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Abstract

Brylawski’s tensor product formula expresses the Tutte polynomial of the tensor
product of two graphs or matroids in terms of Tutte polynomials arising from the
tensor factors. Analogous tensor product formulas are known for the Bollobas—
Riordan and transition polynomials of graphs embedded in surfaces. We show
that these formulas are instances of a more general result for multimatroids by
giving a tensor product formula for the multimatroid transition polynomial and
showing that Brylawski’s formula and its topological analogues arise from it.
Along the way we provide formulas for the transition polynomial of the two-sum
and star product of multimatroids.
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1 Introduction

Let G and H be graphs, G loopless and bridgeless, and H with a distinguished edge e
that is neither a loop nor a bridge. The tensor product G ®. H is formed by, for each
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edge of G, identifying that edge with e in a copy of H then deleting the edge formed
by the identification. So each edge of G is replaced with a copy of H \ e. Brylawski’s
tensor product formula [1] expresses the Tutte polynomial of G®, H in terms of Tutte
polynomials coming from G and H:

. __n(G) pr(G) T(H\ezy) T(H/ezy)
T(G@eH,I,y)—O( B T(Ga 8 ) )7

[e3

where « and (8 are polynomials in Z[z,y] uniquely defined by the system of linear
equations

(x—1a+B=T(H\ex,y),
a+(y—1)p=T(H/ewx,y).

Brylawski’s formula has been extended to graphs embedded in surfaces in two different
ways: in [2] where a tensor product formula for the Bollobas-Riordan polynomial was
given, and in [3] which gave a tensor product formula for the topological transition
polynomial.

In the classical case, Brylawski proved the tensor product formula for the Tutte
polynomial in the more general setting of matroids rather than just graphs (as is
stated in Corollary 29 below). All of the structure required for the result for graphs
resides in the cycle matroids of the graphs. Here we address the problem of finding the
correct framework for the tensor product formulas for graphs embedded in surfaces.
A reader familiar with topological analogues of the Tutte polynomial might expect
this framework to be given by delta-matroids. Delta-matroids [4] form a generalisa-
tion of matroids where bases may have different cardinalities, see [5, 6] for further
background. However, we shall see that the natural setting is in fact Bouchet’s tight
multimatroids [7, 8], which form a generalisation of delta-matroids where one may have
an arbitrary (but finite) number of minor edge operations, instead of only deletion
and contraction.

In this paper we introduce tensor products of tight multimatroids. This operation
is compatible with the graph, matroid and embedded graph tensor products. Our
main result is a generalisation of Brylawski’s formula to the transition polynomial of
multimatroids, given here as Theorem 16. From this we deduce tensor product formulas
for delta-matroids, including the recovery of Brylawski’s result for matroids. We also
deduce an extension of Ellis-Monaghan and Moffatt’s tensor product formula [3] for
the topological transition polynomial by relaxing the restriction on the type of edges
that the tensor product acts on.

This paper is structured as follows. Section 2 provides an overview of multima-
troids. Section 3 discusses the two-sum operation for multimatroids and introduces
the tensor product. In Section 4, we describe related constructions including Bouchet’s
isotropic systems [9]. Section 5 contains our main result, Theorem 16, giving a version
of Brylawski’s formula for the multimatroid transition polynomial. Along the way, we
give a formula for the multimatroid transition polynomial of the two-sum of multi-
matroids in Theorem 14 and of the star product of multimatroids in Theorem 15. In
Section 6 we apply our main result to deduce tensor product formulas for delta-matroid



and matroid polynomials. Finally, in Section 7 we review a connection between graphs
embedded in surfaces and tight 3-matroids and deduce a tensor product formula for
the topological transition polynomial. To aid the digestion of our results, we provide
plenty of examples and we do not assume any familiarity with multimatroids.

2 Multimatroids

Multimatroids were introduced by Bouchet in [7] as a simultaneous generalization of
delta-matroids and isotropic systems which he had earlier introduced in [4] and [9],
respectively. They are defined on what he called a carrier, a pair (U, Q) where U is
a finite set, called the ground set, and €2 is a partition of U into (non-empty) blocks
called skew classes. If each skew class has size ¢, then (U, ) is a g-carrier.

It is helpful to think of the skew classes, rather than the elements of U, as play-
ing a role analogous to the elements of a matroid, and the elements of each skew
class representing different ‘states’ that the skew class might play. As an illustration,
in Section 7 we consider multimatroids arising from ribbon graphs (or, equivalently,
graphs in surfaces). There each edge of the ribbon graph corresponds to a skew class,
and each skew class consists of three elements that can be thought of corresponding
to an edge being either present, absent, or present but given a “half-twist”. We shall
adopt notation that reflects this understanding.

Notation 1. For each skew class e, the members of the skew class are named by deco-
rating the symbol e. For example, for a skew class e we might write e = {e1,e2,...,¢4}
or e = {é,€,¢e}. (See Example 3 for this convention in practice.) 0

For a carrier (U, ), a pair of distinct elements belonging to the same skew class is
called a skew pair. A subtransversal of €2 is a subset of U meeting each skew class at
most once. The set of subtransversals of €2 is denoted by S(Q2). A transversal T of
is a subtransversal of 2 with |T'| = ||, that is, a set containing precisely one element
from each skew class. The set of transversals of € is denoted by T (€2). We say that
a subtransversal S is a near-transversal if |S| = || — 1, that is, it meets all but one
skew class. The set of near-transversals of €2 is denoted by A(Q).

A multimatroid is a triple Z = (U,Q,rz) so that (U,Q) is a carrier and ryz is a
rank function rz : S() — Z>¢ satisfying the two axioms below.
(R1) For each transversal T of €, the pair comprising 7" and the restriction of rz to
subsets of 1" forms a matroid.
(R2) For each subtransversal S of 2 and skew pair {e;,e;} from a skew class disjoint
from S, we have

rz(SU{ei}) +rz(SU{e;}) —2rz(S) > 1.

We generally omit the subscript Z from rz whenever the context is clear. Axiom (R1)
implies the following: () = 0; for A € §(Q) and e; € U such that AU {e;} € S(Q),
r(A) < r(AuU{e}) < r(A) +1; and for A, B € §(Q) such that AU B € S§(Q),
r(AUB)+r(AnB) <r(A)+r(B).

It is convenient to extend the concepts we have defined for carriers to multima-
troids. For example, by a transversal of a multimatroid we mean a transversal of its



underlying carrier, and we use 7 (Z) to denote the set of transversals of a multimatroid
Z, and N'(Z) the set of near-transversals. Furthermore, the ground set of a multima-
troid is the ground set of its carrier. We sometimes use U(Z) to denote the ground
set of a multimatroid Z. We say that a multimatroid is a g-matroid if its carrier is a
g-carrier (i.e., each skew class has exactly ¢ members). (The special case of 2-matroids
was introduced earlier than general multimatroids in [4] under the name symmetric
matroids.)

An element e; of a multimatroid (U, Q,r) is singular if r({e;}) = 0. A skew class
is singular if it contains a singular element. A multimatroid is non-degenerate if every
skew class has size at least two. If S is a subtransversal of Z, then we define its nullity
nz(S) by nz(S) = |S|—rz(5), again omitting the subscript when the context is clear.

Let Z = (U,Q,71), let e; be in U, and suppose that e; is in the skew class e.
Then, following [10], the elementary minor of Z by e;, denoted by Z | e;, is the triple
U, ") withU' =U —e, ' = Q—{e} and for all S'in S('), 7' (S) = r(SU{e;}) —
r({e;}). It is straightforward to show that Z |e; is a multimatroid.

An independent set of Z is a subtransversal S with n(S) = 0. Subtransversals that
are not independent are dependent. A basis is a maximal independent subtransversal,
and we let B(Z) denote the set of all bases of Z. For any subtransversal S, we have
r(S) = maxpep(z) |B N S|, and consequently multimatroids are uniquely determined
by their carrier and collection of bases. By [7, Proposition 5.5], the bases of a non-
degenerate multimatroid Z are transversals of Z.

We are particularly interested in tight multimatroids. These were introduced by

Bouchet in [8] and they include the 3-matroids of ribbon graphs (as discussed in
Section 7).
Definition 2. A multimatroid Z is tight if it is non-degenerate and for every near-
transversal S, there is a unique element, which we shall denote by 0z(S), in the skew
class disjoint from S such that r(SU{0z(S)}) = r(S). We omit the subscript Z, when
the context is clear.

Note that the uniqueness condition is not included in Bouchet’s definition of tight
multimatroids, however uniqueness follows easily from (R2). Moreover, as shown in
[8, Proposition 4.1], if a multimatroid is tight, then so are all its elementary minors.

An isomorphism between two multimatroids is a bijection respecting the partition
into skew classes and preserving rank. If Z; and Z5 are isomorphic, we write Z; = Z,.
Notice that tightness is preserved under isomorphism and that every isomorphism
maps singular elements to singular elements.

Example 3. Let (U,{a,b,c}) be the 3-carrier with skew classes a = {a,a,a}, b =
{i), 5,3}, and ¢ = {¢,¢,¢}. We implicitly assume in this and all other examples that
differently named elements are distinct.

An example of a 3-matroid Z over this carrier has the following sixteen bases:

{a,b,e}, {a.bey, {a,b¢}, {abé},
@b}, fa.be), {abe), {abe),
{a,b,¢y, {a,b,e}, {a,b,c}, {a,b,c},
{a,b,e}, {abe}, {abc, {abc}



Of the remaining eleven transversals, all of which are dependent, {@, b, ¢} has rank
one and the rest have rank two. This multimatroid can be shown to be tight, and, for
example, 0({a,b}) = ¢.

Note that in our examples, the naming convention we have adopted for the elements
of a skew class gives a partition of the ground set of the multimatroid into transversals
determined by the type of decoration. We stress that, in general, the elements of a
multimatroid do not have a natural partition into transversals. Nevertheless, as we
shall see in Sections 6 and 7, the elements of a multimatroid coming from a delta-
matroid or from a ribbon graph may be naturally partitioned into transversals, and
this motivates our choice of notation. O

For use later, we give a second, similar example.

