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CRITICAL EMBEDDINGS

ASAF KARAGILA AND JIACHEN YUAN

Abstract. Hayut and the Ąrst author isolated the notion of a critical cardinal

in [1]. In this work, we answer several questions raised in the original paper.
We show that it is consistent for a critical cardinal not to have any ultrapower

elementary embeddings, as well as that it is consistent that no target model is
closed. We also prove that if κ is a critical point by any ultrapower embedding,

then it is the critical point of an ultrapower embedding by a normal measure.
The paper concludes by presenting several open questions of interest in the

study of critical cardinals.

1. Introduction

Recall that a cardinal κ is a measurable cardinal if it carries a κ-complete free
ultraĄlter, which we will refer to as a Şmeasure on κŤ. In the context of ZFC, this
is equivalent to the existence of a non-trivial elementary embedding from Vκ+1,1 or
even V itself, into a transitive set or class, such that the least ordinal moved by the
embedding is κ, in which case we say that κ is the critical point of the embedding.

In the context of ZF, however, ω1 can be a measurable cardinal, as shown by
Jech [3], but it is not hard to show that ω1 can never be the critical point of an
elementary embedding from Vω1+1 into a transitive set. When κ is the critical point
of an embedding from Vκ+1 into a transitive set we say that it is a critical cardinal.
The basic theory of critical cardinals in ZF is very similar to the basic theory of
measurable cardinals in ZFC, and this was studied in [1].

However, despite this, some questions remained open. For example, if κ is a
critical cardinal, assuming ZFC, we can derive an ultrapower embedding by a normal
measure, which will always be κ+-closed.2 Can we always do the same in ZF? Are
there always ultrapower embeddings, given a critical cardinal? In this work, we
answer both of these in the negative.

2. Preliminaries

We follow the standard deĄnitions of forcing (see [4] for a comprehensive expo-
sition), where a notion of forcing is a preordered set, P, with a maximum 1. The
elements of P are called conditions, and if q ≤ p, we say that q extends p or that it
is a stronger condition. We will use ẋ to denote P-names, and given a collection of
P-names in the ground model, X, we deĄne the name X• = ¶⟨1, ẋ⟩ ♣ ẋ ∈ X♢. This
notation extends naturally to ordered pairs and sequences which are indexed by
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1We only care about elementary embeddings, and so from this point onwards ŞembeddingŤ

will always mean Şelementary embeddingŤ.
2That is, the target model is closed under sequences of any length below κ

+ itself.
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2 ASAF KARAGILA AND JIACHEN YUAN

ground model sets. This allows us to neatly deĄne the canonical names for ground
model sets, x̌ = ¶y̌ ♣ y ∈ x♢•.

As we are working in ZF, not all sets can necessarily be well-ordered. However,
in the context of this work we will not discuss cardinals and cardinalities in general.
It is therefore sufficient to remark that Greek letters, when denoting cardinals, will
always refer to cardinals of well-orderable sets, which are just the corresponding
initial ordinals.

2.1. Symmetric extensions. One of the features of forcing is that a generic ex-
tension of a model satisfying AC will always satisfy AC. This is a problem if we want
to prove consistency results involving the failure of the Axiom of Choice. For this
purpose, the technique of symmetric extension was developed. Let P be a notion
of forcing. If π ∈ Aut(P), then π acts on the P-names, deĄned recursively

πẋ = ¶⟨πp, πẏ⟩ ♣ ⟨p, ẏ⟩ ∈ ẋ♢.

The following is known as The Symmetry Lemma.

Lemma 2.1 ([4, Lemma 14.37]). For any p ∈ P, π ∈ Aut(P), ẋ, and formula φ,

p ⊩ φ(ẋ) ⇐⇒ πp ⊩ φ(πẋ).

