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ABSTRACT Quantum computation offers the potential to solve certain problems faster than classical
computing, but its practical realization is hindered by significant challenges associatedwith error propagation
and decoherence. Topological quantum computing addresses these issues by encoding qubits in particular
2-D topological condensed matter systems, effectively described by topological quantum field theories,
where quantum gates are implemented through sequences of braids of quasi-particles with exotic fractional
statistics. The explicit construction of these sequences is a nontrivial task. In this work, we introduce a general
optimization framework for a broad class of quantum compilation problems, including the compilation of
quantum gates in topological quantum computing. The framework is based on Mixed-Integer Quadratically-
Constrained Quadratic Programming, which employs convex relaxations to tackle the underlying nonconvex
optimization problem.We demonstrate the effectiveness of this framework by compiling a quantum gate from
the local equivalence class of the controlled-not operation for a nonsemisimple topological field theory for
the first time. Our results provide a constructive pathway from abstract universality proofs to explicit gate
implementations, as a practical tool in topological quantum compilation.

INDEX TERMS Compilers, mixed integer linear programming, quantum circuit, quantum computing,
quadratic programming, optimizing compilers, topological quantum compilation.

I. INTRODUCTION

Quantum computation [1] can solve an important class of
computational problems with a considerable speed-up com-
pared to its classical counterpart. Nevertheless, it faces im-
portant challenges due to quantum errors in the computation
process. In order for quantum computation to achieve its
full potential, it has to go beyond the intrinsic limitations of
noisy intermediate-scale quantum devices [2]. This requires
a complex fault-tolerant quantum computing architecture [3],
which is based on quantum error correction with strict error-
correction thresholds [4], [5], [6].

Topological quantum computation [7], [8], [9], [10]
promises to bypass these requirements by storing and pro-
cessing quantum information in topological quantum states.
These states are effectively described by topological quan-
tum field theory, from which they inherit robustness against

errors, such as those arising from undesired interactions with
stray particles or physical fields.When realized, for example,
in a 2-D many-body quantum system, these states corre-
spond to ground states with a finite degree of degeneracy,
which depends on topological properties of the underlying
2-D manifold, such as its genus, i.e., the number of defects,
e.g., punctures or the number of quasi-particle excitations.
The physical realization of topological quantum computa-
tion is an area of intense research activity. Recent examples
relevant to our work include, for instance, in [11], utilizing
superconducting circuits, and [12], utilizing ion traps. Al-
though these works are strictly speaking simulations, they
offer experimental platforms for demonstrating quasiparticle
braiding and fractional statistics in non-Abelian systems.
Point-like excitations, specifically in 2-D topological

systems, are known as anyons. These excitations are
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characterized by fractional quantum statistics, which are
linked to irreducible representations of the braid group [13].
Braiding of these anyons results in a transformation of the
quantum state in the anyonic system, which can be either
Abelian or non-Abelian. In the non-Abelian case, this trans-
formation corresponds to a unitary rotation of a state vec-
tor within the manifold of degenerate ground states of the
topological many-body system. The braiding of anyons thus
implements quantum computing operations on n quantum
bits or qubits, encoded in the ground-state manifold with
Hilbert space dimension d ≥ 2n. The gate alphabet, native to
a topological system, is hence given by a set of elementary
braids between non-Abelian anyons. An important feature of
anyon theory from the point of view of quantum computation
is universality, that is, whether braiding supports universal
quantum computing operations from the unitary groupU (2n)
over the Hilbert space of n quantum bits.

The compilation problem is a key element in the successful
implementation of quantum computation on specific quan-
tum hardware. Its objective is to convert a quantum algorithm
or protocol into a form that can then be executed on a quan-
tum computing device. Quantum hardware is typically char-
acterized by various constraints, such as qubit connectivity
and native gate alphabet. The goal of topological quantum
compiling is to design a specific sequence of the elementary
braids in order to implement a desired quantum computing
gate, which unitarily transforms a qubit state encoded into
a multiply degenerate ground state of a given topological
system.
The seminal works on topological quantum compila-

tion [14], [15], [16] primarily use a three-anyon encod-
ing of a logical qubit to realize both single-qubit and two-
qubit operations via braiding or “weaving” of Fibonacci
anyons. In more recent work, Carnahan et al. [17] devel-
oped a systematic approach to the generation of two-qubit
anyon braids based on an iterative procedure, which was
proposed earlier by Reichardt [18]. Kliuchnikov et al. [19]
developed an asymptotically optimal probabilistic polyno-
mial algorithm to generate single-qubit gates exactly and
also to produce depth-optimal approximations of two-qubit
gates in the Fibonacci anyon model. Relevant to the topo-
logical quantum compilation problem is also the work on
topological hashing by Burrello et al. [20] and a recent ap-
plication of reinforcement learning for quantum compilation
[21], [22].
The implementation of gates in topological quantum com-

puting typically requires elementary braiding operations act-
ing on a Hilbert space of a larger dimension than that of
two qubits. This may lead to the loss of quantum informa-
tion out of the computational subspace into the rest of the
Hilbert space; this process is known as leakage. The problem
of leakage in relation to topological quantum compilation,
particularly in the context of the implementation of two-qubit
gates, was recognized early on by Bonesteel et al. [14]. This
problem was studied later by Xu and Wan [23], and also by
Ainsworth and Slingerland [24], who focused on the leakage

problem in connection with topological qubit design and
showed that the requirement of leakage-free design is too
restrictive and can only be realized in nonuniversal Ising-
like anyon models. A large family of leakage-free Fibonacci
braiding gates were studied by Cui et al. [25], who proved
that they were all nonentangling. Moreover, brute-force nu-
merical searches failed to identify any leakage-free imple-
mentations of entangling operations using braids with a word
length of up to seven.
Recently, Iulianelli et al. [26] proposed a new framework

for topological quantum computation based on nonsemisim-
ple extensions of (2 + 1)-dimensional topological quantum
field theories. These enhanced models go beyond conven-
tional Ising anyons, which are associatedwith the ν = 5

