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The design of de Laval nozzles for generating low-temperature (7 ± 200 K), uniform supersonic jets for chemical kinet-
ics experiments has traditionally relied on the Method of Characteristics (MOC). Our study addresses limitations and
sources of unpredictability in conventional MOC-based design by introducing a surrogate based design optimization
framework applicable across any CRESU (ªCinétique de Réaction en Écoulement Uniformº) apparatus. A free-form
geometry parameterization with seven design variables is used to describe the nozzle, and an additional two are used
for the operating conditions. The surrogate models are constructed using a global adaptive sampling strategy, enabling
accurate prediction of kinetic jet parameters across a wide temperature range of 70 ± 130 K. The proposed framework
can be used to generate nozzle designs over many operating conditions and constraints, including flow temperature and
experimental limitations, capabilities that are not achievable using traditional MOC-based approaches. The optimiza-
tion of three nozzles reveals a trade-off governing low-temperature supersonic jet formation. Bell-shaped geometries
generate supersonic flows that minimize shockwave magnitude across the jet, which are optimal for kinetic studies.
The diameter of the isentropic core at the nozzle exit is strongly coupled to flow oscillations. Increasing the core
thickness leads to a rapid increase in shockwave magnitude along the jet, while the maximum attainable core thickness
decreases with increasing Mach number. The optimized nozzles are experimentally validated, with temperature fluctu-
ations within 1 K of both surrogate predictions and numerical results. These findings demonstrate the coupling between
critical parameters for kinetics studies, with implications for CRESU applications.

I. INTRODUCTION

A. Low Temperature Kinetics

The CRESU (ªCinétique de Réaction en Écoulement Uni-
formeº) method is an experimental technique used world-
wide to investigate temperature and pressure dependence of
the rate coefficient of chemical reactions at low tempera-
tures (< 180 K) that occur in the interstellar medium or
atmospheric environments1±14. Fundamentally, the CRESU
method utilizes an aerodynamic shape known as a de Laval
nozzle, which is used to accelerate an inert bath gas (nomi-
nally nitrogen, helium or argon at 3000 ± 20,000 Pa) and a
specified concentration of reactant into a low-pressure vac-
uum chamber (30 ± 300 Pa), which, by energy and mass con-
servation, generates a low temperature supersonic jet. When
combined with bespoke systems, this setup can be used to
perform low temperature reaction kinetics. A more detailed
description of the approach and its application in low temper-
ature kinetics can be found elsewhere4,6,9,10,14±19.

B. Nozzle Design, Flow Characterization and Key
Parameters

Since the development of the CRESU method, de Laval
nozzles have been designed using the Method of Charac-
teristics (MOC) in combination with a viscous boundary

layer correction21±23. The MOC is used routinely to design
an axisymmetric de Laval nozzle profile for a specified set
of conditions, such as temperature and bath gas, while en-
suring a shock-free exit flow. Nozzles used in the CRESU
method typically operate between 1 ≤ M ≤ 5, which cap-
tures the majority of the temperature range required for rou-
tine experiments3,6,14,24. However, the MOC is an analytically
tractable approach for predicting nozzle characteristics and is
only possible as a result of a series of simplifying assump-
tions to the governing flow equations, including inviscid and
isentropic flow. Consequently, (i) it does not accurately pre-
dict important global quantities in the supersonic jet that are
critical to kinetic studies and (ii) it only produces one de Laval
nozzle profile implying that a more optimal profile for kinetics
may exist.

The global supersonic jet quantities used in kinetics stud-
ies include the average temperature (Tavg), which is used as
the reaction temperature, the stable flow length (Lflow), of-
ten referred to as the isentropic core length, which is where
the studies of the kinetics of the reactions are performed. A
longer jet facilitates the study of slower reactions as the flow
length is proportional to the available reaction time (referred
to as hydrodynamic time or µt )15, and also allows the use
of smaller concentrations of the excess reagents, which can
be important in some instances. Another key quantity is the
standard deviation of temperature (σT ) and standard devia-
tion of density (σρ ) within the stable flow region. This quan-
tifies the magnitude of the repeated shockwaves in the jet,
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FIG. 1. Example of an axial flow characterization using the Pitot tube approach and the Rayleigh±Pitot equation, which shows the key
parameters of the jet, including Tavg, σT , and Lflow (a), and a comparison between σT and Tavg across the major groups performing pulsed
CRESU experiments (b)4,6,9,17,18,20. Note this is a selection of groups across the literature, and does not contain every nozzle condition.

where a smaller standard deviation reduces the uncertainty
in temperature-dependent kinetic measurements. The σT , Tavg
and Lflow of a nozzle designed using the existing MOC method
can only be determined once the nozzle is physically manufac-
tured, and its performance may not meet its intended design
specification; hence experimental optimization of the operat-
ing pressures or a complete redesign of the nozzle is neces-
sary. The existing workflow can be problematic as one noz-
zle profile and gas is used to generate a discrete temperature
for kinetics, hence making many nozzles for temperature or
pressure-dependent kinetics using this approach can be costly,
time-consuming and tedious. Note that some authors have
been able to use gas mixtures to produce a range of tempera-
tures with the same nozzle4, although experimental optimiza-
tion and the MOC are still required to design these nozzles.

The performance of a supersonic jet in the CRESU method
is normally determined experimentally using a flow charac-
terization technique known as the Pitot tube method15, and
an example with the critical kinetic parameters is shown in
Figure 1a. The jet performance of a nozzle designed for a
set temperature using the MOC can vary drastically between
groups, as shown in Figure 1b, which compares σT and Tavg
across the stable flow length. This is expected to be a result
of the differences in nozzle profile, nozzle diameter, gas de-
livery system (i.e. continuous or pulsed), reservoir volume
and reservoir configuration9,10,25,26. This therefore indicates
the need for a unified nozzle design optimization framework
to allow all groups (independent of apparatus) access to well
performing nozzles, which aims to improve measurement ac-
curacy for the kinetic research community.

C. Supersonic Flow Modeling

The MOC can be viewed as an accessible, low-fidelity (LF)
predictive tool for nozzle design. However, the exponen-
tial improvements in computing performance mean that high-
fidelity (HF) techniques based on Computational Fluid Dy-
namics (CFD) are now readily available. The numerical mod-
eling of supersonic jet flows has been carried out and vali-
dated rigorously by many authors using Reynolds-Averaged
Navier Stokes (RANS) approaches and Large Eddy Simula-
tion (LES) models27±31. LES has been shown to be very ac-
curate in predicting experimental results, although this accu-
racy comes with large computational costs, and is not feasible
for a large-scale optimization study. Previous numerical work
that is case specific to the CRESU method using steady-state
RANS modeling has been rigorously validated against many
benchmark nozzles. The results follow general trends and pre-
dict global flow quantities (e.g. Tavg) to within 5-10% of the
experimental results over a range of Mach numbers32. More
recently, RANS CFD has been utilized to predict the density
profile within the reservoir and throat regions, not possible us-
ing the Pitot tube approach. This has enabled the calculation
of dimer formation of reactants in the jet, which can adversely
affect the reaction kinetics by introducing unwanted interac-
tions and side reactions33.

D. Design Optimization Review

The kinetic performance of a de Laval nozzle depends en-
tirely on the geometric profile, reservoir size, operating pres-
sures, and gases used32,34. Shape optimization of de Laval
nozzle profiles and operating pressures has been carried out
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by many authors in the literature across a wide range of appli-
cation areas. These include surrogate-based modeling, multi
objective optimization and adjoint-based methods. The main
objectives of these studies are to minimize drag35 and to max-
imize thrust36±41, flow speed42, pressure recovery43, and flow
uniformity at the nozzle exit44. Matsunaga et al. (2022)45

used a surrogate-based approach to maximize flow uniformity
for one specific design Mach number, and showed that it can
outperform the MOC for nozzle design. More recently, Ka-
mali et al. (2024)46 used surrogate modeling to minimize the
generation of shock waves across the jet by reducing entropy
across the jet axis. However, the objective functions looked
at previously are not specific to kinetics and do not consider
important properties of the jet, such as Lflow, which is much
harder to obtain. Existing design optimization studies use
parabolic curves and Bezier curves, whereas this study aims to
use a free-form geometry approach to generate organic shapes
for de Laval nozzle design, which is commonly used in turbine
blade and wing design47±49.

Many of the studies are also typically carried out only for
one or a small range of operating conditions or geometry pa-
rameters, and in general, studies for de Laval nozzles do not
vary these simultaneously across a large design space to un-
derstand the underlying trade-offs in governing flow behavior.
This is because with large parameter bounds, the convergence
of the CFD in many regions in the design space can be dif-
ficult or impossible, especially at high Mach numbers where
strong shockwaves are present or where the flow is heavily
under or overexpanded. This study aims to provide an alterna-
tive, novel approach based on dynamic physics-driven design
variable bounds to overcome these issues. Most studies that
optimize de Laval nozzle profiles focus on objective functions
that are readily obtainable, whereas the objective function in
this study requires further post-processing of the supersonic
jet wake to obtain the kinetic parameters of interest. To the
authors’ knowledge, this has not been carried out before in
the context of de Laval nozzles generally or in the context of
kinetics.

