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Analytic Gram-Schmidt Orthogonalisation and QR

Decomposition for Polynomial Matrices

Faizan A. Khattak, Ian K. Proudler, Stephan Weiss, and Sebastian J. Schlecht

AbstractÐWe extend the concept of Gram-Schmidt orthogo-
nalisation from a set of ordinary vectors to vectors of analytic
functions. Firstly, we address the normalisation of such a vector.
Even if its Euclidean norm possesses spectral zeros, we show
that it is always possible to find an analytic normalised vector
that has unit norm everywhere on the unit circle. Secondly,
a sequence of such normalisation steps can be utilised for a
Gram-Schmidt procedure applied to analytic matrices of full
spatial rank. Analogous to the case of ordinary matrices, where
the Gram-Schmidt procedure leads to a QR factorisation, we
prove that an analytic QR decomposition exists with an analytic
paraunitary matrix and an upper-right triangular matrix of
analytic functions as factors. Thirdly, we present algorithms with
proven convergence for both the analytic vector normalisation
and the analytic QR decomposition. This type of decomposition
can find applications in broadband multiple-input multiple-
output systems, and we compare our algorithmic realisation
to existing solutions in the literature, which do not necessarily
converge towards an analytic decomposition.

I. INTRODUCTION

The QR decomposition (QRD) is a key component of the

basic toolkit of linear algebraic decompositions Ð the ‘big

six’ [1]. With these decompositions, ordinary matrices can be

factorised; some of these decompositions have been extended

to matrices of analytic functions in the complex variable z,

such as matrices of transfer functions of causal stable sys-

tems, including the eigenvalue [2]±[4] and the singular value

decompositions [5], [6]. While standard algebraic tools would

only factorise such matrices for one specific parameter value,

analytic decompositions perform a decomposition for all z
within a region of convergence. These analytic decompositions

can be used to solve broadband multichannel problems [7]

such as MIMO precoding and equalisation [8], [9], subband

coding [10], angle of arrival estimation [11], broadband adap-

tive beamforming [12], or speech enhancement [13]±[15].

The QRD for polynomial matrices has previously been con-

sidered in the literature [16]±[23]. However, these algorithms

were developed without an understanding whether an analytic

QRD exists or not. Algorithms approximating the QRD of a

polynomial matrix include an iterative time domain approach

in [17], [20], which uses elementary paraunitary operations
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to clear the lower left-triangular part of a matrix column

by column. An enhanced updating scheme which removes

more power from the lower-left triangular matrix in every

step is presented in [21], [22]. A discrete Fourier transform

(DFT) domain method in [23] performs a bin-wise QRD and

aims to establish phase-coherence across frequency bins. The

approach in [16], [18], [19] does not address existence either,

but notes that infinite-length solutions may arise because

of the operations that are performed on polynomial terms.

To address this, the approach in [18], [19] operates in the

domain of rational polynomials but retains the denominator

polynomials separately, until a normalisation step is performed

at the end. Ultimately, such algorithms have been applied in

communications receivers such as [17], [20] in a Bell Labs

layered space-time encoding architecture [27] or similarly

in [16], [18], [19], whereby instead of many ordinary per-

subcarrier QRDs, a polynomial QRD is determined from a

reduced number of pilot subcarriers, from which the QR

factors in the remaining subcarriers can be evaluated at low

cost. This requires that such a QRD of a polynomial must

possess sufficiently smooth factors.

In this paper, we address the extension of the Gram-Schmidt

orthogonalisation procedure [28] to find an orthogonal basis

for the columns of a matrix A(z) that is analytic in z ∈ C,

resulting in a paraunitary matrix Q(z) and, as a byproduct, in

an upper triangular matrix R(z) that also serve as factors of

an analytic extension of the QR decomposition. A paraunitary

matrix is the extension of an orthogonal or unitary matrix

to analytic matrices. Defining the parahermitian transpose

QP(z) = {Q(1/z∗)}H we have Q(z)QP(z) = QP(z)Q(z) =
IM [29], where IM is the M ×M identity matrix. Crucial, in

this context, is that on the unit circle, the extension requires

a frequency-dependent normalisation of a vector; we show

that even though its norm may be zero at isolated frequency

points, the normalisation can always be performed. As long

as the determinant of A(z) only possesses isolated zeros on

the unit circle, an extended Gram-Schmidt procedure will

always lead to a paraunitary analytic Q(z). As a result, we

show that a QRD of the type A(z) = Q(z)R(z) with an

upper triangular analytic matrix R(z) exists for any such

matrix A(z). This provides the basis for the decompositions

to which the approximate algorithms in [16]±[19], [21], [23]

aspire, including smoothness of the factors due to the infinite

differentiability of analytic functions [26]. Further, in this

paper, we provide algorithms for normalisation of a vector of

analytic functions, as well as for the analytic Gram-Schmidt

procedure and for an analytic QRD.



Below, Sec. II reviews the Gram-Schmidt procedure, its re-

lation to the QRD, and some background on linear algebra for

matrices of analytic functions. The Gram-Schmidt procedure

is extended to an analytic version in Sec. III. In order to

numerically extract solutions from a given A(z), Sec. IV first

addresses the normalisation of a vector of analytic functions.

This allows to construct algorithms for an analytic Gram-

Schmidt procedure and an analytic QRD in Sec. V. Sec. VI

explores and benchmarks these against existing algorithms in

a number of simulations. Conclusions are drawn in Sec. VII.

Code for all algorithms and for reproducing the figures is

available on GitHub1.

II. PRELIMINARIES

We first address relevant background material Ð this in-

cludes the (modified) Gram-Schmidt procedure for ordinary

matrices in Sec. II-A. We further summarise some background

on the algebra of analytic functions in Sec. II-B, in preparation

for the extension of the Gram-Schmidt orthogonalisation and

the QR decomposition in subsequent sections.

A. Gram-Schmidt Orthogonalisation

Let us assume that a set of linearly independent vectors

am ∈ C
M , m = 1, . . . ,M forms the columns of a thus

full rank matrix A = [a1, . . . ,aM ] ∈ C
M×M . From this set

of vectors am, we aim to find a set of orthogonal vectors

qm, m = 1, . . . ,M using Gram-Schmidt orthogonalisation

such that Q = [q1, . . . ,qM ] is unitary. Gram-Schmidt in its

standard form maintains the strict ordering of the columns of

A. It starts by normalising a1,

q1 = a1/∥a1∥2 , (1)

with respect to its ℓ2-norm ∥·∥2. A subsequent mth basis vec-

tor qm, m = 2, . . . ,M , is iteratively calculated by projecting

away from the already established (m− 1) orthonormal basis

vectors, and then normalising it to unit norm, such that

qm = ām/∥ām∥2 , (2)

where

ām =

(

IM −
m−1∑

µ=1

qµq
H
µ

)

am = am −
m−1∑

µ=1

qµ(q
H
µam) ,

(3)

and {·}H is the Hermitian transposition. Note that if A

is not full rank, the algorithm stops at some iteration m
with ∥ām∥2 = 0. To overcome this one can modify the

Gram-Schmidt orthogonalisation to include column pivoting

(see e.g. Algorithm 5.4.1 in [28]), which moves columns

with larger norms to the left. Ultimately we end up with a

number of columns of vanishing norm on the right hand side.

For simplicity we assume that the columns am are linearly

independent and therefore that A has full rank.

Gram-Schmidt orthogonalisation does not only find an or-

thogonal basis, but also links to the QR decomposition. With

1https://github.com/SebastianJiroSchlecht/PolynomialGramSchmidt

appropriate definitions for rm,m and rm,µ as elements of an

upper right triangular matrix R, (2) and (3) can be formulated

as

rm,mqm = am −
m−1∑

µ=1

qµrm,µ . (4)

Thus the Gram-Schmidt procedure can be written as QR = A,

i.e. the QR decomposition of A [28]. In the QR decomposition

of a full rank matrix A, it is possible to introduce a diagonal

matrix Φ = diag
{
ejϕ1 , . . . , ejϕM

}
, such that

A = QR = QΦ
︸︷︷︸

Q′

ΦHR
︸ ︷︷ ︸

R′

. (5)

This illustrates the non-uniqueness of the QR decomposition:

the columns of Q and the rows of R can be multiplied by

arbitrary phase shifts to yield the equally valid QR factors Q′

and R′. This ambiguity is sometimes removed by selecting Φ

such that the diagonal components of R′ are positive real.

A modification to (2) can be beneficial to remove some

sensitivity of Gram-Schmidt to rounding and error propaga-

tion. This modified Gram-Schmidt procedure performs the

normalisation step prior to the projection step, whereby ām,µ is

the modified mth column of A at iteration step µ = 1, . . . ,M .