2 frac-
tional quantumHall state [27], but which are not universal for
quantum computation via braiding alone. In the nonsemisim-
ple theory, the Ising framework is extended by a single new
anyon, which enables universal quantum computation solely
through braiding, thus lifting the Ising anyon system to the
universal topological quantum computation.
In this work, we provide a Mixed Integer Quadratically

Constrained Quadratic Programming (MIQCQP) formula-
tion for the gate compilation problem. As a case study, we
demonstrate our approach on a system of anyons that emerge
in a nonsemisimple version of the Ising topological quantum
field theory [26]. We specifically aim to compile two-qubit
entangling gates, such as the controlled-not (cnot) gate and
its local equivalence class, as well as other perfect entanglers.
We employ the geometric theory of two-qubit operations,
developed by Zhang et al. [28] in the context of quantum
control. The geometric theory stems from the Cartan de-
composition of the Lie group SU (4) and the Makhlin local
invariants [29], which provides a representation of two-qubit
operations in terms of their local equivalence classes. In our
context, a local equivalence class is defined as the set of
two-qubit gates that are equivalent up to single-qubit trans-
formations, and thus correspond to the co-set of SU (4) by
the subgroup SU (2) ⊗ SU (2). We will use the gate alphabet
proposed in the paper [26].
The recent work by Burke et al. [30] significantly extended

the calculations by Cui et al. [25] to larger braiding com-
binations and also employed the theory of local invariants
and equivalence classes of two-qubit operations. The local
invariants were previously used by DiVincenzo et al. [31]
to find a local equivalent of the cnot gate in a system with
the Heisenberg Hamiltonian in the context of encoded uni-
versality. Müller et al. [32] have combined optimal quan-
tum control with the geometric theory of two-qubit oper-
ations to derive an optimization algorithm that determines
the best two-qubit entangling gate in the system of trapped
polar molecules and neutral atoms. This work was later fol-
lowed by a generalization of the optimal control objective
to include an arbitrary perfect entangler [33], [34]. In all
these cases, the use of geometric theory, and the Makhlin
local invariants in particular, led to a significant enlargement
of the optimization target, its dimension, and size, which
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considerably improved both the accuracy and convergence
of the optimization process.
The rest of this article is organized as follows. In

Section II, we present the mixed-integer programming for-
mulation of quantum compilation. Section III briefly reviews
the main features of the system of Ising anyons in a non-
semisimple topological quantum field theory. Section IV
presents the experimental results of topological quantum
compilation in this system. Finally, Section V concludes this
article.

II. MIXED-INTEGER PROGRAMMING FORMULATION

The goal of this section is to formulate the quantum compi-
lation problem in the MIQCQP framework [35], [36], [37].
This optimization technique is particularly suitable for opti-
mization problems, in which some of the variables are dis-
crete. The main advantage of this method, from our per-
spective, is that it provides global optimality guarantees.
This, in turn, prevents the braid sequences resulting from the
compilation of entangling quantum operations from being
unnecessarily long. Another advantage of MIQCQP is that
it has been continuously developed and extensively utilized,
for example, in optimizing logistics problems. Hence, there
are many mature MIQCQP solvers with global optimality
guarantees available. This also makes the method well un-
derstood, including its computational complexity. MIQCQP
is, in general, as hard or harder than any problem in the
class of nondeterministic polynomial time (NP-hard), but the
computational complexity can be more favorable in specific
instances. Moreover, its widespread usage carries over to
the quantum compilation problem when formulated in the
MIQCQP framework. In the following subsections, we pro-
vide a brief outline of the quantum compilation problem and
then give a detailed description of the MIQCQP formulation
in the quantum compilation context.

A. QUANTUM COMPILATION PROBLEM

The exact (i.e., not locally equivalent) quantum compilation
problem aims to find a sequence of gates from a specified
alphabet of operations or gates that equals the desired target
operation T . The quantum compilation problem can be for-
mally defined as follows: Let A = {ρ1, . . . , ρm} ∈ C

n×n be
the matrices representing the gate alphabet, and T ∈ C

nC×nC

be a target gate, with nC ≤ n; nC, n ∈ N. Here, nC is the
dimension of the computational subspace, VC. Let d ∈ N

and I : {1, . . . , d} �→ {1, . . . ,m} be a function encoding a
sequence of indices of gates from alphabet A. We define the
unitary matrix P as the resultant operation corresponding to
a sequence I as

P =
d

∏

i=1

ρI(i). (1)

A unitary operation P is said to be leakage-free if it maps the
computational subspace VC onto itself. Thus, a leakage-free

operation must have the block-diagonal structure

P = X ⊕U (2)

where U is a unitary matrix acting on the computational
subspace VC with dimension nC, and X is a unitary matrix
acting on the non-computational subspace VNC of dimen-
sion nNC. The total dimension of the Hilbert space is thus
n = nC + nNC.
From a practical point of view, it is useful to relax the

notion of exact quantum compiling to its approximate form,
in which one or several objectives are achieved within a
desired accuracy. This may include the approximation of
the target gate T , or approximate unitarity (or approximate
leakage-free realization) in the computational subspace VC
within an accuracy given by some suitable distance metric.
We will specify these in a concrete example below.

