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Accuracy, and Round-off Errors on the Master Curve Reference Temperature,” Journal of Testing

and Evaluation 54, no. 2 (2026): 521–539. https://doi.org/10.1520/JTE20250031

ABSTRACT

Fracture toughness of ferritic steels in the ductile-to-brittle transition region can be probabil-

istically described using the Master Curve approach standardized as ASTM E1921, Standard Test

Method for Determination of Reference Temperature, T0, for Ferritic Steels in the Transition

Range. The Master Curve reference temperature, T0, is a point estimate based on direct frac-

ture toughness testing results and can be used to generate lower bound fracture toughness

values to be used in structural integrity assessments. Understanding the factors affecting the

accuracy and variability of the T0 estimation is crucial to comprehensively quantifying uncer-

tainty in the T0-based lower bound fracture toughness. In this work, simulated data were used

to investigate the influence of individual specimens, which can exhibit vastly different fracture

toughness levels, on the T0 estimate. This was quantified with a simple novel leave-one-out

statistic—DFT0. The effect of rounding errors in the ASTM E1921 equations, data set size, and

test temperatures on the T0 estimation accuracy were also assessed. It was found that high

fracture toughness specimens shift the T0 to lower values with considerably larger magnitude

than the upward shifts caused by correspondingly low fracture toughness specimens.

Specimens tested at lower temperatures tend to have stronger influence on T0 than those

tested at higher temperatures. The average DFT0 values rarely exceeded 4°C in single-temper-

ature datasets. The rounding errors in ASTM E1921 introduce a positive bias of around 0.2°C.

The root mean square error of the reference temperature estimates can be reduced by increas-

ing data set size, temperature, or both.
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Introduction

Fracture toughness assessment is one of the key inputs to structural integrity assessments to ensure safe design,

operation, and potential life extension of components. Using low-alloy steels in high integrity components re-

quires that fracture behavior in the ductile-to-brittle transition (DBT) region is characterized to ensure the

material would not become brittle when subjected to operational conditions. The main challenges to quantifying

fracture toughness in the DBT region include the considerable degree of test data scatter because of the statistical

nature of the cleavage initiation mechanism, the effect of thickness on fracture, and the expense of low temper-

ature testing of sufficient number of valid specimens to describe the relationship between the fracture toughness

and temperature adequately.

In 1997, the Master Curve method developed by Wallin1–4 was standardized as ASTM E1921, Standard Test

Method for Determination of Reference Temperature, T0, for Ferritic Steels in the Transition Range.5 It introduced

several benefits over the earlier indirect assessments via Charpy impact testing, such as use of precracked fracture

toughness specimens tested in quasistatic conditions, the inbuilt framework for thickness scaling and the pos-

sibility of generation of fracture toughness values for a selected range of temperatures and defined failure prob-

ability levels using a single parameter, the reference temperature, which can be calculated using as few as six

specimens6–9

Thickness scaling of the critical stress intensity factor is an important feature of the ASTM E1921 method,

most notably in the context of testing specimens subjected to long-term neutron irradiation. Because of typ-

ically limited availability of irradiated material, significant research effort has been dedicated in recent years to

the topic of applying the Master Curve approach to the fracture toughness results obtained from miniature

specimens.10–15

Better understanding of uncertainty in the reference temperature would allow for more accurate definition of

safe lifetime for safety-critical components, such as reactor pressure vessels in nuclear power plants or gas storage

tanks and pipelines, if the T0-based approach is applied to calculate lower bound fracture toughness. To achieve

this, the effect of the test conditions and assumptions made requires quantification. Furthermore, given that the

assessment can be made with the use of as few as six specimens tested at various temperatures, the influence of

individual specimens on the calculated T0 should also be understood.

In structural integrity assessments, a conservative reference temperature value is often used, typically calcu-

lated as the sum of T0 and two standard deviations. ASTM E1921 provides an expression for estimating the

standard deviation of T0, which accounts for the T0 estimation uncertainty, arising from applying the maximum

likelihood (ML) estimation method, and experimental uncertainties. A value of σexp= 4°C is recommended in

ASTM E1921 to account for the latter, whereas the former is calculated as a function of the number of uncensored

test results and the “sample size uncertainty factor,” which is selected from a table in ASTM E1921 based on the

median fracture toughness of the data set. The estimation uncertainty of T0 has been a subject of previous re-

search.16–19 Notably, Sham and Eno17 developed mathematical expressions to calculate the standard error of the

T0 estimate using a statistically rigorous approach based on the ML estimator’s properties. It has been observed

that the ASTM E1921 approach to quantification of the T0 estimation uncertainty is conservative when standard

specimen size (25.4 mm thick) is considered17,19; however, Quintin et al.20 reported that the value is underesti-

mated when smaller test specimens are used.

