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Coalitional Control: Clustering Based
on the 3> Norm

Pablo R. Baldivieso-Monasterios

Abstract—This letter presents an original analysis of the
coupling sources in a network of dynamical systems. A
coalitional controller exploits switching between different
groupings of network members to achieve its regulation
goals. In this letter, we rigorously analyse a key assumption
in robust distributed control methods: the weak coupling
assumption. We present an analysis based on Linear Matrix
Inequalities to assess this assumption to design Robust
Control Invariant sets for all possible network partitions.
We also exploit our coupling analysis to propose a novel
partition selection optimisation based on the system’s
Ho norm. This strategy simplifies the partition selection
process, as demonstrated through illustrative examples,
leading to enhanced computational efficiency while rigor-
ously preserving the stability and robustness essential for
distributed control system applications.

Index Terms—NModel predictive control, clustering, dis-
tributed systems, plug-n-play events, tube-based MPC.

[. INTRODUCTION

HE CONTROL of distributed systems involves
Ttechniques addressing dimensionality, scalability, and
robustness to achieve a shared objective. A common approach
is to divide the system into interconnected subsystems
managed by a local controller, the so-called agent, to simplify
and efficiently solve the control task. This decomposition
leads to a partitioning problem often studied using graphs [1],
which capture the communication topology and coupling
strengths between agents. Moreover, partitioning introduces a
coordination challenge that requires handling couplings and
constraints.

System partition and agent coordination are usually man-
aged by cluster-oriented strategies, such as coalitional
control [2], which preserve performance and stability under
disturbances and changing conditions. Coalitional control lies
between distributed and decentralised approaches, dynamically
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activating communication links as required for performance.
Its main idea is to group agents into non-overlapping coali-
tions, each managed as a single control entity [3]. Coalitional
control provides a dynamic control framework that adapts
the control policy to time-varying interactions, couplings, and
plug-and-play operations such as connecting and disconnect-
ing subsystems from the network [4], [5].

Within the field of coalitional control, our focus is on
Model Predictive Control (MPC) [6], an optimisation-based
framework well suited to deal with constraints and dis-
turbance information while guaranteeing objectives such as
cost efficiency, tracking and stability. Coalitional MPC has
been successfully applied in practical domains such as irri-
gation canals [3], telecommunication networks [7], and solar
plants [7]. Several works have also explored coalitional MPC
schemes with formal stability and robustness guarantees,
e.g., using invariant sets [8] and tube methods [5], [9], [10].
For instance, [9] proposes a decentralised MPC strategy to
manage coalitions with high-order dynamics and analyses
recursive feasibility under partition switching. Moreover, [10]
studies the relation between partitions and recursive feasibility.

The partitioning problem in coalitional MPC has been
addressed from different perspectives. In general, parti-
tions are determined either via a bottom-up approach, in
which agents select their coalitions using local information
(e.g., through consensus [11]), or a top-down approach, in
which a supervisory controller defines the partition based
on global criteria [3], [7]. The latter usually leads to a
two-layer coalitional MPC structure [5], in which the high-
level MPC periodically solves a centralised problem that
accounts for system-wide dynamics, constraints, and objec-
tives. Afterwards, the best partition is selected by balancing
performance and communication overhead. Based on this
partition, the low-level MPC controllers are clustered into
coalitions that solve their corresponding control problems.

A key limitation of high-level MPC-based partitioning is
its computational complexity, which grows rapidly with the
number of partitions. We propose a lightweight partitioning
method based on the J{; norm to handle this. Our approach
builds on the tube-based coalitional MPC framework in [5],
which reduces conservatism via shrinking disturbances and
online-optimised Robust Control Invariant (RCI) sets. Our
contributions are twofold. First, in Section III-A, we analyse
inter-agent couplings and derive a set of Linear Matrix
Inequalities (LMI) to ensure partition feasibility, integrated

© 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/
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into the RCI set design. Second, in Section III-B, we propose
a partitioning criterion that minimises a cost capturing both
coupling strength and network connectivity. Section IV for-
mulates the optimisation problem to select a partition based
on the H, norm. In Section V, we test our method on an
example, showing similar performance to existing approaches
while reducing computational burden.

