterations.
However, as we will see, some care is required as we near the end of our tour of the boundary of 𝑃𝑛.

To overcome this issue, we fix a set𝐵 = {𝑛 − 𝑏,… , 𝑛} of vertices, which we will call the buffer. Here, 𝑏 = 𝛽 log 𝑛 (ignoring
insignificant rounding issues, here and throughout this work) where 𝛽 > 0 is a small positive constant, to be determined
below.
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FIGURE 3 | Using GTA to triangulate 𝑃𝑛: Iterations of GECA are shown in dark grey. The light grey regions depict attempts at

finding a root (with dotted lines representing non-edges). After the third such attempt, we find 𝜌. We then continue to triangulate

the remaining polygon 𝑃𝜌, until some iteration of GECA ends in the buffer 𝐵. Finally, we complete the triangulation using edges

between 𝜌 and 𝐵.

The greedy triangulation algorithm (GTA) proceeds as follows, in three main phases. (Of course, in the proof below, we
will need to show that, with high probability, this procedure is well defined.) See Figure 3 for an illustrative example.

• Root finding:We iterate GECA using the edges in 𝐸𝑛,𝑝. In the first application of GECA, we start with the polygon
𝑃 (0) = 𝑃𝑛 labelled by 1, 2,… , 𝑛 in CCW order. Recall that (if successful) GECA outputs a polygon 𝑃 (1) labelled by
1, 𝑣𝜏1 ,… , 𝑛 in CCW order, and a triangulation of the region delimited by the edge {1, 𝑣𝜏1} and the CCW path along 𝑃𝑛

from 1 to 𝑣𝜏1 . We continue recursively, in the 𝑘th step obtaining a polygon 𝑃 (𝑘) labelled by 1, 𝑣𝜏𝑘 ,… , 𝑛 in CCW order,
and a triangulation of the region delimited by the edge {1, 𝑣𝜏𝑘} and the CCW path along 𝑃𝑛 from 1 to 𝑣𝜏𝑘 .
We continue until the first time, in step𝐾 say, that the vertex 𝑣𝜏𝐾 is neighbors with all vertices in the buffer𝐵. At this
point we halt the root finding phase. We denote 𝜌 = 𝑣𝜏𝐾 , and call it the root. We let 𝑃𝜌 denote the polygon delimited
by {1, 𝜌} and the CCW path from 𝜌 to 1 in 𝑃𝑛 (i.e., the region that has yet to have been triangulated).

• Reaching the buffer: Once 𝜌 is found, we continue to iterate GECA as before, but starting with 𝑃𝜌 (labelled by
𝜌,… , 𝑛, 1 in CCW order) instead of 𝑃𝑛, and with 𝜌 now playing the previous role of 1. We continue to iterate until the
first time that, after some application of GECA, for some 𝑣 ∈ 𝐵 in the buffer, the region delimited by the edge {𝜌, 𝑣}
and the CCW path along 𝑃𝑛 from 𝜌 to 𝑣 has been triangulated.

• Completion: Finally, at this point, we complete the triangulation of 𝑃𝑛 by using the triangulated portions of 𝑃𝑛

found in the above two phases together with all edges between 𝜌 and the vertices in 𝐵 along the CCW path of 𝑃𝑛

from 𝑣 to 𝑛.

Proof of Proposition 4.1. Let 𝑝 > 1∕2. We will use GTA, as described above, together with Lemmas 2.1 and 3.1.

The key observation is to note that, by Lemma 3.1, each application of GECA in GTA corresponds to a simple random
walk, with a negative drift 𝜇 = 1 − 2𝑝 < 0. Indeed, recall that GECA starts with a list of length 3. In clipping steps the
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list decreases by 1, and in extending steps it increases by 1; see Figure 2 above. In each step of GECA, a clipping step
occurs with probability 𝑝 and an extending step occurs with probability 𝑞. Moreover, by Lemma 3.1, this occurs in each
step independently of all previous steps.

Recall that GECA terminates once the list reaches length 2. Therefore, by Lemma 2.1, the probability that any given
application of GECA lasts for 𝐴 log 𝑛 steps is 𝑂(𝑛−𝛾𝐴), for some 𝛾 > 0. In particular, taking a union bound over all the
applications of GECA (which is less than 𝑛), we find that the probability that, in any such application of GECA during
GTA, there are more than 𝐴 log 𝑛 extending steps is at most 𝑂(𝑛1−𝛾𝐴) ≪ 1, provided that 𝐴 > 1∕𝛾 .