Example 4. Let (U, {qa, f,g}) be the 3-carrier with skew classes a = {a,a,a}, f =
{f, 1, f}, and ¢ = {§,7,9}. An example of a 3-matroid Z over this carrier has the
following sixteen bases: .

i fa), {afa), {(aTg), {aT.9)h

{a, 7.9y, 1ol f{a@fa. {(@fah

@7.d), (@rfgh {@fdh {al3)

{a.f,9}, Afa f.g}, A{af.g} {a f.g}

3 Tensor products and two-sums

The two-sum of multimatroids was introduced in [11]. The idea behind it is as follows.
We say that multimatroids Z; and Zs align at a non-singular skew class e if the
intersection of their ground sets is e, and e is a non-singular skew class of both 7
and Z,. Suppose Z; and Zs are tight multimatroids that align at a non-singular skew
class e. Suppose also that I; and I, are independent near-transversals of Z; and Z,
respectively, both avoiding e. Then I; U I5 is a basis of the two-sum Z; @2 Z5 along e
if and only if 0z, (I1) # 0z,(I2). The idea of constructing a tensor product of Z and
7' is then to two-sum a copy of Z’ along each skew class of Z.
Formally the two-sum is defined as follows.
Definition 5. Let Z; := (U1, §1,71) and Zy := (Us, Q2,72) be tight multimatroids
that align at a non-singular skew class e. Then the multimatroid Z = (U, Q,r) is the
two-sum along e, denoted by Zy @o Za, if U = (U3 UUs) —e, Q = (1 UQs) — {e}
and a transversal B of 2 is a basis if and only if BN U; and B N Us are independent
near-transversals of Z; and Zs, respectively, with 0z, (BN Uy) # 0z,(B N Us).
It is straightforward to show that Z is genuinely a multimatroid [11].

Example 6. Suppose that Z; is the multimatroid in Example 3, and Z5 that in
Example 4. We consider Z; G®s Zs. Tl.le set of independent near-transversals T}
of Zy with 0z, (Ty) = a is X; = {{b,c},{b,c}}; where Oz, (T1) = @ is Xz =
{{b, ¢}, {b, 2}, {b,c}{b, ¢}}; and where 05, (T)) = @ is X5z = {{b,¢},{b,2}}. The set
of independent near-transversals Ty of Zy with 0z,(Th) = ais Y, := {{f, g if, a0t
where 0z,(Ty) = a is Yy = {{f,9}.{F,7}}: and where 0z,(Ty) = @ is Yz :=
{3}, {7.35.{F. 3}, {F.9}}. Then Zy @ Z, has skew classes b = {b,5,b}, ¢ i=



{¢,¢,¢}, f = {f, 1, f}, and g := {g,7,9}. Its bases consist of all sets of the form 2 Uy
where x € X, andy € YzUY;,orz € Xgandy € Y; UY;,orz € X5 and y € Y, UYg0

The next two results are from [11]. The proofs are straightforward.
Proposition 7. Let Zy := (U1,Q41,71) and Zy := (Ua,Qa,r2) be tight multimatroids
that align at a non-singular skew class e. Suppose that Ty is a near-transversal of Z;
avoiding e, and Ty is a near-transversal of Zs avoiding e. Then

_ Jrz(Th) +rz,(T3) if 02,(Th) # 02z,(T2),
TZ1®22> (Tl U TQ) - .
{Tzl (T1) +rz,(T2) =1 if 02,(Th) = 02,(T>).
Proposition 8. Let Zy := (U1,Q4,71) and Zy := (Ua, Qa, 1) be tight multimatroids
that align at a non-singular skew class. Then their two-sum Z1 @9 Zs is also tight.
The two-sum operation is clearly commutative. The previous proposition sug-
gests the possibility of forming the two-sum of two multimatroids and then forming
a two-sum of the resulting multimatroid with a third multimatroid. The following
associativity property also holds [11]. Again its proof is straightforward.
Proposition 9. Let Zy,7Z5,Z3 be tight multimatroids with the carrier of Z; being
(Ui, Q) fori=1,2,3. Suppose that e and f are distinct non-singular skew classes of

Zs, that e is a non-singular skew class of Zy, that [ is a non-singular skew class of
Z3, and that Uy NUy=¢e, Uy NUs = f and Uy NUz = 0. Then

(Z1 B2 Z2) Do 43 = Z1 B2 (Zz Do Zg).

Proposition 9 allows us to carry out multiple two-sum operations in any order.
More precisely, we say a finite collection Z of tight multimatroids is graphable if it
satisfies both the following conditions.

® No element belongs to the ground set of three or more members of Z.

® For every two distinct members Z; and Z; of Z, either the ground sets of Z; and

Z5 are disjoint or Z; and Z, align at a non-singular skew class.

If Z is graphable then we may form its graph as follows. Its vertices are the members
of Z and distinct vertices Z; and Zs are joined by an edge if the ground sets of Z
and Z5 intersect. Whenever we consider the graph of a collection of multimatroids, we
assume implicitly that the collection is graphable. Suppose that G, the graph of Z, is a
tree. Then Proposition 9 ensures that we can carry out all the two-sums corresponding
to the edges of G in any order without affecting the result. We denote the resulting
multimatroid by €, Z.

We focus on a special case. Suppose that Z; is a tight multimatroid with carrier
(U1,91) in which every skew class is non-singular, and that 2 = {Z, : e € Q;} is
a collection of tight multimatroids indexed by the skew classes of Z; such that, for
each e, Z; and Z. align at the non-singular skew class e. Suppose that the graph of
ZU{Z:} is a star with central vertex Z;. Then we say that @,(Z U{Z:}) is the star
product of Z; and Z.

We will be particularly interested in the following case of the star product. Suppose
that Z; and Z = {Z, : e € Q;} are as described above. Now suppose that Z, is
a tight multimatroid with a non-singular skew class a so that for each e € 2, the



multimatroid Z, is isomorphic to Z5 via an isomorphism ¢, with ¢.(e) = a. Finally,
let ® = {¢. : € € Q1}. Then we say that the star product of Z; and Z is the tensor
product of Z1 and Zy via ®, which we denote by 77 ®¢ Zs.

Remark 10. The carrier of Z; ®¢ Zo is determined by ®. Moreover Z; Q¢ Zs is
determined up to isomorphism by Z;, Zs and the collection of maps {¢. |e: e € Q;},
where ¢, | e denotes the restriction of ¢, to the skew class e.

But, as we shall see in the following example, two tensor products of Z; and Zs
are not necessarily isomorphic, which is why we incorporate ® into the notation. This
ambiguity arises because the elements of a skew class of a multimatroid are generally
neither ordered nor otherwise distinguished by, for example, a partition of the ground
set of a multimatroid into transversals. So, there is no canonical choice for a bijection
between a skew class e of Z; and the distinguished skew class a of Z,.

As we shall see in Theorems 26 and 36, when we apply our results to the
multimatroids coming from delta-matroids (including matroids) and ribbon graphs,
respectively, there is a natural way to distinguish elements of each skew class and there
are canonical bijections between each skew class of Z; and the skew class a of Zy. [

Note that by repeated application of Proposition 8, a tensor product of tight

multimatroids is tight. We now give a small example of a tensor product of two
2-matroids.
Example 11. Let Z; be the tight 2-matroid whose skew classes are e} := {é1, €, } and
eg := {é9,82}, and whose bases are {é1,e3} and {€;,é3}. For i = 1,2, let Z,, be the
tight 2-matroid whose skew classes are e; := {é;,€;}, b; := {i)i,gi}, and ¢; := {é;,¢},
and whose bases are {é;,b;,¢;}, {Ei,l;i,éi}, and {€;,b;,¢;}. Now let Z, be the tight
2-matroid whose skew classes are a := {a,a}, b := {5,5}, and ¢ := {¢,¢} and whose
bases are {a,b,¢}, {a, I.),E}, and {a,b,c}. For i = 1,2, let ¢, : U(Z.,) — U(Z2) be
given by

G, (6) = a4, be,(€) =T, Ge,(bi) = b, de,(bi) =, be,(é5) =&, @, (@) =2

Then for i = 1,2, ¢, is an isomorphism. Let ® := {¢.,, ¢, }.

The tensor product Z; ®e Zo is the‘ 2-matroid with skew. classes {1.71,51},
{E‘l’él}L {bQ,EQ}, {62,62}, and bases {Bl,él,bQ,EQ}, {51,61,52,62}, {bl,fl,gg,ég}, and
{bl, él, bQ,EQ}.

Suppose we interchange the roles of é; and € in Z,,, so that its bases become
{€2,b,C2}, {ég,l;g,ég}, {é5,b,¢2}. In order that ¢, is still an isomorphism between
Z., and Zs, we need to amend ¢, so that ¢.,(é2) := @ and ¢, (€2) := a. The result-
ing tensor product Z; ®¢ Zs has bases {51,51,52,52}, {[‘)1,61,1-)2,62}, {[.)1,51,52,62},
{51,61,1.72,52}, and {by,¢1,b2,¢2}. As the number of bases has changed, we observe
that different choices for ® may yield non-isomorphic multimatroids. 0

4 Related constructions

This section adds additional context and connects our work with analogous construc-
tions on several related combinatorial structures. Our aim is to enable those with



a passing familiarity with some of these structures to see the relationships between
them, rather than give precise details. We assume some background knowledge of
delta-matroids and isotropic systems: this section may be skipped as the rest of the
paper does not depend on its content.

The tensor product of graphs G and H (with a distinguished edge e) may be
described in terms of two-sums. It is formed by taking the two-sum of G with an iso-
morphic copy of H along every edge of G, so that each two-sum is along an isomorphic
copy of e. This formulation extends easily to matroids [1] and using the notion of the
two-sum for multimatroids from [11] extends in an analogous way to delta-matroids
and multimatroids.

As mentioned in the introduction, multimatroids were introduced by Bouchet [7],
partly in an attempt to simultaneously reconcile and generalize his earlier combinato-
rial structures, namely delta-matroids [4] and isotropic systems [9]. The definition of
the two-sum construction for delta-matroids and multimatroids in [11] was inspired
by the matroid two-sum construction [12]. Indeed, the construction for even delta-
matroids is exactly the same as that for matroids specified by their bases. In this
section we compare this construction with the very closely related composition oper-
ation for isotropic systems due to Bouchet [13] (but only later given the name
composition [14]) and more general work by Cunningham and Edmonds [15] which
developed a general theory of splits in combinatorial structures.