Notation: A graph § = (M &, W) consists of node set
M ={1,...,M}; an edge set € C M x M where each e =
(i,j) denotes a connection between two nodes i and j; and
a weight matrix W € RM*M_ A graph is undirected if W
is symmetric. The neighbour set of node i € M is M; =
{j € M:3(,j) € &). The (-)¢ denotes the set complement,
()" the transpose, and ® the matrix Kronecker product. For
a square matrix A € RVN, Tr(4) = YN A; is the trace
and A(A) its eigenvalues. For a compact, convex A C R”, the
support function ~: R” — R is h(u) = sup{u'x: x € A}. The
Minkowski sum of sets A, B C R" is A@ B, and the Cartesian
product of a finite collection {A;}; is X;A;. A set R C R”
is RCI for a system xT = f(x, u, w) with input constraints U
and compact disturbances W, if Vx € R, Ju € U, Vw € W,
flx, u,w) eR.

[I. PROBLEM SETTING

Consider a discrete linear time-invariant system:
+ _
xT =Ax+ Bu (1)

where x € R” and u € R™ are the state and input, respectively;
xT denotes the successor state. We consider, additionally,
that (1) admits a basic partitioning into M independently
actuated but dynamically coupled subsystems. The dynamics
of each subsystem are:

X7 = Aux; + Biju; + Z Ajxj + Biju; )
jeM;

where x; € R and u; € R™ are the state and input for i € M
such that x = (x1,...,xy) and u = (uy, ..., uy).

Assumption 1: For each Vi € M, the pair (Aj;, Bj;) is
controllable.

Each subsystem’s state and input are constrained within sets
X; and U; satisfying the following assumption:

Assumption 2: For each i € M, the set X; C R"% is a C-
set, i.e., a compact and convex set containing the origin, and
U; Cc R™ is a C-set with the origin in its interior.

A. Clustering and Further Partitions of the System

The partitioning of (1) into a set M of subsystems is not
the only possible subdivision of the system. Considering the
elements of M as the system’s atoms, we can define further
partitions based on clusters or coalitions of these atoms; see
Fig. 1. We formalise this notion as follows:

Definition 1 (Partition of the System): A partition of the
system is an arrangement of the M subsystems into C <
M coalitions: the partition of M = {1, ..., M} is the set C,
satisfying the following properties:

i) Coalition ¢ € C fits ¢ € M and its cardinality is M.

Qr—®

Y ©
9: C:

Fig. 1. Example of a coupled system M = {1,..., 6} that is partitioned
into C = {cq, co} with two coalitions ¢ = {1, 2,4, 5} and ¢» = {3, 6}.

ii) Coalitions are non-overlapping: c Nd = @ for all ¢ # d
and ¢, d € C.

iii) Coalitions cover the set of subsystems: | J,..e ¢ = M.

The set of all possible partitions
{C: € is a partition of M} contains both trivial cases, i.e., the
grand coalition Ccen = {c} where ¢ = M and the decentralised
coalition Cgec = {{1}, ..., {M}}. The set Iy is also a partially
ordered set concerning partition refinement, denoted by ’ <’.
Given C,D € Ilyq, the partition D < C (D refines C, or
C coarsens D) if every member of D is contained in some
member of C. Given a partition C, the state and input of
coalition c are, respectively, x; = (x;)icc and ue = (#;)jcc. The
dynamics of coalition ¢ are

[Ty =

xf = Accxe + Beelte +we 3)

c

where the matrices A.. and B.. contain, as sub-blocks, the
matrices of subsystems within the coalition: Ace = [Ajlijec
and Be. = [Bjjlijec. Similar to the system basic partition,
coalitions remain coupled via their dynamics: coalition ¢ is
coupled with coalition d via the matrices Acy = [Ajlicc jed,dc
and By = [Bij]iec,jed,d;éc such that w, £ ZdeMcAcdxd +
Bequtg where M. £ {d € €\ {c}:[Acq Bea] # 0} is the set of
neighbours of coalition ¢ € C. The structure of constraints for
all possible partitions of set M is the following:

Assumption 3: For any partition C € ITy¢ and Ve € C, the
input and state constraint sets are U, = X;c.U; and X, =
Kiee Ki.

Assumption 3 implies the absence of coupled constraints in
our setting; this is clear by taking Ccen € Ip. A consequence
of Assumptions 2 and 3 is that the interactions are bounded
within W, = @deMc AcdXyq ® BqgUyg.