Therefore, for any such 𝐴, there will in particular be, with high probability, Ω(𝑛∕ log 𝑛)many opportunities to find a root
𝜌. Note that, at each such opportunity, we successfully find 𝜌 with probability 𝑝𝑏+1, where recall that 𝑏 + 1 is the size of
the buffer, with 𝑏 = 𝛽 log 𝑛. Note that, if we take 𝛽 < −1∕ log 𝑝, then

𝑛

log 𝑛
𝑝𝑏+1 = 𝑝

𝑛1+𝛽 log 𝑝

log 𝑛
≫ 1.

For the remainder of the proof, to be concrete, let us fix 𝐴 = 2∕𝛾 and 𝛽 = −1∕(2 log 𝑝). Then, with high probability, in the
first stage of GTA we will find a root 𝜌 somewhere in the CCW path from 1 to ⌊𝑛∕2⌋ in 𝑃𝑛.

Likewise, we observe that, with high probability, after some iteration of GECA in the second stage of GTA we will have
triangulated a region delimited by the edge {𝜌, 𝑢} and the CCW path from 𝜌 to 𝑢 in 𝑃𝑛, for some 𝑢 such that

(𝑛 − 𝑏) − 2𝐴 log 𝑛 ⩽ 𝑢 ⩽ (𝑛 − 𝑏) − 𝐴 log 𝑛.

Finally, assuming that there is such a vertex 𝑢, it remains only to argue that we thereafter reach the buffer, meaning that
after some subsequent step we have triangulated a region delimited by the edge {𝜌, 𝑣} and the CCW path from 𝜌 to 𝑣 in
𝑃𝑛, for some vertex 𝑛 − 𝑏 ⩽ 𝑣 ⩽ 𝑛 in the buffer. To see this, we take another union bound. The vertex 𝑢 is at distance at
most 2𝐴 log 𝑛 from the buffer, and the buffer is of length 𝑏 = 𝛽 log 𝑛. The probability that any application of GECA, started
from any vertex between 𝑢 and the buffer, has more than 𝑏∕2 extending steps is at most 𝑂(𝑛−𝛾𝛽∕2 log 𝑛) ≪ 1. Therefore,
with high probability, we will eventually reach the buffer, as required.

As discussed, once we reach the buffer, we can, by the choice of 𝜌, complete the triangulation of 𝑃𝑛 using edges between
𝜌 and the buffer.

Altogether, for any fixed 𝑝 > 1∕2, the above argument shows that GTA finds a triangulation of 𝑃𝑛 with high probability,
with success probability at least 1 − 𝑂(𝑛−𝜀 log 𝑛), where 𝜀 = min{1,−𝛾∕(4 log 𝑝)}. ◽

5 | Better Ear Clipping Algorithm (BECA)

Finally, we prove our main result Theorem 1.1. The proof is similar to that of Proposition 4.1. However, instead of pro-
ceeding greedily via GECA, we will be more judicious about ear clipping, using a certain better ear clipping algorithm
(BECA). In contrast to GECA, this algorithm starts with a list 𝓁0 of length 4. In each iteration, some edges are revealed
on a need-to-know basis, and then based on what is seen, BECAmakes one of 7 moves, as shown in Figure 4 (cf. Figure 2
above). As we will see, these moves are chosen to maintain (when using the random edges in 𝐸𝑛,𝑝 to triangulate 𝑃𝑛) a
comparison to a random walk with a negative drift.

Let us give a formal definition of BECA. As in GECA, we start with a polygon 𝑃 , with vertices labeled by 𝑣1,… , 𝑣𝑛 in
CCW order around the boundary of 𝑃 , and some set of edges 𝐸 inside of 𝑃 . We start with the polygon 𝑃 (0) = 𝑃 and a list
𝓁0 = (𝑣1, 𝑣2, 𝑣3, 𝑣4). Suppose that after the 𝑘th step we have a polygon 𝑃 (𝑘) and a list

𝓁𝑘 = (𝑣1 = 𝑣
(𝑘)
1 ,… , 𝑣(𝑘)

𝑚𝑘
)

of length at least 4. Then, by revealing edges inside of 𝑃 (𝑘) on a need-to-know basis, we make one of the following 7
mutually exclusivemoves (cf. Figure 4). For simplicity inwhat follows, let us abbreviate 𝑣(𝑘)1 ,… , 𝑣(𝑘)

𝑚𝑘
by 𝑢1,… , 𝑢𝑚 (although

the values of 𝑢𝑖 and 𝑚 depend on 𝑘).