B. PROGRAM VARIABLES

We shall assume that the circuit has a fixed depth d. If we do
not know the exact depth in advance (which is the case for our
compilation problem), we can include an identity matrix in
the alphabet, permitting us to search for a circuit ofmaximum
depth d. With d the fixed depth of the circuit, the compiled
circuit is constructed in d steps. For t = 0, . . . , d; we define
the complex variables [Yt ]i, j ∈ C for i, j = 1, . . . , n. These
variables constitute the matrix Yt , which encodes the circuit
obtained as a product of t gates from the alphabet, i.e.,

Yt =
t

∏

i=1

ρI(i) (3)

where I is any sequence of gates determined by the con-
straint (5).

At each step t = 1, . . . , d, we have to decide which gate
from the alphabet of size m should be applied. This decision
is encoded as a binary decision variable xt,i ∈ {0, 1}, for t =
1, . . . , d and i ∈ 1, . . . ,m. Here, xt,i = 1 if, and only if, gate
ρi is applied at step t, in which case, xt, j = 0 ∀ j 
= i.

C. PROGRAM CONSTRAINTS

First, we must define the initial state constraints. These con-
straints say that the empty product of gates from the alphabet
equals the n× n identity matrix

Y0 = 1n. (4)

In each step t = 1, . . . , d, we multiply the productYt−1, con-
structed in the previous step t − 1, by the chosen gate from
the alphabet. The relation between Yt and Yt−1 is encoded in
the following matrix constraint:

Yt =

(

m
∑

i=1

xt,iρi

)

Yt−1 (5)

where xt,i are the binary decision variables, selecting which
gate from the alphabet is applied at step t. We reiterate that
exactly one gate can be applied in each step. This is enforced
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by the following constraint:

m
∑

i=1

xt,i = 1, for every step t = 1, . . . , d. (6)

Finally, we introduce constraints that restrict leakage to
the noncomputational space of the final product Yd . We wish
to enforce that Yd = X ⊕U , where U is the submatrix that
corresponds to the computational space. By setting the ele-
ments of Yd outside the blocks X and U to zero. Then, the
matrix U has to be unitary as Yd is unitary, and thus there is
no leakage to the noncomputational space. We recall that an
m× mmatrixU is defined to be unitary ifU†U = UU† = 1.

D. PROGRAM OBJECTIVE FUNCTION

Wenow need to define the objective function for the problem.
Due to numerical errors and inaccuracies, it is unlikely that
we could find a product of the alphabet gates that is exactly
equal to the target gate. Therefore, we define the distance
J between the target gate and the computational part of the
computed product Yd . The distance J is defined as the square
of the Frobenius norm of the difference between T andU

J(T,U ) = ‖T −U‖2F =
n

∑

k,ℓ=1

∣

∣Tk,ℓ −Uk,ℓ
∣

∣

2
. (7)

Our goal will be to minimize this distance, i.e., this is our
objective function.

E. MIQCQP PROBLEM FORMULATION

The mixed integer quadratic program for the gate compila-
tion problem is defined as follows. Let YC

d denote the com-
putational part of the matrix Yd at the final step d.
Our objective is to minimize

J(T,YC
d ) =

n
∑

k,ℓ=nNC+1

∣

∣Tk,ℓ − [Yd]k,ℓ
∣

∣

2
. (8)

The optimization procedure is subject to the following
constraints:

i) [Yt ]k,ℓ =
n

∑

p=1

(

m
∑

i=1

xt,i[ρi]k,p[Yt−1]p,ℓ

)

, (9)

for k, ℓ = 1, . . . , n, and t = 1, . . . , d

ii)
m

∑

i=1

xt,i = 1, for each t = 1, . . . , d (10)

iii) xt,i ∈ {0, 1}, for t = 1, . . . , d, and i = 1, . . .m (11)

iv) [Y0]k,ℓ = δk,l, for k, l = nNC + 1, . . . , n (12)

v) [Yd]k,ℓ = 0, for k = 1, . . . , nNC; ℓ = nNC + 1, . . . , n
(13)

vi) [Yd]k,ℓ = 0, for k = nNC + 1, . . . , n; ℓ = 1, . . . , nNC
(14)

vii) [Yt ]k,ℓ ∈ C, for t = 0, . . . , d, and k, l = 1, . . . n.
(15)

The constraints (i) correspond elementwise to (5), while
the constraints (ii) correspond to (6). The constraints (iii)
enforce integrality on the gate selection variables, and (iv) set
the initial empty product to be the n× n identity matrix. The
constraints (v) and (vi) enforce the final product Yd to have
the form X ⊕ YC

d , where X acts on the noncomputational
space and YC

d on the computational space. These constraints
also ensure that YC

d to be unitary, since Yd is unitary. Finally,
the constraints (vii) specify that the product variables are
complex numbers.