1) Graph-Theoretic Point of View: From the decentralised
partition, we can define a coupling graph € C M x M
based on the coupling structure, as shown in Fig. 1. When
adopting a different partition € € Iy, there are two types of
coupling: the infer-coalition and the intra-coalition. The graph
theoretical approach allows us to characterise these couplings
as follows.

Definition 2: For a basic partition set M with coupling
graph &, for each C e Iy, there are:

i) intra-coalition coupling: E¢ = ENJ,ce ¢ X ¢, and

ii) inter-coalition coupling: 88 =EN[Neelc x o)€.

Proposition 1: Given a set M = {1,..., M} and a graph
(M, €). For any element C € Ilyq, the intra-coalition graph
Ee has at least |C| connected components.

Proof: The proof follows from Definitions 1 and 2. By
construction, A(i,j) € E¢ such that i € ¢ and j € d for any
¢,d € C, so the graph € contains |C| connected components.
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Moreover, if within a coalition ¢ € C, 3j € ¢ such that (j, i) ¢
EN(cxc) for all i € ¢, then the graph € N (¢ x ¢) has more
than one connected component. |

B. Control Problem

The control objective is to regulate the state of the net-
worked system from x(0) with a control policy that minimises
the following cost function while respecting constraints X =
><iEM Xl' and U = XiEM Ujl

o
Joo = 30 (£(x(K). u(K)) + 8(€(1)) ) @)

k=0
where £(x(k), u(k)) = 3o xi(k) T Qixi(k) + ui (k) T Rju(k) is
the stage cost with positive definite weights Q; and R;, and
g(C(k)) is the cost of clustering subsystems. In this letter, we
seek to characterise the term g(C(k)) concerning the coupling
strength of the network. Our construction exploits intrinsic
properties of the network in contrast to existing approaches,
such as [11], which rely on coupling measures via the states.

C. Design of RCI Sets

Following the RCI formulation in [12], an implicit repre-
sentation of an RCI for coalition ¢ in (3) can be parameterised
by sets W, X,, and U,. The resulting RCI set R.(W.) C X,
with induced invariant control law p.: R.(W.) — Ug, as used
in [5] and [11], can be found by solving a linear program:

min{e.:¢p = (SC,H’ e, be, Ec) € o} &)

with @, = {¢ SC,H € SC,Hv R (W) C acXe, I’LC(:RC(WC)) -
bUe, (ac, be) € [0,11x[0, 11, syac+sube < €.} with weights
sy >0ands, >0,and Sc g = (S¢.0,...,Sc.H-1), With S¢ 5 €
R™Me*"e and h =0, ..., H — 1, characterising the RCI set as:

H-1 H—-1
Re(We) = @Dh (Sc,H)Wc and pe(Re(We)) = @ Se.nWe
h=0 h=0

with Dp(Sep) = Al 4+ Y S Al-1-1 B S, for h > 1 and
Do(S¢,q) = I for h = 0, such that Dy (S, z) = 0 provided
that H is greater than or equal to the controllability index of

(Ace, Bee), i.e., Sc,H = {Sc,H:DH(Sc,H) =0}

D. Shrinking Disturbances and Tube MPC

From [5], the constraint sets evolve as «.(k)X. and B.(k)U,
for time-varying o, (k), B.(k) € (0, 1] and «(0) = B.(0) = 1.
Therefore, the disturbance sets also depend on these scaling
factors We(a, B) = GadeM(- AcqagXy @ BegBiUy. These
scaling factors evolve as [5, Lemma 1]:

B = Be(be + Be(1 = be)) (6)

The values of (&, B.) are obtained as part of the solution of
the following optimisation problem:

Pe(xe, ac, Bes ac, be):

a:_ = (Xc(ac + &c(l - ac))v

_min _ 7y &+ 78 B+ In.c

U, ¢, Be
st (@, Be) €10, 117, X(0) =%, 1=0,...
)_Cc(t + 1) = ACC-)_CC(I) + Bccﬁc(t)’

’N_19

Xe(D) € ac(l —ag)acXe, uc(t) € Bc(l —b)B: U
X (N) € X{(ac, B, ac, be), )

where Ty = VIE(N) + YN0 LeGe(®), e (1) is an MPC
cost, Ty, T8 > O, Xf.(ozc, Be, ac, be) is a positive invariant
terminal set. This optimisation problem is parameterised by the
current values of (a., B¢), the RCI scaling constants (ac, b.),
and the current nominal state X,.