Let us Ąx a group G ⊆ Aut(P). We say that F is a Ąlter of subgroups on G if
it is a non-empty collection of subgroups of G which is closed under supergroups
and Ąnite intersections. We say that F is a normal Ąlter if whenever H ∈ F and
π ∈ G , πHπ−1 ∈ F .3

We say that ⟨P, G , F ⟩ is a symmetric system if P is a notion of forcing, G is
a subgroup of Aut(P), and F is a normal Ąlter of subgroups on G . A P-name,
ẋ, is F -symmetric if symG (ẋ) = ¶π ∈ G ♣ πẋ = ẋ♢ ∈ F . If this property holds
hereditarily to all the names appearing in ẋ and so on, we say that ẋ is hereditarily
F -symmetric, and we denote the class of all hereditarily F -symmetric names by
HSF . When the context is clear, we will omit the subscripts if possible.

Theorem 2.2 ([4, Lemma 15.51]). Let G ⊆ P be a V -generic Ąlter. The class

HS
G
F = ¶ẋG ♣ ẋ ∈ HSF ♢ is a transitive class of V [G], contains V , and satisĄes ZF.

We call such an intermediate model a symmetric extension of V . We have a
forcing relation, ⊩HS, deĄned by relativising ⊩ to the class HSF , which satisĄes the
Forcing Theorem,4 as well as a version of The Symmetry Lemma when π ∈ G .

The study of symmetric extensions may be of interest to the readers. We suggest
[8, 11, 12] as starting points, as well as [6] and [9], for a generalised framework for
iterations and extensions of the basic technique.

2.2. Lifting theorem. In the seminal [1], a basic lifting theorem gives a basic
condition for lifting an elementary embedding to symmetric extensions. Crucially,
the embedding was not just lifted between the symmetric extensions, but it was
also amenable to the symmetric extension. That is to say, the lifted embedding is
itself symmetric. In other words, the basic lifting theorem allowed us to preserve
the property Şκ is a critical cardinalŤ. In [2, Theorem 2.13], a small (but essential)
improvement was made, by observation that the original proof provides a better
theorem. In this paper we will need only a particular case of this improved theorem.

3This terminology somewhat clashes with the notions of normal Ąlters and ultraĄlters, which
is why we refer to the ultraĄlters as ŞmeasuresŤ.

4Namely, something is true if and only if some condition in the generic forces it to be true.
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Theorem 2.3 (SimpliĄed lifting theorem). Suppose that j : V → M is an
elementary embedding and ⟨P, G , F ⟩ is a symmetric system such that the following
conditions hold in V :

(1) j(P) ∼= P × R with j(p) = ⟨p,1R⟩, and there is an M -generic Ąlter for R.
(2) j(G ) ∼= G × H with j(σ) = ⟨σ, id⟩.
(3) For every K ∈ j(F ), ¶σ ∈ G ♣ j(σ) ∈ K♢ ∈ F .

Then we can lift j amenably to the symmetric extensions of V and M by S and
j(S) respectively.

We sketch the proof, and the complete proof can be found in [1, ğ4].

Proof. Suppose that the conditions hold. For ẋ ∈ HSj(F) we deĄne a partial
interpretation function by H, the M -generic Ąlter for R. Since H ∈ V , this is a
well-deĄned function in V . The deĄnition is recursive,

ẋH = ¶⟨p, ẏH⟩ ♣ ⟨⟨p, r⟩, ẏ⟩ ∈ ẋ, r ∈ H♢,

where we identify the conditions in j(P) with P × R.

For any π ∈ G and V -generic G ⊆ P we have that (π(ẋH))G = (j(π)ẋ)H . And
so, if ẋ ∈ HSj(F), then ẋH ∈ HSF . In particular, if ȧ ∈ HSF , then j(ȧ)H ∈ HSF

as well.

As a consequence, ¶⟨ẋ, j(ẋ)H⟩• ♣ ẋ ∈ HS♢• is stable under the action of G , and
provides us with the lifted embedding. □

Note that assuming the second condition, the third condition is equivalent to
j“(K ∩ G ) ⊆ K, where K ∩ G is taken as the projection onto the G -coordinate.