Binary matroids form an extremely important subclass of matroids. By appropri-
ately modifying the definition of representability, one can define the class of binary
delta-matroids [16, 17]. Every matroid (when specified by its bases) can be thought of
as a delta-matroid and the concepts of representability are consistent in the sense that
a matroid is binary if and only if it is binary when considered as a delta-matroid. A
consequence of the definition of representability is that a normal binary delta-matroid,
that is, one in which the empty set is feasible, is determined by its feasible sets of
size at most two. Thus (as with binary matroids) every binary delta-matroid is deter-
mined by specifying one feasible set F' and the collection of those feasible sets I’ with
|F' A F’| < 2. So, up to twisting, a binary delta-matroid may be described by a graph,
known as its fundamental graph. Note that this graph describes ‘feasible set exchanges’
and is not related to the delta-matroid in the way that the cycle matroid of a graph
is related to that graph.

If, rather than starting with a binary matroid defined in terms of its bases, instead
one starts with its circuit space, and seeks to generalize this concept, then one is led
in a highly non-trivial way to Bouchet’s isotropic systems [9], which, very roughly,
incorporate both the circuit and cocircuit spaces of a binary matroid in a subtle way.
Bouchet proved that there is a collection of graphs [18] associated with each isotropic
system, with two graphs belonging to the same such collection if and only if they are
locally equivalent. (Two graphs are locally equivalent if one can be obtained from the
other by a sequence of operations each of which involves complementing the edges
between all neighbours of some vertex.) Up to isomorphism, an isotropic system is
determined by any one of these graphs. The equivalence of binary delta-matroids and
isotropic systems follows from this. More recent combinatorial constructions due to
Traldi [19] and Brijder and Traldi [20], namely isotropic matroids and tight binary



3-matroids, respectively, are also equivalent to isotropic systems and binary delta-
matroids. The relationships between these different constructions are discussed in [20].

Cunningham and Edmonds [15] construct a general theory of what they call
splits. Roughly speaking, this involves decomposing a combinatorial structure into two
smaller structures with a minimal but non-trivial intersection. They show that pro-
viding the collection of possible splits obeys various properties shared by two-sums in
graphs, then one can neatly characterize all the possible decompositions obtained by
successively forming a split. They give specific specializations to graphs and the col-
lection of circuits of a matroid coming from two-sums. Cunningham [21] describes a
join operation on pairs of graphs or digraphs having a common vertex and considers
the corresponding splits. This falls within the general framework of [15].

In [13], Bouchet introduced the connectivity function of an isotropic system, which
is analogous to the connectivity function of a matroid [12]. Partitions of the ground
set of an isotropic system Z with connectivity one correspond to the splits from [21] in
each fundamental graph of Z, something which Bouchet exploited to prove an analogue
of Tutte’s ‘Wheels and Whirls Theorem’ for isotropic systems. Bouchet defines the
composition I of two isotropic systems I; and I to be such that any fundamental
graph of I is the join of the corresponding fundamental graphs of I; and Is. The
composition operation was developed further in [14].

By considering the effect of the composition operation on the collection of feasible
sets of the associated normal binary delta-matroids, one obtains a notion of composi-
tion for delta-matroids [22]. For normal binary delta-matroids, the consistency of the
definitions of composition in terms of fundamental graphs and feasible sets is explained
by Lemma 4.4 of [23]. The identity proved there also follows from the proof of Proposi-
tion 2.3 of [24]. However, the notion of composition does not extend to multimatroids
in a canonical way. Moreover it is not consistent with the existing notion of the two-
sum in ribbon graphs [2, 25], nor with that in matroids. Indeed, the composition of
two matroids (considered as delta-matroids) would not be a matroid. Thus the defini-
tion of the two-sum for delta-matroids given in Section 6 is not exactly Cunningham
and Bouchet’s composition operation, although for even delta-matroids the difference
is only slight: it follows immediately from the definitions in terms of feasible sets that
if Dy and D5 are two even delta-matroids with a common element e, then the compo-
sition of Dy and D is Dy @9 (D2 % {e}), where x denotes the twist operation discussed
in Section 6.

Traldi has obtained an expression for the weighted interlace polynomial of the com-
position of two graphs [26]. The weighted interlace polynomial of a graph G coincides
with the weighted transition polynomial of the normal binary delta-matroid described
by G. Thus Theorem 25 generalizes Traldi’s result with the proviso that the definitions
of composition and 2-sum do not exactly coincide, as we have explained in this section.

5 The transition polynomial

This section contains our main results: expressions for the transition polynomial of a
two-sum and a star product, and an extension of Brylawski’s tensor product formula
to tight multimatroids. The weighted transition polynomial of a multimatroid Z =



(U,Q,r), introduced in [27], is

Q(Za {xu}uert) = Z tn(T)XTv

TeT(2)

where x7 = [[,cr 2. We often abbreviate {z, }.cv to x, when U is clear from the
context, and sometimes just write Q(Z) for Q(Z;x,t) = Q(Z;{xy}uecv,t)-

Notice that if U = (), then 7(2) = {0}, so Q(Z;x,t) = 1. Here we treat the z,

as formal variables, giving a polynomial in Z[t, {x }uev]. However they can be, and
often are, treated as parameters.
Example 12. Let Z be the multimatroid in Example 3. Then the transition poly-
nomial Q(Z;x,t) has 27 summands. Sixteen of these come from the bases and give
the t° terms, the transversal {@, b, ¢} gives the only #? term, and the remaining eleven
transversals give the ¢! terms. So the transition polynomial takes the form

‘T 4+ Tarpre) + Ty Te + - + Taapre) + P (TaaTy).

(xyapae + Tat; T

In practice, it is common to consider some substitution or specialisation of the variables
xr. For example, taking, for each e, x; = u, zz = v, ¢ = 0 gives a polynomial

Q(Z; (u,v,0),t) = (u® + 2uv?) + t(3u?v + v*) + t*uv?,

that is related to the Tutte polynomial of a delta-matroid or ribbon graph, as described
in Sections 6 and 7, respectively. 0

To describe a substitution or specialisation of the variables we often abuse nota-
tion slightly and write expressions such as Q(Z; {zy = Yu uev,t) meaning that each
variable x,, is set to y, or Q(Z;X,t | Te, = Ye,, % = 1,...,q) by which we mean that for
1=1,...,q, the variable z., should be set to y.,. All the other variables are unaffected.
When we do this, y., may be a polynomial in ¢ and variables indexed by elements
of another multimatroid. Clearly such a substitution changes the polynomial ring to
which Q(Z) belongs.

We first give an expression for the transition polynomial of a two-sum, Z; ©2 Zs,
showing that it may be obtained from @Q(Z;) by setting the variables indexed by
the elements of the skew class along which the two-sum is formed to appropriate
polynomials in ¢ and variables indexed by some of the elements of Z5.

We need the following result which is one case of Theorem 6 from [27].
Proposition 13 ([27, Theorem 6]). Let Z := (U,Q,r) be a multimatroid and let e be
a non-singular skew class of Q. We have

QZix,t) = ,Q(Z|u; X, 1),

uee

where x' is obtained from x by removing the entries indexed by the elements of e.
The two-sum formula is given by the following theorem.

10



Theorem 14. Let Zy and Z5 be tight multimatroids that align at a non-singular skew
class e :={e1,...,eq}. Let U :=U(Zy @2 Zo) and Uy := U(Zy) —e. Then

Q(Zl @2 Z27 {J}u}ueU7t) = Q(Zla {mu}uGU(Zl)vt | Te; = yeiai = 17 e 7q)7

where {yy }uce 1S the unique solution to the following system of linear equations in the
ring Z[t, {zutueuy]-

Q(Z2 | €1, {xu}ueUévt) =tYey + Yey +- -+ Yeqs
Q(ZQ | €2; {xu}uEUéat) =Yey T ey +-- + Yeqs

Q(Z2 ‘ €q; {xu}u€U§7t) = Ye, + Yes +ee tyeq-

Proof. Let N1 and A5 denote the sets of near-transversals missing e of Z; and Zs,
respectively. For ¢ =1,...,¢, let

Ye; = Z XSQtn(S2).

S2EN,
6(52)261'

Thus
q
Q(Zai {mutuct(za) ) = D Yo, (Tey + -+ Tey, + 1T, +Tery 40+ Te,).
i=1

By considering the monomials of Q(Z53) containing z., and using Proposition 13, we
deduce that fori=1,...,q,

Q(Z2 ‘ €i; {xU}uGUévt) =Yey T F Yoy T 1Ye, + Yeizr T 1 Yey-

This gives a system of ¢ simultaneous equations in Z[t, {zy }uev;] for Ye,; - - -, Ye,- By
construction, these have a solution and because the matrix of the coefficients of the
simultaneous equations has non-vanishing determinant, the solution is unique. There-
fore ye,, ..., ye, may be recovered from Q(Zs |e1), ..., Q(Z2|eq), (and consequently
from Q(Z3)).

We have

Q(Z]_ @2 ZQ) = Z Z X31XS2tn(51U52)

S1EN1 S2€N,

Z zq: Z Xslxsztn(SIUSZ)

S1ENT i=1 SyeN>
e(SQ)ZEi

11



=Y xsltmsl)( Y xet D4 Y XSthsQ)H)

S1EN 1<i<q SoENS SaEN2

e;#0(S1) 0(S2)=e; 0(S2)=0(S1)
= Z Xslt"(51)< Z Ye;, + y9(S1)t>
S1ENY 1<i<q
ei#0(S1)

Q(Zlv {xu}ueU(Zl)at ‘ Te; = yemi = 15 sy Q)7
as required. O

We now use Theorem 14 to obtain an expression for the star product of tight
multimatroids.
Theorem 15. Suppose that Zy is a tight multimatroid with carrier (U1,$1). Assume
that each skew class e of Z1 is non-singular and has the form e = {e1,..., e, }, where
ge = le|. Now suppose that Z = {Z. : e € Q1} 1is a collection of tight multimatroids
indexed by the skew classes of Zy such that, for each e, Z1 and Z. align at the non-
singular skew class e, and that the graph of ZU{Z1} is a star with central vertex Z.
Let Z' denote the star product of Z1 and Z and let U := U(Z'). Then

Q(Z": {xutuer,t) = Q(Z1;{Ze, = Ye, Yecarn, 1<i<q. )

where for each e € Q1, {yutuece s the unique solution to the following system of linear
equations in the ring Z[t, {Tu}uev(z.)—el-

Q(Ze | €1; {xu}ueU(Ze)—ev t) =tYe; t Ye, +--- Yeq.»
Q(Ze | €2; {xu}uGU(Ze)fe7 t) = Ye, + tyeg + -+ yeqﬁ,

Q(Ze | €qcs {xU}ueU(Ze)—er t) =Yey T Yey + -+ tyeqe .