With the initialisations ām,1 = am, m = 1, . . . ,M , the mod-

ified Gram-Schmidt procedure calculates at the µth iteration,

µ = 1, . . . ,M , the normalised µth column

qµ =
āµ,µ

∥āµ,µ∥2
, (6)

and updates the remaining columns for i = µ+ 1, . . . ,M ,

āi,µ+1 = āi,µ − qµ(q
H
µ āi,µ) . (7)

This simple modification significantly reduces the orthogonal-

isation error compared to the classical procedure in (2) when

evaluated numerically with finite machine precision [24], [25].

Note that we have

ām,m =
m−1∏

µ=1

(IM − qµq
H
µ )am = ām , (8)

i.e. the end results of (3) and (7) are identical because the

projections

m−1∏

µ=1

(IM − qµq
H
µ ) = IM −

m−1∑

µ=1

qµq
H
µ (9)

can be shown to be equivalent by multiplying out the l.h.s. ex-

pression.

B. Vectors and Matrices of Analytic Functions

In this paper we are interested in extending the Gram-

Schmidt procedure and the QR decomposition to, respectively,

vectors and matrices of analytic functions. A vector x(z) is

analytic in z if all its elements are functions that possess

a region of convergence extending beyond the unit circle.

Equivalently, its time domain correspondence x[n], such that

x(z) =
∑

n x[n]z
−n or for short x[n] ◦ • x(z), must contain



elements that are absolutely convergent [26]. While such

functions may have infinite support and generally can be

algebraic or even transcendental, via delay and truncation

operations these can be approximated arbitrarily closely by

polynomials, i.e. by finite impulse response filters if elements

of x(z) represent transfer functions [7].

A crucial tool when working with analytic functions is the

uniqueness theorem [26]. If two analytic functions are identical

within some part of their region of convergence, then they

will be identical within their entire region of convergence.

It therefore often suffices that when constructing analytic

functions, to do so over a finite region of the z plane. In this

paper, we will often focus on the unit circle.

The analyticity of functions is generally preserved under

standard arithmetic operations except for division. While for

two analytic functions a(z) and b(z), a(z)±b(z) and a(z)b(z)
are also analytic, the analyticity of a(z)/b(z) is restricted to

those functions b(z) that do not include any spectral zeros,

i.e. zeros that lie on the unit circle. Thus, mathematically,

analytic functions form a ring rather than a field [7], and

division has to be treated with caution. This will require

particular care when extending normalisations such as in (2) or

(6) to vectors of analytic functions. For this reason, we often

use a primed notation such as a′(Ω) if it is uncertain whether

a function can be analytically extended into the complex

plane2, as opposed to the notation a(ejΩ) which implies that

a reparameterisation with z = ejΩ yields an analytic function.

Some properties and operations generalise easily from or-

dinary vectors and matrices [29]. For example, the paraher-

mitian transposition {·}P applied to a matrix A(z) involves

a Hermitian transposition but also a time-reversal, such that

AP(z) = {A(1/z∗)}H. A parahermitian matrix Ψ(z) extends

Hermitian symmetry such that Ψ(z) = ΨP(z).

C. Analytic Vector Inner Product and Magnitude Spectrum

Given the comments in Sec. II-B, the inner product

aP(z)b(z) between two analytic vectors a(z) : C → C
M

and b(z) : C → C
M yields an analytic expression. We

speak of a(z) and b(z) being orthogonal, if aP(z)b(z) = 0
∀z (assumed within the region of convergence). For a(z) =
[a1(z), . . . , aM (z)]T, the scalar function

r(z) = aP(z)a(z) =

M∑

m=1

am(z)aPm(z) (10)

is parahermitian, such that r(z) = rP(z). By construction

r(z) satisfies the properties of a power spectral density: when

evaluated on the unit circle, r(ejΩ) =
∑

m |am(ejΩ)|2 is non-

negative real, i.e. r(ejΩ) ∈ R and r(ejΩ) ≥ 0 ∀Ω. Therefore

with r(z), we can define a magnitude spectrum:

Definition 1 (Squared magnitude spectrum of an analytic

vector): Let the squared magnitude spectrum of an analytic

vector a(z) be r(ejΩ) = aP(z)a(z)|z=ejΩ .

2E.g. for the analytic EVD [2]±[4] and the analytic SVD [4], [5], there
does not always exist a solution that is analytic in z ∈ C.

Note that for specific values of Ω, the magnitude spectrum
√

r(ejΩ) = ∥a(ejΩ)∥2 is just the Euclidean vector norm.

Further, if a(z) is modified by some arbitrary analytic allpass

function φ(z), then a(z) and ã(z) = φ(z)a(z) have identical

squared magnitude spectra, since

r(z) = ãP(z)ã(z) = aP(z)φP(z)φ(z)a(z) = aP(z)a(z) ,
(11)

with an allpass function satisfying φ(z)φP(z) = 1. We say a

vector q(z) : C → C
M possesses a unit magnitude spectrum

if qP(z)q(z) = 1 ∀z, which on the unit circle implies

qH(ejΩ)q(ejΩ) = 1. A matrix Q(z) = [q1(z), . . . , qM (z)]
comprising of mutually orthogonal vectors qm(z), m =
1, . . . ,M with unit magnitude spectra is called a paraunitary

matrix and satisfies Q(z)QP(z) = QP(z)Q(z) = IM .

Example 1: The polyphase analysis filter bank for a

Daubechies 4 wavelet decomposition [29], [30] is given by

Q(z) =
1

4
√
2

[
c0 + c2z

−1 c3 + c1z
−1

c1 + c3z
−1 −c2 − c0z

−1

]

, (12)

with c0 = (1 +
√
3), c1 = (3 +

√
3), c2 = (3 −

√
3),

and c3 = (1 −
√
3). It is easy to verify that Q(z) =

[q1(z), q2(z)] is a paraunitary matrix whose columns indeed

satisfy qP
m(z)qµ(z) = δ[m − µ], with δ[n] the Kronecker

function [31]. △
Returning to the squared magnitude spectrum, because

r(ejΩ) is non-negative real and r(z) is analytic thus satisfy-

ing the Wiener-Paley condition, the Wiener-Hopf or spectral

factorisation [33]

r(z) = β+(z)β
P
+(z) (13)

exists where β+(z) is stable, causal, and minimum phase in the

non-strict sense, i.e. it does not possess any zeros for |z| > 1.

Therefore, β+(z) is analytic, and the Weierstrass factorisation

theorem (see e.g. Theorem 7 in [26]) allows to write it as an

infinite product of zeros,

β+(z) = C
∏

ℓ

(1− ejΘℓz−1)

︸ ︷︷ ︸

β0(z)

·
∏

n

(1− γnz
−1)

︸ ︷︷ ︸

βmin(z)

, (14)

with C ∈ C, where β0(z) contains the spectral zeros of β+(z)
at normalised angular frequencies Ω = Θℓ, and βmin(z) is

strictly minimum phase with all zeros γn inside the unit circle,

i.e. |γn| < 1.

III. ANALYTIC MODIFIED GRAM-SCHMIDT AND

EXISTENCE OF AN ORTHONORMAL BASIS

Before extending Gram-Schmidt orthogonalisation to a set

of vectors of analytic functions, we discuss issues that arise

from the normalisation of such vectors. This impacts on the

existence of the analytic Gram-Schmidt procedure and the

analytic QR decomposition.



A. Normalisation of a Vector of Functions

For an analytic vector a(z), we first generalise (1) for |z| =
1, before extending the result beyond the unit circle. On the

unit circle, we define

q′(Ω) =
a(ejΩ)

∥a(ejΩ)∥2
=

a(ejΩ)
√

aH(ejΩ)a(ejΩ)
. (15)

Since it is initially unclear if the division by the magnitude

spectrum Ð i.e. a normalisation to unit length at every

frequency ΩÐ in (15) results in an analytic function in Ω ∈ R

and whether it can be extended to z ∈ C with a non-

vanishing region of convergence, we denote the result for

now as q′(Ω). Two challenges arise for the evaluation of (15)

and the analyticity of its result: how to address (i) the square

root in ∥a(ejΩ)∥2, and (ii) a division by zero in the case of

∥a(ejΩ)∥2 = 0. We first exclude case (ii) and address case (i)

by the following lemma.

Lemma 1 (Normalisation in the absence of spectral zeros):

If an analytic vector a(z) has a squared magnitude spectrum

that is free of spectral zeros, i.e. ∥a(ejΩ)∥22 > 0, then its

normalisation to a unit magnitude spectrum for |z| = 1 can

be selected to be analytic in z.