F. MIQCQP PROBLEM RELAXATION AND LINEARIZATION

The performance of solvers onMIQCQP programs is usually
more time-consuming than onmixed-integer linear programs
(MILP). This is due to three factors: the root relaxation of an
MIQCQP is being solved with an interior-point method that
cannot exploit as much sparsity as in theMILP case, andmay
need a cross-over routine. Relaxations solved subsequently
in the branch-and-bound tree are also more difficult to solve,
as the dual simplex commonly used in MILP does not gen-
eralize easily. Finally, there are stronger cuts applicable to
MILP than MIQCQP, which can increase the number of
nodes visited in the branch-and-bound process [38]. In proof
complexity [39], [40], one could provide lower bounds for
the final aspect.
The constraints in (5) and the objective function (7) are

nonlinear. This can negatively affect the performance of the
solver. TheMcCormick linearization procedure [41] replaces
a bilinear constraint z = ab, where a is a binary variable
and b is a continuous variable, by the following set of linear
constraints. Let bmin and bmax be the minimal and maximal
allowed values of b, respectively

z ≥ bmina

z ≥ b+ bmaxa+ bmin

z ≤ bmaxa

z ≤ b+ bmina+ bmax. (16)

This linearization is exact; replacing the bilinear constraint
z = ab with the four linear constraints (16) yields the exact
same set of solutions.
Using this McCormick linearization, all constraints in (9)

can be replaced by a set of linear constraints. The right-hand
side of (9) is the sum of the bilinear expressions

xt,i[ρi]k,p[Yt−1]p,l (17)

where [ρi]k,p is a constant. We apply McCormick lineariza-
tion to transform the bilinear constraint in (9) into a set of
linear constraints without worsening the solution quality, as
follows. For each i = 1, . . . ,m; k = 1, . . . , n; l = 1, . . . , n;
p = 1, . . . , n; and t = 1, . . . , d, we introduce a new variable,
z
p,i
t,k,l

, which is constrained to take the same value as the
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expression in (17). For each zp,i
t,k,l

, we add the following four
constraints:

z
p,i
t,k,l

≥ −|[ρi]k,p|xt,i

z
p,i
t,k,l

≥ [ρi]k,p[Yt−1]p,l + |[ρi]k,p|xt,i − |[ρi]k,p|

z
p,i
t,k,l

≤ |[ρi]k,p|xt,i

z
p,i
t,k,l

≤ [ρi]k,p[Yt−1]p,l − |[ρi]k,p|xt,i + |[ρi]k,p|. (18)

Finally, the constraint of (9) is replaced by the following
linear constraint:

[Yt ]k,ℓ =
n

∑

p=1

(

m
∑

i=1

z
p,i
t,k,l

)

. (19)

G. LOCAL EQUIVALENCE CLASSES

In what follows, we will see that finding a specific operation,
such as the cnot gate, is not only a formidable task but
also a frequently unsuccessful one. In the case of two-qubit
operations, this amounts to searching for a specific point in
the 15-D manifold of the Lie group SU (4).

Since we are primarily interested in operations that can
change entanglement between two quantum bits, we can
replace a target gate T as the compilation objective by its
local equivalence class [T ], that is, by all unitary operations
that are equivalent to T up to arbitrary single-qubit trans-
formations [28]. This significantly reduces the optimization
problem from a search in 15-D manifold of the group SU (4)
to 3-Dmanifold of theWeyl chamber of the local equivalence
classes [32]. This in turn can be regarded as a significant
increase in the “size” of the optimization target [32].

Particularly useful instruments for defining local equiva-
lence classes are the local invariants defined byMakhlin [42]
and further studied in the context of quantum control by
Zhang et al. [28], where more details about their construction
can be found.
A two-qubit unitary operator U ∈ SU (4) has the Cartan

decomposition

U = k1Ak2 (20)

where k1 and k2 are from the single-qubit subgroup SU (2) ⊗
SU (2) of SU (4). Importantly, A, which is generated by the
Cartan subalgebra of the Lie algebra SU (4), encodes all the
nonlocal or entangling properties of the unitary operation.
We can define the local invariants as follows: We first

transform the matrixU into the Bell basis

UB = Q†UQ (21)

using the matrix

Q =
1

√
2

⎛

⎜

⎜

⎜

⎝

1 0 0 i

0 i 1 0

0 i −1 0

1 0 0 −i

⎞

⎟

⎟

⎟

⎠

. (22)

This transformation makes the single qubit terms of the Car-
tan decomposition k1 and k2 elements of the special orthog-
onal group SO(4). The non-local matrix A transforms into a
diagonal form. Then, calculating the Makhlin matrix

mU = UT
B UB (23)

eliminates one of the local components, as the product OTO
is the identity for O ∈ SO(4). The second of the local oper-
ations can be shown to diagonalize the Makhlin matrix mU .
From the characteristic equation and the factorization of an
arbitrary unitary matrix from the group U (4) into a product
of the global phaseU (1) and SU (4), we can derive the local
invariants for an arbitrary two-qubit unitary matrix in the
following form:

g1 = Re

{

tr2(mU )

16 det(U )

}

g2 = Im

{

tr2(mU )

16 det(U )

}

g3 =
tr2(mU ) − tr(m2

U )

4 det(U )
. (24)

Instead of compiling exactly a target gate, we could instead
attempt to compile a gate that belongs to the local equiv-
alence class of the target gate [32]. A suitable “distance”
measure to the cnot local equivalence class can be defined
using these invariants, for example, as in [32]

DCNOT(U ) = g21 + g22 + (g3 − 1)2. (25)

In some applications, we may be interested in generating an
arbitrary perfect entangler, that is, an operation capable of
creating a maximally entangled state out of some product
state. This problem can be solved by using the cost function
developed in [33]. This cost function can be defined in the
following form:

DPE(U ) =
(

g1 − g3

√

g21 + g22

)2

. (26)