Unlike conventional optimization studies, which rely on
readily accessible objective functions, the present work con-
siders objective quantities derived from the supersonic jet
wake, requiring post-processing to extract the kinetic param-
eters of interest. This enables direct coupling between noz-
zle geometry and the fluid-dynamic processes governing low-
temperature reaction environments. The key novelty lies in
demonstrating that global surrogate models can be used to
systematically explore the trade-offs between Lflow, σT, and
Tavg, while simultaneously revealing the physical constraints
imposed by compressible flow dynamics of a de Laval nozzle
for a particular CRESU apparatus.

The methodology is applied to the pulsed CRESU appara-
tus at the University of Birmingham9, with additional testing
at the University of Leeds10. While demonstrated in the con-
text of low-temperature kinetics, the framework is general and
can be extended to aerodynamic systems where global flow
behavior and dynamically constrained design spaces are criti-
cal.

This work replaces the traditional MOC design paradigm

with a CFD-driven optimization strategy that not only im-
proves nozzle performance, but also provides new physical
insight into the coupling between nozzle geometry and super-
sonic flow performance for kinetic studies.

The paper is organized as follows: Section II details the ex-
perimental setup, problem formulation, parameterization, op-
timization framework, and flow modeling, Section III, shows
the surrogate model performance between Kriging and Feed-
Forward Neural Networks (FFNN), results from the optimiza-
tion framework and an experimental validation or the manu-
factured nozzles. Finally Section IV concludes with recom-
mendations on future application.

II. METHODOLOGY

A. Experimental Apparatus

The experimental pulsed CRESU apparatus used to gen-
erate a low-temperature supersonic jet is shown in Figure 2.
More information on the exact setup used at the University of
Birmingham can be found at Lucas et al.9.

There are three main features, the first is the cylindrical
reservoir which has an internal volume of 30.75 cm3, where
the internal reservoir radius rres and reservoir length Lres are
2.30 cm and 1.83 cm, respectively. Two pulsed valves are used
to control the flow, where the inlet diameter (din) of the con-
nection pipe to the reservoir is 0.29 cm. The pulse width and
pulse repetition frequency used are 10 ms and 10 Hz, respec-
tively. Crucially, the pulse duration is much longer than the
time taken for the jet to reach steady state. The de Laval noz-
zle can then be threaded onto the reservoir. The reservoir and
nozzle assembly is mounted on a translation stage that pro-
vides up to 60 cm of travel along the primary axis and ± 2 cm
of movement in both the vertical and spanwise directions, en-
abling the generation of 2D and 3D contour plots.

The second is the vacuum chamber, which has an internal
diameter (dchm) of 40 cm, and a total length of 150 cm, where
there are two connected sections allowing easy access to the
nozzle and reservoir, which are situated in the main chamber
(Lchm = 100 cm). The outlet is connected to a vacuum pump,
which has a diameter (dout) of 15 cm, and is 87.5 cm from the
start of the main vacuum chamber. The pressure in the vacuum
chamber is maintained by flowing an ambient slip gas into the
chamber, typically nitrogen.

The third is the Pitot tube (with a fast response transducer),
which has a leading edge diameter of 3 mm. This is located
inside the chamber and is again connected to a separate trans-
lation stage for flow characterization, which will be discussed
in Section II B. A low temperature environment for kinetics is
achieved by pulsing an inert bath gas (nitrogen, helium, or ar-
gon) typically at room temperature into the reservoir and then
through a de Laval nozzle into a low-pressure (20 ± 300 Pa)
vacuum chamber. The gas expands and cools through the noz-
zle, forming a low-temperature supersonic jet that extends
tens of centimeters from the nozzle exit, where chemical ki-
netics can be measured. For the interested reader, more infor-
mation on kinetic studies can be found at4,9,10,15.
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FIG. 2. CRESU apparatus at the University of Birmingham, where (a) is a CAD drawing of the apparatus with key dimensions and labels,
with an example supersonic jet (not to scale), (b) is a picture of the Laval nozzle and mounting system, (c) is the vacuum chamber, and (d) is
the Pitot tube used for flow characterization. The green region corresponds to the laser induced fluorescence (LIF) beam used for kinetics, and
the ultraviolet (UV) beam in blue is used to initiate reactions down the length of the supersonic jet.

B. Experimental Flow Characterization

The experimental method of flow characterization and the
important flow quantities need to be outlined to understand
their importance in the context of kinetics, which will aid in
the formulation of the optimization problem.

The main experimental method used for flow characteriza-
tion in the CRESU method is known as the Pitot tube method
and is used by many groups worldwide4,9,10,25,26. Once a noz-
zle profile has been designed, it is machined using Computer
Numerical Control (CNC) out of steel or aluminum on a lathe
with a tolerance of ± 0.1 mm. Once the nozzle has been man-
ufactured, it is then mounted to the reservoir block as shown in
Figure 2b. Note that for rapid prototyping 3D printing is used
in the field50, although to avoid surface roughness effects and
geometric inconsistencies with the design, CNC manufactur-
ing was used in this study.

To characterize the kinetic performance (i.e. σT , Lflow and
Tavg) for a particular nozzle profile and bath gas, first, the
chamber pressure and reservoir pressure need to be set. For

this particular study, only nitrogen was used as the bath gas.
Once the pressures are set, the Pitot tube is laser aligned with
the centerline of the nozzle. The Pitot tube (or nozzle and
reservoir block depending on the group) is connected to a
translation stage as shown in Figure 2b-d, and can be moved
in small intervals away from the nozzle exit (x = 0 cm) across
the chamber using a stepper motor. The number of repeats for
each Pitot location is 50, and averaged results are shown in
this study, more information regarding measurement accuracy
can be found in Lucas et al.,9.

During a gas pulse, the Pitot tube is used to measure the
impact pressure (Pimpact) once the flow has reached a steady
state. There is also a calibrated pressure transducer in the cen-
ter of the reservoir wall, which is used to measure the reservoir
pressure (Pres) during each gas pulse. The Mach number at the
Pitot tube leading edge can then be found using the Rayleigh±
Pitot equation:

Pimpact

Pres
=

(

(γ +1)M2

(γ −1)M2 +2

)

γ
γ−1

(

γ +1
2γM2 − γ +1

)
1

γ−1

(1)
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where M is the Mach number, and γ is the ratio of specific
heat capacity (γ = 7/5 for diatomic gases and γ = 5/3 for
monoatomic) for the bath gas that is used during characteriza-
tion. The corresponding pointwise temperature, pressure and
density of the jet can be found using the adiabatic relation-
ships, where the reservoir temperature is taken to be 293 K9.
The impact pressure across the entire jet can then be obtained
by moving the nozzle or Pitot tube relative to each other.

A typical experimental characterization of the jet tempera-
ture obtained from this method is shown in Figure 1a. The si-
nusoidal nature of the temperature profile is a result of shock-
wave formation and the interaction of these shockwaves with
the shear layer. Downstream of the nozzle exit, a growing
mixing layer forms, which is due to viscous shearing. The end
of the stable flow region is where viscosity dominates the flow,
causing the stable region to break. It is important to note that
the Rayleigh±Pitot equation is invalid outside the isentropic
core region due to inviscid and irrotational assumptions in the
analytical derivation, which describes why the experimental
data tends towards zero when the flow breaks down. In reality,
the temperature rises as it mixes with the ambient gas in the
chamber32. The global quantities, such as σT and Tavg are then
calculated between the nozzle exit (x = 0 cm) and the stable
flow length (x= Lflow) and are used to infer the performance of
the jet. The optimal pressure conditions for a particular noz-
zle profile, assuming the stable flow length is of an appropriate
length to perform kinetics (typically Lflow > 13−15 cm), are
those with the lowest value of σT . This provides the lowest
uncertainty in the reported reaction rate coefficients for ki-
netic studies. For all of the experimental characterizations in
this study, nitrogen (99.998% BOC) was used, with no addi-
tional reactants.

C. Objective Function Formulation

Obtaining Lflow from a supersonic flow simulation where
the Mach number and flow regimes change drastically is non-
trivial, therefore a novel method has been established as part
of this study. Typically, the isentropic core length (Lflow,1) can
be defined by using:

Lflow,1 = argmax
x

(kMexit)

∣

∣

∣

∣

x=Lchm

x=0
(2)

where k is a scaling parameter typically between 0.90 ± 0.98
and Mexit is the Mach number at the nozzle exit51,52. The flow
length is defined as the furthest point along the Mach number
profile across the flow axis, away from the nozzle exit (x = 0),
that corresponds to kMexit. In this study, 0.95 was chosen as
the criterion as it lies in the middle of the typical ranges taken
in the literature. Examples of axial Mach profiles are given in
Figure 3.