2.3. Choice in measure.

DeĄnition 2.4. Let U be a family of subsets of I. We say that U -ACI holds if
whenever ¶Ai ♣ i ∈ I♢ is a family of non-empty sets, there is some J ∈ U such that
¶Ai ♣ i ∈ J♢ admits a choice function. Namely,

∏
i∈J Ai ̸= ∅.

Normally we will require I to be some κ and U to be a measure on κ. In the
following theorem, note that we do not require that κ is measurable or that U is
σ-complete.

Theorem 2.5 (Spector [10]). Suppose that U is an ultraĄlter on κ. The following
are equivalent:

(1) j : V → Ult(V, U) is elementary.
(2) Ult(V, U) satisĄes the Axiom of Extensionality.
(3) Ult(V, U) ♣= ∀x(x /∈ [f ]U ) if and only if [f ]U = [c∅]U .
(4) U -ACκ holds.

The original theorem is formulated with a few more equivalences, but these are
arguably reformulations of (1). One noteworthy remark is that we are not even
assuming that M is well-founded, so the theorem also holds for ill-founded ultra-
powers. Note that the ultrapower embedding is well-deĄned without any choice.
We will call these Şultrapower mapsŤ to suggest that they might not be elementary.

We will use this theorem to show that amongst other things, U -ACκ does not
even imply ACω. This is quite counterintuitive at Ąrst, but from the perspective of
a LevyŰSolovay phenomenon this is in fact quite natural. It means that we have
Şwiggle roomŤ to introduce small failures of choice, as long as we preserve choice
modulo U .
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As a consequence of JechŠs work in [3] (see also Theorem 2.7 in [2]), we have that
if κ is measurable and S ∈ Vκ is a symmetric system, then any measure on κ extends
uniquely to a measure in the symmetric extension. Additionally, the lifting theorem
shows that the elementary embeddings lift as well to the symmetric extension,
and indeed the ultrapower embeddings remain ultrapower embeddings. Since we
can violate ACω by adding countably many Cohen reals,5 with the most famous
construction being CohenŠs Ąrst model (see Chapter 5 in [5]), we immediately get
the following corollary.

Corollary 2.6. If κ is a measurable cardinal and U is a measure on κ, then U -ACκ

does not imply ACω.

Recall that if U0 and U1 are two ultraĄlters on κ, then U0 ≤RK U1 if and only
if there is some r : κ → κ such that A ∈ U0 ⇐⇒ r−1(A) ∈ U1.

Theorem 2.7. Suppose that U0 ≤RK U1 are two ultraĄlters on κ. Then U1-ACκ

implies U0-ACκ.

Proof. Let r : κ → κ be such that A ∈ U0 ⇐⇒ r−1(A) ∈ U1. Suppose that f is
a function with domain κ and f(α) ̸= ∅ for all α. We want to show there is some
U0-positive set on which f admits a choice function. Let F = f ◦ r and let H be a
function such that B = ¶β < κ ♣ H(β) ∈ F (β)♢ ∈ U1, which exists by U1-ACκ.

For α < κ, let α∗ = min¶β ∈ B ♣ r(β) = α♢ when it is deĄned. Note that if
β ∈ B, then r(β) = r(r(β)∗), so in particular

F (β) = f(r(β)) = f(r(r(β∗))) = F (r(β)∗).

Now, letting h(α) = H(α∗), we claim that C = ¶α < κ ♣ h(α) ∈ f(α)♢ ∈ U0.
It is enough to show that r“B ⊆ C, as this would imply that B ⊆ r−1(C), so
r−1(C) ∈ U1, which implies C ∈ U0 as wanted.

Suppose that β ∈ B and let α = r(β). By the above argument, α∗ ∈ B. And so,

h(α) = H(α∗) = H(r(β)∗) ∈ F (r(β)∗) = F (β) = f(r(β)) = f(α). □

Corollary 2.8. Suppose that κ is a measurable cardinal, U is a measure on κ, and
U -ACκ holds. Let D be the normal measure derived from jU . Then D-ACκ holds.