This paper aims to further understanding in this area by introducing a novel metric named DFT0 (“differ-

ence in T0”) to quantify the influence of individual specimens on the T0 estimate, quantifying the effect that

rounding errors in the ASTM E1921 have on the T0 estimation accuracy and assessing the effects of test temper-

ature and sample size on the T0 estimation accuracy. This is achieved by performing a comprehensive Monte

Carlo simulation study aiming to model A508-4N—a modern pressure vessel steel.

The first two objectives provide a novel contribution to the understanding of the T0 estimation uncertainties.

Although the last objective has been previously addressed in the works cited above, this study applies a different
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methodology for data creation and analysis, thus supplementing the research performed in the aforementioned

studies.

Master Curve and ASTM E1921

The Master Curve model, as per ASTM E1921, can be used to describe a wide range of ferritic steels (within the

yield strength range 275 MPa and 825 MPa) in the DBT zone.5 It addresses the main challenges of characterizing

fracture toughness in the DBT region: the results scatter, the temperature dependence of fracture toughness, and

the effect of specimen thickness. The reference temperature, T0, is defined as the temperature at which the median

fracture toughness K JcðPf=0.5Þ is equal to 100 MPa
ffiffiffiffi
m

p
for specimen thickness equal to the reference thickness,

B0 = 25.4 mm, often denoted as 1T (which slightly differs from the initial definition of T0 which was for a 25 mm

thick specimen3,21). The probability, Pf , that a B thick specimen will fail at stress intensity factor value of K Jc is

given by equation (1).

Pf = 1 − exp

�
−

B

B0

�
K Jc − Kmin

K0 − Kmin

�
m
�

(1)

The model assumes that fracture toughness at a temperature T follows a three-parameter Weibull distri-

bution. The three Weibull parameters are the shape parameter m, the scale parameter K0, and the threshold

parameter Kmin. The shape parameter reflects the magnitude of scatter, the scale parameter is equal to the value

of K Jc for which the failure probability is 63.2 % (if B = B0), and the threshold parameter represents the minimum

stress intensity factor value below which cleavage fracture is not possible. The work leading to the derivation of

equation (1) has been detailed in other publications.1,4,22,23

The Master Curve model is based on assumption that cleavage is a weakest-link event (i.e., for it to occur, at

least one of critical fracture initiating particles must be sampled ahead of the macroscopic crack front leading to

formation of a sharp microscopic crack). Additionally, for the initiated microscopic crack to propagate uncon-

trollably, adequate driving force is required, leading to incorporation of a threshold toughness in the model. The

weakest-link assumption leads to a statistical thickness effect. A thicker specimen has a longer crack front mean-

ing that the probability of sampling one of the randomly distributed fracture triggers increases, resulting in, on

average, lower recorded fracture toughness. Equation (2), provided in ASTM E1921, allows for thickness cor-

rection of critical stress intensity factor to a 1T equivalent.

K JcðB0Þ = Kmin + ðK JcðBÞ − KminÞ
�
B

B0

� 1
m

(2)

The temperature dependence of fracture toughness is defined by the Weibull scale parameter, K0, through

the following relationship

K0 = Kmin + a + b · exp½c · ðT − T0Þ� (3)

ASTM E1921 allows the use of compact tension, disk-shaped compact tension, or single-edge notched bend

specimen geometries. The specimens can be tested either at the same temperature or at different temperatures.

ASTM E1921 requires that all test temperatures must be within T0 ± 50°C for a test result to be included in the T0

determination process.

The ML estimation method is used to obtain a T0 estimate. Equation (4) must be iteratively solved to

calculate the value of T0. The steps to derive equation (4) from equation (1) are described in other works.17,24

A right hand censoring procedure, detailed in the next section, is applied to fracture toughness values which

exceed the specimen capacity limit. To account for this in the MLE calculations, each of N specimens is assigned

a censoring indicator, δ, value of zero (censored) or one (uncensored). The number of uncensored specimens, r,
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required, as a minimum, by ASTM E1921 for a valid determination of reference temperature is between six and

eight, depending on the test temperature.