The first criterion in Equation 2 underestimates the isen-
tropic core length significantly for dissipative jets, or if shocks
are present at the nozzle exit. To overcome this, k could be re-
duced but it would drastically overestimate Lflow for all other
jets, reducing surrogate model quality. To more accurately

capture Lflow, the location of each local maxima of Mach num-
ber across the jet axis is calculated, where:

Lflow,2 = argmax
x

M(x)

∣

∣

∣

∣

x=Lchm

x=0

such that f ′(x) =
d

dx

(

M(x)m
)

= 0,

f ′′(x) =
d2

dx2

(

M(x)m
)

< 0.

where | f ′′(x)| ≥ 2

(3)

where the local maxima are calculated from the second
derivative of the axial Mach profile, the Mach profile is raised
to the power m, where in this case m = 10 to bring out the
shocks in the profile closer to the breakdown point (although
it can be arbitrarily large). Note that for this criterion to hold,
at least two local maxima must exist, as this suggests a sinu-
soidal jet is generated. Furthermore, if M < 1 at the nozzle
exit, the flow length is set to be equal to 0 to ensure the flow
length for non-supersonic jets is not overpredicted. Both cri-
teria are compared, and the largest length is taken as the stable
flow length. Note that if the jet does not contain shocks, the
local maxima criterion is not suitable; hence, the development
of this hybrid flow length criterion. The standard deviation
and average of Mach number, temperature, density and pres-
sure are then calculated in this stable flow region across the
jet axis from the nozzle exit to the calculated flow length, and
are used in the construction of each surrogate. Alongside ax-
ial jet properties, the core thickness at the nozzle exit is also
calculated via:

rcore = rexit −δ95 = rexit − y|0.95ue (4)

where δ95 is the boundary layer thickness (taken in this par-
ticular case to be 95% of the freestream velocity at the nozzle
axis), rexit is the nozzle exit radius, y is the wall normal di-
rection from the flow axis at the nozzle exit, and ue is the
exit velocity at the nozzle exit. This formulation of the ob-
jective and constraint function may introduce some artificial
noise, especially with the approximation of Lflow, resulting in
the use of regression Kriging and regression FFNNs for this
particular application.

D. Design Variables and Parameterization

The de Laval nozzle profile is defined using a NURBS
(Non-Uniform Rational B-Spline) curve, which is a free-form
deformation (FFD) approach used to generate organic shapes.
More information can be found in Piegl & Tiller (1997)48.
NURBS is commonly used in shape optimization for aerody-
namics, including turbine blades, hence its use here. The FFD
approach has been used over traditional-based parametriza-
tion (i.e. based on physical quantities such as angles) as
fewer design variables can be used to achieve a wide range
of shapes, hence reducing the problem dimensionality. The
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FIG. 3. Comparison between the stable flow length obtained with Lflow,1 (black dotted line) and Lflow,2 (blue dotted line) across a variety of
different axial Mach number profiles. The red points relate to the local maxima across the axial Mach profile. The distance past the nozzle exit
is greater than zero, and negative distances relate to the Mach number inside the reservoir. Note that the Mach profiles are taken at random
from the design matrix in Section III.

NURBS curve in this study is calculated using the NURBS
MATLAB Toolbox53,54. A NURBS curve can be defined as:

C(u) =
k

∑
i=1

CPiNi,n(u) (5)

where k is the number of control points CPi and Ni,n(u) are
the b-spline basis functions used to construct the curve, where
i is the ith control point and n is the degree of the function.
The basis functions can be constructed using:

Ni,n(u) =
u− ki

ki+n − ki

Ni,n−1 +
ki+1+n −u

ki+1+n − ki+1
Ni+1,n−1 (6)

where ki relates to the ith knot in the knot vector. The shape
is controlled using a set of four control points denoted ªCPº,
which are CP1 = (0,x1), CP2 = (x2,x3), CP3 = (x4,x5) and
CP4 = (x6,x7) as shown in Figure 4.

The knot vector can be chosen arbitrarily and has been de-
fined as k = [0,0,0,0.2,1,1,1], ensuring CP1 and CP4 are the
end points of the curve48. Note that the weight term w typi-
cally found in this formulation is removed as the weights are
kept constant. Only four points are chosen as this is the mini-
mum number of control points required to define the converg-
ing section, throat and diverging section of a de Laval nozzle.
The control points can either move horizontally or vertically
to alter the shape of the curve as indicated in Figure 4.

CP1 controls the nozzle inlet radius, CP2 controls the noz-
zle throat radius and position of the throat relative to the in-
let, CP3 controls the curvature of the nozzle in the diverging
section and CP4 controls the exit radius and length of the noz-
zle. This results in seven design variables for the de Laval
nozzle shape. There are also two more variables, which are
the reservoir and chamber pressures, associated with the in-
let and outlet pressure boundary conditions of the numerical
model which is discussed in Section II G. This results in a
nine dimensional optimization problem where the design vec-
tor x = [x1,x2,x3,x4,x5,x6,x7,x8,x9]. The upper and lower
bound of each design variable are kept between 0 and 1 dur-
ing the creation of the surrogate model and the optimization
process. The design variables are scaled based on the design
bounds when they are used in the generation of the nozzle
shape and setting of pressures in the numerical setup. The up-
per and lower bound of each design variable is shown in Table
I, and will be now discussed in detail.

Exploring a large design space for a de Laval nozzle where
geometric and pressure parameters are heavily coupled can
be achieved by using ªphysics-driven dynamic boundsº de-
veloped in this study. This approach narrows down the design
space by constraining the design bounds using quasi-1D an-
alytical nozzle equations (see supplementary material) which
provide quick approximations to flow properties at the nozzle
exit. Based on the 1D approximations, the exit Mach number
(and temperature) is dependent on the area ratio (AR) between
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FIG. 4. Parameterization of the de Laval nozzle shape, showing the NURBS control points and their respective movement across the design
space.

the throat and nozzle exit and the pressure ratio between the
reservoir and chamber. In this example, the nozzle inlet radius
(x1), nozzle length (x6) and the nozzle throat (x3) are used to
scale the remaining geometric parameters dynamically.

The lower bound of x6 is based on having sufficient material
for the reservoir mount (5 mm), and the upper bound is set to
150 mm. The lower bound of x3 is chosen to allow the laser to
pass through the nozzle for chemical kinetics; any smaller and
it could ablate the material or cause laser back-scattering. The
upper bound is set so that it is smaller than the lower bound of
x1 to enforce the creation of a converging section.

The lower bound of the nozzle exit radius (x7) is based on
the nozzle throat radius plus a small amount to ensure that the
diverging section is slightly larger than the throat. This en-
sures that the flow accelerates past the sonic point and creates
a supersonic flow at the nozzle exit. The upper bound of x7
was chosen as this is equivalent to the area ratio required to
achieve a maximum Mach number of 5 using the analytical
nozzle equation with nitrogen as a gas (γ = 7/5). Note that an
additional 4 mm is added to this bound as the CP2 does not lie
exactly on the throat. Dynamically changing the exit radius
this way creates nozzle geometries at the same Mach number
with different throat and exit radii.

The upper and lower bound of x2 is chosen so that the throat
lies between 1 mm from the nozzle inlet and 10% nozzle
length as the diverging section is typically much longer than
the converging section.

The lower bound of x4 is set to 30% of the nozzle length,

TABLE I. Upper and lower bounds of design variables with corre-
sponding units. The value of PRisentropic is calculated as shown in
the supplementary material, where the chamber pressure is equal to
x9. The expression AR(5,1.4) is the area ratio required to achieve
a Mach 5 nozzle, and is shown in the supplementary material. The
design variables here relate to the control points shown in Figure 4
used to create the NURBS curve.

Design
Variable

Lower Bound Upper Bound Units

x1 4 6 mm
x2 1 0.10x6 mm
x3 1.65 0.8x1 mm
x4 0.30x6 0.95x6 mm

x5

(

x7−x3
x6−x2

)

x4 + x7 −
(

x7−x3
x6−x2

)

x6 x7 mm

x6 32 150 mm
x7 x3 + 0.02

√

AR(5,1.4)x3 +4 mm
x8 (1+0.2PRisentropic)x9 (PRisentropic)x9 Pa
x9 20 300 Pa

which is used to ensure that there are no kinks in the nozzle
profile. Kinks in the geometry can generate shockwaves and
flow separation inside the nozzle, and needs to be avoided at
all costs due to its impact on kinetic performance. The lower
bound of x5 is set based on the line equation (y = mx + c)
between CP2 and CP4, this ensures that the nozzle is either
conical or bell shaped. If this point is below this line (as shown
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in Figure 4) it generates poorly performing nozzles, and has
been tested and can be seen in the supplementary material.
The upper bound has been set to the nozzle exit radius, as
placing the point past the exit radius does not generate nozzle-
like geometries.

The upper and lower bounds of the chamber pressure (x9)
are set based on the pumping capacity of the vacuum pumps
used in the experimental method. The bounds of the reser-
voir pressure (x8) are scaled based on the chamber pressure.
Once the nozzle has been made, the isentropic equation (see
Supplementary material) can be used to approximate the isen-
tropic pressure ratio (PRisentropic) required to run the nozzle.
This pressure ratio will always be higher than required, as
it assumes 1D, inviscid isentropic flow, and can be used to
scale the range of the reservoir pressure based on the area ra-
tio of the nozzle. This dynamic bound also reduces the chance
of convergence issues when using large pressure ratios with
smaller area ratio nozzles.