Proof. Consider the term
√

aH(ejΩ)a(ejΩ) in (15). Using (11),

(13), and (14), and with r(z) lacking spectral zeros, we have

r(z) = aP(z)a(z) = Cβmin(z)β
P
min(z) , (16)

where, compared to (14), β0(z) = 1. Therefore, in the z plane

for the divisor in (15), we obtain

1
√

r(z)
=

1√
C

∏

n

1
√

1− γnz−1

1√
1− γ∗

nz
(17)

and investigate its factors in turn.

Firstly, in (17) any term 1/
√

1− γnz−1 can expand into a

Maclaurin series [34],

1
√

1− γnz−1
=

∞∑

ν=0

1

ν!

{
ν−1∏

i=0

(
1

2
+ i)

}

︸ ︷︷ ︸

χν

γν
nz

−ν , (18)

with monotonically decreasing Maclaurin coefficients |χν | <
|χν−1| ≤ 1 ∀ ν > 1. Since γν

n decays exponentially, (18) is

an absolutely convergent power series in z−1 [2]. Secondly

in (17) for the remaining conjugate factor (1 − γ∗
nz) in (16),

the inversion and square root similarly leads to a Maclaurin

expansion that represents an absolutely convergent power

series in z, i.e. it is anti-causal. Therefore, the square root

operations in (15) result in an analytic Laurent series. Note

that even if all elements of a(z) are polynomial, the expression

1/
√

aP(z)a(z) may likely no longer be of finite order; in fact,

it can become an algebraic or even transcendental function [2],

[18]. Nonetheless, since these series are absolutely convergent,

the inverse square root term is analytic and, as a(z) is analytic,

the normalised vector q(z) is analytic. By implication on the

unit circle we can write q(ejΩ) = q′(Ω). ■

Note that there is an allpass ambiguity to the normalisation

of a polynomial vector. If q(z) is an analytic normalised

version of a(z), and ϕ(z) is an arbitrary allpass function then

ϕ(z)q(z) is also has a unit magnitude spectrum due to the

fact that |ϕ(ejΩ)| = 1 on the unit circle3. All that remains is

to address case (ii) of spectral zeros of r(z):
Theorem 1 (Analyticity of a normalised vector): The result

of normalising a vector of analytic functions as in (15) can

be selected to be analytic in z.

Proof. The case of no spectral zeros is covered by Lemma 1.

We now need to investigate the case of the magnitude spectrum

of a vector a(z) becoming zero for some values of Ω.

The normalised vector is the ratio of two terms. When the

denominator is zero so is the numerator. So heuristically,

according to de l’Hôpital’s rule [34], the result may be well

defined. Recall the squared magnitude spectrum of a(z) is

r(z) as in (10). It is a sum of M non-negative power spectral

density terms. Assume that r(ejΩ) = 0 at N isolated frequency

points Ω = Θℓ, ℓ = 1, . . . , N . This requires a spectral zero

term (1 − ejΘℓz−1) in (14) to be common to all elements

am(z), m = 1, . . . ,M . We define

a(z) = β0(z)ã(z) , (19)

where β0(z) contains all N common spectral zeros at frequen-

cies Θℓ of a(z) according to (14). Then consider4

q′(Ω) =
a(ejΩ)

∥a(ejΩ)∥2
=

β0(e
jΩ)

√

β∗
0(e

jΩ)β0(ejΩ)

ã(ejΩ)

∥ã(ejΩ)∥2

=

√

β0(ejΩ)

β∗
0(e

jΩ)

ã(ejΩ)

∥ã(ejΩ)∥2
= β′(Ω)q̃(ejΩ) . (20)

Since ã(z) has no common spectral zeros and therefore

∥ã(ejΩ)∥2 > 0 ∀Ω, according to Lemma 1 the term

q̃(z) =
ã(z)

√

ãP(z)ã(z)
(21)

is analytic. For the N common spectral zero terms at nor-

malised angular frequencies Θℓ, ℓ = 1, . . . , N , of a(z)
gathered in β0(z), we obtain

β′(Ω) =

√

β0(ejΩ)

β∗
0(e

jΩ)
=

N∏

ℓ=1

√

1− ej(Θℓ−Ω)

1− e−j(Θℓ−Ω)
. (22)

For one such square route term, with θ ∈ R note that

1− ejθ

1− e−jθ
=

ejθ(e−jθ − 1)

1− e−jθ
= −ejθ (23)

represents a key step in our argument, and we obtain for (22)

β′(Ω) =
N∏

ℓ=1

√

−ej(Θℓ−Ω) = ±
{

N∏

ℓ=1

ej(Θℓ+π)/2

}

e−jN
2
Ω ,

(24)

3Note that this allpass ambiguity is analogous to that of analytic eigen-
vectors [2], [4] or analytic left- or right-singular vectors [5], which have to
satisfy unit norm on the unit circle and are non-unique w.r.t. arbitrary allpass
functions

4Recall that since it is initially unclear if the division by the norm in (15)
results in an analytic function, we denote the result for now as q′(Ω).



where ± addresses the ambiguity of the square root of a

complex-valued number. Hence β′(Ω) is an allpass function,

but it is not necessarily analytic due to a potentially frac-

tionally spaced delay term z−
N

2 after reparameterisation with

z = ejΩ. Note q′(Ω) = β′(Ω)q̃(ejΩ), and thus q′(Ω) and

q̃(ejΩ) are both valid normalised versions of a(Ω) but we

choose the latter as it can always be analytically extended.

Hence the above q̃(z) is an analytic normalisation of a(z). ■
Two observations arise from Theorem 1: (i) the analysis

can be generalised to show that any common factor Ð not just

spectral zerosÐ across the functions am(z), m = 1, . . . ,M , is

irrelevant for the normalisation of a(z), and (ii) in line with

(11), q̃(z) can be modified by an analytic allpass filter and

remain a valid analytic normalisation of a(z).
Example 2: The vector

a(z) = (1 + z−2)

[
1

z−1

]

(25)

possesses L = 2 common spectral zeros at z = ±j, i.e. for

Θ1,2 = ±π
2 . Removing β0(z) = (1 + z−2) and normalising

according to (20) leads to

q̃(z) =
1√
2

[
1

z−1

]

(26)

as the analytic normalisation of (25). △
B. Impact of Undetected Common Zeros

In theory, Sec. III-A provides a clear route to the nor-

malisation of an analytic vector, provided that spectral zeros

common to all elements am(z), m = 1, . . . ,M , of a(z) can

be determined and removed. In practice, a search for common

zeros (including spectral ones), requires the determination

of the greatest common divisor (GCD) across all functions

am(z), m = 1, . . . ,M . This however is computationally

costly at best, and numerically ill-conditioned at worst. Despite

recent efforts and refinements [35]±[37], the calculation of

the GCD is still mostly reliant on Euclid’s algorithm from

his 7th book of elements, published in 300BC [38]. This

algorithm becomes increasingly sensitive and computationally

costly for moderate to large polynomials, hence using it to

find all common zeros is not easy. Hence we briefly explore

the effect if none or not all common spectral zeros of a(z)
are eliminated. In fact, we will later not even try to find them

and instead mitigate the resulting effect.

Assume that L common spectral zeros at Ω = Θℓ, ℓ =
1, . . . , L ≤ N , are missed by a GCD algorithm. Let

q′(Ω) = ±
{

L∏

ℓ=1

ej(Θℓ+π)/2

}

e−jL
2
Ωq̃(ejΩ) , (27)

where q′(Ω) differs from q̃(ejΩ) in (20) by the inclusion of

the missed factor β′(Ω). For L an even number, (27) is 2π-

periodic. Then, using a reparameterisation z = ejΩ, an analytic

solution arises with

q(z) = ±z−L/2
L∏

ℓ=1

ej(Θℓ+π)/2q̃(z) , (28)

where q̃(z) is given by (21). The leading term

±z−L/2
∏L

ℓ=1 e
j(Θℓ+π)/2 represents a delay and phase

change, i.e. an allpass function and can be ignored according

to (11).

Example 3: If for the normalisation of the vector

a(z) in Example 2 the GCD is ignored, (28) yields

±z−1(ej(
π

2
−π)/2)(ej(−

π

2
−π)/2)q̃(z) = ∓z−1q̃(z) as the solu-

tion. This differs from (26) via the allpass ϕ(z) = ∓z−1. △
Note that for odd values of L, the term e−jL

2
Ω in (27)

is 4π-periodic, and while analytic in Ω ∈ R, the expansion

into the complex plane via the substitution z = ejΩ is not

analytic in z ∈ C and represents a fractional delay [39]. This

is exemplified below.