[1I. COUPLING ANALYSIS

In this section, we analyse and study the different sources
of coupling in the distributed system network.

A. Coupling and RCI Set Design

Given a partition C € TIIy¢ with coalition dynamics
given by (3). The RCI design problem requires a weak
coupling assumption in the form W, C X.. This is a
necessary condition for R.(W,) C X, to exist. However,
the disturbance is not arbitrary but contains the dynamic
couplings of the neighbours. Using the property, A & B =
[I, I,JA x B for A, B C R", we can write the expression
for the disturbance set as W, = [Ac,* IABC,*] NreX XAU where
e = diag(diag{acﬂnc}ceevdiag{ﬂcﬂmf}cee), and Ac 4, Ec,*
are rows corresponding to coalition ¢ of the matrices Ae =
Ae — diag{Acc}ece and Be = Be — diag{B.c}cce, with Ae =
[Acdle,aee (similarly for Be). The weak coupling assumption
from a network perspective is

I:A@ Ee] reXxUcCX 8)

With the help of the respective support functions, we can
turn (8) into an inequality for any p € R™:

h(Ae Be|reX xU.p) < hCX,p) ©)

The following lemma provides tools to assess whether the
weak coupling assumption holds across the network.

Lemma 1 (LMI for Feasibility): Suppose Assumption 2
holds, X = {x € R": P/x < g} with P, € R™" and
gr € R, U = {ueR": Plu< q,) with P, € R™" and
qu € R, and X x U = GBY, (1) with G € R""*d_ The
weak coupling assumption for a network under partition C is
equivalent to 3L € R™*¢ satisfying the inequalities

Ly<q. -L=P[[AeBe|reG=L  (10)

Proof: Using the properties of the support function, if p €
R" is a normal direction of X, then A(X, p) = g where g > 0
defines a supporting hyperplane of X. Using this property, we
can rewrite (9) for each column py ; of Py as h([A@ f}@] e Xx
U, pxi) < qxi for i € {l,...,ny}. From the definition of
support function, we obtain 2(X x U, F@[A@ E@]Tpx,,-) < gx.i-
Using the property h(IB%Z(l), p) = lpllz such that g '+q ' =

1 with p € R?, we obtain ”GTF@[A@ Bel pri | S i for
all i € {1,...,n,}). There exists a matrix L € R™*? such
that (10) holds. ]

The following theorem proposes an RCI design methodol-
ogy for a given partition € of (1).



BALDIVIESO-MONASTERIOS AND MASERO: COALITIONAL CONTROL: CLUSTERING BASED ON THE H, NORM

1541

Theorem 1: Suppose Assumptions 1, 2, and 3 hold. The
problem of finding a family {R.}.ce of RCI sets for the
network (1) and a partition € is equivalent to the existence
of Zie € RXceetnexHd 7 o ¢ RXcectuexHd gz, ¢
RYceemex(ntmH ang Eo € RXceeextmH guch that the
following LMIs admit a solution:

(ae. Be. ae. be) € [0, 1141¢] (11a)
Zeelyg < greae, Zyelua < quebe (11b)
~Zue <PucBeln®G<Z.e (11c)
~Zie <PreEeln®G < Ze (11d)

H—-1
Aﬁ{.[ﬁc’* EC,*] Fe+ Y AR B Eop =0 (11e)

where ac = (ai, ..., aje)) (similarly for be, ae, and Be),
Ecen € R"fx(”:”) is the (c, h)" block of Ee, the blocks of E¢
are [EG]O,C = [Ac,* BC,*] e and [Eg]h,c = ACC[AC,* Bc,*] Fe+
n AR By for b # 0, Pye = diag(Py)ece, and
gs.c = diag(gs.c)cee With s € {x, u}.
Proof From Lemma 1 and (5), the RCI sets sat-
isfy @h 0 Dh(SC H)[Ac* Bc JTeX x U C aX; and
Hls B.ylTeX x U C bU. for all ¢ € C.