E. Problem Formulation

The optimization formulation to improve de Laval noz-
zles for chemical kinetic studies is a constrained single ob-
jective optimization problem with nine design variables, in
which σT is minimized, and is defined in Equation 7, where
x = [x1,x2, ...,xd ]

T is the design variable vector, d is the num-
ber of design dimensions (nine in this case), xlb and xub are
the lower and upper bound of the design variables respectively
and g refers to an inequality constraint. Note that the numeri-
cal constraints are based on the experimental apparatus at the
University of Birmingham, although they can be adapted for
other CRESU setups easily.

x = [x1,x2, ...,x9]
n where, n = 1,2, ...N

Minimize f (x) = σT (x)

Subject to g1(x) = 13 cm−Lflow(x)≤ 0

g2(x) = rnozzle(x)|x=19 mm −7 mm ≤ 0

g3(x) = rnozzle(x)|x=27 mm −11 mm ≤ 0

g4(x) = Tavg,target − (Tavg +2)≤ 0

g5(x) = (Tavg −2)−Tavg,target ≤ 0

g6(x) = (rcore/rexit)− (rcore,target/rexit +0.02)≤ 0

g7(x) = (rcore,target/rexit −0.02)− (rcore/rexit)≤ 0

g8(x) = x8 −5500 Pa ≤ 0

g9(x) = x9 −150 Pa ≤ 0

where xlb ≤ x ≤ xub
(7)

The inequality constraint g1 is set to ensure Lflow is greater
than Lflow-target which can be set based on kinetic require-
ments, g2 and g3 are to ensure that the nozzle fits in the reser-
voir block and can be mounted, g4 and g5 are used to search
for a nozzle at a particular target temperature, with a range of
± 2 K. Similarly g6 and g7 are used to target a particular core
thickness with respect to the nozzle exit radius and g8 and g9
are set based on the typical operating pressures used in the

experimental apparatus at Birmingham. Note that many other
nozzles exist at operating conditions outside the constrained
range used here.

To search for different nozzles across the temperature space
that kinetics are performed, Tavg,target can be varied, and the
properties of the jet can be controlled by varying Lflow and
rcore. The location of the optimal nozzle in the design space
will be defined using x∗, where a superscript ∗ indicates a fea-
sible optimal solution that minimizes the objective function
subject to the constraints specified in Equation 7.

F. Optimization Framework

The optimization framework, as shown in Figure 5, uses
a mixed fidelity surrogate-based adaptive sampling optimiza-
tion technique to design de Laval nozzles.

The process starts with an initial Design of Experiments
(DoE) with 180 starting sample points (20d, where d = 9).
These are placed using an optimal Latin hypercube (OLHC),
which uses the Φq criterion55 to ensure optimal space-filling
properties for the sample points x across the design (see sup-
plementary material). The initial set of sample points is
run through the CFD solver using an LF mesh (see Sec-
tion II G), and the jet is post-processed to obtain Tavg, Mavg,
σT and rcore. To ensure robust construction of each surro-
gate model, all CFD cases were examined for convergence,
and any non-converged solutions that could bias the surrogate
were excluded (see Section II F 2). Regression Kriging with
the Matern52 correlation model is used to create a metamodel
for each function (see supplementary material). The surro-
gate model performance is evaluated against an independent
test set of 360 (40d) points, again spaced using OLHC, to ob-
tain global performance metrics (see Section II F 3). If the
performance does not meet the required accuracy, additional
sample points are placed using exploratory adaptive sampling
(see Section II F 1) iteratively until the termination criterion is
met (see Section II F 4). Note that initially the surrogate mod-
els were built with regression Kriging, and later FFNN’s were
applied on the final data set for comparison.

Once the final surrogate is built, it is then globally opti-
mized using a genetic algorithm (GA), with a small population
of 50 to search the design space for possible optimal regions,
and then a gradient descent (2500 maximum function calls) is
used to fine-tune the location. Note that GA and the fmincon

function with default options were used from MATLAB. The
optimization loop is carried out 40 times to ensure a robust
search of the design space. The top ten candidate designs
are first evaluated using a LF mesh. The three candidates that
minimize the objective function are then re-evaluated with a
HF mesh, and the design exhibiting the best performance with
respect to σT is selected. Once the optimal nozzle and pres-
sure conditions are found, the nozzle can be manufactured and
tested to validate the numerical framework. Detailed informa-
tion of the steps highlighted in Figure 5 can be found in the
following sections or supplementary material.
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FIG. 5. High level overview of the optimization framework which uses regression Kriging and a global exploration adaptive sampling method.
The highlighted green region shows the creation of the Kriging model and the adaptive sampling process, and the blue region shows how the
model is optimized to generate a profile and conditions which can be manufactured to perform reaction kinetics. GA refers to the optimization
search known as a genetic algorithm.

1. Adaptive Sampling Method

Depending on the current constraints (e.g Tavg-target), the op-
timal nozzle can be anywhere in the design space, hence a
globally accurate model is required for this particular appli-
cation. The two main types of global exploration method are
either distance based or variance based56,57. Variance based
methods use s2, which is available directly from the Kriging
model, although they are prone to heavy clustering on the de-
sign bounds where variance is large58. Distance based meth-
ods alleviate problems of clustering and provide full global
coverage of the design space. In particular, an adaptation of
the Monte-Carlo-Intersite-proj-th (MIPT) method will be used
based on its ability to provide global accuracy and ease of
implementation59. Additional points are added based on the
existing points in the design space. A new point is placed the
furthest away from existing points by maximizing:

xn+1 = arg max
x∗∈C

(

min
x∈X

∥x∗− x∥

)

(8)

where xn+1 is a new point, ||x∗ − x|| refers to the Euclidean
distance between a candidate point (x∗) and all existing points
(x). The computational cost of MIPT scales with both prob-
lem dimensionality and a large number of candidate points,
which is required for good design space coverage. Instead of
finding a new point using Monte-Carlo sampling, a genetic al-
gorithm is used to efficiently search the design space for the
best candidate point. The closest point (based on Euclidean
distance) in the existing data set to the candidate point is cal-
culated using the k-nearest-neighbor search method in MAT-
LAB. The starting batch size chosen was 360 (equivalent to
40d). The new design points are passed to the CFD solver
sequentially, but can be readily run in parallel with the appro-
priate computing resources. The adaptive sampling continues
until the MAE < 0.5 and R2 > 0.95 for the σT model. The ter-
mination criterion can be reduced, although with significantly
larger cost.

Many adaptive sampling algorithms are sequential, requir-
ing a Kriging model update every iteration. This process can
become expensive, as the computation required for a Kriging



Experimental and Numerical Analysis of Surrogate Optimized de Laval Nozzles in Low-Temperature Supersonic Flows 10

model scales with O(n3)60. The proposed method eliminates
the need for Kriging information at every step. Instead, the
next design point can be treated as a pseudo-point and added
to a fictitious design matrix. This allows a batch of new sam-
ple points to be calculated and passed through to the ACRE
framework. This significantly reduces compute time to build
the model and is proportional to the batch size of new samples.

2. Convergence Handling

Non-converging CFD cases are inevitable when exploring a
large design space, especially on the variable bounds; proper
handling of these cases is crucial to ensure a smooth model-
building process. To ensure a supersonic flow converges, two
parameters of interest can be investigated: the maximum
Mach number at the flow axis, relating to the largest shock,
and the difference in mass flux between the inlet and outlet
boundaries. The mass flux convergence criterion for a con-
verged case is calculated as:

conv1 = abs((ṁout − ṁin)/ṁout)< 0.02 (9)

where ṁin and ṁout relate to the mass flux at the inlet and out-
let boundary, and the maximum acceptance threshold of 2%
was applied to prevent overly restrictive convergence criteria
and to retain cases with minor deviations. The second crite-
rion based on the maximum axial Mach number is:

conv2 = ((Mmax,i+1−Mmax,i)−
50

∑
i=1

Mmax,i

50
)/

50

∑
i=1

Mmax,i

50
< 0.02

(10)
where Mmax is the maximum Mach number, this criterion is
only calculated in the last 50 iterations of the calculation, and
i= 1 relates to the 50 values before the final iteration. This cri-
terion is also accepted if the value is less than 2%. Both conv1
and conv2 must be < 2% to be converged. If the solution is not
converged, the design point is left in the design matrix during
the adaptive sampling scheme as a pseudo point, to ensure it is
not run through the CFD again. The Kriging model during the
adaptive sampling algorithm is created without these points
and the remaining points (assuming there are many more con-
verged than un-converged) are used to approximate the value
at a non converged design location.