We let 𝑢, 𝑢′, 𝑢′′ be the next (in CCW order) three vertices after 𝑢𝑚 along the boundary of 𝑃
(𝑘).
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FIGURE 4 | In BECA, before clipping an ear, we consider the benefit going forward. In each step, we take one of the abovemutually

exclusive moves. To determine which move is made, we reveal some edges (and non-edges) on a need-to-know basis. This can be done

by a simple search algorithm, as indicated by the order in which the moves are listed above. As in Figure 2 for GECA, the open dot

represents the current end of the list 𝓁. The vertex along the path furthest to its right (possibly itself) will be at the end of the list in

the next step. The change in the length of the list is indicated, along with the probability with which such moves occur when using the

random edges from 𝐸𝑛,𝑝 inside the polygon.

1. If {𝑢𝑚−2, 𝑢𝑚} ∉ 𝐸 then
a. let 𝑃 (𝑘+1) = 𝑃 (𝑘),
b. obtain 𝓁𝑘+1 from 𝓁𝑘 by adding 𝑢 to the end of 𝓁𝑘.

2. If {𝑢𝑚−2, 𝑢𝑚} ∈ 𝐸 and {𝑢𝑚−3, 𝑢𝑚} ∈ 𝐸 then:
a. obtain 𝑃 (𝑘+1) from 𝑃 (𝑘) by clipping the ear on {𝑢𝑚−2, 𝑢𝑚−1, 𝑢𝑚} and the ear on {𝑢𝑚−3, 𝑢𝑚−2, 𝑢𝑚},
b. and obtain 𝓁𝑘+1 from 𝓁𝑘 by removing 𝑢𝑚−1, 𝑢𝑚−2 from 𝓁𝑘.

3. If {𝑢𝑚−2, 𝑢𝑚} ∈ 𝐸, {𝑢𝑚−3, 𝑢𝑚} ∉ 𝐸 and {𝑢𝑚−2, 𝑢} ∈ 𝐸 then:
a. obtain 𝑃 (𝑘+1) from 𝑃 (𝑘) by clipping the ear on {𝑢𝑚−2, 𝑢𝑚−1, 𝑢𝑚} and the ear on {𝑢𝑚−2, 𝑢𝑚, 𝑢},
b. and obtain 𝓁𝑘+1 from 𝓁𝑘 by removing 𝑢𝑚−1, 𝑢𝑚 from 𝓁𝑘 and then adding 𝑢 to the end.

In all of the steps (4–7) below, we assume that {𝑢𝑚−2, 𝑢𝑚} ∈ 𝐸, {𝑢𝑚−3, 𝑢𝑚} ∉ 𝐸 and {𝑢𝑚−2, 𝑢} ∉ 𝐸 (as otherwise we take
one of the steps (1–3) above).

4. If {𝑢𝑚, 𝑢
′} ∈ 𝐸 then:

a. obtain 𝑃 (𝑘+1) from 𝑃 (𝑘) by clipping the ear on {𝑢𝑚−2, 𝑢𝑚−1, 𝑢𝑚} and the ear on {𝑢𝑚, 𝑢, 𝑢
′},

b. and obtain 𝓁𝑘+1 from 𝓁𝑘 by removing 𝑢𝑚−1 from 𝓁𝑘 (noting that 𝑢 is not in 𝓁𝑘 to begin with, so does not need to
be removed) and then adding 𝑢′ to the end.

5. If {𝑢𝑚, 𝑢
′} ∉ 𝐸 and {𝑢𝑚−1, 𝑢} ∉ 𝐸 then:

a. obtain 𝑃 (𝑘+1) from 𝑃 (𝑘) by clipping the ear on {𝑢𝑚−2, 𝑢𝑚−1, 𝑢𝑚},
b. and obtain 𝓁𝑘+1 from 𝓁𝑘 by removing 𝑢𝑚−1 from 𝓁𝑘 and then adding 𝑢, 𝑢

′, 𝑢′′ to the end.