Example 4: For a(z) = (1 + z−1)[1; z−1], removing the

common factor term (1 + z−1) with a single (L = 1) spectral

zero at Ω = π yields the same normalised vector q̃(z) as

for Example 2 in (26). If the common factor is not removed,

the normalisation yields ±z− 1
2 q̃(z), which means that the

solution contains a fractional delay z−
1
2 . Its time domain

equivalent, a sinc function [39], decays with 1/n. Since this

is slower than the exponential convergence that is required of

an analytic function, such a solution is not analytic. △
Hence, the case of L being odd leads to a non-analytic

solution with a fractional delay, which we will need to address

when seeking a normalisation algorithm Ð see Sec. IV-C.

C. Extended Modified Gram-Schmidt Orthogonalisation

We now extend the modified Gram-Schmidt procedure to a

set of linearly independent analytic vectors am(z) : C→ C
M ,

m = 1, . . . ,M , that form the columns of an analytic matrix

A(z). Analogous to Sec. II-A, ām,µ(z) denotes the modified

mth column of A(z) at iteration µ, with m,µ = 1, . . . ,M .

Based on the initialisation ām,1(z) = am(z), m = 1, . . . ,M ,

at the µth iteration, µ = 1, . . . ,M , we calculate

qµ(z) =
āµ,µ(z)

√

āP
µ,µ(z)āµ,µ(z)

, (29)

followed by

āi,µ+1(z) = āi,µ(z)− qµ(z)
(
qP

µ(z)āi,µ(z)
)

(30)

for i = µ+ 1, . . . ,M . This is a simple extension of standard

linear algebra to the domain of analytic functions [15]; this

is permitted, since multiplications and additions of analytic

functions in (30) yield an analytic result, and the analyticity

of (29) is covered by Theorem 1.

As for the ordinary Gram-Schmidt procedure in Sec. II-A,

(29) and (30) can be repeated for 1 ≤ µ ≤M unless we find

that, at iteration µ say, aµ(z) and therefore due to (8) āµ,µ(z)
is zero. So to complete the orthogonalisation of A(z), we

need to define the equivalent of the full rank property of an

ordinary matrix A in Sec. II-A. To extend the notion of rank

to matrices of functions, we define:

Definition 2 (Full spatial rank): A square matrix A(z) has

full spatial rank if there exists at least one Ω0 such that its

determinant satisfies det{A(ejΩ0)} ̸= 0.



As a sum of products of analytic functions, the determinant is

an analytic function. Note that as explained in Theorem 1,

columns a(z) can have isolated common spectral zeros,

which are therefore also spectral zeros of the determinant

of A(z). According to the uniqueness theorem of analytic

functions [26], an analytic function can only be zero over

some interval if it is zero everywhere within its region of

convergence. Thus the determinant is not the zero function

if it is non-zero in at least one point on the unit circle.

As an alternative to Definition 2, full spatial rank can be

defined via the analytic singular values of A(z) (see Sec. III-B

of [41]), which also may only possess isolated spectral zeros.

Thus, an M×M matrix A(z) of full spatial rank will possess

M linearly independent columns in the sense that no column

can be formed as a sum of the remaining columns weighted by

analytic functions. But different from the full rank definition

in the ordinary matrix case, full spatial rank does not imply

that A(z) is invertible. This would require that A(ejΩ) is

invertible everywhere on the unit circle, but this is not possible

at frequencies Ω where det{A(ejΩ)} = 0.

With the extended modified Gram-Schmidt procedure above

and based on Definition 2, we can formally establish the

existence of an analytic orthonormal basis:

Lemma 2 (Existence of an analytic orthonormal basis):

Based on the columns am(z), m = 1, . . . ,M , of an analytic

matrix A(z) of full spatial rank, the procedure defined by (29)

and (30) can find analytic orthonormal basis vectors qm(z)
that form a paraunitary matrix Q(z) = [q1(z), . . . , qM (z)].
Proof. For A(z) with full spatial rank, M iterations of the

procedure in (29) and (30) are possible, and analytic and

orthogonal basis vectors qm(z) can be obtained from the

columns am(z), m = 1, . . . ,M of A(z). Because there are

M mutually orthogonal vectors qm(z) with unit magnitude

spectrum, we have Q(z)QP(z) = QP(z)Q(z) = IM , i.e. Q(z)
is paraunitary. ■

D. Existence of an Analytic QR Decomposition

In the ordinary matrix case, the Gram-Schmidt procedure

applied to a matrix A directly links to the QR decomposition.

Now with (29) and (30), and based on Lemma 2, we can state:

Theorem 2 (Existence of an analytic QR decomposition): An

analytic matrix A(z) of full spatial rank admits an analytic QR

decomposition,

A(z) = Q(z)R(z) , (31)

with an analytic paraunitary Q(z) and an upper-right triangular

analytic R(z).
Proof. If A(z) : C → C

M×M has full spatial rank, then the

extended modified Gram-Schmidt orthogonalisation in (29)

and (30) can complete M iterations. Lemma 2 guarantees

that an analytic Q(z) exists as a result of this Gram-Schmidt

orthogonalisation. Analogous to the ordinary matrix case (see

e.g. Algorithm 5.2.5 in [28]), the normalisation and projection

steps in (29) and (30) directly imply (31) with an upper right

triangular matrix R(z). Because (29) can always yield an

analytic result and the inner products in (30) are guaranteed to

be analytic, R(z) can always be analytic, and may we written

as

R(z) =








qP
1(z)a1(z) qP

1(z)a2(z) . . . qP
1(z)aM (z)

0 qP
2(z)a2(z) . . . qP

2(z)aM (z)
...

. . .
...

0 . . . 0 qP
M(z)aM (z)







,

(32)

with qm(z) and am(z), m = 1, . . . ,M the columns of the

analytic matrices A(z) and Q(z). ■

Theorem 2 provides the foundation for algorithms that

have been introduced to approximate (31), such as in [17]±

[19], [23]. As a generalisation of the phase ambiguity of

the standard QR factors in (5), with (31) and the allpass

ambiguity of Q(z)Ðsee comment (ii) after Theorem 1 in

Sec. III-AÐ, we can state that with a diagonal matrix

Φ(z) = diag{ϕ1(z), . . . .ϕM (z)} of analytic allpass filters

ϕm(z), m = 1, . . . ,M , the modified matrices Q(z)Φ(z)
and ΦP(z)R(z) are also valid factors of the analytic QR

decomposition.

Ambiguity can be suppressed in the ordinary QR decom-

position by mandating the diagonal components of R to be

positive real. The extension to the case of analytic functions

would be for the diagonal components rm,m(ejΩ) of R(ejΩ)
to be non-negative real. But this is not always possible: as a

counterexample for a degenerate M × 1 matrix, i.e. a vector,

a(z), the analytic QR decomposition a(z) = q(z)r(z) where

r(z) is a simple polynomial. The analytic singular value

decomposition a(z) = u(z)
(
σ(z)vP(z)

)
is then equivalent

with u(z) = q(z) and σ(z)vP(z) = r(z). However, for the

analytic SVD to exist, σ(ejΩ) must be permitted to have sign

changes if a(z) has zero crossings [5], i.e. may not be non-

negative, and cannot be restricted to be real if the number

of those zero crossings is odd [32]. Alternative ways5 to

remove degrees of freedom include allpass modifications such

that either (i) the diagonal components are positive real for

z = 1, i.e. for DC, or (ii) to force diagonal components to be

minimum phase, with the leading coefficient positive real.

IV. ANALYTIC VECTOR NORMALISATION ALGORITHM

As a component of an expanded modified Gram-Schmidt

procedure, in the following we first concentrate on an algo-

rithm that is capable of normalising a vector a(z) of analytic

functions, yielding an analytic result q(z) whose existence is

guaranteed by Theorem 1.

A. Overall Approach

Sec. III-B has highlighted that the detection of common

spectral zeros within the elements of a vector a(z) is difficult

in practice. We therefore do not attempt to find a GCD. This

has two consequences: (i) there may be an odd number of

common spectral zeros, in which case we have to compensate

for a fractional delay in order to attain an analytic result;

(ii) the normalisation result may have a larger support than

5As kindly suggested by one of the anonymous reviewers.



necessary, because common factors have not been removed

from a(z) and because of the presence of an arbitrary allpass

filter. On the latter, note that even if q(z) has finite support,

with an arbitrary allpass φ(z) the support of φ(z)q(z) may

be significantly larger.