3. Test Data and Error Metrics

To evaluate the accuracy of each surrogate model, a set of
training data points is used to compare against the Kriging and
FFNN model that is generated. The error metrics used are the
mean average error (MAE), normalized mean average error
(NMAE) and correlation (R2) which are calculated using:

MAE =
1
n

n

∑
i=1

|Yi − Ŷi|

Yi

(11)

NMAE = MAE/(max(Y )−min(Y )) (12)

R2 = 1−
∑

n
i=1(Yi − Ŷi)

2

∑
n
i=1(Yi − ÅY )2 (13)

where n is the total number of samples, Y is the true value
from the test data and Ŷ is the value from the Kriging model.
These error measures are also used to compare the accuracy of
the Kriging and FFNN approaches. The test set is created us-
ing the same OLHC method as in the supplementary material,
where 40d samples were used to ensure global coverage.

4. Termination Criteria

The termination criterion to stop the adaptive sampling loop
uses a hybrid approach. The first criterion is error based,
where if MAE ≤ 0.5 and R2 ≥ 0.95 for the σT model, the
adaptive process stops. The second is based on the value of
MAE between consecutive adaptive sampling loops, here five
most recent values of MAE of the σT model are taken, and
if the gradient of the line across these points is < 0.00001,
the adaptive sampling stops as the MAE has stabilized, and
further points are redundant. Note that only the σT model is
taken during the adaptive sampling process, as the improve-
ment in MAE and R2 is comparable across all models with
an increase in the number of samples. Also this reduces the
computational cost of generating a Kriging model for each
design variable and constraint. This behavior was identified
from lower dimensional tests.

G. Flow Modeling

The numerical model used here has been described in de-
tail with sensitivity, mesh dependence and validation studies
in previous works32, where the CFD framework utilized in
this work can be found at https://github.com/sc1dr/ACRE. A
natural progression from this work is to replace the nozzle de-
sign using the MOC with an efficient and modern design opti-
mization framework, again using CFD predictions to produce
de Laval nozzles that are optimal for chemical kinetics appli-
cations. To model high speed compressible flow, the Favre
weighted mass, momentum and energy equations are used:

∂ Åρ
∂ t

+
∂

∂x j

( Åρ ũ j) = 0 (14)

∂ ( Åρ ũi)

∂ t
+

∂

∂x j

(ũi Åρ ũ j) =
∂ ÅP
∂xi

+
∂ Åσi j

∂x j

+
∂τi j

∂x j

(15)

∂ ( ÅρẼ)

∂ t
+

∂

∂x j

(ũ j ÅρH̃) =
∂

∂x j

(

Åσi jũi +

(

µ +
µ̃t

σk

∂k

∂x j

))

−
∂

∂x j

(
cpµ̃t

Pr

∂ T̃

∂x j

+
cpµ̃t

Prt

∂ T̃

∂x j

+ ũiτi j) (16)
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where ρ is the fluid density, ui is the fluid velocity com-
ponent, P is the fluid pressure, T is temperature, Åσi j is the
mean viscous stress, τi j is the Reynolds stress tensor, µt is the
turbulent viscosity and k is the turbulent kinetic energy. Vari-
ables indicted with overbar ( Åρi) and tilde (ũi, ũk) represent
the Reynolds-averaged and Favre-averaged quantities respec-
tively. Ẽ is mean energy, H̃ is the mean fluid enthalpy. The
Prandtl number is defined as Pr = cpµ/κ , where κ is thermal
conductivity, and cp is the specific heat capacity of the fluid
at constant pressure. The turbulent Prandtl number Prt is set
to 0.9. The ideal gas law (P = ρRT ) was used as an equa-
tion of state, where R is the ideal gas constant. The temper-
ature dependence on viscosity, thermal conductivity and spe-
cific heat capacity were modeled by fitting data obtained from
NIST (National Institute of Standards and Technology)61, and
pressure dependence on these quantities was neglected. Pure
nitrogen was used as the working fluid gas for the computa-
tional simulations with no chemical reactions. It is further
assumed that gas-phase condensation is unlikely to occur in
experiments conducted at temperatures below 70 K, owing to
the low collision frequency, collimated flow, and short transit
time through the de Laval nozzle.

The turbulence model used to close the Reynolds stress ten-
sor was the k−ω shear stress transport model, as it has the
best performance in determining flow separation and shock-
wave interactions when applied to supersonic flows29,30,32.
The steady-state coupled 2D axisymmetric finite volume
solver in Ansys Fluent 2022 R2 was used with a pseudo-
transient approach and all flow variables are discretised us-
ing second-order gradient schemes. Each case was initialized
using the full-multi-grid method with five nested grids to ac-
celerate convergence and ensure a robust initial solution for
both subsonic and supersonic cases. All simulation are ran
until all residuals are below 1e-5, or a maximum or 2500 it-
erations, with the majority of simulations converging in un-
der 1500 iterations. The computational domain used for all
flow simulations is shown in Figure 6, where the dotted line
indicates a symmetry boundary, solid black edges indicate no-
slip adiabatic walls. Note that nozzle exit is connected to the
chamber wall as done in previous studies45, although future
work could examine the effect of this boundary on the wake.
The green and red edges are set to pressure inlet and pressure
outlet boundaries, respectively, that act normally, with a tem-
perature of 293 K, (set to ambient lab conditions), and a tur-
bulent intensity of 1%. The exact turbulent conditions on the
boundaries are unknown. although minimal dependence on
the jet has been shown previously32. The outlet edge is scaled
based on the equivalent area of the 3D outlet, which in this
case its 1.4 cm (where the physical outlet is 15 cm in diame-
ter), although the inlet is kept at 0.29 cm, more information on
setup can be found at Driver et al.,32. The pressure set at the
inlet and outlet boundaries is the total pressure, equivalent to
the measured pressures obtained via experiments. The dimen-
sions of the CRESU apparatus are taken from the apparatus
at the University of Birmingham9 and are shown in Figure 6.
The vacuum chamber length will change as this depends on
the length of the nozzle that is used i.e. having a longer noz-
zle will decrease the maximum downstream space for the jet

wake in the vacuum chamber, identical to the experiments.
The meshing approach utilized in this study is the same as

that employed in the previous work by Driver et al. 32 , but
with a significantly lower mesh density (4 times less dense).
Preliminary analyses indicate that the overall model trends re-
main largely consistent between HF and LF meshes. At the
same time, the LF cases require only one-tenth of the compu-
tational time. This increases the accessibility of the approach
by other groups and can be run with different bath gases with
minimal effort. A more robust justification of a LF-fidelity
mesh approach is given in the supplementary material.

III. RESULTS AND DISCUSSION

To illustrate the applicability of the global modelling ap-
proach described in this work, a comparison between the
model performance (see Section III A) of regression Kriging
and FFNNs for each of the kinetic parameters (σT , Tavg, Lflow
and rcore) is first discussed. The resulting surrogates were
then used to design three nozzles using the same surrogate
at three different jet temperatures (see Section III B). The de-
signed nozzles were then validated experimentally using the
approach described in Section II B and their performance is
compared to the surrogate and CFD predicted flows (see Sec-
tion III C).

A. Surrogate Model Performance

The original surrogate model was generated using regres-
sion Kriging as the model builder in the optimization loop (see
Section II), FFNN’s were then applied using the final num-
ber of design samples obtained using the adaptive framework
for comparison. The final surrogate contained 10980 sam-
ples, with 57 non-converged cases (typically at design space
extremes), equating to 0.5% of the total number of samples.
Note the second termination criteria was triggered, meaning
that a further increase in the number of design samples re-
sulted in a minimal decrease in model error across five suc-
cessive batches. The average compute time for a single LF
CFD calculations was 4.55 minutes on a 40 Core Xeon 2.0
GHz CPU, resulting in a total wall-clock time of 861 hours.
Note that the LF approach also had the advantage of being
easier to converge especially in the presence of large shock-
waves in comparison to a HF mesh. An equivalent surrogate
using a HF meshing approach to obtain a surrogate model at
a similar level of accuracy would have taken approximately
8612 hours, hence the adoption of a LF mesh to generate the
surrogate in this work (see supplementary material).

Figure 7a-b shows the evolution of MAE and R2 for each
model during the adaptive sampling process using regression
Kriging. The model error reduces rapidly across all models
until approximately 5000 samples are present in the design
space. The error reduction rate then decreases substantially
between 5000 ± 10000 samples, indicating global trends have
been discovered. Although due to the curse of dimensionality,
an exponential number of samples is required to decrease the
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FIG. 6. Computational domain used in CFD calculations with labeled dimensions and sizes. The dimensions are from the CRESU apparatus
used at the University of Birmingham. rres is the reservoir radius, Lres is the reservoir length, din is the diameter of the inlet valve connected to
the reservoir, Lchm is the chamber length, rchm is the chamber radius and Lout is the length of the outlet from the edge of the reservoir. dout,scaled
is the scaled outlet boundary. Black lines indicate solid walls, the green and red edges are the pressure inlet and pressure outlet boundaries,
respectively, and the dotted line is the axisymmetric boundary. R is the reservoir, N is the nozzle, and VC is the vacuum chamber.

error of the model, hence the slowdown in model error with
an increase in sample points.