Proof. The theorem follows from Theorem 14 and Proposition 9. Forming the star
product of Z; and Z requires || two-sums, which by Proposition 9 may be performed
in any order. For k = 0,...,|Q], let Z¥ denote the multimatroid formed after k of
these two-sums. Then Z° = Z;, Z!1l = Z" and for k =1,. .., ||, ZF = ZF1 @, Z,
for some e in Q. Fix k and suppose that Z% = Z*~! @, Z.. By Theorem 14, Q(Z%)
may be obtained from Q(Z*~1) by making an appropriate substitution, depending on
Q(Z,), for the variables of Q(Z*~1) indexed by elements of e and these new variables
are unchanged thereafter. Moreover, by Theorem 14, the correct substitution for z.,,
i=1,...,qe, is the one given in the theorem statement. The result follows by an easy
induction on k. O

Using Theorem 15 we obtain an expression for the tensor product of two multi-
matroids. Suppose that ¢ is an isomorphism between multimatroids Z; and Zs. It is
useful to abuse notation and also use ¢ : Z[t, {zy }ucv(z,)] =+ Z[t, {Tu}ucv(2,)] for the
ring isomorphism with ¢(x,) = 24, and ¢(t) = t.

12



Theorem 16. Let ¢ > 2 and suppose that Zy is a tight q-matroid with set €y of
skew classes. Assume that each skew class e in Qy is non-singular and has the form
e = {e1,...,eq}. Now suppose that Z = {Z. : e € Q1} is a collection of tight multi-
matroids indezed by 0 having pairwise disjoint ground sets so that for each e in 1,
Z1 and Z. align at the non-singular skew class e. Finally suppose that Zs is a tight
multimatroid with a non-singular skew class a == {a1,...,aq} so that for each e € Qy,
the multimatroid Z. is isomorphic to Zy via an isomorphism ¢. with ¢.(e) = a, let
D= {pe:e €} and let Uy = U(Z2) —a. Then

Q(Z) ®e Za) = Q(Z1;{xe, = 02 (Yo (e)) becon 1<i<qs 1),

where {yy }uca 18 the unique solution to the following system of linear equations in the
ring Z[t, {Tv}uevy]-

Q(Z2 ‘ ai; {xu}ueUéat) = tylh + Yay + o Yays

Q<Z2 ‘ a2; {xu}ueUéat) = Ya, + tyaz +F yaqa

Q(ZQ |aq§ {xu}ueUéat) = Ya, +Yay + -+ tyaq~

Proof. First note that the conditions on the carriers of Z; and the multimatroids in
Z ensure that the graph of {Z1} U Z is a star with central vertex Z;. Thus the star
product of Z; and Z is well defined and is isomorphic to Z; ®¢ Z>.

Using Theorem 15, it is enough to show that for each e in ; and i =1,...,q, we
have ¢, Yy, (e;)) = Ye,» Where {y, }uee is the unique solution to the following system
of linear equations.

Q(Ze|61;X,t) =1tYey + Yey T+ Yeys
Q(Z6|€2;X7t) = Ye, +tyeg + - +yeq7

Q(Ze|eq; X, t) = Yoy + Yoo + -+ + tye, .

Fix e in Q. Then, as ¢, is an isomorphism, we need to show that for i = 1,...,¢q, we
have Y4 _(e,) = @e(¥e,;). Fori =1,...,q we have

Q(Z2| Pe(€i)) = Yseer) T+ T Ypeleron) T Woe(er) T Yselesn) T Yseleq)-
On the other hand,

Be(Yer) + -+ be(Ye,_y ) + tPe(ve,) + ¢e(yei+1) +ee ¢e(yeq)
= ¢e(yel + ot Yoy HEYe, + Yei i1 +o 4+ yeq)
= ¢e(Q(Ze | €i)).

13



As the restriction of ¢ to U(Z2) —e is an isomorphism from Z.|e; to Zz|d(e;), we have

¢8(Q(Ze | ez)) = Q(ZQ | ¢€(ei))' Thus (y¢e(e1)7 cee 7yq5€(eq)) and (¢e(yel)v ceey ¢e(yeq))
satisfy the same set of simultaneous equations which are known to have a unique
solution by Theorem 15. This completes the proof. O

Example 17. Let Z1, Z5 and ® be as described at the beginning of Example 11. Then

Q(Z1;x,t) = try w4+ xp Te, + Te Ty, + 126, Tey,

Q(Zy | a;x,t) = tgxémé + tz; e + tapz + 2y,

Q(Z2 @y x,t) = tw;w; + x; vz + 252, + tages.
We obtain y; and yz as the unique solution to

tQIE)Ié + tasl;mg + txzry + 1577 =ty + Ya,

tr;re + 2 xe + 252 + 15T = Yy + tya

Thus
Y, = txl;xé + T;re + x5z,
Ya = TyTe.
For i = 1,2 we have ¢.,(€;) = a and ¢, (€;) = @a. So the substitution from
Theorem 16 is given by
-1
xél = d)q (y&) = tmi)lxé1 -+ ZL'l')l.'EEl + IL’EIIE(‘:I,
mél d)ill (ya) = ‘TBI xclﬂ
-1
Te, = ¢62 (ya) = tl‘l‘)2xc2 + l‘l;zxcz + Ty, Leys
Tey = ¢e_21 (yﬁ) = T, T,
So we get
Q(Z1 ®e Z2)

= t(txélxél + @ T + xglxél)(txl;2x52 + 7 7o + Ty, 7))
+ (txl;lxél +a; 7o + Ty Ty )Ty, Te, + T T, (txl-)zﬂcé,2 + 7} T, + T, Te,)
+ tl‘gl .1351 l‘g2 1‘52

== 3 . . . . 2 . . . — 2 . . — .
=t T Te Ty Ty + t T; Ty Ty Te, +1 T T Tp,Te

H i + txl-)lxél xy, Te,

2
2 — . . . — . — . — — . . — — —
+t T TeT; Te, + txblxclxb2x62 + tﬂcblmclxbszQ + T; T Tp, T3,

2 — . . . — .
+ttap e T +tay, @

b &y, ey 0T, T3, T, T, + Ty, T, Ty, Tey

+tay rz, T; Te, + Ty, Tz, T; T, + xp, e, Ty, e, + LTy, Te, T, Ve, -
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6 Delta-matroids

In this section we exploit connections between multimatroids and delta-matroids to
obtain Brylawski-type formulas for the tensor product of delta-matroids. Theorem 26
gives the tensor product formula for the weighted transition polynomial for vf-safe
delta-matroids; Theorem 27 gives the corresponding formula for even delta-matroids.
We conclude the section by rewriting the latter formula in terms of Tutte polynomials
of delta-matroids, deriving Brylawski’s original formula for matroids as a consequence.

Delta-matroids and equivalent structures were introduced in the mid 1980s by
several authors [4, 28, 29|, but principally studied by Bouchet. A delta-matroid is a
pair (E, F) where E is a finite set called the ground set and F is a non-empty collection
of subsets of E satisfying the symmetric exchange axiom: for all triples (X, Y, u) with
X andY in Fand u € X AY (where A denotes symmetric difference of sets), there is
an element v € X AY (perhaps w itself) such that X A {u, v} is in F. The elements of
F are called feasible sets. If D is a delta-matroid with ground set E, we sometimes say
that D is a delta-matroid on E. A coloop of a delta-matroid is an element belonging
to every feasible set; a loop is an element belonging to no feasible set. Delta-matroids
Dy := (E1,F1) and Dy := (E3, F3) are isomorphic if there is a bijection p : By — Es
that preserves feasible sets.

Let D := (E,F) be a delta-matroid with element e. Suppose first that e is not a
coloop of D. Then we define D\ e, the deletion of e, to be the pair

(E—{e},{FeF:edF)}).

Now suppose that e is not a loop of D. Then we define D/e, the contraction of e, to
be the pair

(E—{e},{F—{e}: Fe Fande€ F}).
If e is either a coloop or a loop of D, then one of D\ e and D/e is defined. In this
case, we define whichever of D\ e and D/e is so far undefined by setting D\ e = D/e.
It is easy to check that both D\ e and D/e are delta-matroids.

Let D := (E,F) be a delta-matroid. For a subset A of E, the twist of D by A,
denoted by D x A, is given by (E,{X A A: X € F}). It is straightforward to show
that D % A is indeed a delta-matroid.

Given an element e in E, following [30], we define the loop complement of D by e,
which we denote by D + e, to be the pair (E, F’), where

F'=FA{XU{e}: X e€F,ed¢ X}

Thus a set A not containing e is in F’ if and only it is in F, and a set A containing
e is in F’ if and only if precisely one of A and A — {e} is in F. If ey,es € E, then
(D +e1)+ex = (D+ez)+ eg, and so for a subset A of E we can unambiguously
define the loop complement D + A of D by A, by forming the loop complement
with respect to each element of A in turn. The set of delta-matroids is not closed
under loop complementation. A delta-matroid is said to be vf-safe if the application of
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every sequence of twists and loop complements results in a delta-matroid. Any delta-
matroid that may be obtained from a delta-matroid D by a sequence of twists and
loop complementations is said to be a twisted dual of D.

It was been shown in [30] that the operations of twisting * e and loop complemen-
tation + e with respect to an element e are involutions and can be used to define an
action of the symmetric group S5 on the set of vf-safe delta-matroids. The relevance
of this for us is that there is a third involution, +e* e+ e = *x e+ e x e, which we
denote by *e. For a vf-safe delta-matroid D with element e, we use D*e to denote
the delta-matroid D + e x e + e.