=0 c h[Ac *
Usmg support functions, we obtain the followmg component-

PecDi(Se,m)[Acx BexlTeG| <
q I

ac qx,c, and Zh:O HPu,cSc,h[Ac,* Bc,*] FGGHI < beqy,c. Using
the technique of Lemma 1 involving the support functions, for
allce @ hel0,..., H—1}, there exists Z, ., € R™<*? and
Zych € R™.c*4 such that:

wise inequalities: Z

H-1 H—-1
Z Zy,cnlqg < acqy,c, Z Zyenla < beque
h=0 h=0

— Lx,c,h =< Px,th(sc,H) I:Ac,* Bc,*] FGG =< Zx,c,h

- Zu,c,h < Pu,cSC,hl:Ac,* Bc,*] FGG =< Zu,c,h

These set of inequalities involve bilinear terms which
can be removed with the change of variables E.;, =
Sc,h[Ac,* Bc)*] ['e forall h =0,...,H — 1. This is possible
because, for 7 = 0, we obtain only a variable in terms of the
scaling, and we can undo the transformation. [ |

B. The Nominal System and Ho Norm
The nominal system X¢e for partition € is

=AeX+Bei, y=X (12)

with Ae = diag{Acclece and Be = diag{Bec}cee. From
an input-output context, we assume that the state can
be measured and that feed-through does not exist. The
H, norm of system (12) is defined by ||E@||:2]_CZ =
% ST Tr(He(eé”)He ()" )dew where He(-) is the Laplace
transform of X e. Furthermore, the computation of this norm
follows from the following lemma, which we state without
proof.

Lemma 2: Given a discrete linear time-invariant system X
with dynamics x* = Ax + Bu with Apax(4) < 1 and (A, B)
is a controllable pair, its H; norm is || X||g¢, = Tr(W) where
W is the solution of AWAT — W = —BBT

The above lemma allows us to conclude that as long as the
open-loop system is stable, the J{, norm can be computed
using only the powers of the matrix A. The following result
allows us to relate the J{, norm of each partition to the
connectivity of the underlying graphs.

Theorem 2: Suppose Assumption 1 holds. For a given
partition C, assume in addition that [A(Ae)| < 1 and Vc € C,
n,m > 0, n. = n, and m = m. The dynamic matrix admits
a decomposition Ae = A +Me ) i Les®H for Me €
RICInXI€In and some Hy € R”X” w1th s € {1,...,n}. The H;
norm of the nominal system Xe: X+ Aex + Beit satisfies
up to first order for some constants Cp > 0 and Cs; € R:

n
IZellse, ® Co+ Y D CrikilLe.s).

ieM s=1

13)

Proof: The matrix Ae is a block diagonal by con-
struction. This matrix contains the links defined in the
intra-coalition graph (M, €¢) with |C| connected components,
see Proposition 1. For each s € {l,...,n}, this graph
determines a Laplacian matrix Le s € RM XM the coupling
strength of state x.; and x.; of coalition ¢ can be described
by Hy € R™*" where [H;];; > 0. The dynamic matrix can be
rewritten as A% =Ac—Me Y ", Le s®H, with Me diagonal
and represents a scaling. This last matrix captures the effect
of the network on the coalitions defined by partition C.

We drop the subscript € in the following. The 3, norm,
from Lemma 2, can be computed as the solution of the
Lyapunov equation AWAT —W = —BBT. For small perturba-
tions M, we have W = WO +M >"_, Wy + O(M?) where W°
is the controllability Gramian for A and each W, is the first-
order correction due to £ which corresponds to the expression
for the matrix Ae. The matrix M of the factorisation can be
chosen to be small. Substituting into the Lyapunov equation:

A+ MY L, @H)W(AL + MY L, @H,) — W+

BBT =0. The zeroth order equation is AOWO(AO)—r wo +
BB = 0. Expanding to first order for all s =1, .
A'w, (AO) + (L ® H)W° (AO)

+AOWO (Lj ® HST) W, =0 (14)

Each of the Laplacian matrices admits a diagonalisation £y =
ZieM )\s,ifs,ifs—,r,- where &;; € RMI is an eigenvector of L.
Rewriting (14) in terms of the diagonalisation:

W () —wo= = Y (e @ How' AT

ieM
+AWO 68T @ H))).
Defining the linear operator L(X) = A%%ANHT — X,
therefore Wy = — 3 i )\s,iﬁ_l<(5&i§§i Q HoywoAaHT +

/_}OWO(&JEL ® HST)). The 3, norm of the nominal system
can be approximated by first order to || Zellgc, ~ Tr(Wp) —
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M Y iene iy ki€ where Coi = Tr(€7((6,8]; ®

HYWOA)T + AOWO (e, 6], ® Hj))) and Co = Tr(Wy). ®

This norm can be used to gauge the connectivity within each
partition. The following result shows how to use this norm to
compare partitions.