H. DISTANCE TO THE LOCAL EQUIVALENCE CLASS

MIQCQP PROBLEM FORMULATION

In this section, we elaborate on how to implement the cost
function from the previous section as an MIQCQP program.
The encoding of (21) and (23) is straightforward and anal-
ogous to the encoding of (5). The division c = a/b can be
implemented as a bilinear constraint a = bc. The determi-
nant can be calculated using a recursive Laplace (cofactor)
expansion [43, p. 752, Sect. VI.23] that leads to bilinear
constraints. The constraints are as follows: For a givenmatrix
A, we define a variable zA that is constrained to have the value
of det(A). If A is a 2 × 2 matrix, then the following bilinear
constraint ensures that zA = det(A):

zA = A11A22 − A12A21. (27)

If A is an n× n matrix, where n > 2. Then

zA =
n

∑

j=1

(−1) jA1 jzA,1 j (28)

VOLUME 7, 2026 3104212
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Rytíř et al.: TOPOLOGICAL QUANTUM COMPILATION USING MIXED-INTEGER PROGRAMMING

where variable zA,1 j is constrained to have a value of the
determinant of matrix A with the first row and jth column
removed, which can be achieved by recursively adding the
constraint (28) for the submatrices of A.

For the compilation of a gate in the cnot local equivalence
class, we use the following cost function:

J
(

YC
d

)

= DCNOT

(

YC
d

)

. (29)

While for the compilation of a general perfect entangler gate,
we use the following cost function:

J
(

YC
d

)

= DPE

(

YC
d

)

. (30)

Note that we do not replace any of the constraints used for
computing either DCNOT(YC

d ) or DPE(YC
d ) using McCormick

linearization, as this linearization is not exact for bilinear
forms where both variables are continuous.

I. EXTRACTING GATE (BRAID) SEQUENCE FROM AN

MIQCQP SOLUTION

The result of the compilation problem is a gate (braid)
sequence whose product minimizes the cost function (8).
This sequence is obtained from a solution of the MIQCQP
program II-E as follows. For t = 1, . . . , d, the value of the tth
element of the sequence is the index i of the nonzero variable
xt,i.

J. SOLVING THE MIQCQP PROGRAMS

The above MIQCQP programs can be implemented using
various free or commercial solvers, such as CPLEX, SCIP,
or Gurobi. In our work, we implemented the MIQCQP pro-
grams in Gurobi [44]. The Gurobi solver for mixed-integer
quadratic programs is based on a branch-and-bound-and-cut
framework [45], and employs the simplex method [46], as
well as the interior-point and barrier methods [47], [48], to
solve the relaxations of linear and quadratic programming.
Note that MIQCQP solvers typically do not operate di-

rectly on complex arithmetic. This limitation can be over-
come by decomposing all complex expressions into their real
and imaginary components and formulating the constraints
and objective function in terms of these components.

III. ISING ANYONS FROM A NONSEMISIMPLE

TOPOLOGICAL QUANTUM FIELD THEORY

In order to numerically evaluate the proposed method, we
will use a framework for topological quantum computation
based on the newly discovered nonsemisimple topological
quantum field theory in 2+1 dimensions [26]. This theory
possesses, besides familiar topological charges of the Ising
theory, i.e., trivial charge 1, Ising anyons σ , and fermions
ψ , an additional topological charge α which gives rise to
additional fusion rules. One such rule that is particularly
relevant to one and two-qubit encodings is

α × σ = (α + 1) + (α − 1). (31)

Following [26], the single-qubit computational basis states
are encoded via:

|0〉 =
(

(α, σ )α+1 , σ
)

α
|1〉 =

(

(α, σ )α−1 , σ
)

α
. (32)

Here, the first fusion produces the topological charge α + 1
and α − 1, respectively, which is then followed by the second
fusion with an Ising anyon, resulting in the total topological
charge α for this three-anyon encoding.

In this setting, the quantum computing gates arise from
braiding anyons, which is a purely topological operation and
does not depend on a time parameter or an angle. In the
following, we define the gate alphabet following the notation
in [26].

Let q be an eighth root of unity, i.e., q can be expressed
as e2π ik/8 for some k ∈ {0, ..., 7}. In our calculations, we set
k = 1, and thus q = e2π i/8. For α ∈ R, we define the real
coefficients Bα+1 and Bα−1 by

Bα+1 :=
√
2

−1 + cot π (α+1)
4

, Bα−1 :=
√
2

−1 + cot πα
4

. (33)

Single-qubit operations result from two braiding operations
within the single-qubit encoding. In the first braid, the Ising
anyon next to the charge α completely encircles it counter-
clockwise. This corresponds to a sequence of two elementary
braids or interchanges between both particles, and it gives
rise to the matrix b(1)21 , where the upper index (1) indicates
a single qubit operation. The second braid operation corre-
sponds to a single elementary braid between the Ising anyons
of the encoding, and gives rise to the matrix b(1)2 . Both single-
qubit matrices are defined via

b
(1)2
1 = −q

(

bασσ
1

)2 =

(

qα 0

0 q−α

)

b
(1)
2 = q− 3

2 bασσ
2 = q−1

⎛

⎜

⎝

1+q2
1−q2α q−1

√
Bα+1√
Bα−1

q−1
√
Bα+1√
Bα−1

1+q2
1−q−2α

⎞

⎟

⎠
. (34)

The matrices bασσ
1 and bασσ

2 are explicitely

(

bασσ
1

)2 = −

(

qα−1 0

0 q−α−1

)

(35)

bασσ
2 = q

1
2

⎛

⎜

⎝

1+q2
1−q2α q−1

√
Bα+1√
Bα−1

q−1
√
Bα+1√
Bα−1

1+q2
1−q−2α

⎞

⎟

⎠
. (36)