Bouchet established the relationship between 2-matroids and delta-matroids in [4].
Describing and using this relationship places a strain on the notation, so to aid the
exposition, we say that a multimatroid with carrier (U, ) is indezed by a finite set E
if @ ={w. :e € E}.

Remark 18. Clearly a multimatroid with carrier (U,€Q) is always indexed by .
Nevertheless, we choose to use some other set E as the indexing set as we will use
it for the ground set of a delta-matroid associated with the multimatroid and, for
clarity, we prefer that the elements of the delta-matroid are not sets of elements of
the associated multimatroid. This choice becomes even more compelling in Section 7,
where we construct a multimatroid from a ribbon graph. Here, the skew classes are
indexed by a set E of discs in a surface and these discs cannot be taken to be the skew
classes, which are finite sets. Thus a bijection between the skew classes and discs will
always be needed. ]

Now suppose that we have a 2-matroid with carrier (U,(2) indexed by E. Fix a

transversal T of 2. For a subtransversal S of €2, we let

TS)={e€E:TNw,=SNw.}.

Theorem 19 (Bouchet [4]). Let Z := (U,Q,r) be a 2-matroid indezed by E and let T
be a transversal of Q. Let F :={T(B): B € B(Z)}. Then (E,F) is a delta-matroid.

We denote the delta-matroid described in the theorem by D(Z,T). The process is
reversible and every 2-matroid may be constructed from a delta-matroid by reversing
the process. Given a delta-matroid D := (E,F), let F; and Es denote two disjoint
copies of E. Now let 11 and po be bijections from E to £ and Fs, respectively. Then we
obtain a 2-matroid from D indexed by E with carrier (E4UFEs, {w. : e € E}), so that for
all e we have w, = {u1(e), p2(e)}, and collection of bases {u1 (F)Uus(E—F) : F € F}.
Given a delta-matroid D := (E,F) we use Zy(D, i1, pi2) to denote this 2-matroid.
We have D = D(Z[Q] (l)7 M, IU,Q)’ M1 (E))

To simplify notation when constructing a 2-matroid from a delta-matroid D :=
(E,F), we will always take Fy := E := {¢ : e € E} and Ey := E := {e : e € E},
pi(e) = € and po(e) =€, and we write Zjg)(D) := Z(D, pa, p2)-

For a delta-matroid D with element e,

Z[Q] (D/e) = Z[g](D) | é, and Z[g] (D\e) = Z[Q] (D) |E.
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Although this was surely known to Bouchet, we cannot find an explicit statement in
his work. However, details may be found in [27, Lemma 19].

If the cardinalities of the feasible sets in a delta-matroid all have the same parity,
then the delta-matroid is even. In [8] it was shown that D is an even delta-matroid if
and only if Zj9)(D) is tight.

More recently, in [27] Brijder and Hoogeboom established the relationship between
tight 3-matroids and vf-safe delta-matroids. Following Bouchet [7], given a multi-
matroid Z = (U,Q,r) and a subset A of its elements, we define Z[A] to be the
multimatroid (A4, ', r’) so that

A ={enA:ecQenA#0}

and 7’ is the restriction of r to subtransversals of (A,€Q). Clearly, if Z is a
3-matroid and T is a transversal of Z, then Z[U(Z) — T] is a 2-matroid. Brijder and
Hoogeboom [27] proved the following analogue of Theorem 19.

Theorem 20 (Brijder and Hoogeboom [27]). Let Z := (U,Q,r) be a tight 3-matroid
indexed by E and let Ty and Ty be disjoint transversals of Q. Let F := {T1(B) : B €
B(Z[Ty UTs])}. Then (E,F) is a vf-safe delta-matroid.

We denote the delta-matroid described in the theorem by D(Z,Ty,Ts). Again, as
shown by Brijder and Hoogeboom [27], the process is reversible. Given a vf-safe delta-
matroid D := (F,F), we obtain its corresponding (indexed) tight 3-matroid Z3)(D)
as follows. Let U = EUEUE and Q = {{é,e,e} : e € E}. It is not difficult to see that
the tightness condition implies that for every delta-matroid D on E, there is at most
one tight 3-matroid Z with carrier (U, Q) such that Z[E U E] = Zj5(D). By giving an
explicit construction Brijder and Hoogeboom showed in [27] that Z exists if and only
if D is vf-safe. When D is vf-safe, we take Z3)(D) to be this Z. Beyond the fact that
a transversal T' of Z[(D) is a basis of Zj5)(D) if and only if it is a basis of Zj9(D),

the precise form of B(Z3)(D)) will not concern us. Thus Zj (D) = Zz)(D)[E U E], so
D = D(Z5)(D)[EUE), E) = D(Z5(D), E, B).

Up to isomorphism, every tight 3-matroid arises from a vf-safe delta-matroid in this
way.
EX};mple 21. Let D be the delta-matroid on {a, b, c} with collection of feasible sets
{{a}, {b},{a,b,c}}. Then its 2-matroid Zj5(D) has skew classes {a,a}, {b, b} and
{¢,¢}. Tts bases are {a,b,c}, {a, l.),é} and {(.l,l.), ¢}. The 3-matroid Z3)(D) is the 3-
matroid Z from Example 3. a
It has also been shown by Brijder and Hoogeboom in [27, Lemma 19] that for a
vi-safe delta-matroid D := (F, F) with element e,

Ze(D /€)= Zy(D) |é. Z(D\e) = Zy(D) e, Z(D+e/e) = Zy(D) |e (1)
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Notice that if D; and Dy are isomorphic delta-matroids, then Zj)(D1) and Zj9)(D2)
are isomorphic, as are Zj3(D1) and Z3(D2) when D; and D, are vf-safe. Any iso-
morphism ¢ : E(D;) — E(Ds) leads to an isomorphism ¢! of Z91(D1) and Zpg)(D2)

.

with ¢[21(¢) = (¢(e)) and ¢?l(e) = ¢(e). Similarly, when D; and D, are vi-safe we get

an isomorphism ¢! of Z13)(D1) and Z3)(D2) with Bl (&) = (o(e)), PP (€) = p(e) and
¢Pl(e) = ¢(e).

But the converses of these assertions are false. For example, if Dy := ({a}, {0}),
Dy = ({a},{{a}}) and Dy := ({a},{{a},0}), then Z(Doy) = Z9(D1) and
Z13)(Do) = Zj3)(D1) = Zi3)(D2), but Do, Dy and D; are pairwise non-isomorphic.

Observe that both ¢ and @B are decoration-preserving in the sense they map

an element with a particular decoration to one with the same decoration. As a result,
the expression in Theorem 26 for the transition polynomial of the tensor product of
two vif-safe delta-matroids is slightly simpler than the corresponding expression for
the tensor product of two 3-matroids.
Proposition 22 (Bouchet [10], Brijder and Hoogeboom [27]). Let Dy and Dy be delta-
matroids. Then Zy(D1) = Zj3)(D2) if and only if Dy is isomorphic to a twist of Dy
and, when Dy and Dy are vf-safe, Z31(D1) = Z31(Dz2) if and only if Do is isomorphic
to a twisted dual of D

The fact that isomorphism of delta-matroids is a finer notion than isomorphism
of the corresponding multimatroid will be of relevance to the definition of the tensor
product in what follows. Notice that if D; and D5 are isomorphic then D, is even if
and only if D5 is even, and D, is vf-safe if and only if Dy is vi-safe.

To define the two-sum of two delta-matroids, we need the concept of a singular
element in a delta-matroid. An element e of a delta-matroid D is singular if e is a
coloop, e is a loop or e has the property that for every feasible set F' of D, the set
F Aeis also feasible. A singular element of an even delta-matroid is either a coloop or
a loop, and e is a singular element of an even delta-matroid D if and only if {é,e} is a
singular skew class of Zj3)(D). It may also be shown that e is a singular element of a
vf-safe delta-matroid D if and only if {¢,€, e} is a singular skew class of Z[3(D). (This
is shown in Lemma 19 of [27], although the statement of the result there uses a slightly
different definition of minor from what we have used here. See also Remark 20 of [27].)
Note that any isomorphism of delta-matroids D; and Dy maps singular elements of
D, to singular elements of Dy and vice versa.

We are now ready to give the two-sum operation for delta-matroids, as defined
in [11]. First, we deal with even delta-matroids. Let Dy := (E1, F1) and Dy := (FEs, Fa)
be two even delta-matroids with E; N Ey = {e}, where e is non-singular in both D
and Ds. Then, D; @2 Dy has ground set (E1 U FE3) — {e} and collection of feasible sets

{(Fl UFQ) — {8} B e Fi,Fs € Fo, Fi AN Fy = {e}}

Note that [11]
Z19)(D1 ®2 D2) = Zj)(D1) ©2 Zj2)(D2).
Consequently the two-sum of even delta-matroids is even.
Next, we deal with vf-safe delta-matroids. Let D be a delta-matroid with element
e. For a feasible set F' of D, we say that its e-type is: e-positive if e € F and F — {e}
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is not feasible; e-negative if e ¢ F and F U {e} is not feasible; e-mized if F A {e} is
feasible. Let Dy := (E1,F1) and Dy := (Fs, F2) be two vi-safe delta-matroids with
E1NE,y = {e}, where e is non-singular in both D; and Ds. Then, D; @5 D2 has ground
set (Eq U E3) — {e} and collection of feasible sets

{(F1 U Fy) — {e}: Fy € F1,F> € Fy, the e-types of Fy and F, are different}.
Again, note that [11]
Zi31(D1 ©2 Do) = Zj3)(D1) @2 Zj3)(Da). (2)

Consequently the two-sum of vi-safe delta-matroids is vi-safe.

If both Dy and Dy are both even and vf-safe, then we have given two apparently
different definitions of the two-sum, but even delta-matroids have no e-mixed feasible
sets and so the definitions coincide.