Proposition 2: The pair (ITyg, 04¢,) is a pseudo-metric
space with g¢,: ITay x Iy — RT defined as 9(€, D) =
l1Zellse, — 1ZDllse, |

Proof: The statements to proof are the following:
) 0(C,C) = 0, i) 0(C, D) = 2(D, C), and iif) °(C, B) <
0(C, D)+0(D, B) for all BCD € ITy,. The statements follow
from the definition of absolute value and Lemma 2. ]

The function ?(-, -) is a pseudo metric because two parti-
tions may have the same J{, norm when (i, ) ¢ €.

Remark 1: Selecting elements from the partition set Iy
may be computationally challenging due to the combinatorial
explosion of the number of partitions. This problem is not
trivial, and existing works have focused on reducing the
number of partitions to evaluate, as in [5] and [11].

IV. COALITIONAL CONTROLLER

Given a partition C, the N—step feasible set is given by the
product of individual feasible sets DC%/ = Xcee XY where each
DC’LV =X, ® R:(W,) and X, is the set where the optimisation
problem (7) admits a solution. At a given state x € XN, a
partition D is recursively feasible if x* & DC% and it is strongly

recursively feasible if xT e 56%, see [11, Proposition 5.5] for
more details of recursive feasibility becoming strong as the
coupling weakens. The main contribution of this letter is the
optimisation problem for selecting a partition:

C*(x,X) = arg min y|[Zellg, + ILe@ | +d(x, Xe) (15)
Celly

with weight y > 0, Xe¢ = Xce@(l — a’)a.X., and
dx, Xe) representing the distance of state x to set Xe.
Note that Problem (15) considers two types of couplings:
one structural arising from the nominal system of partition
C and measured using the 3, norm and another measuring
the instantaneous coupling that exists in the network given
by the term ||Le(x)| at current state x. In our setting, the
associated Laplacian matrix Le € RM*M of the inter-coalition
graph, following Proposition 1, is block diagonal containing
|C] blocks Le(x) = diag{L.(x): ¢ € {1,...,]|C|}}. For each
¢ € C, the components L£.(x) determine the strength of the
coupling [L];j(x) = _%<”Aijxj” + HAj,-xl- ||> for each i,j € c.
This Laplacian measures the amount of coupling “absorbed”
by partition C at state x. The last term in (15) penalises the loss
of strong feasibility. The weight y is used to make both norms
comparable. We are now in a position to state the following
theorem:

Theorem 3: Suppose Assumptions 1-3 hold. Given a parti-
tion C and a state x € DC%’, the optimal solution C*(x, X) of (15)
is strongly feasible.

Proof: Given a partition C, scaling factors («e, Be), and
a state x € Xlg The solution of (11) yields the necessary
scaling for a partition to admit a family of RCI sets, which
will determine the size of 3_6237 The term d(x, XD) > ( for a

Algorithm 1 Norm-Based Coalitional MPC Algorithm
Upper control layer: Every Ty, time steps, select the new
system partition € by solving (15) according to the current
values a = (ac)cee and B = (Bc)cce-

Lower control layer: Given the current partition, at each time
step k, each coalition ¢ € C:

1: Updates W, according to the current factors «., B., cal-
culate its RCI set based on a, and b, by (5), and compute
the terminal set X.

2: Solves problem (7) to obtain i, @ and B

3: Applies u. = u (1) to get )_Cj_ and define u, = U+ e (xe—
Xc), with the RCI control law w.(-), to get x}.

4: Updates the scaling factors as (6) and share them with
neighbours M. Check if R.(W}) exists; otherwise, hold
the previous factors: ™ =« and BT = 8.

B

G

71}4 nis
|
T

ksq

////////////(///////):/ I///////1//////

51 r’ r3’ ry rs

Fig. 2. Academic example comprising four trucks connected in series
via springs and dampers. At time kpyg = 16, an extra truck is plugged
into the system.

feasible partition D € Iy \ €. The condition d(X, Xp) =0
implies the state evolution lies within the definition of the
nominal state set of equation (7). The partition, therefore, can
be chosen according to the partition with the lowest J{> norm,
i.e., the partition, C*, minimising the coupling as shown in
Theorem 2 such that 9(€, C*) is minimal. |

The proposed approach is summarised in Algorithm 1,
where a central coordinator decides the system partition, and
then each coalition computes its control action.