XN

i=1

δi

exp½c · ðT i − T0Þ�
a + b · exp½c · ðT i − T0Þ�

−

XN

i=1

ðK Jcð1T ,iÞ − KminÞmexp½c · ðT i − T0Þ�
fa + b · exp½c · ðT i − T0Þ�gm+1 = 0 (4)

If the single-temperature (ST) method is used, the T0 is typically calculated using a closed-form expression

by solving equations (5) to (7).

K0 =

�XN

i=1

ðK JcðiÞ − KminÞm
r

� 1
m

+ Kmin (5)

K JcðmedÞ = Kmin + ln ð2Þ 1
mðK0 − KminÞ (6)

T0ðSTÞ = T −
1

c
ln

�
K JcðmedÞ − Kmin − a · ln ð2Þ 1

m

b · ln ð2Þ 1
m

�
(7)

It is assumed that every material eligible for the ASTM E1921 assessment is described with identical and

constant parameter values, which are presented in Table 1. The origin of these values can be found in articles by

Wallin.1–3

TheMaster Curve model’s applicability to different steels has been validated4,19,25–27 leading to the consensus

that fracture toughness scatter and temperature dependence can be described with the same model and param-

eters for most ferritic steels. T0 is the only parameter that requires to be determined for a specific data set. Hence,

the only difference between various materials is the location of the fracture toughness curve on the temperature

axis.

It is noted that there are several round-off errors present in the equivalents of equations (4), (6), and (7)

provided by ASTM E1921, which one should be conscious of when assessing the Master Curve uncertainties. To

demonstrate the differences, the original equations were solved to computer system accuracy and are presented

here to 5 decimal places. First rounding occurred with the establishment of the value of b. Through combining the

T0 definition with equations (1) and (3) substituted with the values of the Weibull distribution parameters from

Table 1, it can be seen that for a 1T specimen at T = T0:

a + b =
K JcðPf=0.5Þ − Kmin

ln ð2Þ 1
m

=
100 − 20

ln ð2Þ14
≅ 87.67658 (8)

When finding the values of a and b based on experimental data, the result of equation (4) has been rounded

to the nearest integer and b was assumed to be equal to (88 − a).4,21 It is not known what the precise fitted value of

a was, so the standard value of 11 MPa
ffiffiffiffi
m

p
is assumed in this work.

After this, the ASTM E1921 defines K JcðPf=0.5, 1TÞ and K JcðPf , 1TÞ as follows:

K JcðPf=0.5, 1TÞ = 30 + 70 exp½0.019ððT − T0Þ� (9)

TABLE 1

Model parameters with fixed values in ASTM E1921

Parameter m Kmin , MPa
ffiffiffiffi
m

p
a, MPa

ffiffiffiffi
m

p
b, MPa

ffiffiffiffi
m

p
c, °C−1

ASTM E1921 value 4 20 11 77 0.019
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K JcðPf , 1TÞ = 20 +

�
ln

�
1

1 − Pf

��1
4f11 + 77 exp½0.019ðT − T0Þ�g (10)

By solving equation (10) for Pf = 0.5, we can see that further rounding operations were performed to

produce the parameters in equation (9) in the following manner:

20 + ln ð2Þ14 · 11 ≅ 30.03689 ≅ 30 (11)

ln ð2Þ14 · 77 ≅ 70.25821 ≅ 70 (12)

Methods

In this section, the process of the synthetic data generation and its analysis are described. A method of quantifying

data points’ influence is also introduced.

SYNTHETIC DATA GENERATION AND ANALYSIS

The first step of generating synthetic datasets for the ASTM E1921 analysis is to define the material parameters,

specimen dimensions, and test conditions to be simulated. The objective was to simulate 1T specimens of the

A508-4N material. The values of required parameters that were assumed in this work are presented in Table 2.

The algorithm for a data set generation is presented in figure 1. Every data set consisting of N specimens was

generated by the calculation of K Jc values using equation (13) for each of N randomly sampled values of failure

probability, Pf , ranging between 10−10 and (1 − 10−10). For each combination of data set size and test temper-

ature, 30,000 datasets were simulated.