The proposed normalisation algorithm will operate in the

DFT domain. We are evaluating a(z) on the unit circle z = ejΩ

and in K frequency bins with frequencies Ωk, k = 0, . . . , (K−
1), such that

ak = a(ejΩk) . (33)

Recalling that ∥a(ejΩ)∥2 can become zero, in order to avoid

the case ∥ak∥2 = 0 and hence normalisation issues, the bin

frequencies Ωk are not necessarily selected to be uniform.

This is addressed in Sec. IV-B. The problem of detecting

and counting common spectral zeros between bins, addressing

potential sign changes resulting from zeros crossings, and

compensating for the potentially resulting fractional delay will

be outlined in Sec. IV-C. Sec. IV-D identifies a sufficient

DFT size, which relies on a time domain aliasing criterion

and on finding an allpass function to shorten the support of

q[n] ◦ • q(z). Sec. IV-E summarises these algorithmic steps.

B. Avoiding DFT Bins with Zero Norm

Since we will be performing a bin-wise normalisation

of a(ejΩ) followed by a reconstruction to obtain q[n] via

an inverse Fourier transform, we need to avoid bins where

∥ak∥2 = 0. In related DFT domain methods where par-

ticular bins can be problematic, interpolation across [40] or

omission [41] of such bins are an option. We here follow

a simple scheme from [42] of shifting problematic bins: if

for a particular Ω′
k, on a uniform grid Ω′

k = 2πk/K, we

find that ∥a(ejΩ′

k)∥2 ≤ ϵ with a small constant ϵ, then Ð

recalling that zeros can only occur at isolated frequencies Ð

we shift this bin frequency by an amount δk < 2π/K such

that for Ωk = Ω′
k + δk we have ∥a(ejΩk)∥2 > ϵ. Thus, the

bin frequencies Ωk form a non-uniform grid, and the sample

points {ak} are obtained from a non-uniform DFT [43], [44]

of a[n] ◦ • a(z).
In order to reconstruct a[n] from {ak}, a non-uniform

inverse DFT [43], [44] can be invoked. This reconstruction will

be accurate for a general a[n] as long as the K bin frequencies

Ωk, k = 0, . . . ,K are sufficiently distinct and thus the non-

uniform inverse DFT matrix will be well conditioned. For such

a non-uniform inverse DFT, efficient schemes akin to a fast

Fourier transform (FFT) exist [43], [44]; if only very few bins

are shifted off a uniform grid, then a numerically efficient

scheme is to perform a simple interpolation of the missing

uniform grid points followed by a standard inverse FFT [42].

C. Detecting and Compensating for Zero Crossings

We now need to detect where and how often the norm

satisfies ∥a(ejΩ)∥2 = 0, i.e. where we have a(ejΩ) = 0.

Since according to Sec. IV-B spectral zeros do not coincide

with bin frequencies, these can only occur between bins.

We therefore investigate what happens in the vicinity Ω ∈

[Θℓ − ϵ; Θℓ + ϵ] of a spectral zero at frequency Θl for some

small ϵ, 0 < ϵ ≪ 1. Assume that such a spectral zero has

multiplicity P , i.e. that Θℓ = Θℓ+1 = . . . = Θℓ+P−1. Let

a(z) = (1− ejΘℓz−1)P ã(z), where ã(z) is without a spectral

zero at Ω = Θℓ. With a Taylor series expansion [34] of ã(ejΩ)
around this point, we have ã(ejΩ) = ã(ejΘℓ) + O(Ω − Θℓ).
In the vicinity of Ω = Θℓ, this expansion yields

ã(ej(Θℓ±ϵ)) = ã(ejΘℓ) +O(ϵ) ,

i.e. for a small ϵ → 0, the terms captured by O(ϵ) → 0,

while ã(ej(Θℓ)) ̸= 0 by definition. With the series expansion

ex =
∑∞

i=0
1
i! (x)

i [34], for a(ejΩ) at Ω = Θℓ − ϵ we then

have

a(ej(Θℓ−ϵ)) = (1− ejϵ)P ã(ej(Θℓ−ϵ))

= [jϵ+O(ϵ2)]P
{
ã(ejΘℓ) +O(ϵ)

}

= (jϵ)P ã(ejΘℓ) +O(ϵP+1) . (34)

Likewise, at Ω = Θℓ + ϵ, we obtain

a(ej(Θℓ+ϵ)) = (−jϵ)P ã(ejΘℓ) +O(ϵP+1)

= (−1)P (jϵ)P ã(ejΘℓ) +O(ϵP+1) , (35)

Comparing (34) and (35) for very small ϵ shows that a(ejΩ)
changes sign at a spectral zero of odd multiplicity P . Below,

we refer to the case P being odd as a zero crossing, whereas

for an even value of P the elements of a(ejΩ) only tangentially

touch the origin. While an even multiplicity P is of little

consequence overall, for zero crossings we must (i) correct

a sign change for the normalisation, and (ii) count towards

whether overall we have an odd number of zeros on a 2π
interval of Ω.

In order to detect a zero crossing, assume that K is

sufficiently large such that the coherence bandwidth [45] of

a(ejΩ) significantly exceeds the regular bin distance 2π/K.

Under such conditions, the rate of change of a(ejΩ) from bin

to bin is small. Thus, if no zero crossing is enclosed between

bins Ωk−1 and Ωk, we find that ak ≈ ak−1. However, if a

zero crossing of a(ejΩ) occurs between these two bins6, then

ak ≈ −ak−1. The bin-wise normalised vector uk = ak/∥ak∥2
shows the same behaviour with uk ≈ ±uk−1, where a positive

sign indicates that no zero crossing is enclosed, and a sign

change means that a zero crossing has occured. To obtain an

indicator for zero crossings, note therefore that uH
k uk−1 ≈ ±1.

In order to force a decision from the generally complex valued

term uH
k uk−1, we eliminate the potentially small imaginary

part using the real operator ℜ{·} and employ the modified

signum function sign(x) = 1 for x ≥ 0 and sign(x) = −1
otherwise, such that sign(ℜ{uH

k uk−1}) = ±1. Setting d0 = 1,

we define for k = 1, . . . , (K − 1)

dk = sign(ℜ{uH
k uk−1})dk−1 . (36)

6The case of two adjacent bins enclosing more than one zero crossing is
addressed in Sec. IV-D; it will be avoided if the DFT size K is sufficiently
large.



Algorithm 1: Bin-wise vector normalisation

Input: {ak}, {Ωk}, K as non-uniform DFT

parameters of a[n];
u0 = a0/∥a0∥2, d0 = 1, aK = a0;

for k = 1 → K do

uk = ak/∥ak∥2;

if ℜ{uH
k−1uk} < 0 then dk = −dk−1;

else dk = dk−1;

end

if dK ̸= d0 then Θ = 1
2 else Θ = 0;

for k = 0 → (K − 1) do

qk = e−jΘΩkdkuk;

end

Output: {qk}

Thus, dk = ±1: starting with a positive sign for the first bin

k = 0, a zero crossing between subsequent bins k − 1 and k
results in a sign change of dk.

We can use the indicator dk for two purposes. Firstly, at

a zero crossing of a(ejΩ), a sign change occurs for all its

elements. Hence to obtain a smooth normalisation, we require

to change the sign of uk at every such transition. Secondly,

we want to detect if there is an odd number of zero crossings

over a 2π interval. This can be accomplished by defining dK =
sign(ℜ{uH

KuK−1}) = sign(ℜ{uH
0 uK−1}). Then, if dK = d0,

the number of zero crossings is even, otherwise for dK = −d0
it is odd and a half-sample fractional delay has occured and

must be compensated. In the DFT domain, this compensation

can be implemented using a phase shift equivalent to a half-

sample delay via the Kronecker function δ[·]. Then

qk = e−j 1
2
Ωkδ[d0+dK ]dkuk (37)

represents sample points of 2π-periodic functions whose non-

uniform IDFT will yield absolutely convergent time domain

functions, and thus can be analytically extended via repara-

materisation with z = ejΩ. This procedure is summarised in

Algorithm 1. A simple case with a zero crossing, and hence a

sign change and the need for a fractional delay compensation,

is given in the following example.

Example 5: Using the vector a(z) from Example 2, its norm

is zero for Ω = π, and we find that for any even-length DFT

the appropriate bin has to be shifted according to Sec. IV-B.