We now focus on a system of two qubits. Two qubits are
encoded into the system of five anyons, consisting of one
topological charge α and four Ising anyons. The basis states
of the resulting six-dimensional Hilbert space, including four
computational states and two noncomputational states, are
defined as

|00〉 = ((((α, σ )α+1, σ )α, σ )α+1, σ )α

|10〉 = ((((α, σ )α−1, σ )α, σ )α+1, σ )α
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TABLE 1. Results of the numerical experiment for the compilation of the CNOT gate using the gate alphabet NON-SEMI [see (43)]

|01〉 = ((((α, σ )α+1, σ )α, σ )α−1, σ )α

|11〉 = ((((α, σ )α−1, σ )α, σ )α−1, σ )α

|NC1〉 = ((((α, σ )α+1, σ )α+2, σ )α+1, σ )α

|NC2〉 = ((((α, σ )α−1, σ )α−2, σ )α−1, σ )α (37)

Next, we define the braiding of two-qubit systems. Let 12
be the 2 × 2 identity matrix. The following two matrices
perform the operations on the first qubit of the two-qubit
system:

b
(2)2
1 =

(

bασσ
1

)2 ⊗ 12 ⊕
(

bασσ
1

)2
(38)

b
(2)
2 = bασσ

2 ⊗ 12 ⊕
(

q
1
2 12

)

(39)

where the upper index (2) indicates that these are two-qubit
operations, to distinguish the matrices from the single-qubit
case [see (34)].

The following two matrices perform the operations on the
second qubit of the two-qubit system:

J4 = 12 ⊗
(

bασσ
1

)2 ⊕

(

q1−α 0

0 q1+α

)

(40)

b4 = 12 ⊗ bασσ
2 ⊕

(

q
1
2 12

)

. (41)

An entangling gate with very low leakage into the
non-computational space is constructed in [26] for α = 2.4
using an iterative method by Reichardt [49]. Since the
leakage term of the constructed entangling gate has a very
low leakage term (O(10−14), we will assume that the gate is

leakage-free, in order to simplify our calculations. In the rest
of the article, we fix the value of α to 2.4. The entangling
gate is a controlled phase shift and is given by

CPHASE =

⎡

⎢

⎢

⎢

⎣

1 0 0 0

0 1 0 0

0 0 e−1.772i 0

0 0 0 e−1.682i

⎤

⎥

⎥

⎥

⎦

⊕V (42)

where V is a unitary 2 × 2 matrix which acts on the
noncomputational subspace NC of the total space which has
the structure C ⊕ NC. Since the matrix V does not affect
the computational states, its exact form is irrelevant in our
experiments and we chooseV to be the 2 × 2 identity matrix
for simplicity.
Finally, the gate alphabet, denoted by NON-SEMI, is a

discrete set of fixed unitary operations and is equal to the
ordered set (b(2)21 , b

(2)
2 , J4, b4,CPHASE) where each gate

corresponds to the matrices defined in (38)-(42). In the fol-
lowing section, which presents the experimental results (see
Tables 1–3), the elements of the gate alphabet NON-SEMI
are indexed by the numbers 0 to 4 in the following order:

(

b
(2)2
1 , b

(2)
2 , J4, b4,CPHASE

)

→ (0, 1, 2, 3, 4) . (43)

IV. NUMERICAL RESULTS

The numerical experiments are divided into six sections as
follows. In Section IV-A, we attempt to compile the cnot
gate. In Section IV-B, we search for gates that are as close
as possible to the cnot local equivalence class. In the
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TABLE 2. Results of the numerical experiment for the compilation of a gate as close as possible to the local equivalence class of [CNOT] using the gate
alphabet NON-SEMI [see (43)]

TABLE 3. Results of the numerical experiment for the compilation of a perfect entangler gate using the gate alphabet NON-SEMI [see (43)]

Sections IV-C and IV-D, we will broaden our search to the
set of perfect entangling gates. In Sections IV-E and IV-F, we
demonstrate the universality of our method by applying it to
a different gate alphabet, namely, the Fibonacci anyon gate
alphabet.
The numerical experiments were run on a computing clus-

ter with AMD EPYC 7543 CPUs. Each experiment was allo-
cated 4 CPU cores and 32 GB of memory. The time limit for
the Gurobi solver was set to 23 h, after which we recorded
the best solution found, which was not necessarily optimal.

A. CNOT GATE COMPILATION

A natural candidate for the demonstration of our method is
the cnot gate. This gate operates on two qubits and can
change the degree of entanglement between them. Since it
can also generate a maximally entangled state of two qubits

from some initial non-entangled state, it is also an example
of a perfect entangler. In the first set of experiments, we
employ the MIQCQP to find a realization of the cnot gate
as a sequence of the operations from the entire gate alphabet
NON-SEMI [see (43)]. In accordance with [26], we include
the cphase operation in the gate alphabet, as defined in (42),
which is obtained for the value of the parameter α = 2.4. The
depth of the circuit, consisting of the elements of the gate
alphabet, ranged from 10 to 200 in the optimization process.
The results are shown in Table 1, which lists the best

outcomes from this experiment. We reiterate that the gate
sequence in the table refers to a sequence of elements of
the gate alphabet obtained from a solution of the MIQCQP
program as described in Section II-I. We evaluate this
experiment using two metrics: 1) the value of the cost func-
tion J(P), which is the function that is being minimized
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[see (8)], where P is the product of all the gates in the
found gate sequence, and 2) the normalized Hilbert-Schmidt
distance between the product P and cnot, d2(P,CNOT),
given by

d2(A,B) =
∥

∥

∥

∥

A

‖A‖2
−

B

‖B‖2

∥

∥

∥

∥

2
. (44)