K JcðPf=0.xx,1TÞ = 20 +

�
ln

�
1

1 − 0.xx

��1
4

�
11 +

�
100 − 20

ln ð2Þ14
− 11

�
exp½0.019ðT − T0Þ�

�
½MPa

ffiffiffiffi
m

p
� (13)

To ensure the reproducibility and independence of each created data set, a unique seed value was generated

for each combination of test temperature, data set size and iteration using the hash() function in Python. This

approach was chosen for each simulation to represent an independent realization of data set generation process,

allowing for a more generalized comparison between outcomes obtained for different conditions tested. Any data

set can also therefore be independently fully reproduced if required, leading to higher computational efficiency

because less information must be stored while the simulations are performed.

The minimum possible value of simulated K Jc was set to 30MPa
ffiffiffiffi
m

p
to avoid a computational issue when

applying the procedure outlined in ASTM E1921 Appendix 5 to the data sets that are flagged as potentially

inhomogeneous. This is a reasonable adjustment because lower fracture toughness values are extremely rare

TABLE 2

Assumptions used to generate the synthetic data

Parameter Value (s)

Reference temperature, T0 , °C −150

Room temperature yield strength, YSRT , MPa 550

Test temperatures, T − T0 , °C −50 to 50, in 10°C increments

Data set size, N {6, 7, 8, 9, 10, 12, 14, 16, 20, 50}

Specimen thickness, B, mm 25.4

Specimen’s remaining ligament, b0 , mm 25.4

Poisson’s ratio, ν 0.3
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for fully fractured specimens—there was only one instance reported in the analysis of 2,546 data points performed

by Cogswell.24 This critical stress intensity factor value of approximately 29MPa
ffiffiffiffi
m

p
was recorded for a Cr-Ni-

Mo-V reactor pressure vessel steel.28

Yield strength and elastic modulus values of the simulated material at any of the considered test temperatures

were calculated using equations (14) and (15), which are provided in ASTM E1921.

YST = YSRT +
105

491 − 1.8T
− 189½MPa� (14)

ET = 204 −
16

T
½GPa� (15)

All simulated values of K Jc were tested against the ASTM E1921 specimen capacity limit defined by equa-

tion (16), which was used as the censoring value. After this, the correct values of the censoring indicator were

assigned. As shown in figure 2, this limit would be reached in very rare instances for a material with high level of

both strength and fracture toughness, such as the material simulated in this study. This figure illustrates the

possible sampling space when simulating data for Master Curve analysis and highlights how the range of simu-

lated data can be affected by some of the decisions one needs to take when creating a simulation. For instance,

ASTM E1921 allows four methods of obtaining the yield strength value to be used in equation (16), the two most

common of which are presented in figure 2.

K JcðlimitÞ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ETb0YS

30ð1 − ν
2Þ

s

(16)

K JcðlimitÞ – “option 1” refers to the use of temperature adjusted values of yield strength, YST , calculated for

each test temperature using equation (14). This method was used in this study. In the “option 2” scenario, all of

FIG. 2 Master Curve-based sampling space (shaded) of fracture toughness values that can be used to create the

synthetic datasets. KJcðlimitÞ – “option 1” refers to the use of temperature adjusted yield strength in equation (16),

whereas option 2 refers to the use of room temperature yield strength value.
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the K JcðlimitÞ values were calculated using the same yield strength value that was measured at a higher temperature

than all test temperatures.

It can be also observed that, especially at higher test temperatures, there is a significant difference in the

simulated high fracture toughness value depending on the definition of the upper bound (how close to Pf = 1 it

is). For example, the maximum possible fracture toughness value in this study is equal to around 464 MPa
ffiffiffiffi
m

p
,

whereas at T − T0 = 50°C, for the maximum of Pf = 0.995 used by Yount et al.,18 the maximum possible simu-

lated value would be around 339 MPa
ffiffiffiffi
m

p
. This is a source of potential differences between the results obtained in

different simulation studies, especially when the simulations involve test temperatures close to the upper limit

prescribed by ASTM E1921.

Four estimates of T0 were calculated for each data set. This was to quantify the effect that rounding of certain

values in ASTM E1921 has on the reference temperature estimates and compare the results obtained using the

multitemperature method and the single-temperature method. The first estimate of T0 was calculated using equa-

tions (17)–(19), which constitute the ASTM E1921 single-temperature method.

K0 =

�XN

i=1

ðK JcðiÞ − 20Þ4
r

�0.25
+ 20 (17)

K JcðPf=0.5, 1TÞ = 20 + 0.91ðK0 − 20Þ (18)

T0ðST ,E1921Þ = T −
1

0.019
ln

�
K JcðPf=0.5, 1TÞ − 30

70

�
(19)

The second T0 estimate was calculated using the single-temperature method again; however, the parameter

values that are rounded in the aforementioned equations were replaced by the original expressions leading to

equations (20) and (21). The logarithmic expression in equation (20) was computed to the computer precision

and carried forward in this form forward to equation (21).