We can develop the two-sum of a delta-matroid in a similar way to the two-sum of
a multimatroid, prove an analogue of Proposition 9 and define the graph of a collection
of delta-matroids. If D is a collection of delta-matroids whose graph is a tree, then
we can again carry out the two-sums corresponding to the edges of the tree in any
order without affecting the result. We denote the resulting delta-matroid by €p, D.
We can also define a star product, but we skip straight to the definition of the tensor
product, dealing first with the even case. Let Dy be an even delta-matroid on F; in
which every element is non-singular. Let D := {D, : e € E1} be a family of even delta-
matroids indexed by E7, having pairwise disjoint ground sets with £y N E(D,) = {e}
for every e in E1. Now let D5 be an even delta-matroid with a non-singular element a
and for each e in Fj let ¢, be an isomorphism from D, to Ds so that ¢.(e) = a. Let
® := {¢. : e € E1}. Then we say that @,({D1}UD) is a tensor product of Dy and Do
along a and denote it by D1 ®¢ Ds. In contrast with the situation for multimatroids,
a tensor product of Dy and Ds is determined up to isomorphism by D;, Ds and a,
so we often just denote it by D; ®, D2. When D; and Dy are both vf-safe, then we
get the definition of tensor product by replacing the word ‘even’ with ‘vf-safe’ in the
above definition. When both D; and Dy are both even and both vf-safe, it follows
from the fact that the two definitions of the two-sum for such delta-matroids coincide
that the two definitions for the tensor product coincide.

The tensor products of delta-matroids and their associated multimatroids are
related as follows.
Proposition 23. Let Dy be an even delta-matroid on Eq in which every element is
non-singular. Let D := {D. : e € E1} be a family of even delta-matroids indexed by
E1, having pairwise disjoint ground sets with Eqx N E(D.) = {e} for every e in Ej.
Now let Dy be an even delta-matroid with a non-singular element a and for each e in
E; let ¢ be an isomorphism from D, to Dy so that ¢.(e) = a. Let ® := {¢. : e € Eq}.

Finally, let 2 = {¢[) : ¢ € E|}. Then,

Z[Q] (Dl R D2) = Z[Q] (Dl) Qpl2l Z[Q](D2)-
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Proposition 24. Let D be a vf-safe delta-matroid on Ey in which every element is
non-singular. Let D := {D. : e € E1} be a family of vf-safe delta-matroids indexzed by
E, having pairwise disjoint ground sets with Fy N E(D,) = {e} for every e in F.
Now let Dy be a vf-safe delta-matroid with a non-singular element a and for each e in
E, let ¢ be an isomorphism from D, to Do so that ¢.(e) = a. Let ® := {¢. : e € FE1 }.
Finally, let ®B) .= {¢F) 1 ¢ € E1}. Then,

Z[3] (D1 ®a D) = Z[S] (Dl) (NG Z[g] (Ds).

For a delta-matroid D and subset X of its elements, define
dp(X) = Ir;aelyF A X]|.

When D is clear from context, we omit the subscript.

Let D be a vf-safe delta-matroid on E, u = {uc}tecr, © = {Vc}ecr, W = {Wetecr
be indexed families of formal variables, and ¢ be another formal variable. Then,
from [27], the multivariate transition polynomial Q(D; (u,v,w),t) can be defined as

Q:(wvw).t) = > (TTue)( IT ve) (T we)t>=®,
eeEN

(AM,N)EPs(B)  c€A ceM

where P3(E) denotes the set of ordered partitions of E into three blocks. (The blocks
may be empty.)

Using [27, Lemma 18] it may be shown, for a vf-safe delta-matroid D and parti-
tion (A, M,N) € Ps, that dpzny(A) = nZ[3](D)(A UM U ]V) So we can obtain the
multivariate transition polynomial Q(D; (u,v,w),t) as an instance of the weighted
transition polynomial Q(Z;x,t) as follows:

Q(D, (u,v, ’U}),t) = Q(Z[3](D)7 {:Eé = Ue, Tg = Ve, Tg = we}e€E7t)' (3)

Suppose that ¢ is an isomorphism between delta-matroids D; and Ds. It is again
convenient to use ¢ : Z[t, {te, Ve, We }ec p(Dy)] — L[t, {tie, Ve, We }ec p(D,)] for the ring
isomorphism with ¢(ue) = tg(e), P(ve) = Vg(e), P(We) = Wy(e), and ¢(t) = t.
Theorem 25. Let Dy and Dy be vf-safe delta-matroids on E1 and Es, respectively,
with E1 N Ey = {a}, such that a is non-singular in both Dy and Ds. Let E := (E; U
E,) —{a} and Ef := E5 — {a}. Then

Q(Dl D2 Doy; {u€7veawe}€EE7t) = Q(DH {uevveawe}eeElvt | Uq = ?)7% =Y, Wq = :'/J\)a

where (§,7,9) is the unique solution to the following system of linear equations in the
ring Z[t, {te, Ve, We ey -

Q(D2/e; {u57vea we}eEEévt) = t?; +y+ 377
Q(D2 \ €; {te; Ve, We teery,t) = 4+ 17 + 7,
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Q(Dz + e/ e;{te,ve, Weteepy,t) =Y+ Y + Y.
Proof. Let D := Dy @3 Dy. By Equation (3),
Q(D; (u, v, w),t) = Q(Z3(D); {z; = te, Te = Ve, Te = We fec k) t)-
By Equation (2), Z31(D) = Zj31(D1) ©2 Zj31(D2). So, by Theorem 14, we have

D); {xé = Ue, Te = Ve, Te = we}eEEat)

Q(Z3(
= Q(Z[3]<D1)7 {wé = Uey Te = Ve, Te = wE}GGElf{a}wfn[z = Z),xa =Y, x5 = @\’ t)?

where (y,7,7) is the unique solution to the following system of linear equations in the
ring Z[t, {te, Ve, We }ee py]-
Q(Z[S] (DQ) | dv {xé = Ue, Tg = Ve, Tg = we}eEEéa t) :t:g + y + :7/\7
Q(Z[B] (D2) |6§ {$é = Ue, Tg = Ve, Tg = we}eeEéa t) =y +ty+7, (4)
Q(Z31(D2) | @ {ws = e, Te = Ve, e = We ecry, t) =Y + 7 + 7.

By applying Equation (3) once more, we see that
Q(Z[?)] (D1)7 {l’é = Ue, Tg = Ve, Tg = we}EEEl—{a}’ Ty = z;7 Tg =Y, %g = g7 t)a
= Q(DU {u67veawe}e€E17t | Uq = :1)7Ua =Y, Wq = ﬁ/y\)
Finally by Equations (1), (3) and (4), we observe that
Q(Z3)(D2) | a;{z; = te, Tz = Ve, Te = We teery, t) = Q(D2 [ a; ({te, Ve, We tecry, 1),

Q(Z[3](D2) |@; {ze = e, e = ve, 76 = we}eeE;at) = Q(D2\ a; ({ue, Uevwe}eeEgat)v
Q(Z3)(D2) | a; {zs = te, e = v, 72 = we}eeEéat) =QD2+a/a; ({ueavE»we}eGEévt)v

so 17, ¥ and ¥ are as described in the theorem statement. O

Theorem 26. Let Dy be a vf-safe delta-matroid on Ey in which every element is
non-singular. Let Do be a vf-safe delta-matroid with non-singular element a and let
E' := E(D3) —{a}. Suppose that D1 ®g D3 is a tensor product along a with ® = {¢. :
e € Ey}. Then

Q(D1 ®o Da; (u, v, w), 1) = Q(D1; {ue = ¢ (), ve = 67 (), we = &7 (1) }eer, s 1),

where (p,q,r) is the unique solution to the following system of linear equations in the
ring Z[ta {U’€7 Ve, we}eEE’]'

Q(D2 / a; {um Ve, we}SEE’7 t) =tp+q+r,
Q(D2 \ CL; {uea U€7 we}eEE/7 t) :p + tq + Ta
Q(DQ +a / a; {u67 Ve, wE}SEE'7 t) =p+q+ tr.

21



Proof. Let D := D1 ®¢ D2 and E := E(D). By Equation (3),
Q(D7 (’LL7 v, 'LU), t) = Q(Z[S](D)7 {.'I/'é = Ue, Tg = Ve, Tg = we}’eEE7 t)
By Proposition 24, Zj3/(D) = Zj3)(D1) ®gis Zjz(D2). Recall that ®B is a family of

decoration-preserving maps between the isomorphic copies of Zj3j(D2) and Zj3)(D2)
itself. So, by Theorem 16, we have

Q(Zi3)(D); {rs = e, Te = Ve, Te = We }eek, 1)
= Q(Z[?)] (Dl); {mé = ¢;1(p)a Te = ¢(:1(q)a Ty = ¢;1(T)}66E1,t)

where (p, g, r) is the unique solution to the following system of linear equations in the
ring Z[ta {u67 Ve, we}eeE’]‘

Q(Z13)(Da2) | &;{x; = e, Te = Ve, Tg = We}ecrr ) =tp +q+ 7,
Q(Z[S] (DZ) |E; {.Té = Ue, Teg = Ve, Tg = we}eEE’at) =p+itqg+r, (5)
Q(Z31(D2) |a;{z; = e, 26 = Ve, Te = We ek, 1) =p+ g+ tr.

By applying Equation (3) once more, we see that
Q(Z3)(Dy); {z: = 6. (p), 22 = ¢, (@), ve = &7 (1) }ecrs 1)
= Q(Dy; {ue = ¢ (p),ve = 7 (@), we = &7 (1) }eer, 1)
Finally by Equations (1), (3) and (5), we observe that

Q(Z[B](DQ) |d; {xé = Ue, Tg = Ve, Tg = we}EEE'vt) = Q(D2 /a§ ({ue7 Ue>we}e€E’7t)a
Q(Z[3](D2) |a; {Ié = Ue, Te = Ve, Tg = we}eeE’a t) = Q(DZ \a§ ({uea Ve, we}eEEH t)a
Q(Z31(D2) |@;{ws = e, Te = Ve, Te = Weteer' 1) = Q(D2 + a / a; ({Ue, Ve, We becr, 1),

so p, ¢ and 7 are as described in the theorem statement. O

A similar analysis gives a tensor product formula for the transition polynomial of
Brijder and Hoogeboom from [27]. Let D := (E, F) be a delta-matroid, and w, z,t be
formal variables. Then the transition polynomial Q(D;w,z,t) for delta-matroids is

Q(D;w,x,t) := Z w!E—Al | Alpd(A)
ACE

(In [27] this polynomial was denoted by Q. »0(D;t).)
It can be shown that for every delta-matroid D and transversal T' of Zy(D), we

have dp(T N E) = N7 0)(T). (See Lemma 18 of [27] and the comments below it.)
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Consequently it follows that
Q(D;w,z,t) = Q(Zg(D);{z; = =, 26 = Wheek, ). (6)

Theorem 27. Let Dy be an even delta-matroid having no non-singular elements and
let Dy be an even delta-matroid with non-singular element e. Then

Q(Dl Re DQ;wvxat) = Q(D17paq7t)7

where (p,q) is the unique solution to the following system of linear equations in the
ring Z[t, w, x].