Here, ‖.‖2 is the Hilbert–Schmidt (p = 2) norm, and each
matrix is normalized by its norm. This normalization ensures
the distances are bounded between 0 and 2, providing a sense
of scale. We note that this measure can return a zero value for
proportional matrices due to this normalization.
We observe that, in this numerical experiment, the quan-

tum compilation process has manifestly failed to find the
cnot operation as a circuit of depth up to 200. The native
alphabet of NON-SEMI [see (43)] appears unable to reach
this gate within 200 steps. cnot, like any element of the
Lie group U (4), factorizes into a trivial U (1) factor and an
element of SU (4). To find a specific operation in SU (4) is
then equivalent to finding a point in the manifold of fifteen
dimensions. A similar situation, albeit in a different anyonic
system, was encountered in Ref. [30]. It seems plausible that
NON-SEMI, with its limited number of elements, cannot
reach the cnot target in a reasonable number of steps, even
though this nonsemisimple anyon system is universal for
quantum computation [26].

B. LOCAL CNOT EQUIVALENCE GATE COMPILATION

Here, we shift our focus to the cnot local equivalence class,
that is, all operations which are equivalent to the cnot gate
up to single qubit transformations from the SU (2) ⊗ SU (2)
subgroup of SU (4). We point out that this significantly re-
duces the size of the optimization problem from a search
in a15-D space to a search in the three dimensional Weyl
chamber. This follows from the fact that each element of
SU (2) is represented by three parameters, and an arbitrary
element of SU (2) ⊗ SU (2) is applied before and after a two-
qubit gate, such as cnot, for example, in order to generate
the entire local equivalence class. In other words, by using
local invariants, which classify local equivalence classes, we
reduce quantum compilation to a 3-D problem. We again use
the complete alphabet NON-SEMI [see (43)], which includes
the cphase operation with α set to 2.4. The depth of the
circuits is set from 5 to 80. We use the MIQCQP formulation
from Section II-H with the cost function DCNOT(·), defined
by (29).

The results of this numerical experiment are presented
in Table 2, which shows the best outcomes in descending
order. The best result we were able to obtain comprised of a
circuit with depth 35 and accuracy of 10−9, as measured by
the DCNOT(P) distance, where P is the product of the corre-
sponding gate sequence. This measure is significantly below
the typical fault-tolerance threshold of 10−4–10−5 (should
that ever be needed in this type of system). We note that the
best outcome is obtained for circuits that almost exclusively

consist of the repeated application of the cphase gate from
the gate alphabet.

C. PERFECT ENTANGLER COMPILATION

It is reasonable to consider, in addition to local equivalence
classes, the complete set of perfect entanglers as possible
optimization targets. These are two-qubit operations capable
of creating a maximally entangled state out of some initial
product, i.e., a non-entangled state. Specifically, we aim to
find an arbitrary gate that is a perfect entangler. We use
the entire alphabet NON-SEMI [see (43)], again including
cphase and α set to 2.4. We will keep the depth in the same
range as in the previous case, that is, from 5 to 80. We use
the MIQCQP formulation from Section II-H with the cost
function DPE(·), defined by (30).
The results are shown in Table 3, which again shows the

best outcomes in descending order with respect to theDPE(P)
distance, where P is the product of the corresponding gate
sequence. In particular, the very best results for the circuit
depth 77 and 35 exhibit a distance to the perfect entanglers
of zero (in standard 64-bit machine precision). The accuracy
of the compiled circuits is improved by several orders of
magnitude compared to the same distance metrics of the
compilation with respect to the local equivalence classes. We
again observe that most of the successful compilations are
dominated by the repeated application of the cphase gate.
We will address this point in the next section.

D. GATE COMPILATION USING ONLY THE ENTANGLING

GATE

As summarized in Tables 1–3, theMIQCQP quantum compi-
lation found optimal solutions, in which the entangling gate
cphase features prominently.
This is to be largely expected for the cphase gate given

by (42). The Mahklin invariants, (24), (g1, g2, g3) turn out to
be close to (1,0,3), which characterizes the local equivalence
class of the identity, and hence all single qubit operations
from SU (2) ⊗ SU (2). In fact, in the representation given
by the Cartan decomposition, the local equivalence class
[cphase] lies on the edge of the Weyl chamber [28] that
connects the local equivalence classes of the identity [I] and
the [cnot]. Its repeated application then leads to an operation
that is closer to the [cnot] target, eventually reaching it for
a sufficiently large number of repetitions.
This is rather remarkable validation of the compilation

approach based on the MIQCQP formalism, since the op-
timal solution it yields agrees with our intuition, which is
nevertheless based on sophisticated mathematical formalism
(cf., [50]). In particular, Table 3 shows a braiding combi-
nation of depth 35, solely consisting of the entangling gate
cphase, achieving exactly zero distance from the target. In
addition to the solution, which clearly captures our intuition,
the MIQCQP quantum compilation has also found solutions
that would not be accessible in such an intuitive manner.
In order to illustrate the role of cphase, we show the

distance of successive powers of the entangling gate to the
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FIGURE 1. (a) Distance of powers of the entangling gate [see (42)], to the perfect entanglers [see (26)] plotted versus power L. (b) Invariants of matrices
from panel (a) plotted in g1, g2, g3 space (up to L = 35). Data are plotted alongside the perfect entangler section of the Weyl chamber, highlighted in red.

perfect entanglers [see (26)] versus depth or equivalently
power L in Figure 1(a). The data highlights the low dis-
tances that can be reached with evenmoderate depth braiding
combinations of solely the entangling gate, with a depth of
∼ 35, achieving a distance which is essentially zero in terms
of machine precision. In addition, we plot the invariants of
circuits with successive powers of cphase in Figure 1(b).
Here, we also illustrate the Weyl chamber in the invariant
space, highlighting the perfect entangler region in red. The
relevant equivalence classes are highlighted as points on the
vertices of the chamber. This plot illustrates the circuit’s path
along the edge of the Weyl chamber, starting from approxi-
mately the identity class and terminating at the cnot vertex.