K JcðPf=0.5, 1TÞ = 20 + ln ð2Þ14ðK0 − 20Þ (20)

T0ðSTÞ = T −
1

0.019
ln

0

BB@
K Jcðpf=0.5, 1TÞ − 20 − 11 · lnð2Þ14

�
100−20

lnð2Þ14
− 11

�
· lnð2Þ14

1

CCA (21)

The remaining two values of T0 were calculated by solving the equation that can be applied to multitem-

perature datasets. The first version, described in equation (22), is as in ASTM E1921. A slightly different version,

shown in equation (23), is again the maximum likelihood estimate iterative equation with the use of the Master

Curve parameters but without the intermediate rounded values.

XN

i=1

δi

exp½0.019 · ðT i − T0ðMT ,E1921ÞÞ�
11 + 77 · exp½0.019 · ðT i − T0ðMT ,E1921ÞÞ�

−

XN

i=1

ðK Jcð1T ,iÞ − 20Þ4exp½0.019 · ðT i − T0ðMT ,E1921ÞÞ�
f11 + 77 · exp½0.019 · ðT i − T0ðMT ,E1921ÞÞ�g5

= 0 (22)
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XN

i=1

δi

exp½0.019 · ðT i − T0ðMTÞÞ

11 +

�
100−20

lnð2Þ14
− 11

�
· exp½0.019 · ðT i − T0ðMTÞÞ�

−

XN

i=1

ðK Jcð1T ,iÞ − 20Þ4 exp½0.019 · ðT i − T0ðMTÞÞ�
f11 + ð100−20

ln ð2Þ14
− 11Þ · exp½0.019 · ðT i − T0ðMTÞÞ�g5

= 0

(23)

The datasets were subject to the homogeneity screening procedure outlined in ASTM E1921, using the

T0ðST ,E1921Þ value, and no potential inhomogeneity was detected, as would be expected for the datasets that

are simulated from a single distribution.

The ASTM E1921 test temperature validity check was not performed because all data set sizes were simulated

within the allowed test temperature range. It has been noted that single-temperature testing at the lower test

temperature limit permitted by ASTM E1921 (T − T0 = –50°C) does not align with its requirement for the mini-

mum median K Jc of 58 MPa
ffiffiffiffi
m

p
for a data set permitted to be used to calculate T0. This requirement cannot be

satisfied if T − T0 = –50°C because substituting this value into equation (9) leads to K JcðPf=0.5, 1TÞ = 57.07

MPa
ffiffiffiffi
m

p
.

The condition can only be met if T0 is underestimated and, as a result, T − T0ðestimateÞ is equal to at least

−48.225°C. Around two thirds (68 %) of all datasets simulated at the lowest test temperature were characterized

by the median fracture toughness of <58 MPa
ffiffiffiffi
m

p
. For these datasets, homogeneity screening could not be per-

formed because of the lack of a provided sample size uncertainty factor value. In rarer instances, this also occurred at

other test temperatures (up to T − T0 = –20°C) when overestimation of T0 led to to the T − T0ðestimateÞ being lower

than approximately −48.225°C. If censored values were included in a data set, its T0 values were only recorded if

theymet the data set size validity criteria of the ASTM E1921; otherwise, a data set was resampled. It should be noted

that the ASTM E1921 data set size criterion was impossible to satisfy for some of the low data set size and low test

temperature combinations (e.g., N= 6 at T − T0 = –50°C [because a minimum of eight specimens is required for

valid T0 determination at this test temperature]); however, the results are included in the paper because they still

provide a valuable insight into the accuracy of the Master Curve T0 estimation procedure.

DETECTING INFLUENTIAL OBSERVATIONS

There are a number of metrics to assess the influence of data points; however, they are typically presented in the

context of linear regression, so adapting them for use in the Master Curve assessment is not necessarily trivial.

Some of these statistics, such as DFFIT and DFBETA (“difference in fit” and “difference in beta,” respectively),

measure the effect that removing individual observations has on, respectively, model prediction and regression

coefficient estimates.29 This type of approach provides a very intuitive measure of the influence of an individual

specimen on the calculated T0 by simply calculating the difference in the estimate with and without a given

specimen (i.e., difference in T0). In this study, a metric called DFT0 was defined by equation (24) and was calcu-

lated for each specimen in every data set.