Q(DZ/e;wax,t) = tp+Q7
Q(D2\ e;w, x,t) = p+tq.

A proof of this result can be obtained following the method used for the proof of
Theorem 26. As such we omit its proof. The key points are that Equation (6) and
Proposition 23 are used in place of Equation (3) and Proposition 24.

Matroids are precisely delta-matroids in which all feasible sets have the same car-
dinality. In this situation the feasible sets are exactly the bases of the matroid. For a
matroid M on E, we use (M) to denote its rank and n(M) to denote its nullity, that
is, |[E|—r(M). We use r(M) to denote the rank of a matroid M. (It will always be clear
whether r or n is referring to the rank or nullity of a matroid or of a multimatroid, so
the double use of r and n should cause no confusion.)

For an arbitrary delta-matroid D := (E,F), let Fiax and Fpin denote the set of
feasible sets in F with maximum and minimum cardinality, respectively. As in [31],
Dinax = (E, Fmax) and Dpin := (E, Finin) are both matroids. By considering the
ranks of these matroids we can define a function ¢ on delta-matroids by setting

o(D) := 5(r(Dmin) + r(Dmax))- (7)

For a subset A of E, we set op(A) := o(D\A), where A° := E — A. We omit the
subscript when D is clear from context. Using Proposition 5.39 of [5] we can deduce
that
op(A) = 5(|Al = dp(A) + 7(Duin))- 8)

(Note that the parameter pp(A) appearing in [5] equals |E| —dp(A) in our notation.)

The Tutte polynomial, R(D; x,y), of a delta-matroid D := (E, F), introduced in [5],
is

R(Da,y) = 3 (@ — 1)7E) =)y  1)lal-ata),
ACE

By using Equation (7) to expand the exponents, and the definition of dp(FE) for

the prefactor, it follows that

7(Dmax)—|E —7(Dmin
R(Diz+1,y+1) = a Pl g=r@min) o De /3 /7, /77).
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Theorem 28. Let Dy be an even delta-matroid on E1 having no non-singular elements
and let Dy be an even delta-matroid on Es with non-singular element e. Let D denote
their tensor product D1 ®. D, and let E := E(D). Then

R(D;z+1,y+1) = ¢* (—q;’@)”(Dl)\/EQ"(D)"E'\/@’““D”m‘"”’”wm‘“)
‘R(Dy; 2270 41, BT 4 ),

where p and q are the unique solutions to the following set of equations in the ring
Zlz,y).

R(D2 /6, z+ 1’ y + 1) _ \/‘ET((D2/e)rllaX)7|E2‘+1\/§*T((D2/e)min)(p /xy + q)7
R(Da\e;z + 1,y +1) = (P2 N Im) T gmr (D ) ) 4 /),

Proof. Using Equation (6) to express R(D;z+1,y+1) in terms of Q(D; v/, /Y, /TY),
then applying Theorem 27 gives

T Dmax — E —r min
R(D;z+1,y+1) = ya Pr=)7 1Bl p=r@ui) (D11 g, /7),

where p and ¢ are the unique solutions to the system of linear equations

Q(D2 / e;x, /Yy, /TY) = p\/TY + 4,
Q(D2\ e; vV, \/y,/TYy) = p + ¢/TY.

We apply Equation (6) to this system of linear equations to obtain those in the
theorem. Using Equation (8), we can rewrite Q(D1;q, p, ,/Zy) as follows

QDriqpv/Ty) = Y oAy 4 (Y

ACE;
:q|E1\ Z (%)lA‘\/@‘A|+T((D1)min)_2‘7D1(A)
ACE;
:qlEl\\/@r((Dl)m;,.) Z (p\zﬁ)lAl_aDl(A)(q\é@)_UDI(A)
ACE;
_ JE o(D1) ((D1) i) . /7Y PVTY
=" ()" Ve R(Dy; D70 41, BV 4 ),
Hence, the result follows. O

Brylawski’s original result for the tensor product of the Tutte polynomial of
matroids may be obtained as a corollary of Theorem 28. The Tutte polynomial,
T(M;x,y), of a matroid M on E is defined as

T(Mizy) = Y (= 1) BN A G 1A=,
ACE
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If M is a matroid on E and A C E, then o(A) = r(M\ A°) and so T(M;z,y) =
R(M;zx,y). Hence, we obtain the following corollary of Theorem 28.

Corollary 29. Let My be a loopless, coloopless matroid on E1 and let My be a matroid
on Fs with element e which is neither a loop nor a coloop. Then

T(Ml Re Mz,%y) = an(Ml)Br(Ml)T(MlaT(M2\67 mvy)/ﬁa T(MQ/evxay)/a)’

where (a, B) is the unique solution to the following system of linear equations in the
ring Zlx,y].

T(Mz\e;z,y) = (z —1)a+ B,
T(Mz/e;z,y) =a+(y—1)8.

Proof. This theorem follows from applying Theorem 28 to the matroid M; ®. Ms.
Write M := M; ®, My and let F := E(M). We use the observation that for every
matroid N, r(Nmax) = 7(Nmin) = r(N) and o(A) = r(N\ A°), and that when e is
non-singular, r(Ms \ €) = r(Mz) and r(Ms / e) = r(Mz) — 1, to obtain

- (M)
T(Mia+ Ly+1) = g2y M0 1P 2y D0 4y ),

where (p, q) is the unique solution to the following linear equations in the ring Z[xz, y].

1—|E2‘ IT(M2)_1
TOMy [ex+ Ly +1)=va LT (oyEy ),
1_|E2‘ a:T(M2)
T(Mp\esz+1Ly+1) = \/; (p + av/zy).

It is straightforward to check that r(M) = r(My) + |E1|(r(M2) — 1). So by letting
17‘E2| - T’(]\/fz)fl 17‘E2| - T(MQ) .
a=qyx \/; and 8 = py/x \/; we obtain the result. O

7 Ribbon graphs

The topological transition polynomial, introduced in [32], is a multivariate polynomial
of ribbon graphs (or equivalently, of graphs embedded in surfaces). It contains both
the 2-variable version of Bollobds and Riordan’s ribbon graph polynomial [33, 34] and
the Penrose polynomial [35, 36] as specialisations, and is intimately related to Jaeger’s
transition polynomial [37] and the generalised transition polynomial of [38]. Jaeger’s
transition polynomial was formulated in terms of circuit partitions of 4-regular graphs.
For the connections between 4-regular graphs and ribbon graphs, see [39] and the
many references therein.

A ribbon graph G = (V, E) is a surface with boundary, represented as the union
of two sets of discs — a set V' of vertices and a set E of edges — such that: (1) the
vertices and edges intersect at disjoint line segments; (2) each such line segment lies
on the boundary of precisely one vertex and precisely one edge; and (3) every edge
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b
(a) A ribbon graph G. (b) G as an arrow presentation.
(¢) G™ @\, (d) GT@ \ b,

Fig. 1: Ribbon graphs.

contains exactly two such line segments. Two ribbon graphs are isomorphic if there is
a homeomorphism from one to the other that sends vertices to vertices and edges to
edges. The homeomorphism should be orientation preserving when the ribbon graphs
are orientable. As every ribbon graph G can be regarded as a surface with boundary,
it has some number of boundary components, which we shall denote by b(G). The
boundary components will be particularly important in what follows. We let k(G)
denote the number of connected components of G, and e(G) its number of edges. At
times we use E(G) to denote the edge set of G. Some examples of ribbon graphs can
be found in Figure 1. The ribbon graphs in Figures 1a and 1c each have one boundary
component, while that in Figure 1d has two. Additional background on ribbon graphs
can be found in [40, 41].

Let G := (V, E) be a ribbon graph and e € E. Then G \ e denotes the ribbon graph
obtained from G by deleting the edge e. For A C E, G\ A is the result of deleting
each edge in A (in any order). Edges can also be contracted. If u and v are vertices
incident to e (it is possible that u = v here), consider the boundary component(s) of
e U {u,v} as curves on G. For each resulting curve, attach a disc (which will form a
vertex of G / e) by identifying its boundary component with the curve. Delete e, u and
v from the resulting complex, to get the ribbon graph G/ e.

The partial Petrial with respect to an edge of a ribbon graph e, introduced in [32]
and denoted here by G7(¢) | is, informally, the result of detaching one end of the edge
e from a vertex, giving the edge a half-twist, and reattaching it in the same place.
Formally, it is obtained by detaching an end of e from its incident vertex v creating
arcs [a, b] on v, and [a’, b] on e (so that G is recovered by identifying [a, b] with [a/,']),

26



then reattaching the end by identifying the arcs antipodally (so that [a, b] is identified
with [V/,a’]). For A C FE(G), the partial Petrial G™4) is the result of forming the
partial Petrial with respect to every element in A (in any order). There is a natural
correspondence between the edges of G and G™*), and so we can and will assume
that they have the same edge set. Again, examples can be found in Figure 1.

Let G := (V,E) be a ribbon graph, u = {uclecr, v = {Velecr, W = {Weteer
be indexed families of indeterminates, and ¢ be another indeterminate. Then the
topological transition polynomial, Q(G; (u,v,w),t), can be defined as

Q(G; (u,v,w),t) := Z ( H ue) ( H ve) < H wa)tb(GT(N) \ M)
eEN

(A,M,N)eP3(E) e€A eeM

where P3(E) denotes the set of ordered partitions of F into three blocks (blocks may
be empty), and where b(G™N) \ M) denotes the number of boundary components of
G™() \ M. Additional background on the topological transition polynomial can be
found in, for example, [42].