Figure 7c-f shows a comparison between the predicted
CFD values (ground truth) of the identical independent global
OLHC test set compared to both the regression Kriging
(black) and FFNN (blue) surrogate predictions for the σT ,
Tavg, Lflow and rcore models, respectively. The Tavg model
ranges from 50 - 300 K using a bath gas of N2, illustrating
the possible temperature range of nozzles that can be designed
using this global modeling approach, Samples that lie closer
towards y = x line show improved predictive capabilities than
the former. The regression Kriging models show good over-
all predictive capabilities across all models. This highlights
its robustness in capturing overall global trends in the data,
although it can struggle to capture local variability. This is
evident by the larger spread predictions with respect to the
y = x line in comparison to the FFNN predictions. The spread
away from y = x is more apparent with the σT and Lflow mod-
els, owing to the fact that the design space is complex due to
variations in flow regime and Mach number.

A comparison between the performance of both the Krig-
ing and FFNN surrogate is shown in Table II. The standard
deviation between the regression Kriging and ground truth
predictions for the σT , Tavg, Lflow and rcore models is 0.92
K, 1.50 K, 0.71 cm and 0.20 mm, respectively. In compar-
ison, the FFNNs predictions show improved clustering to-
wards y = x across all models, meaning that alongside cap-
turing global trends, the FFNN can accurately capture local
variability across the entire design space in comparison to re-
gression Kriging for this particular application. This trend is
also seen when comparing the MAE, NMAE and R2 across all
of the models with the Kriging and FFNNs as shown in Ta-
ble II. Upwards of a 46% reduction in MAE is found across
all models when using a FFNN instead of the traditional re-

gression Kriging with a rich dataset. The standard deviation
between the ground truth and FFNN surrogate predictions for
the σT , Tavg, Lflow and rcore models is 0.29 K, 0.60 K, 0.53
cm and 0.06 mm, respectively. Therefore the FFNN shows
reduced variability around y = x of 217%, 150%, 34% and
223% for σT , Tavg, Lflow and rcore models respectively com-
pared to the regression Kriging model. Furthermore, the Krig-
ing model building process took ≈ 30 hours using the final
10980 samples on a 2.0 GHz 40 Core Xeon processor due
to Kriging scaling with O(n3) (where n is number of sam-
ples), whilst the FFNN approach only required ≈ 5 minutes
locally, showing that the FFNN model building approach is
360 times less computationally expensive, whilst improving
global accuracy drastically across all models. The RAM re-
quirements for the FFNN are significantly reduced compared
to the Kriging model, as the RAM requirement scales with n

due to the inverse of a covariance matrix. Note that regression
Kriging has been shown to outperform FFNN’s with smaller
datasets that are typically used in lower dimensional optimiza-
tion problems. Therefore, the FFNN surrogate is used herein
to optimize based on the constraints given in the problem for-
mulation (See Section II).

B. Optimization Results

To evaluate the performance of the global surrogate and op-
timization approach, Tavg,target = 70 K, 110 K and 130 K were
considered using the same FFNN surrogate. Although the sur-
rogate model was originally trained over a broader tempera-
ture range of 50±300 K (Figure 7), validation in this work is
restricted to the narrower interval of 70±130 K. Nevertheless,
it is expected that the surrogate will retain its predictive ca-
pability outside this range, as the underlying physical behav-
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FIG. 7. Evolution of R2 and MAE during the adaptive sampling for each surrogate model during the Kriging adaptive sampling process are
shown in (a) and (b), respectively. Comparison of predictions of Kriging and FFNN models between the independent test set for (c) σT , (d)
Tavg, (e) Lflow and (f) rcore.
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TABLE II. Comparison between model prediction and test set for Kriging and FFNN for each of the surrogates, MAE refers to mean average
error, NMAE refers to normalized mean average error, normalized by the difference between the maximum and minimum value in the test set
for comparison. The compute time for the FFNN was less than 5 minutes locally on a 6 core machine, whilst the Kriging model with 10980
samples took ≈ 30 hours. The percentage difference is calculated via |(a− b)/b| between the Kriging and FFNN models. The difference
between NMAE and MAE will be identical, as they are normalized by the same values. The standard deviation σ refers to the variation from
of the predicted value from the true value.

Model Metric σT (K) Tavg (K) Lflow (cm) rcore (mm)
Kriging MAE 0.7057 1.341 0.7111 0.1456
Kriging NMAE 0.0204 0.0057 0.0156 0.0084
Kriging R2 0.9729 0.9987 0.9910 0.9966
Kriging 1σ 0.92 1.50 0.71 0.20
FFNN MAE 0.3169 0.5738 0.4863 0.0602
FFNN NMAE 0.0092 0.0024 0.0106 0.0035
FFNN R2 0.9951 0.9998 0.9954 0.9996
FFNN 1σ 0.29 0.60 0.53 0.06
Difference (%) MAE 123 134 46 142
Difference (%) R2 2.28 0.110 0.444 0.301
Difference (%) 1σ 217 150 34 233

ior remains consistent across nozzles. Furthermore, the CFD
framework employed represents a higher-fidelity extension of
the MOC, which has been successfully applied across the full
temperature range considered.

Before selecting a nozzle geometry to manufacture, how-
ever, rcore and other experimental design parameters need to
be considered. To understand the influence of rcore on σT ,
Tavg and Lflow, a single objective optimization was conducted
by varying rcore,target/rexit, from 0.4 to 0.8 in intervals of 0.05
and keeping Tavg,target constant for each nozzle temperature,
with the constraints also remaining the same for all runs. The
mathematical formulation of the problem is shown in Equa-
tion 7.

Figure 8 shows the top ten candidate designs minimizing
σT , with the gray regions indicating the ±2% tolerance ap-
plied to the rcore,target constraint. For the Tavg = 110 K and
Tavg = 70 K cases, similar behavior is observed, whereby σT

remains approximately constant with increasing core thick-
ness until a critical threshold is reached (0.65 and 0.75, re-
spectively), beyond which a sharp increase in flow oscillations
occurs. This behavior is consistent with the onset of an under-
expanded regime, where increasing core momentum leads to
stronger shock structures due to pressure mismatch between
the nozzle exit and the ambient conditions.

At lower rcore/rexit values, the optimization yields longer
nozzles that promote gradual, near-isentropic expansion, re-
sulting in low σT . However, the associated boundary layer
growth becomes significant relative to the exit radius, reduc-
ing the effective uniform core region available for kinetic mea-
surements. This demonstrates a fundamental trade-off be-
tween σT and usable rcore for kinetics. In the absence of the
rcore constraint, the optimization converges towards low pres-
sure operating conditions. Although the CFD predicts com-
parable values of Lflow and Tavg in this regime, the flow ex-
hibits reduced core momentum, resulting in a smaller rcore.
In these cases, shock formation is suppressed and σT remains
artificially low. However, experimental testing of such low-
pressure designs (Pres < 2000 Pa) shows poor agreement with

CFD predictions, indicating that these solutions are not phys-
ically robust for practical applications for this apparatus due
to potential rarefaction effects, where more work is needed to
understand this transition (see Supplementary Material).

For the Tavg = 130 K case, σT exhibits a parabolic depen-
dence on core thickness, with a minimum near 0.65, consis-
tent with the existence of an optimal balance between σT and
rcore. This behavior is less apparent at lower temperatures due
to the imposed design constraints, but the same underlying
trade-off remains. These results demonstrate that minimiz-
ing σT alone is sufficient for nozzle design, as both Tavg and
Lflow remain relatively insensitive to rcore/rexit across a wide
design space. Instead, the inclusion of a core thickness con-
straint is necessary to ensure physically meaningful solutions
for kinetics, ensuring the largest possible region for kinetic
sensing. More generally, the results reveal a coupled relation-
ship between rcore, σT, and Lflow, whereby reductions in σT

are associated with shorter usable flow regions, highlighting
an intrinsic trade-off between stability and kinetic sampling
volume.

To identify designs that balance Lflow and rcore, candidate
solutions were selected from regions immediately preceding
the sharp increase in σT . For each temperature, the top
ten candidates from these regions were evaluated using LF
CFD, followed by HF CFD predictions of the top three best-
performing designs. The optimal design for each Tavg was
taken as the configuration minimizing σT while satisfying the
core thickness constraint. The surrogate model predictions
show strong agreement with CFD, with deviations within 1 K
for both σT and Tavg. Furthermore, comparison between LF
and HF CFD demonstrates consistency across all key metrics
(σT , Tavg, Lflow, rcore), confirming the robustness of the multi-
fidelity approach. Minor discrepancies in Lflow arise due to
under-resolution of boundary layer growth in the LF simula-
tions.