DFT0ðiÞ = bT0 −
bT0ð−iÞ (24)

where,

bT0 is the T0 estimate calculated using all observations, and

bT0ð−iÞ is the T0 estimate calculated without the i-th observation.

At this stage, the authors have not studied the distribution theory of DFT0; however, the leave-one-out

approach is widely applied as a measure of influence in statistics, and calculating the DFT0 values for each speci-

men within a data set can clearly demonstrate whether any data point bears outstandingly large influence on the

T0 estimate. We illustrate our approach with a simple example. The DFT0 values calculated for an assumed data

set of seven specimens are presented in Table 3. This example illustrates that different specimens can have a
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positive or negative influence on the value of the calculated T0, and the magnitude of this influence can vary. Note

that, for this data set, tested at temperature near T0, exclusion of even the most influential specimens shifted T0 by

<2.5°C. This is <7.9°C: the standard deviation of T0 calculated for this data set using the ASTM E1921 procedure.

Results and Discussion

The results of a statistical analysis performed on the total of 2,970,000 simulated data sets are presented in this

section. The specimens in each data set were simulated for the same test temperature. For all simulated datasets

that were valid as per ASTM E1921, the homogeneity condition defined in the standard was satisfied. The shape of

histograms showing the distribution of T0 values obtained was similar for all simulated conditions with a normal-

like curve, as shown in figure 3.

INFLUENCE OF INDIVIDUAL DATA POINTS

The influence of each simulated datum on the reference temperature estimate of the data set to which it belonged

was assessed by calculating DFT0, as demonstrated in Table 3. To investigate the effect of test temperature, data

set size, and failure probability on the sensitivity of T0 estimates to individual specimens within different datasets,

TABLE 3

DFT0 values calculated for an example data set

Specimen K Jc , MPa
ffiffiffiffi
m

p
T, °C T̂0 , °C T̂0ð−iÞ , °C DFT0, °C

1 99.01 −150 −151.19 −152.33 1.14

2 101.39 −150 −151.19 −152.12 0.93

3 122.56 −150 −151.19 −148.88 −2.31

4 97.05 −150 −151.19 −152.49 1.30

5 118.01 −150 −151.19 −149.84 −1.35

6 71.96 −150 −151.19 −153.63 2.44

7 107.85 −150 −151.19 −151.42 0.23

FIG. 3 Distribution of T0 estimates obtained for T − T0 =0°C and N= 10.
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average DFT0 values were calculated for ten discrete Pf bins (ranging from zero to one with increments of 0.1) for

every data set size and test temperature combination. The full results for all datasets of nine specimens are pre-

sented in figure 4. To aid connection between the fracture toughness values and their influence, fracture tough-

ness is presented as a function of probability and test temperature in figure 5, whereas figure 6 presents results of

the influence study for remaining simulated data set sizes. Common trends can be observed for all data set sizes

analyzed. On average, specimens with the lowest influence on bT0 are characterized by fracture toughness cor-

responding the failure probability level between 0.5 and 0.6 and the DFT0 values in that range do not vary much

FIG. 4

Influence of individual

specimens as a function

of failure probability

and test temperature

for N= 9.

FIG. 5 Relationship between failure probability, test temperature, and fracture toughness in the Master Curve model.
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with test temperature. From this position, the DFT0 values exhibit asymmetric change in magnitude. In case of all

data set sizes above Pf ≥ 0.6, the average DFT0 values were negative, with their magnitude increasing with Pf .

Specimens with high fracture toughness value can skew T0 estimates toward appreciably lower values; for N= 9,

data above the 90th percentile was characterized by the average DFT0 of nearly −4°C. For the failure probability

levels <0.5, the average DFT0 values were increasing with decreasing Pf , and the average DFT0 for data <10th

FIG. 6 Influence of individual specimens as a function of failure probability and test temperature for (A) N= 6, (B) N= 7,

(C) N= 8, (D) N= 10, (E) N= 12, (F) N= 14, (G) N= 16, (H) N= 20, and (I) N= 50.

(A) (B) (C)

(D) (E) (F)

(G) (H) (I)
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percentile was equal to 1.7°C. Therefore, specimens with fracture toughness >90th percentile have significantly

stronger influence on the T0 estimate than those <10 percentile. This highlights that, although typically spec-

imens that exhibited lower fracture toughness are perceived as a cause for concern, the Master Curve method is

quite robust in dealing with them, pushing T0 to a more conservative value.