Proof. Let r : κ → κ be a function representing κ in Ult(V, U). Then r witnesses
that D ≤RK U , so by the above theorem D-ACκ holds. □

Corollary 2.9. Suppose that U is a measure on κ such that jU : V → Ult(V, U) is
elementary, and let D be the normal measure derived from jU . Then the ultrapower
embedding jD : V → Ult(V, D) is elementary and jU factors through it.

Proof. Let r : κ → κ be a function representing κ in Ult(V, U). By the previous
corollary and Theorem 2.5, D-ACκ holds. By Theorem 2.5, jD : V → Ult(V, D) is
elementary. DeĄne k : Ult(V, D) → Ult(V, U) by k([f ]D) = [f ◦ r]U .

To see that k is indeed elementary, note that

Ult(V, D) ♣= φ([f ]D) ⇐⇒ ¶α < κ ♣ φ(f(α))♢ ∈ D

⇐⇒ ¶α < κ ♣ φ(f(r(α)))♢ ∈ U

⇐⇒ Ult(V, U) ♣= φ([f ◦ r]U )

⇐⇒ Ult(V, U) ♣= φ(k([f ]D)).

A standard veriĄcation shows that k([f ]D) = jU (f)(κ), and so k is indeed the factor
embedding. □

5Equivalently, a single Cohen real.
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3. Main theorems

Both our theorems are proved with the same construction, and unless stated
otherwise, ground models will satisfy ZFC + GCH.

3.1. No ultrapower maps are elementary.

Theorem 3.1. If κ is a measurable cardinal, then there is a symmetric extension
in which κ remains a critical cardinal, but no ultrapower map is elementary. In
other words, U -ACκ fails for any measure U on κ.

Proof. In V , let A ⊆ κ be the set of inaccessible non-Mahlo cardinals. We will
add to each α ∈ A some Cohen subsets collected into Cα, so that there is no way
to choose one such subset for each α for any unbounded subset of A. This, in
turn, will mean that the family ¶Cα ♣ α < κ♢ does not have any κ-sized subfamily
admitting a choice function, so U -ACκ fails for any potential measure U . Therefore,
by SpectorŠs theorem, the ultrapower map is not elementary.

For each α ∈ A, we deĄne a symmetric system Sα = ⟨Qα, Gα, Fα⟩. We let
Qα = Add(α, α) be the forcing with conditions p : α × α → 2 such that ♣p♣ < α, Gα

be the group of all permutations of α moving fewer than α many points with the
the action πp(πβ, γ) = p(β, γ), and Fα be the Ąlter generated by Ąxing pointwise
Ąnite subsets of α.

Our symmetric system is S = ⟨P, G , F ⟩, where P is the Easton support product
of the Qα, G is the Easton support product of Gα acting pointwise on P, and F

is generated by groups of the form H⃗ = ⟨Hα ♣ α ∈ A⟩, where Hα ∈ Fα and only
Ąnitely many coordinates satisfy Hα ̸= Gα.6

We claim that S satisĄes the conditions of Theorem 2.3, for any j : V → M for
which crit(j) = κ and Mκ ⊆ M , e.g., any ultrapower embedding. Let us verify
each condition.

(1) Note that j(P) ∼= P×R with j(p) = ⟨p,1R⟩, where R is the Easton support
product of Add(α, α) for α ∈ j(A)\κ. Since κ is Mahlo in M and κ /∈ j(A),
M ♣= “R is κ+-closedŤ. Therefore, we can construct in V an M -generic Ąlter
for R.

(2) Note that j(G ) ∼= G × H , where H is the Easton support product of the
Gα, now permutations of α ∈ j(A) \ κ. Moreover, since if π⃗ ∈ G is any
permutation, it has an Easton support and so it is bounded below κ. So

j(π⃗) has same support. Therefore, j(π⃗) = ⟨π⃗, i⃗d⟩, which fulĄls (2) in our
simpliĄed lifting theorem.