A comparison between the optimal nozzle profiles for each
design temperature and axial static temperature profiles of the
HF CFD predictions is shown in Figure 9, with the corre-
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FIG. 8. Top ten optimal candidates minimizing σT at varying core thickness (rcore/rexit) for Tavg = 70 K, 110 K and 130 K (a), Lflow versus
rcore/rexit (b) and Tavg versus rcore/rexit (c). A bin is denoted by a gray colored stripe, where the core thickness varies by ± 0.02 around each
target value of rcore/rexit.

sponding FFNN predictions, LF CFD and HF CFD predic-
tions for each nozzle shown in Table III. The nozzle lengths
(Ln) for the Tavg = 70 K, 110 K, and 130 K cases were
111.43 mm, 60.78 mm, and 37.42 mm, respectively. The
corresponding outlet radii were 16.55 mm, 8.62 mm, and
6.87 mm, respectively. The resulting area ratios (A/A∗) for
Tavg = 70 K, 110 K, and 130 K were 19.57, 5.71, and 3.82,
respectively. The nozzle contours across all temperatures re-
semble a bell-type nozzle, with the wall becoming nearly
parallel to the streamwise direction at the exit. This behav-
ior is expected, as bell-type nozzles improve flow efficiency
and reduce the formation of shock waves in the jet34. The
required nozzle length decreases with increasing tempera-
ture (and corresponding Mach number), meaning that higher-
temperature nozzles are inherently shorter. This imposes a
practical limit on the minimum temperatures achievable with a

given CRESU apparatus due to mounting and throat size con-
straints. Higher temperature nozzles can be achieved with this
framework, although with the current setup this would result
in nozzles with a small exit radius, as temperature is propor-
tional for the area ratio of the nozzle. Smaller rexit and hence
smaller rcore reduce the available probing region for kinetics,
and therefore is avoided. Furthermore, as the Lflow (i.e. avail-
able reaction time) and rcore decreases at higher temperatures,
designing usable nozzles for kinetics at higher temperatures
would require a larger nozzle throat diameter, which in turn
would necessitate increased pumping capacity or a reduced
reservoir size to maintain pressures with a given CRESU sys-
tem.

The optimization framework is inherently flexible, with
the ability to accommodate alternative surrogate models and
adaptive sampling strategies without modification to the un-
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TABLE III. Location of the optimal (x∗) for each value of Tavg,target designed and performance metrics of the optimized nozzle between the
FFNN prediction, LF CFD validation, HF CFD validation for the nozzles at Tavg,target = 70 K, 110 K, and 130 K.

Model σT (K) Tavg (K) Lflow (cm) rcore (mm)
Tavg,target = 70 K, Pres = 4981 Pa, Pchm = 30.4 Pa

x∗ = [1.000, 0.921, 0.995, 0.668, 0.998, 0.045, 0.219, 0.492, 0.448]
FFNN 1.88 70.97 41.79 10.42
LF CFD 0.99 71.65 43.39 10.30
HF CFD 1.17 71.63 45.74 10.48

Tavg,target = 110 K, Pres = 4835 Pa, Pchm = 150 Pa
x∗ = [0.605, 0.992, 0.987, 0.404, 0.990, 0.244, 0.325, 0.426, 0.464]

FFNN 1.67 109.58 17.33 5.91
LF CFD 1.61 109.90 18.04 5.92
HF CFD 1.48 109.51 20.09 6.19

Tavg,target = 130 K, Pres = 2764 Pa, Pchm = 145 Pa
x∗ = [0.593, 0.185, 0.833, 0.349, 0.818, 0.673, 0.863, 0.301, 0.037]

FFNN 2.55 128.26 13.37 4.73
LF CFD 1.48 127.60 14.23 4.84
HF CFD 1.90 127.10 16.38 5.00

FIG. 9. Optimal nozzle designs for Tavg,target = 70 K, 110 K and 130 K with a close-up insert of the diverging section of each nozzle profile (a)
and axial static temperature profile (HF CFD prediction) from the nozzle exit for each temperature (b). The colormap is valid for both figures.
Note that the ordinate-to-abscissa ratio for (a) is 3 and the insert is 3.333.

derlying workflow. While the framework can be readily ap-
plied to other CRESU apparatuses through suitable redefini-
tion of the design space and constraints, its computational cost
remains non-negligible (≈ 900 hours). Continued method-
ological refinements, including adaptive sampling strategies
such as constrained expected improvement, are being pursued
to enhance efficiency and facilitate wider use across CRESU
facilities, with minimal computational cost.

C. Experimental Validation

The three optimized nozzles (Tavg,target = 70 K, 110 K, and
130 K) were CNC machined from aluminum or steel using a
five-axis process, with a manufacturing tolerance of ±0.1 mm.

The nozzles were characterized using the CRESU apparatus
described in Section II, where both axial and radial flow pro-
files were measured using Pitot tube techniques. These mea-
surements were compared directly with HF CFD predictions.
Nitrogen was used as the bath gas in both the simulations and
experiments. A comparison between the HF CFD and exper-
imentally measured reservoir (Pres) and chamber (Pchm) pres-
sures is presented in Table IV, showing a maximum absolute
percentage difference of 1.1%. This confirms that the HF CFD
solution is validated through agreement with the experimental
data.

Figure 10 shows the axial static temperature profiles from
the experiment, HF CFD and LF CFD predictions. Note that
the experimental results shown do not include the flow past the
breakdown of the isentropic core (Rayleigh-Pitot is invalid, re-
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TABLE IV. Reservoir and chamber pressure differences obtained from CFD and experiments (Exp). The experimental pressure were averaged
across 50 runs. NPR relates to the nozzle pressure ratio, where NPR = Pres/Pchm. Abs(%) relates to the absolute percentage difference between
the experimental and CFD optimized pressures.

Pres (Pa) Pchm (Pa) NPR
Case CFD Exp Abs (%) CFD Exp Abs (%) CFD Exp
Tavg = 70 K 4981 4950 0.62 30.40 30.46 0.20 163.85 162.51
Tavg = 110 K 4835 4809 0.54 150.00 151.67 1.10 32.23 31.70
Tavg = 130 K 2764 2771 0.25 145.00 145.67 0.46 19.06 19.02

sulting in a nonsensical reduction in calculated temperature),
more information on why this occurs is discussed in Driver et
al.32. The CFD predictions across the flow axis are in close
agreement with the experimental measurements, showing the
ability of the RANS CFD approach in resolving a supersonic
flow. Note that the experimental uncertainty at each location
across the jet (± 1.5 K) is approximated based on Lucas et
al.9 and may vary depending on the Mach number. This is
because only averaged data is retained during the characteri-
zation process, and the majority fo CRESU studies only report
the averaged value without error metrics. It should be noted
that including error bars could be used to aid in comparing
measurement accuracy across the field.

A comparison between the jet properties across the axis of
the jet for the LF CFD, HF CFD and experimental results of
each tested nozzle is shown in Table V. The HF CFD predic-
tions show close agreement in relation to Tavg, σT , rcore, Mavg
with the experimental temperature measurements across all
nozzles tested in this study. Note that the typical discrepen-
cies between CFD and experimental jet properties are simi-
lar to those found in a previous study comparing RANS and
experimental Pitot tube results32. The LF CFD predictions
are also presented, demonstrating that the lower mesh density
is able to robustly capture the primary flow quantities when
compared to a fully high-fidelity optimization approach. The
manufactured CNC nozzles in this study were not character-
ized using surface measurement techniques. Variations from
the CAD geometry, particularly in the area ratio, may lead to
differences in the jet temperature during experiments, as the
parts are relatively small in diameter. Therefore small toler-
ances or variability from the intended design can have a signif-
icant effect, especially at higher temperatures (more sensitive
to area ratio), changing the shock dynamics and temperature
of the wake past the nozzle exit.

For the flow length in the Tavg = 70 K case, the experimen-
tal flow length cannot be defined as the Pitot tube can only
traverse 50 cm from the nozzle exit due to the length of this
nozzle. The flow lengths for Tavg = 110 K and 130 K are
both approximately 5 cm shorter than the HF CFD predic-
tions. The nozzle exit temperatures are also higher for these
cases, and the reduction in flow length may be attributed to in-
creased turbulence production throughout the reservoir in the
experiments, which is not captured by the idealized steady-
state RANS model. A more detailed study is required to come
to a definitive conclusion on the exact reasoning behind this
trend. The isentropic core diameter reduces across the jet due
to viscous shearing, when the Pitot tube diameter is a simi-

lar size to the isentropic core, shock losses can invalidate the
temperature of the jet, hence the nonphysical reduction in tem-
perature across the jet and outside the core in the experimental
results.

A higher-fidelity model, such as LES or a 3D study with all
flow features (asymmetric outlet and inlet pipes to the reser-
voir) may be required to accurately capture these unsteady
flow effects at higher temperatures. Especially shock wave
interactions with the shear layer that is present past the nozzle
exit, where LES has shown to accurately resolve shock loca-
tion and turbulent production over traditional RANS models
for supersonic compressible flow. Nevertheless, the present
results demonstrate that a steady RANS framework, combined
with adaptive FFNN surrogate modeling, is capable of accu-
rately predicting the mean flow structure and key trends in
supersonic nozzle flows at conditions relevant to the CRESU
method. Overall, the agreement between CFD and experi-
ment confirms that the observed coupling between rcore, Lflow
and σT is physically realized in the flow, rather than being
an artifact of the optimization framework. This validates the
identification of a constrained operating regime governing σT

and usable core extent in low-temperature supersonic jets.