Using K = 64, Fig. 1 shows the norm of ∥a(ejΩ)∥2 and

the shifted 33rd bin. With this frequency-shift implemented,

the bin-normalised components of uk = [u1,k;u2,k]
T for a

DFT length of K = 64 are all well-defined and displayed in

Fig. 2(a); the zero-crossing of the norm at Ω = π leads to

discontinuity in the vector elements at that frequency, which

is eliminated by the sign correction via dk in Fig. 2(b). This

elimination comes at the cost of dkuk no longer being 2π-

periodic. Note the opposing signs of the vector components

for Ω0 = 0 and ΩK = 2π. Applying a phase shift equivalent

to a half sample delay as in (37) yields a 2π-periodic functions

in Fig. 2(c), which belong to an analytic solution z−1q(z),

Fig. 1. Norm ∥a(ejΩ)∥2 for Example 4, the evaluation with a uniform K =
64 point DFT, and the shift of the bin at Ω = π for the non-uniform DFT
avoiding ∥ak∥2 = 0 for any value of k = 0, . . . , (K − 1).

(a) (b)

(c) (d)

Fig. 2. Components for example of a normalised vector (a) uk , (b) including

a sign correction dkuk , and (c) a phase shift e−j 1
2
Ωkdkuk equivalent to a

half sample delay and (d) a half sample advance ej
1
2
Ωkdkuk . The two vector

components are colour-coded, with m = 1 in blue circles (◦) and m = 2 in
red asterisks (∗).

with q(z) from (26). With an allpass filter φ(z) = z applied,

the solution q(z) shown in Fig. 2(d) is also analytic, but has a

lower order than the solution in Fig. 2(c) as can be seen from

the reduction in the number of 2π turns. △

D. Phase Smoothing and Sufficient DFT Size

For the bin-wise normalisation of Sec. IV-C we have not

yet stated what the DFT size K should be. Too low a value of

K will lead to insufficient resolution, and the bin width may

not be small enough compared to the coherence bandwidth

of a(ejΩ) for the premise ak ≈ ±ak−1 of Sec. IV-C to

hold. The consequence will also be that adjacent bins may

enclose more than one zero-crossing; thus, with respect to

Sec. IV-C, an even number of such zero crossings would

remain undetected, while an odd number of zero crossings

would be detected as a single zero crossing between bins.

Insufficient resolution in the DFT domain is equivalent to

the time-domain reconstruction suffering from time-domain

aliasing. Such a challenge will be eventually resolved if K



is selected sufficiently large, which will be addressed further

below in Lemmas 3 and 4: the former will present a necessary

criterion that is computationally inexpensive to evaluate, while

the later covers a both necessary and sufficient criterion, but

the sufficiency comes at an increased computational burden.

Additionally the allpass ambiguity for the normalised vec-

tor as mentioned in a comment after the proof to Theo-

rem 1 in Sec. III-A directly relates to the DFT size. Let

q̂(K)[n] ◦ • q̂(K)(z) be the non-uniform IDFT of the sample

points {qk} returned by Algorithm 1 when operating with

K bins. Note that while the bin-wise normalisation of an

analytic function preserves phase coherence between bins, an

allpass function will affect the required order of a solution

q̂
(K)(z). Hence, in the context of finding a suitable DFT size

K, it will be important to select the arbitrary allpass such

that q̂
(K)(z) attains an order that is as small as possible.

This is equivalent to q̂(K)[n] possessing minimum support,

and q̂
(K)(ejΩ) to contain maximally smooth functions. This

is evident in Example 5, where the solution in Fig. 2(d) is

smoother compared to that in Fig. 2(c).

Hence before attempting any reconstruction from {qk},
phase smoothing should be applied (see Algorithm 2 in [46]).

For this, we evaluate the smoothness of a Dirichlet interpo-

lation q̂
(K)(ejΩ) through the sample points {qk}. The µth

element Q̂
(K)
µ (ejΩ) of q̂

(K)(ejΩ) can be obtained from a vector

q̄µ ∈ C
K containing the K sample points of the µth element

of {qk} via

Q̂(K)
µ (ejΩ) =

1√
K

eHK(ejΩ)W̄H
K q̄µ , (38)

where eHK(ejΩ) = [1, e−jΩ, . . . , e−jΩ(K−1)]. Further, we have

W̄K = diag
{
e−j2πδ0/K , . . . , e−j2πδK−1/K

}
WK , with WK

a K-point DFT matrix and δk, k = 0, . . . , (K − 1) the shift

applied to the kth frequency bin as outlined in Sec. IV-B.

As such, (38) represents a non-uniform inverse DFT, followed

by a discrete time (but continuous frequency, i.e. Ω ∈ R)

Fourier transform. The infinite differentiability associated with

analyticity [26] implies smoothness, which can be assessed

via a cost function that measures the power in derivatives of

q̂
(K)(ejΩ) with respect to frequency [46]. By incorporating

non-uniform sampling via (38), we can use this cost function

for phase smoothing in the same fashion as applied for

eigenvectors in [40]. Maximising the smoothness of q̂
(K)(ejΩ)

minimises the time domain support of q̂(K)[n]. This ensures

that for a sufficiently large DFT size K, the effect of time

domain aliasing in q̂(K)[n] is as small as possible.

If the phase smoothing procedure is not applied, the re-

sulting solution remains valid but may exhibit a larger time-

domain support than necessary. Therefore, in applications

where the polynomial order of Q̂(z) is not a critical metric,

the computationally expensive phase smoothing procedure can

be omitted. However, when phase smoothing is applied, the re-

sulting time-domain support is guaranteed to be minimal [40].

We can employ the Dirichlet interpolation in (38) as a first

criterion to establish whether K is sufficiently large. While

the normalisation on the unit circle is bound to be correct in

the K sample points Ωk, k = 0, . . . , (K − 1), for any value

of K, it can deviate elsewhere. We therefore measure

ζU =
1

2π

∫ 2π

0

∣
∣
∣q̂

(K),H(ejΩ)q̂(K)(ejΩ)− 1
∣
∣
∣

2

dΩ . (39)

This general deviation from unity measured by (39) can

equivalently be expressed via Parseval’s theorem as

ζU =
∑

n

∣
∣
∣q̂

(K),H[−n] ∗ q̂(K)[n]− δ[n]
∣
∣
∣

2

, (40)

which assesses time domain aliasing using the convolution

operator ∗. Based on discrete parameters q̂(K)[n], (40) can

be evaluated numerically. The computational effort for this is

relatively low. We can state:

Lemma 3 (Loss of unit magnitude): With ζU as defined in

(39) and some suitably low threshold ϵU, for ζU > ϵU the

DFT size K is insufficient.

Proof. The existence of an analytic solution for q(z) is guaran-

teed by Theorem 1. This solution must satisfy ∥q(ejΩ)∥2 = 1
∀Ω which implies from (39) that ζU = 0. Therefore if the total

(i.e. integrated) error in unity ζU exceeds a threshold ϵU, then

K is not large enough. A value ζU > ϵU therefore indicates

that the sample points Ωk are not sufficiently closely spaced

to allow a suitable interpolation. ■

Due to analyticity, q[n] must be absolutely convergent.

Since K also relates to the approximation order, an insufficient

value of K may Ð but is not guaranteed to Ð lead to time

domain aliasing. Hence as long as ζU > ϵU, we know that

K is insufficient, but from ζU < ϵU we cannot deduce that

a large enough value of K has been reached. We therefore

require a second, sufficient criterion.

Since q(z) must align with a(z) but can carry an arbitrary

allpass factor φ(z), we can assess the projection of a(z) onto

the orthogonal complement of q(z), i.e. (IM − q(z)qP(z)).
Note that the allpass ambiguity cancels out in the term

q(z)qP(z), see e.g. (11), and we have that, for the correct

values,
(
IM − q(z)qP(z)

)
a(z) = 0 . (41)

We therefore define the projection error ζP,

ζP =
1

2π

∫ 2π

0

∥
∥
∥

(

IM − q̂
(K)(ejΩ)q̂(K),H(ejΩ)

)

a(ejΩ)
∥
∥
∥

2

2
dΩ ,

(42)

based on the same Dirichlet interpolation q̂
(K)(ejΩ) as used in

(39). Exploiting Parseval, the criterion (42) can be equivalently

formulated in the time domain as

ζP =
∑

n

∥
∥
∥

(

IMδ[n]− q̂(K)[n] ∗ q̂(K),H[−n]
)

∗ a[n]
∥
∥
∥

2

2
.

(43)

Analogous to ζU, (43) can be evaluated from discrete coeffi-

cients q̂(K)[n] obtained from a non-uniform IDFT of {qk},
but requires a matrix evaluation rather than an inner product,

and is therefore computationally more expensive to evaluate

than (40).