(3) Note that j(F ) is generated by the Ąnite support product of the Ąlters, so

with the previous condition, if H⃗ ∈ j(F ) is a generator of the Ąlter, then

it has a Ąnite support, and so H⃗ ↾ κ ∈ F . Therefore, j“H⃗ ↾ κ ⊆ H⃗.

We let W and N denote the symmetric extensions of V and M respectively
deĄned from G and j(G), the generic Ąlters. As the conditions for Theorem 2.3
hold, j lifts to j : W → N in an amenable manner. Let us see that no embedding
is an ultrapower embedding, as we suggested earlier.

6One might wonder why we are using the Easton support product for P and G , but not F .
The truth is that it would not make a difference. If one understands symmetric systems by their

tenacious conditions (i.e., those which are Ąxed in place by some large group), then this symmetric
system is the same as the Ąnite support product, and indeed the Ąnite support conditions and

permutations at each α as well. (See [6, Appendix A] and [9] for full details and context.) However,
using Easton support makes it easier to justify the existence of an M -generic Ąlter.
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For a Ąxed α ∈ A, let ċα,ξ denote the Qα-name for the ξth Cohen subset. By
the way we deĄned Sα, if π ∈ Gα, then πċα,ξ = ċα,πξ. Therefore each ċα,ξ ∈ HSFα

,

and so Ċα = ¶ċα,ξ ♣ ξ < α♢• ∈ HSFα
. Going back to the context of P, it is not

hard to see that the name Ċ = ⟨Ċα ♣ α ∈ A⟩• is in HS, since the permutations in G

must preserve it pointwise.

We argue that if Ḃ ∈ HS and p ⊩
HS sup Ḃ = κ̌, then p ⊩

HS
∏

α∈Ḃ Ċα = ∅̌. To

see this, if this is not the case, then there is some ḟ ∈ HS and q ≤ p such that
q forces ḟ to be in that product. Let E be a Ąnite set which is a support for ḟ ,

namely, if π ↾ E = i⃗d, then πḟ = ḟ . Let α > sup E be large enough such that
q ⊩ ḟ(α̌) = ċα,ξ for some ξ < α, if no such α and ξ exist, we can extend q as
necessary. Let ζ < α be different from ξ such that ζ /∈ supp q(α) ∈ Add(α, α). Let
πα be the 2-cycle (ξ ζ) and let πβ = id for β ̸= α. Then π⃗ ∈ G , and moreover,

π⃗ḟ = ḟ . It is not hard to check that π⃗q is compatible with q, which is impossible,
since this implies that q ∪ π⃗q ⊩

HS ḟ(α̌) = ċα,ξ ̸= ċα,ζ = ḟ(α̌).

Therefore in W , the family C does not admit any subset of size κ which has a
choice function. In particular, there is no measure on κ for which U -ACκ holds, and
so by Theorem 2.5 there are no ultrapower embeddings with critical point κ. □

Remark 3.2. Suppose λ < κ is regular and we replace ŞĄnite supportŤ by λ-
support, while restricting P to the cardinals above λ. Then P is λ-closed, F will
be λ-complete, so by [7], W ♣= DC<λ. This shows that ACω is consistent with the
negation of U -ACκ (assuming the consistency of a measurable cardinal).

3.2. No closed target models.

Theorem 3.3. If κ is a measurable cardinal, then there is a symmetric extension
in which κ remains a critical cardinal, but no embedding with critical point κ has a
countably closed target model.

Proof. The construction is the same as in Theorem 3.1, so we will retain the notation
from its proof. Suppose that j : V W

κ+1 → N is an elementary embedding with critical
point κ.