Finally, in steps (6–7), we assume that {𝑢𝑚, 𝑢
′} ∉ 𝐸 and {𝑢𝑚−1, 𝑢} ∈ 𝐸 (and that {𝑢𝑚−2, 𝑢𝑚} ∈ 𝐸, {𝑢𝑚−3, 𝑢𝑚} ∉ 𝐸 and

{𝑢𝑚−2, 𝑢} ∉ 𝐸).

6. If {𝑢𝑚−1, 𝑢
′} ∉ 𝐸 then:

a. obtain 𝑃 (𝑘+1) from 𝑃 (𝑘) by clipping the ear on {𝑢𝑚−1, 𝑢𝑚, 𝑢},
b. and obtain 𝓁𝑘+1 from 𝓁𝑘 by removing 𝑢𝑚 from 𝓁𝑘 and then adding 𝑢, 𝑢

′, 𝑢′′ to the end.

7. If {𝑢𝑚−1, 𝑢
′} ∈ 𝐸 then:

a. obtain 𝑃 (𝑘+1) from 𝑃 (𝑘) by clipping the ear on {𝑢𝑚−1, 𝑢𝑚, 𝑢} and the ear on {𝑢𝑚−1, 𝑢, 𝑢
′},

b. and obtain 𝓁𝑘+1 from 𝓁𝑘 by removing 𝑢𝑚 from 𝓁𝑘 (noting, once again, that 𝑢 is not in 𝓁𝑘, so does not need to be
removed) and then adding 𝑢′ to the end.
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We continue to run BECA recursively in this way. By induction, after each step 𝑘, the regions delimited by the edges
{𝑣1 = 𝑣

(𝑘)
1 , 𝑣

(𝑘)

2
},… , {𝑣

(𝑘)
𝑚𝑘−1

, 𝑣(𝑘)
𝑚𝑘
} between consecutive vertices in the list 𝓁𝑘 and the CCW path along 𝑃 from 𝑣1 = 𝑣

(𝑘)
1 to

𝑣(𝑘)
𝑚𝑘
have all been triangulated; only the polygon 𝑃 (𝑘) remains to be triangulated.

As before, when running GECA, if at some point we run out of vertices along the boundary of 𝑃 , we simply halt the
algorithm and say that it has failed. Recall that GECA is successful if eventually the list reaches length 2 (beginning with
a list of length 3). On the other hand, for BECA, we start with a list of length 4 and say that the algorithm is successful if
the length eventually reaches length 2 or 3.

Finally, as in GTA, we will want to iterate the BECA algorithm. In doing so, before applying BECA again, we will simply
extend the list to length 4 by adding the next (1 or 2) unexplored vertices along the boundary of 𝑃 (unless we run out of
vertices along the boundary of 𝑃𝑛, in which case, once again, we simply halt the algorithm and say that it has failed).

Proof of Theorem 1.1. In a nutshell, to prove Theorem 1.1, we apply a natural analogue of the algorithm GTA used in
the proof of Proposition 4.1, obtained simply by replacing the role of GECA with that of BECA. Since the proof is similar,
we only discuss the parts that require adaptation.

We first need to establish an analogue of Lemma 3.1. That is, we need to argue that, when using the random edges from
𝐸𝑛,𝑝 inside of 𝑃𝑛, each iteration of BECA corresponds to a random walk. To see this, it may be most helpful to refer to
Figure 4. Note that, in each step of BECA, when checking to see if an edge {𝑥, 𝑦} is in 𝐸𝑛,𝑝, at least one of the endpoints
in {𝑥, 𝑦} belongs to the CCW path from the last vertex in the current list (the open dot in Figure 4) to 𝑛 in 𝑃𝑛 (i.e., in
the formal definition of BECA, we have {𝑥, 𝑦} ∩ {𝑢𝑚, 𝑢, 𝑢

′, 𝑢′′} ≠ ∅ for all such {𝑥, 𝑦}). Furthermore, all such {𝑥, 𝑦} either
belong to an ear that is clipped away (so that it is either removed or becomes a boundary edge after the clipping) before
proceeding to the next step, or else both of its endpoints are outside the CCW path from the last vertex in the next list
(the rightmost dot in Figure 4) to 𝑛 in 𝑃𝑛 (indeed, this is precisely why in some moves of BECA we extend the list).
As a result, it follows that the sets of adjacencies revealed in any two steps of BECA are disjoint, yielding the desired
Markov property.