Lemma 4 (Projection error): If and only if the projection

error ζP in (42) and the error in unity ζU in (39) fall below

some small thresholds ϵP and ϵU, then the DFT size K will

be sufficiently large.

Proof. If the approximation q̂
(K)(z) for sufficiently large K

approaches q(z), due to (41) we have ζP −→ 0. In turn for

the ‘only if’ part, with ζP = 0, q̂
(K)(z) sits in the same 1-d

subspace as a(z) and q(z). The vector q(z) has unit norm

by construction and, with ζU < ϵU, q̂(z) can be considered

to have unit norm for all intents and purposes. Similar to

analytic eigenvectors in 1-d subspaces Ðsee Sec. VI of [40]

Ð the only variability of unit norm analytic vectors can be an

arbitrary analytic allpass function. Thus, q̂
(K)(z) must match

q(z) except for an arbitrary allpass function as seen in (11).

■

With Lemmas 3 and 4 we now have two criteria to check

convergence of a normalisation algorithm. The former, based

on the error in unit magnitude, is a necessary but not proven

to be sufficient criterion with reasonably low computational

cost. The latter, which additionally assesses a projection error,

offers a both necessary and sufficient condition, but is com-

putationally more costly than the former.

E. Overall Normalisation Algorithm

We now have all components in place to normalise an

analytic vector a(z), as summarised in Algorithm 2. Note

that although a small projection error ζP is both necessary

and sufficient, evaluating it is computationally expensive, so

it is prudent to check for a small ζU first. An inner loop

iteratively increases the DFT length until the unit magnitude

criterion of Lemma 3 is satisfied. The DFT sizes are computed

as powers of two starting from an order that just exceeds the

order of a(z). Selecting powers of two enables the use of FFT

algorithms despite potentially having to interpolate a limited

number of non-uniformly spaced bins [42]. An outer loop

additionally evaluates the slightly more complicated but thus

sufficient projection error criterion of Lemma 4. The algorithm

terminates if the latter metric falls below the threshold ϵP, or

if the DFT length exceeds a preset limit Kmax.

Theorem 3 (Convergence of normalisation algorithm): With

suitable thresholds ϵU and ϵP, for any given analytic vector

Algorithm 2 will converge towards an analytic normalised

vector.

Proof. For any given analytic vector a(z), Theorem 1 has

established that a normalised, analytic q(z) exists. Irrespec-

tive of the allpass ambiguity of q(z), analyticity implies

absolute convergence of q[n] ◦ • q(z). Since the DFT size

K increases with every iterations and q[n] decays at least

exponentially, K will eventually exceed the support of q(z),
which can be detected by the necessary and sufficient criteria

of Lemma 4. ■

The normalised vector extracted by Algorithm 2 is written

as q̂(K)[n], with the hat notation to indicate that at DFT length

and therefore approximation order K, this may indeed be a

approximation, depending on how the thresholds ϵU and ϵP
are selected.

Algorithm 2: Analytic vector normalisation

Input: a[n]; ϵU; ϵP; Kmax;

K = 2⌈1+log2 K0⌉ with K0 the support of a[n];
repeat

repeat
determine {ak|k = 0, . . . , (K − 1); ∥ak∥2 > ϵ}

as non-uniform DFT of a[n];
execute Algorithm 1 to obtain {qk} ;

apply phase smoothing to {qk} via

Algorithm 2 from [40];

evaluate ζU;

K ← 2K;

until (ζU < ϵU) ∨ (K > Kmax);
evaluate ζP;

until (ζP < ϵP) ∨ (K > Kmax);
Output: q̂(K)[n] as non-uniform IDFT of {qk}

Algorithm 3: Analytic modified Gram-Schmidt

Input: A(z);
A(z) = [a1,1(z), . . . , aM,1(z)];
for m = 1 : M do

q̂m(z) via (29) using Algorithm 2;

for µ = m+ 1 : M do
calculate āµ,m+1(z) via (30)

end

end

Output: Q̂(z) = [q̂1(z), . . . , q̂M (z)];

V. GRAM-SCHMIDT-BASED ANALYTIC QR

DECOMPOSITION

A. Analytic Modified Gram-Schmidt Procedure

To extend the modified Gram-Schmidt procedure to analytic

matrices, we rely on the results for the normalisation in

Theorem 1 and the convergence of the associated Algorithm 2

guaranteed by Theorem 3. We here use this to extend the

modified Gram-Schmidt procedure based on the initialisation

A(z) = [ā1,1(z), . . . , āM,1(z)] . (44)

Then at the mth iteration, m = 1, . . . ,M , we perform one

normalisation according to (29) and M −m − 1 projections

using (30) for µ = m + 1, . . . ,M . If phase smoothing

is applied to qm(z) after the normalisation step as part of

Algorithm 2, then this will help to shorten the support of

qm(z) and directly that of the extracted Q(z). It may also

simplify the normalisation step in (30). The procedure is

summarised in Algorithm 3.

B. Analytic QR Decomposition Algorithm

Based on the existence of the analytic QRD in Sec. III-D,

we determine the upper triangular matrix R̂(z) via (32) using

A(z) and the estimate Q̂(z) obtained from Algorithm 3. It

is also possible to determine entries of R̂(z) as part of the

evaluation of Algorithm 3 akin to the method in Algorithm



5.4.1 of [28], such that e.g. the diagonal entries of R̂(z) are

square magnitude spectra that have already been explicitly

calculated. The convergence of Algorithm 3 and thus the above

analytic QR decomposition are covered by Theorem 3 for the

normalisation and the general Gram-Schmidt procedure.

Note that even if A(z) has full spatial rank, it may not be

invertible. Thus the matrix R̂(z) may inherit non-invertibility.

Closer inspection of the normalisation process reveals that

A(z) = Q̂(z)Γ(z)R̃(z) , (45)

where the diagonal matrix Γ(z) contains all spectral zeros of

the normalisation process of Sec. IV, such that the analytic

right triangular matrix R̃(z) has a non-zero determinant ev-

erywhere on the unit circle and is now invertible7.

VI. SIMULATIONS AND RESULTS

A. Performance Metrics

To assess the performance of the QR decomposition A(z) =
Q̂(z)R̂(z) produced by the proposed algorithm and by differ-

ent benchmark methods, we formulate various metrics for the

factors Q̂(z) and R̂(z). In the ideal case, Q̂(z) is a paraunitary

matrix that satisfies Q̂(z)Q̂P(z) = IM . To assess how close

Q̂(z) is to a paraunitary matrix, we therefore measure, akin

to (40),

ηPU =
∑

n

∥Q̂[n] ∗ Q̂H[−n]− Iδ[n]∥2F , (46)

which assesses the loss in paraunitarity in the time domain.

As a second criterion, we check how close R̂(z) is to an

upper triangular matrix. This is not sensible for the proposed

analytic algorithm if R̂(z) is evaluated as an upper triangular

matrix in Sec. V-B. However, if an approximation of R(z)
is evaluated via R̂(z) = Q̂P(z)A(z), such a metric provides

another measure for the precision of Q̂(z). This metric is also

important for benchmarking algorithms such as [17], [20],

[21], which yield only approximately upper right triangular

matrices. By separating R̂(z) into

R̂(z) = R̄(z) +L(z) , (47)

where R̄(z) contains the upper-right triangular part of R̂(z)
and L(z) • ◦ L[n] the components of R̂(z) below its diag-

onal, we define

ηTR =

∑

n ∥L[n]∥2F∑

n ∥R[n]∥2F
=

∑

n ∥L[n]∥2F∑

n ∥A[n]∥2F
, (48)

which therefore measures the normalised energy below the

diagonal of R̂(z). Since in (48), the ground truth factor R(z)
in the denominator may not be known, we exploit the fact

that it is only a paraunitary operation away from the given

matrix A(z) i.e.
∑

n ∥R[n]∥2F =
∑

n ∥A[n]∥2F. If R̂(z) was

a perfectly upper triangular matrix, then ηTR = 0.

7This factorisation is in fact at the heart of the modified Gram-Schmidt
orthogonalisation procedure [49]. Effectively one is using a modified QR

decomposition i.e. instead of A = QR, one writes A = QDR̃. Here

D is diagonal and R̃ is upper-triangular with ones on the diagonal.
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Fig. 3. Matrix A[n] ◦ • A(z) of Example 6, showing the real (◦) and
imaginary parts (∗) of the elements Aµ,m[n] in the µth row and mth column.