V. CASE STuDY

Consider a multi-truck system composed of M = 4 subsys-
tems coupled by a damper and a spring with their neighbours
and, at time step kpg = 16, a fifth truck is plugged, as
illustrated in Fig. 2. More details on plug-and-play operations
can be found in [5, Section 5]. The continuous second-order
dynamics model of each truck:

ri=v, mpv; = Z k,'j(x/' — X,’) + h,’j(Vj — v,') + 100m;u;,
JjeM;

where its state is given by displacement r; and velocity v, its
control input u; represents the horizontal force. The masses
(kg) are: my;,m3 = 3, my,mq = 2 and m5 = 6; damping
factors (N-s/m): hyp, hzs = 0.3, hpz = 0.4, and hys = 1;
and string constants (N/m): kjp = 0.5, kp3 = 0.7, kza = 0.6,
and k45 = 1.5. Its continuous dynamics is discretised with
sampling time 75 = 0.2s. The prediction horizon is N = 10,
the weights are Q; =7 and R; = 100, and 7y, = 5 - 107> and
8 = 0.

The control objective is to steer the state to the origin
while satisfying the constraints |r;|] < 2m, |vj] < 1ml/s,
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Fig. 3. Evolution of the partition C(k). During transients, the system
requires more cooperation, ie., C(0) = Ccepn; as transients wane,
cooperation decreases, leading to decentralised operation, i.e., C(11) =

Cec-
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Fig. 4. Norm values in our coalitional MPC: the Ho-norm decreases
with more decentralised partitions, then rises when a new truck joins.
The Laplacian norm drops as coupling weakens near equilibrium.

TABLE |
COMPARISON OF NUMERICAL RESULTS

MPC methods fe [s] & [s] Jstage  Jclust  Jrotal
Centralised MPC - 0.88 28.49 14.5 43.00
MPC-based Coalitional  24.78 0.52 28.94 4 32.94
Norm-based Coalitional 4.73 0.53 2894 4 32.94

|ui| < 1N/kg and dealing with a plug-in. Initially, there are
eight possible partitions: Cgec = {{1},{2}, {3}, {4}},62 =
{{1}, {2}, {3, 4}}, eor, Ceen = {{1, 2,3, 4}} and, after the plug-
in, the number of possible partitions increases to sixteen. A
new partition is selected every Ty, = 5 steps, based on two
alternative clustering criteria:
e MPC-based partitioning criterion, proposed
in [5, Algorithm 1], solves an MPC problem for each
C e IIp¢. We select the partition with the lowest cost
JN (4), where g(C(k)) is the cooperation cost, i.e., the
number of links in C(k) times cjjpx = 0.1.
o Norm-based partitioning criterion, here proposed, selects
the partition minimising (15) with y = 1073,
Both approaches share the same lower control layer and objec-
tive as Algorithm 1. Fig. 3 illustrates the partition evolution,
identical across both clustering criteria. Fig. 4 presents the J»
norm of ¥e and the Laplacian 2-norm, with a spike in H, at
kplug when the 4th truck forms a coalition with the plugged
truck. Our approach selects the partition that ensures recursive
feasibility and stability. Table I reports the accumulated stage
cost Jsage = 22(;1 L(x(k), u(k)), the clustering cost Jepst =

2221 g(C(k)), their sum Jo, and the average times for
partition selection 7e and for solving the coalitional problem 7.
Our norm-based approach is 80.91% faster than the baseline,
offering a more efficient partitioning.

V1. CONCLUSION

This letter studies the coupling structure in networks of
dynamical systems. We proposed a set of LMIs to verify the
weak coupling assumption and to synthesize RCI sets across
the network. We also analysed the internal coupling of a
partition via its intra-coalitional graph. To quantify coupling,
we introduced the H, norm in terms of the eigenvalues of the
intra-coalitional Laplacian, and used it to compare partitions.
We illustrated our findings through an academic example,
comparing our approach to the existing ones in the literature.
In future work, we aim to explore the scalability of the
proposed method in more challenging scenarios.
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