Next, in order to apply Lemma 2.1, we need to check that the random walk corresponding to each iteration of BECA has
a negative drift. Indeed, we observe (see Figure 4) that the expected change Δ in the length of a list 𝓁 after a BECA step
(where 𝑞 = 1 − 𝑝) is

Δ = 𝑞 − 2𝑝2 − 𝑝2𝑞 + 2𝑝𝑞4 + 2𝑝2𝑞4

= 2𝑝6 − 6𝑝5 + 4𝑝4 + 5𝑝3 − 9𝑝2 + 𝑝 + 1.

We note that Δ < 0 for all 𝑝 > 𝑝∗, where 𝑝∗ ≈ 0.4916. Recall that we start each application of BECA with a list of length
4, and halt once the list reaches length 2 or 3. Therefore, for any such 𝑝, Lemma 2.1 applies as before in the proof of
Proposition 4.1.

Recall that, in the root finding phase of GTA, after each iteration of GECA, when the list reaches length 2, and so is equal
to some 𝓁 = (1, 𝑣), we check to see if 𝑣 is neighbors will all vertices in the buffer (and, if so, we set 𝜌 = 𝑣 and then proceed
to the next phase of GTA). On the other hand, in the current proof, each iteration of BECA in the root finding phase will
end with a list 𝓁 = (𝑣1 = 1, 𝑣2,… , 𝑣𝑚) of length𝑚 ∈ {2, 3}. As such, in finding the root, we must now instead check to see
if 𝑣𝑚 is neighbors with all vertices in the buffer and the vertices 𝑣1,… , 𝑣𝑚−1. Note that, when 𝑚 = 3, the edge {𝑣1, 𝑣𝑚} has
not yet been revealed.

In the reaching the buffer phase, we continue to iterate BECA until the first time that, after some application of BECA,
the last vertex 𝑣 in the list is in the buffer. At this point, the list 𝓁 = (𝜌,… , 𝑣)may be of length 2 or 3, but in either case we
can complete to a triangulation using edges from 𝜌.

Apart from these changes, we can complete the proof along the same lines as Proposition 4.1. ◽

6 | Final Remarks

Let 𝑝𝑐(𝑛) be the value of 𝑝 such that ℙ(𝑛,𝑝) = 1∕2. Clearly, 𝑝𝑐 ⩽ 𝑝𝑐(𝑛). We conjecture that lim𝑛→∞ 𝑝𝑐(𝑛) exists and
equals 𝑝𝑐 .

Recall that the greedy GECA algorithm is used to show that 𝑝𝑐 ⩽ 1∕2. In each step, GECA simply checks if the edge
between the current vertex 𝑣𝑚 and 𝑣𝑚−2 to its left is present; see Figure 2. The BECA algorithm expands the “decision
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neighborhood,” checking edges between 𝑣𝑚 and 𝑣𝑚−2, 𝑣𝑚−3 to its left (and further vertices to its right as necessary); see
Figure 4. This leads to an upper bound of about 0.4916. As already mentioned, the experiments in Archer et al. (2026)
suggest that 𝑝𝑐 might be between 0.39 and 0.41. We wonder if “local” search algorithms become “global” as the size of
the “decision neighborhood” increases: For any fixed 𝓁 ≥ 2, one can define a generalization of BECA that checks the
edges between 𝑣𝑚 and 𝑣𝑚−2,… , 𝑣𝑚−𝓁 (and vertices to the right as necessary). Each such algorithm would give some
(increasingly more complicated) upper bound 𝑝(𝓁)

𝑐
≥ 𝑝𝑐(𝑛). We wonder if 𝑝

(𝓁)
𝑐

→ 𝑝𝑐 as 𝓁 → ∞, and this would imply
that 𝑝𝑐 = lim𝑛→∞ 𝑝𝑐(𝑛) = lim

𝓁→∞ 𝑝(𝓁)
𝑐
. However, it could be that there is a second phase transition above 𝑝𝑐 , such that

lim
𝓁→∞ 𝑝(𝓁)

𝑐
> 𝑝𝑐 and 𝑝𝑐 = (1 − 𝑜(1))𝑝(𝓁)

𝑐
for some 𝓁 = 𝓁(𝑛) growing with 𝑛. If so, it would be interesting to understand the

growth rate of 𝓁(𝑛).
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