A comparison of the 2D axisymmetric static temperature
fields across the jet for both the LF CFD predictions, HF CFD
predictions and the experimental measurements is shown in
Figure 11. Panels (a), (b), and (c) correspond to the LF CFD
predictions and (d), (e) and (f) are the HF CFD predictions for
the 130 K, 110 K, and 70 K nozzles, respectively, while panels
(g), (h), and (i) show the corresponding experimental results.
Both the 130 K and 110 K CFD predictions capture the shear
layer growth and reduction of core diameter across the length
of the jet up to just before the flow breakdown point seen in
the experiments (9 cm for the 130 K nozzle and 15 cm for
the 110 K nozzle). Near the end of the core, the experimen-
tal jet appears much more diffuse. This may be attributed to
the upstream reservoir turbulence, or the the size of the Pitot
tube relative to the core flow (5 mm inlet diameter), which
could cause the measured impact pressure to be partially aver-
aged with the shear layer introducing additional shock-related
losses. This may be why there is not a distinct core towards
the end of the flow. For the 70 K nozzle, the RANS model
predicts the boundary-layer thickness at the nozzle exit accu-
rately. However, the experimental results show that the core
decays significantly more slowly than the RANS prediction.
This slower decay is actually favorable for kinetics studies,
as it increases the available hydrodynamic time for reaction
processes.
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FIG. 10. Comparison of axial static temperature between the HF CFD predictions (solid lines), LF CFD predictions (dashed lines) and
experimental Pitot tube characterization (markers) for the nozzles at Tavg,target = 70 K, 110 K and 130 K. The experimental results at each Pitot
tube location are averaged over 50 repeats. The estimated temperature uncertainty at any point across the jet is ±1.5 K9.

TABLE V. Comparison of main jet quantities between HF CFD predictions and experimental Pitot tube characterization results across the axis
of the flow.

- σT (K) a Tavg (K) Mavg (-) Lflow (cm) b rcore (mm)
70 K HF CFD 1.17 71.63 3.94 45.74 10.50
70 K Experiment 2 71 4.0 >50 10+
110 K HF CFD 1.48 109.51 2.90 20.09 6.19
110 K Experiment 2 117 2.7 15 6
130 K HF CFD 1.90 127.10 2.56 16.38 5.00
130 K Experiment 2 131 2.5 9 4

a The σT would be close to ≈ 1 K if a shorter flow length were chosen. The difference in temperature between successive shocks is < 4 K for all nozzles in the
experiments

b This value is taken from the first experimental data point, not the nozzle exit, and is approximated as the experiments are in 2 mm intervals.

The experimental temperature contours without processing
would show a non-physical reduction in static temperature
outside the core, as the Rayleigh±Pitot equations are invalid,
due to idealized assumptions, such as inviscid, irrotational
flow. One potential way of recovering the correct jet tem-
perature has been proposed, which consists of linearly trans-
forming the experimentally obtained freestream temperature
to ambient conditions (293 K), a behavior which is predicted
by the CFD calculations. A linear transformation was used as
the temperature rises back to ambient in an approximately lin-
ear fashion through the boundary layer after the flow reaches
the end of the core, shown in Figure 10. The linear transfor-
mation of the experimental results for each nozzle is shown
in Figure 11h, 11i and 11j. The linear transformation of the
experimental results can more accurately predict the boundary
layer temperature surrounding the isentropic core, and can be
useful in chemical kinetic studies. More information on the
implementation of the transformation and raw experimental
data can be found in the supplementary material.

Overall, these results demonstrate that the proposed frame-
work, combining surrogate-based optimization with steady-
state RANS modeling, is effective for nozzle design and is
supported by consistent trends across both CFD and experi-

mental measurements. The framework developed here can tar-
get longer flow lengths at high temperatures by adjusting the
Lflow,target constraint. Increasing Lflow generally increases σT ,
but it provides far more flexibility in nozzle design than the
traditional MOC approaches typically used in CRESU over
the past decade. Note that these nozzles have not been com-
pared directly to MOC nozzles, although they theoretically
perform similarly to the best nozzles seen across the literature
(shown in Figure 1).

Upwards of 75% improvement in σT is seen with the de-
signed nozzles in this work compared to legacy MOC noz-
zle designs used at the University of Leeds and University of
Birmingham, especially at higher temperatures9,62,63. Note
that the nozzles shown in Figure 1 represent the best designs
achieved using the MOC, which typically requires many iter-
ative refinement cycles. In contrast, the approach described
in Section III C requires only a single design loop, as the CFD
predictions show good agreement with experimental measure-
ments, thereby significantly reducing both manufacturing and
experimental costs. Although the surrogate model requires
approximately 35 days to generate, it is worth noting that us-
ing the current MOC approach can take weeks with iterative
testing using 3D printing, but the surrogate approach greatly
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FIG. 11. Static temperature contours where (a) and (b) and (c) is the LF CFD 130 K, 110 K and 70 K results respectively, (d), (e) and (f) are
the 130 K, 110 K and 70 K LF CFD results respectively, and (g), (h) and (i) are the experimental measurements for the 130 K, 110 K and 70
K nozzles respectively. Note that the experimental results have been linearly transformed to match the colourmap of the CFD results as the
Rayleigh-Pitot equation is invalid outside the core region. More information on this transformation can be found in supplementary material.

reduces person-time, experimental cost, and waste as designs
are predictive. Furthermore, this framework is capable of de-
signing nozzles that generate a profile for desired flow con-
ditions and temperatures for kinetics studies. Once the sur-
rogate data is available, design constraints, such as operating
pressure or flow length, can be adjusted with ease, and an opti-
mal nozzle configuration can be obtained in under three hours
using the FFNN surrogate. The optimal nozzle can then be
passed through the ACRE framework for validation and to aid
in kinetic studies. Additive manufacturing (AM) can be used
to rapidly produce and test nozzles, and then can be machined
once performance is established using AM techniques.

IV. CONCLUSION

This work has investigated the design and performance of
low-temperature de Laval nozzles for CRESU applications,
combining CFD-based optimization with experimental vali-
dation. The results reveal a fundamental trade-off governing
supersonic jet formation, in which the thickness of the rcore
controls the minimum value of σT .

A critical core thickness is identified, beyond which in-
creasing core momentum amplifies shockwave magnitude
across the jet. At lower core thickness values, the supersonic
jet has minimal flow oscillations, but the associated boundary
layer growth reduces the effective uniform core region avail-
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able for kinetic measurements. This establishes a constrained
operating regime, where σT and rcore, cannot be simultane-
ously minimized and maximized respectively, but must in-
stead be balanced. The dependence of this trade-off on Mach
number (and jet temperature) is also demonstrated, with the
maximum attainable core thickness decreasing at higher Mach
numbers due to increased nozzle lengths, which in turn en-
hance boundary-layer growth along the nozzle wall at the
pressures tested.

The optimization framework was applied to the design of
three nozzles operating at 70 K, 110 K, and 130 K, demon-
strating its capability to explore a large and flexible design
space encompassing multiple geometric parameters and op-
timization constraints. This breadth enabled systematic in-
vestigation of the influence of isentropic core thickness, re-
veals it as a critical optimization constraint. When this pa-
rameter is not explicitly constrained, the optimizer tends to
converge toward designs with artificially reduced rcore values,
for which σT is typically minimized. The resulting optimal
nozzle geometries and operating pressures were manufactured
and experimentally validated, showing good agreement be-
tween CFD predictions and experimental measurements. The
σT and Tavg obtained using the Pitot tube method were within
1 K and 5 ± 10 K of the RANS CFD predictions respectively.
The numerical framework used in this study can be found at
github.com/sc1dr/KOSMOS, with ongoing development for a
more robust optimization code based on Bayesian optimiza-
tion set to be released in the near future for use across CRESU
groups and beyond.

While the present study employs surrogate-assisted opti-
mization as a design tool, its primary contribution lies in
revealing the fluid-mechanical constraints governing nozzle
performance. More broadly, the approach provides a frame-
work for systematically exploring the interaction between ge-
ometry, operating conditions, jet temperature, standard de-
viation of temperature and flow length in supersonic nozzle
flows. These findings have direct implications for the design
of CRESU systems and establish a basis for future optimiza-
tion studies that require flow conditioning of a supersonic jet.
These results confirm both the predictive accuracy of the gen-
eral framework and a demonstration of its value as a versatile
design tool for the CRESU community.

SUPPLEMENTARY MATERIAL

The supplementary material provides detailed supporting
information for the study. This includes results from a series
of lower-dimensional parametric investigations that informed
and guided the final nine-dimensional (9D) optimization study
presented in the main paper. Additional mathematical formu-
lations are provided for key components of the design opti-
mization framework, including surrogate modeling via Krig-
ing, the construction of Optimal Latin Hypercube sampling
strategies, and the definition and implementation of objec-
tive functions. The supplementary material also documents
the data processing workflow, detailing the transformation of
raw experimental measurements into a form suitable for direct

comparison with computational fluid dynamics (CFD) results.
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