On the other hand, the presence of fracture toughness specimens that performed exceptionally well in a data

set can lead to a significantly less conservative T0. The asymmetry is a result of the assumed distribution and

temperature dependence as the range of fracture toughness values within equal probability bound bins is not the

same, as illustrated in figure 5.

The test temperature also had a clear effect on the calculated average values of DFT0. It can be observed that

as it increases the absolute DFT0 values decrease across all failure probability ranges (however, at different rates

for different Pf ). The difference between the highest and lowest values of the DFT0 average was also decreasing

with the increase in T − T0.

The range of the average DFT0 values between the lowest and highest Pf bin at each test temperature de-

creases for larger datasets. This is expected because the more specimens there are in a data set, the lesser individual

influence, on average, any one of them has on the result.

It should be noted that steel with high yield strength was simulated in this work. Yield strength affects the

value of K JcðlimitÞ, which provides an upper limit on constraint loss. It can be seen in figure 2 that sampling a

specimen that exceeds this limit is unlikely for the simulated steel and only possible at test temperatures near the

maximum allowed by ASTM E1921. In datasets representing material with lower yield strength, the probability of

having a censored datum in a data set is higher as the K JcðlimitÞ would be shifted down. As high fracture toughness

specimens were found to be the most influential, having an upper limit on the fracture toughness value that can be

used to calculate T0 would lead to lower maximum DFT0 values being reported if a steel characterized by lower

yield strength was simulated.

EFFECT OF THE ROUNDING IN ASTM E1921

The effects of the rounding operations applied to the results of equations (8), (11), and (12) as well as the

estimation method chosen on the mean error of the reference temperature estimate are presented in figure 7

and figure 8. For each of the four T0 estimates, the mean error is defined here as the difference between the mean

of the estimates and the true reference temperature of the simulated material and was calculated for every test

temperature and data set size combination. The mean error observed for all cases was positive, and rounding of

the parameter values in ASTM E1921 did introduce a certain level of bias. The same trends were observed for all

test temperatures considered: there was no noticeable difference between the single-temperate and multitemper-

ature methods when parameter values are not rounded; the bias introduced by rounding is always positive

(i.e., leads to more conservative estimate), and it is slightly larger when the multitemperature method is applied.

It is noted that the multitemperature equation is based on one rounded value, from equation (8), whereas the

single-temperature method contains rounded parameters originating from equations (8), (11), and (12). The

operation in equation (12) offsets some of the bias introduced by rounding of the equation (8) result, in the

end leading to a more accurate T0 estimate.

For a more detailed view, the difference between the T0 estimates obtained by the ASTM E1921 equations

and the estimates calculated with the parameter values that were not rounded to the nearest integer was calculated

for each simulated data set. The maximum offset in each subset representing every data set size and test temper-

ature combination, caused by rounding in the Standard for the single-temperature method, was plotted and

shown in figure 9 for each combination of data set size and test temperature. It can be observed that the offset

increases with the test temperature, with the highest value reaching 0.167°C. For the multitemperature method,

the offset caused by rounding was practically (to 8 decimal places) equal for all simulated datasets, at approx-

imately 0.2215°C. In any case, rounding the parameters in the Standard leads to the T0 estimates being more

conservative, by roughly 0.2°C.
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EFFECT OF THE TEST TEMPERATURE AND DATA SET SIZE ON T0 ESTIMATION ERROR

The effect of the test temperature and data set size on the performance of the ASTM E1921 single-temperature

reference temperature estimation procedure is presented in figure 10, where the root mean square error (RMSE)

is plotted against test temperature for various data set sizes. The RMSE decreases as test temperature and sample

size increase. The results in figure 10 indicate that, for the data set sizes typically generated in the industry (up to

ten specimens), using the single-temperature equations from ASTM E1921 produces reference temperature

estimates that, on average, can differ from the actual value by 4.6°C to around 7°C, depending on the test temper-

ature and exact number of specimens. To distinguish the contributions of accuracy and precision to the overall

error, the relationship between the three is recalled in equation (25); bias and standard deviation (SD) of T0

estimates were plotted in figure 11. Both metrics decrease with increasing test temperature and sample size, how-

ever, the test temperature dependence of the bias reduces with increasing sample size. It was negligible for N= 50,

where for all test temperatures the average difference between the T0 estimates and the known T0 value was in the

region of 0.3°C. It was also observed that all simulated estimates were, on average, positively biased (i.e., estimates

exceeded the true value). The trends and values observed in the standard deviation of T0 estimates are in accor-

dance with what has been previously reported in the literature.16,17

RMSE =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SD2

+ bias2
p

(25)

Conclusions

Almost three million fracture toughness datasets were simulated to perform the analysis described in this work.