E. CNOT GATE COMPILATION USING FIBONACCI ANYONS

GATES

In this section, in order to illustrate the universality of our
method, we use a different alphabet of gates. We focus on so-
called Fibonacci anyons [8], and use the two-qubit encoding
introduced in [25]. The braiding operations are represented
by five matrices ρ6(σ1), . . . , ρ6(σ5), which are defined as
follows. First, defining the matrices R and F

R = diag(Rττ
1 ,Rττ

τ ) =

(

e−
4π i
5 0

0 e
3π i
5

)

(45)

F =

(

φ−1
√

φ−1
√

φ−1 −φ−1

)

. (46)

Then, the braiding matrices are defined as

ρ6(σ1) = Rττ
τ ⊕ (R⊗ 12) (47)

ρ6(σ2) = Rττ
τ ⊕ (FRF ⊗ 12) (48)

ρ6(σ3) = P14
(

Rττ
τ ⊕ R⊕ FRF

)

P14 (49)

ρ6(σ4) = Rττ
τ ⊕ (12 ⊗ FRF ) (50)

ρ6(σ5) = Rττ
τ ⊕ (12 ⊗ R) (51)

where P14 denotes the permutation matrix that swaps the first
and fourth rows of a 5 × 5 matrix, while 12 denotes the 2 × 2
identity matrix.
We denote the gate alphabet (ρ6(σ1), . . . , ρ6(σ5)) by FIB,

and index the elements of FIB in the following order:

(ρ6(σ1), . . . , ρ6(σ5)) → (0, 1, 2, 3, 4). (52)

This gate set is known to be universal for quantum computa-
tion [51]. The system exists in a 5-dimensional Hilbert space,
with a 4-D computational space.
Our goal is to compile a gate of the form M11 ⊕ A, where

A is as close to the cnot gate as possible, and the leakage to
noncomputational space is as low as possible. The leakage is
indicated by |M11| and dU (A). The low leakage is represented
by the conditions |M11| ≈ 1 and dU (A) ≈ 0. The unitarity
measure dU (A) is defined as ‖A†A− 1‖1.

As discussed in [25] and [30], for this particular encoding,
there is a necessary trade-off of leakage for entanglement.
Thus, to permit some leakage ǫ > 0, we need to replace
constraints (13) and (14) with the following:

(L1)
∑

k,l=nNC+1,...,n

∣

∣

∣

∣

∣

∣

n
∑

p=nNC+1

[Yd]
∗
kp[Yd]pl − δk,l

∣

∣

∣

∣

∣

∣

< ǫ (53)

(L2)
∑

k,l=1,...,nNC

∣

∣

∣

∣

∣

∣

nNC
∑

p=1

[Yd]
∗
kp[Yd]pl − δkl

∣

∣

∣

∣

∣

∣

< ǫ. (54)

The constraints (L1) and (L2) imply that dU (A) < ǫ and
dU (M11) < ǫ, respectively.
For our numerical experiments, we set ǫ to 0.1, the results

of which are reported in Table 4. The compilation of the cnot
gate using Fibonacci anyons was previously studied in [30].
Compared to the random sampling carried out in that work,
our method finds significantly better results than in [30].
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TABLE 4. Results of the numerical experiment for the compilation of the CNOT gate using the gate alphabet FIB [see (52)]

TABLE 5 Results of the numerical experiment for the compilation of a gate as close as possible to the local equivalence class of CNOT using the gate
alphabet FIB [see (52)]

F. LOCAL CNOT EQUIVALENCE CLASS GATE

COMPILATION USING FIBONACCI ANYONS GATES

Here, similarly to Section IV-B, we shift our target from
compiling the cnot gate to instead compiling a gate from the
cnot local equivalence class, but here using the Fibonacci
anyon alphabet FIB, (52). We shall use the same constraints
set as in the previous section, together with the cost func-
tion (29). The results of our numerical experiments are re-
ported in Table 5, in which the leakage tolerance ǫ was set
to 0.1. Using our method, we obtain comparable results to
those reported in [30].

V. CONCLUSION

We introduced an MIQCQP formulation for quantum circuit
compilation. We used McCormick linearization to reduce
the number of quadratic constraints. We demonstrated it by
compiling the cnot gate in the nonsemi-simple Ising anyons
framework. Then, we provided an MIQCQP formulation for
the distance to a local equivalence class and demonstrated it
by compiling a gate that is as close as possible to the local
equivalence class of the cnot gate and also to a perfect
entangler. Regarding the perfect entangler in a semi-simple
Ising anyon framework, the MIQCQP compilation process
arrived at the compilation of the perfect entangler given

by a sequence of just one single entangling gate, which
is controlled phase rotation and which is native in this
anyon system. This is in accord with our intuition regarding
controlled phase rotations and the local equivalence classes
these operations generate.
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