Since j(C) ∈ W is a sequence of length j(κ), and j(κ) > κ+, we have that for
some α > κ+, j(C)α is not empty. In V , let Ċα be a name for j(C)α which is in
HS. Since V ♣= ♣Ċα♣ ≥ κ+, we can Ąnd a subset of Ċα which is of size κ+ and has
the same stabiliser. But this means that the name for a well-order of this subset
will be stabilised by the same Ąnite set, and therefore W ♣= κ+ ≤ ♣Cα♣. However,
standard arguments show that in N , j(C)α is Dedekind-Ąnite, but not so in W . So
in particular, N is not countably closed in W . □

As with the case of the ultrapower maps being non-elementary, this construction
lends itself to easy generalisations when replacing ŞĄnite supportŤ by λ-support, for
some regular λ < κ, to obtain that no target model is λ-closed while DC<λ holds.
But even more broadly, if j(P) = P×R (with R non-trivial) and the conditions for
Theorem 2.3 hold, then if the symmetric extension given by j(S) is not λ-closed in
M [H], the lifted embeddings will not be λ-closed either. The reason, of course, is
simple: H is in W , so M [H] is a class of W , and the failure of closure is accessible
to W . This is easily the case when adding Dedekind-Ąnite sets, as above.

Interestingly, however, the requirement that R is non-trivial is essential. In
cases such as CohenŠs Ąrst model, where j(P) = P, and we simply rely on the
LevyŰSolovay phenomenon to lift the embedding, the embeddings remain closed:
Any Dedekind-Ąnite set in N is going to be Dedekind-Ąnite in W , and so the
counterexamples to the closure of N are simply not inside W .
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4. Questions

Question 4.1. Can a critical cardinal admit an ultrapower embedding, but not a
closed one?

To try and attack the above question, we can consider the following local sym-
metric systems: For an inaccessible cardinal α < κ, consider Add(α+, ω×α+). This
deĄnes a natural partition of the new subsets into countably many sets. Take the
wreath product ¶id♢ ≀ S<α+ as our automorphism group, and the Ąlter generated
by fix(n × α+), Ąxing pointwise the Ąrst n cells of the partition. This system adds
a countable sequence of well-orderable sets which does not admit a choice function.
We can now take the product of these symmetric systems.

(1) In the full support product of these symmetric systems, the conditions of
the lifting theorems (neither the simpliĄed one, nor [2, Theorem 2.13]) no
longer hold: While j(P) ∼= P × R, it is not true that j(p) = ⟨p,1R⟩, for
example. Even if an embedding lifts, it is not clear what a counterexample
to the closure of the target model will look like, nor if U -ACκ holds for any
measure.

(2) If we take an Easton support product (of all three components, including
the Ąlters), we can Ąnd the needed M -generic, as we did in the theorems
presented in this paper. However, it is not at all clear what sort of argument
can be used to prove that U -ACκ holds. Indeed, it is not clear that it does
hold in the extension.

It might be the case, however, that stronger assumptions (e.g., o(κ) > 1) are needed
to allow for a more reĄned symmetric system. This lends itself to the following
question.

Question 4.2. Is the consistency strength of Şκ admits ultrapower embeddings, but
no closed ultrapower embeddingsŤ higher than a single measurable cardinal?

Independently of the two questions above, the following are two important ques-
tions.

Question 4.3. Is there a lifting criterion which provides us with an easy-to-use
control over the closure of the target models?

Question 4.4. When taking a symmetric extension over a model with a measur-
able cardinal, are there new embeddings which are not generated by ground model
embeddings? Can we Ąnd a condition which allows us to control these?

If there is a reasonably usable criterion which allows us to control the closure of
the lifted embeddings, one can conceivably concoct, starting from a single super-
compact cardinal, a class-sized product or iteration in which enough supercompact
embeddings lift and retain their closure. This will provide an answer to Ques-
tion 3.11 in [1], asking for a model where a supercompact cardinal exists and the
Axiom of Choice fails in a non-trivial way (that is, not a LevyŰSolovay phenome-
non).

Acknowledgements. The authors would like to thank the anonymous referee for
suggesting improvements to the presentation of the paper.
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