Design of the simulation program highlighted that the following information, in addition to the data set size,

FIG. 7

Error of mean T0

estimates obtained for

datasets with simulated

T − T0 = 0°C.
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FIG. 8 Error of mean T0 estimates obtained for datasets with simulated T − T0 values of (A) −50°C, (B) −40°C, (C) −30°C,

(D) −20°C, (E) −10°C, (F) 10°C, (G) 20°C, (H) 30°C, (I) 40°C, and (J) 50°C.

(A) (B) (C)

(D) (E) (F)

(G) (H) (I)

(J)
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specimen thickness, and test temperatures, must be provided in order to ensure the work describing Master

Curve–obeying simulated data is reproducible: true reference temperature of the simulated material, how the

yield strength, and elastic modulus values used to calculate K JcðlimitÞ of the simulated material were obtained,

the remaining ligament length, b0 characterizing the simulated specimens, and precise range of failure probability

sample space. The treatment of the simulated datasets that fail some or all the ASTM E1921 validity criteria

should also be stated.

FIG. 9 Maximum difference between the two single-temperature T0 estimates obtained for the simulated datasets.

FIG. 10 Root mean square error on the T0 estimates obtained by applying the ASTM E1921 single-temperature method.

536 NOWOSAD ET AL. ON REFERENCE TEMPERATURE INFLUENCES

Journal of Testing and Evaluation

D
ow

nloaded from
 dl.​astm

.​org/​jte/​article-pdf/​54/​2/​521/​229503/​jte20250031.​pdf by guest on 04 Septem
ber 2026

https://doi.org/10.1520/E1921
https://doi.org/10.1520/E1921


A measure of specimen influence, DFT0, based on the leave-one out principle was introduced, and its ap-

plication to the simulated data provided new insights regarding the magnitude of effect that individual specimens

can have on a T0 estimate. DFT0 is an easily understandable metric that can be used to quantify the influence of

specimens in any fracture toughness datasets. It was found that high fracture toughness specimens have a larger

impact on T0 values than low fracture toughness specimens and lead to less conservative values. If exceptionally

high fracture toughness specimens are present in a data set, this effect can be notable, especially in small datasets,

and exceed 4°C (ASTM E1921 recommended value of σexp). In relatively large datasets of 20 fracture toughness

specimens, the average DFT0 values above 90 % probability bound were between −1.61 and −2.07°C (depending

on the test temperature). Specimens tested at lower temperatures are generally more influential than those tested

at higher temperatures, and this effect is more pronounced as the failure probability values move from the median

toward the extremes. In summary, for the considered case of homogeneous datasets with specimens tested at the

same temperature, the influence of any single specimen on the estimate of T0 would not exceed the expected

standard deviation of T0. TheDFT0 values observed were notably lower than the differences in T0 (exceeding 10°C),

which can be observed because of issues such as specimen geometry type or material inhomogeneity.5,19,25,30

Regardless of whether multi or single-temperature equations are solved to estimate reference temperature,

the T0 estimates are, on average, overestimated. Having rounded parameters in the ASTM E1921 equations in-

troduces an additional positive bias of around 0.2°C to the T0 estimates. Increasing test temperature and data set

size leads to lower root mean square error of T0 estimates. This effect is also generally true for bias and variance

examined separately, with the exception of bias on the estimates made for the largest data set tested (N= 50) not

exhibiting temperature dependence, having plateaued at around 0.3°C. These effects are, however, negligible,

particularly when compared to other sources of bias and variance in T0 estimates.

Future research will focus on applyingDFT0 to multitemperature datasets and investigation of whether there

is a relationship between presence of highly influential data points in a data set and T0 accuracy and the result of

the homogeneity screening procedure. DFT0 will also be applied to inhomogeneous datasets to evaluate its

potential as a complementary tool to the ASTM E1921 homogeneity screening procedure.
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FIG. 11 (A) Bias and standard deviation (B) of the T0 estimates obtained by applying the ASTM E1921 single-temperature

T0 estimation method.
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