Example 30. If G is a plane 2-cycle (i.e., the ribbon graph that is a cycle of length
two and has genus 0) with edges a and b then

Q(G; (u,v,w), 1)

= uaubt2 + u vpt + ugwpt + voupt + vavbt2 + vowpt + woupt + wavpt + wawbt2.

|

Following [43, Section 5], a tight 3-matroid Z(G) with carrier (U,Q) can be
obtained from a ribbon graph G := (V, E). For this let U := {é,€,€: e € E}, the skew
classes be ) = {{é,€,€} : e € E}, and the set of bases of Z(G) be

{A:xeMNu{m:peM}U{D:veN}:
(A, M,N) € P3(E) and b(G™ ™\ M) = k(G)}.

Following our notational conventions, we denote the skew class {¢é,€,€} by e.
Example 31. Consider the ribbon graphs G and H shown in Figure 3a. Then the
3-matroid of G is given in Example 3, and the 3-matroid of H is given in Example 4.0
We need to recognise which edges of G give rise to singular skew classes of Z(G).
For this we need some additional ribbon graph terminology. An edge e of a ribbon
graph G is a bridge if k(G \ e) > k(G). It is a loop if it is incident to exactly one vertex.
A loop e is orientable if e together with its incident vertex forms an annulus, and is
nonorientable if it forms a Mobius band. A loop e is said to be interlaced with a cycle
C if when travelling around the boundary of the vertex incident to e we see edges in
the cyclic order ecy eco where ¢; and co are edges of C. A loop is trivial if it is not
interlaced with any cycle. Observe that a bridge necessarily intersects one boundary
component of G, and a trivial orientable loop must meet two boundary components.
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It was shown in [43] that for a ribbon graph G with an edge e, a skew class
e = {é,e,e} of Z(G) is singular if and only if the edge e is either a bridge or trivial
loop in G. It was also shown there that for each edge e of G,

Z(G/e)=Z2(G)|é, Z(G\e)=Z(G)|e, Z(G™®/e)=Z(G)|e.  (9)

As also shown in [43], transition polynomials for multimatroids and ribbon graphs
agree up to a factor of t*(6). We have

Q(Ga (u'7 v, w)v t) = tk(G) : Q(Z(G)v X, t)? (10)

when u. = z;, ve = xe, and w. = x¢ for each edge e of G.

In order to efficiently describe two-sums of ribbon graphs we consider arrow pre-
sentations. An arrow presentation G consists of a set of circles (i.e., closed 1-manifolds)
and a set of labels. For each label there are exactly two arrows lying along one or more
of the circles. All arrows are disjoint. The set of labels is called the edge set and its
elements are edges.

Arrow presentations describe ribbon graphs as follows: if G is a ribbon graph, for
each edge e, arbitrarily orient the boundary of that edge, place an e-labelled arrow
on the arcs where e intersects a vertex, pointing in the direction given by the edge’s
boundary orientation. Taking the boundaries of the vertices together with the labelled
arrows gives an arrow presentation. On the other hand, given an arrow presentation,
obtain a ribbon graph by identifying each circle with the boundary of a vertex disk.
Then, for each label e, take a disc with an orientation of its boundary and identify
an arc on its boundary with an e-labelled arrow such that the direction of each arrow
agrees with the orientation. Thus, in an arrow presentation, each circle corresponds to
a vertex of a ribbon graph, and each pair of e-labelled arrows corresponds to an edge.

Let G and H be arrow presentations that have an edge a in common but no other
edges in common. Furthermore, suppose in each arrow presentation that one of the
a-labelled arrows is distinguished. Then the two-sum G @2 H is the arrow presentation
constructed by splicing the arrow presentations as indicated in Figure 2. For this,
add arcs from: the tail of the distinguished a-labelled arrow in G to the head of the
distinguished a-labelled arrow in H; the head of the distinguished a-labelled arrow in G
to the tail of the distinguished a-labelled arrow in H; the tail of the non-distinguished
a-labelled arrow in G to the head of the non-distinguished a-labelled arrow in Hi;
and the head of the non-distinguished a-labelled arrow in G to the tail of the non-
distinguished a-labelled arrow in H. Then delete all four a-labelled arrows as well as
the arcs of the circles of the arrow presentation that they lie on (excluding the end
points of these arcs).

To define the two-sums of ribbon graphs we suppose that G and H are ribbon
graphs, with an edge a in common, but otherwise disjoint. Further suppose that in
each of G and H that the edge a has a local orientation (i.e., a notion of clockwise
for that edge) and is directed (i.e., has a head and a tail). Convert G and H to arrow
presentations reading off the directions of the a-labelled arrows so that that they agree
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(a) Two arrow presentations shown (b) Their two-sum.

locally at a-labelled arrows.

Fig. 2: A two-sum of arrow presentations. Distinguished arrows are marked with a .

with the local edge orientations. Distinguish the arrow that arose from the head of
a in each ribbon graph. Form the two-sum of the arrow presentations, then convert
back to ribbon graphs.
Example 32. Figures 3a and 3b shows two ribbon graphs G and H and their arrow
presentations. Their two sum is shown as an arrow presentation in Figure 3c and as a
ribbon graph in Figure 3d. Let H' be the same as H but with the edge named a now
named ¢. Then G @2 H' (formed with respect to ¢) is shown as an arrow presentation
in Figure 3e and as a ribbon graph in Figure 3d. |
As shown in [44] the two-sum operation for ribbon graphs and for multimatroids
are compatible operations.
Theorem 33. Let G and H be ribbon graphs, with a common edge a that is locally
oriented and directed in both G and H, and no other edges in common. Further, suppose
that in both G and H, a is neither a bridge nor a trivial loop. Then

Z(Ga: H) = Z(G) @ Z(H).

We note that while the particular ribbon graph G @, H constructed as a two-sum
depends upon the choices of local orientation and direction on the common edge, the
3-matroid Z(G @2 H) does not.

We can use two-sums to define tensor products. Let G be a ribbon graph with no
bridges or trivial loops in which every edge has a local orientation and is directed.
Let H = {H, : e € E(G)} be a family of pairwise disjoint ribbon graphs indexed
by the edges of G, so that for each edge e of G, the ribbon graphs G and H, have
the edge e in common but are otherwise disjoint. Moreover, suppose that in H, e
has a local orientation and is directed. Further, suppose that H is a ribbon graph
with a distinguished edge a that is neither a bridge nor a trivial loop and has a local
orientation and is directed, and that for each edge e of G, there is an isomorphism
¢e + G. — H with ¢.(e) = a, preserving the local orientation and the direction of
e. Let & = {¢. : e € E(G)}. Then the tensor product G ®g H is the ribbon graph
obtained by successively forming the two-sum of G and each H,.

Example 34. Take G and H as in Figure 3a. Now let H,, Hj and H. be isomorphic
copies of H, with edge sets {a, fa,9a}, {b, fo,9p} and {c, f., g.} respectively. For each
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/
a
(a) Two ribbon graphs. For two- G H
sums and tensors, the edges are ori- (b) The ribbon graphs as arrow pre-

ented anticlockwise (not shown on sentations.
the figure).

(e) G H'. (f) Gy H. (g) G ®q H.

Fig. 3: Forming two-sums and tensor products of ribbon graphs.
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edge e of G, let ¢, : H. — H be the isomorphism with ¢.(e) = a, ¢.(fe) = f and
be(ge) = g, and let ® = {¢., ¢, dy}. Then G ®q H is shown in Figure 3g. |
Analogously with the situation in delta-matroids, every isomorphism ¢ of a ribbon

graph leads to an isomorphism @[l of its 3-matroid, with ¢!®!(é) = (¢(e)), #Bl(e) =
o(e) and ¢Pl(2) = ¢(e). As a corollary of Theorem 33 we have the following.
Corollary 35. Let G, H and ® be as above and let ®B! := {gb.[gg] :e € E(G)}. Then

Z(G ®e H) = Z(G) gz Z(H).

We can now obtain an expression for the transition polynomial of the tensor
product of two ribbon graphs.
Theorem 36. Let G, H and ® be as above and let E' := E(H) — {a}. Then

Q(G Ko H7 (ua v, W)v t)
= te(G)(k(H)_l)Q((G'; {ue = (be_l(y)ave = ¢e_1(§)7we = (be_l(:/y\)}eEEHt)a

where (y,7,7) s the unique solution to the following system of linear equations in the
ring Z[t7 {Uea Ve, we}eeE’]'

QH / a; (u,v,w), 1) = " (tj + 7 +7),
QUH\ a; (u,v,w), 1) = " (g + 17 +7),
QH™™ / a; (u, v, w), t) = t*& (§ + 7 + 1).

Proof. The proof is similar to the proof of Theorem 26, with the minor additional
complication of dealing with the prefactor, so we just outline how this affects the
proof. Let F := E(G ®¢ H). We have k(G ®¢ H) = k(G) + ¢(G)(k(H) — 1). So in the
first step we apply Equation (10) to get

Q(G ®<I> Ha (ua v, W)a t)
= tk(G)Jre(G)(k(H)il)Q(Z(G Qo H)a {xé = Ue, Tg = Ve, Tg = we}eeEa t)'

We then apply Corollary 35 to express this is in terms of Q(Z(G) ®¢ Z(H)), before
applying Theorem 16, and then Equation (10) once again to return to ribbon graphs.
In the last step we lose a factor of t*(®) from the prefactor.

The system of linear equations arises from those of Theorem 16, by again using
Equation (10) to express them in terms of ribbon graphs, then applying Equations (9).
The rewriting also uses the fact that k(H) = k(H /e) = k(H\ e) = k(H™(®) / ¢), which
follows because e is neither a bridge nor a trivial loop. O

Note that by taking G and H to be connected, e to be a non-loop edge, and each
variable in u, v, and w to be identical we recover exactly Theorem 6.1 of [3]. Our
proof here shows that the requirement for e to be a non-loop edge in that theorem
can be weakened.
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As in [3, Section 6], Theorem 36 can be specialised to give a tensor product formula
for the Tutte polynomial of a ribbon graph, which is also known as the ribbon graph
polynomial or the 2-variable Bollobds—Riordan (an extension of the formula to the
full 3-variable Bollobds—Riordan polynomial can be found in [25]). Alternatively, this
tensor product formula can be deduced from Theorem 26 by considering the delta-
matroid D(G) of G, following the construction in [5, Section 4] and making use of [5,
Theorems 6.4 and 6.6] to relate the ribbon graph and delta-matroid Tutte polynomials.
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