As a further criterion, we consider the reconstruction error

E(z) = A(z)− Q̂(z)R̄(z) and its associated metric

ηREC =
∑

n

∥E[n]∥2F (49)

with E[n] ◦ • E(z). Note that we have

E(z) = A(z)− Q̂(z)
(
Q̂P(z)A(z)−L(z)

)
(50)

=
(
I− Q̂(z)Q̂P(z)

)
A(z) − Q̂(z)L(z) , (51)

where the first term is related to the loss in paraunitarity, and

the second term to the triangularisation. Hence, ηREC captures

aspects of both ηPU and ηTR.

B. Worked Examples

Example 6: The matrix A(z) shown in Fig. 3 is constructed

as A(z) = Q(z)R(z), with a 2nd order random elementary

paraunitary matrix Q(z) [29] and the upper triangular matrix

R(z) =

[
1 + jz−1 1

2 − 1
2z

−1

0 1− z−1

]

. (52)

With R(z) = [r1(z), r2(z)], on the unit circle we find for its

column norms

∥r1(ejΩ)∥22 = 2 + 2 sinΩ ,

∥r2(ejΩ)∥22 =
5

2
− 5

2
cosΩ .

Since Q(z) is paraunitary, this implies ∥am(ejΩ)∥2 =
∥rm(ejΩ)∥2 for m = 1, 2. These norms are depicted in

Fig. 4 on the interval [0; 2π), where ∥a1(e
jΩ)∥2 has a zero

at Ω = 3
2π, while ∥a2(e

jΩ)∥2 has a zero at Ω = 0. The

determinant det{A(ejΩ)}, as shown in Fig. 4, also reflects

these spectral zeros.

Algorithm 3 with thresholds ϵU = ϵP = 10−12 converges

in a single iteration, with a DFT size of K = 8, and a

projection error ζP below -289.1 dB. The error in paraunitarity

ηPU is −288.8 dB, with an error in triangularisation ηTR of

−297.1 dB and a reconstruction error ηREC of −287.1 dB.

Here, the small finite order of the ground truth matrices Q(z)
and R(z) leads to compact factors Q̂(z) and R̂(z) of the



Fig. 4. Column norms and modulus of the determinant of A(ejΩ) for

Example 6, with spectral zeros at Ω = 0 and Ω = 3
2
π.

Fig. 5. Elements of matrix A[n] ◦ • A(z) for Example 7, with real (◦)
and imaginary parts (∗).

same order, such that Φ is constant rather than a frequency-

dependent matrix of allpass filters. In contrast, the column-

wise PQRD from [17], [20], operating in the time domain,

completes after 340 iterations and reaches factors of orders 61

and 59 due to the lack of phase smoothing, with metrics ηPU

of −30.1 dB, ηTR of −55.4 dB, and a reconstruction error

ηREC of −27.3 dB. The DFT domain method in [23] fails

to return a result, as it cannot cope with zero column norms

or singularities of the determinant occurring at frequencies

that coincide with DFT bins. This is the case for Ω = 0 and

Ω = 3
2π, as seen in Fig. 4. △

In Example 6, there is a finite order ground truth, that is

Ð within the allpass/phase ambiguity Ð recovered by the

proposed solution. Generally, the QR factors can be Laurent

series that due to their analyticity are absolutely convergent

but yet can be infinite in order. The next example addresses

such a more general case.

Example 7: A 5×5 matrix A(z) of order 3 is characterised

by the impulse responses of its elements, with independent

coefficients Am,µ[n] ∼ CN (0, 1), in Fig. 5. Applying Algo-

rithm 3 with thresholds ϵU = ϵP = 10−12 in Algorithm 2

requires iterations up to a DFT order of 210 to reach factors

Q̂(z) with a loss of paraunitarity ηPU of −49.2 dB and a

Fig. 6. Elements of matrix R̂[n] ◦ • R̂(z) for Example 7, with real (◦)
and imaginary parts (∗).

R̂(z) with an error in triangularisation ηTR of −58.5 dB. The

reconstruction error ηREC is −41.3 dB. If these values are used

to motivate trimming R̂(z) to a precision of −50 dB, i.e. to

remove leading and trailing Laurent polynomial coefficients

that fall below this threshold as common in polynomial matrix

decomposition algorithms [47], [50]±[52], then its order is ap-

proximately 45. The central 15 coefficients of R̂[n] ◦ • R̂(z)
are shown in Fig. 6, demonstrating its upper triangular nature.

△

C. Ensemble Simulation

For a variable spatial dimension M ∈ {2, 4, 8, 16, 32}, we

generate an ensemble of matrices A(z) = Q(z)R(z) from

randomised factors Q(z) and R(z). Based on random vectors

v ∈ C
M with zero mean unit norm complex Gaussian entries,

we generate random elementary paraunitary matrices Q(z) =
IM−vvH/∥v∥2(1−z−1) according to [29], while for R(z) =
R0 + R1z

−1, the coefficients of the upper right triangular

matrices Rn, n = 0, 1, are also zero mean unit norm complex

Gaussian distributed. Some of these matrices contain spectral

zeros for the norm, or zeros that are very close to the unit

circle. For the viability of the method in [23], ensemble probes

A(z) whose determinant detA(ejΩ) falls below ϵ = 10−12

in any bin for a Kmax = 212-point DFT are excluded from

simulations.

In terms of algorithms, we compare the time domain

elimination by column (PQRD-BC) method in [17], [20], a

multiple-shift version (PQRD-MS) from [21] which is similar

to [22], and the DFT-domain approach (PQRD-DFT) from [23]

with the proposed method. For the computationally intensive

time domain methods PQRD-BF and PQRD-MS, we simulate

an ensemble of 103 random matrices A(z) for every value for

M . For PQRD-DFT and the proposed approach, the ensemble

size is 104.



Fig. 7. Comparison of the proposed method with PQRD-BC [17], [20], PQRD-SM [21], and PQRD-DFT [23], showing the (a) paraunitarity error ηPU, (b)

triangularisation error ηTR, (c) reconstruction error ηREC, (d) order to the extracted factors Q̂(z) and R̂(z), and (e) execution time of the algorithms versus
the spatial dimension M . The curves show the median, while the error bars indicate 5- and 95-percentiles of the ensemble distributions. For better distinction,
the error bars are slightly offset horizontally w.r.t. each other.

The ensemble results for the proposed method and for

three benchmark algorithms are displayed in Fig. 7. The time

domain methods PQRD-BD and PQRD-MS are allowed a

maximum of 500 iterations; since their order tends to grow

with every iteration, an internal truncation of leading and

trailing coefficients below 10−8 is performed [17], [47], [48] to

limit the order of the factors. This has the effect of introducing

a lower bound on the paraunitarity error ηPU, see Fig. 7(a).

Here the DFT domain methods perform significantly better.

Since the triangularisation of the time domain methods is only

approximated and the factorisation does not necessarily target

the analytic solution, the same difference in performance can

be observed for the triangularisation error ηTR defined in (48)

in Fig. 7(b), and for the reconstruction error ηREC of (49) in

Fig. 7(c). For all algorithms, the performance degrades as M
increases.

The cumulative order of the extracted factors Q̂(z) and

R̂(z), O{Q̂(z)} + O{R̂(z)} = O{Q̂(z)R̂(z)}, is shown in

Fig. 7(d). For the time domain methods PQRD-BC ad PQRD-

SM, which as in Example 5 do not necessarily target the

analytic solution, the number of iterations grows with M , as

does therefore the order to the approximated factors. Note

that PQRD-SM, which shifts more energy per iteration step

and therefore requires fewer iterations than PQRD-BC, leads

to a slightly lower order. Nonetheless, the orders are several

magnitudes above what can be achieved with the DFT-domain

methods, which in all cases extract orders equivalent to those

of the ground truth factors.

Finally, Fig. 7(e) illustrates the execution times of the

ensemble simulations. For small values of M , the time-domain

methods are economic, but their complexity grows quickly

with M . Particularly PQRD-BC, which converges slower per

iteration and tends to yield higher order factors compared

to the other algorithms as evident in Fig. 7(d), becomes

increasingly costly with M , such that for M = 32, it became

infeasible to simulate an ensemble; it is for this reason that

the PQRD-BC results for M = 32 are missing from the plots

in Fig. 7. The complexity of the DFT domain methods also

grows with M . The proposed method has a cost that is slightly

lower than that of the bin-wise QR approach PQRD-DFT

from [23]. Note however that PQRD-DFT cannot cope with

spectral zeros that coincide with bin frequencies, as has been

the case in Example 5. In contrast, the proposed method based

on Algorithm 3 exhibits execution times that are at least as

fast or lower8 but has proven convergence and no exclusions

due to spectral zeros.

VII. CONCLUSIONS

In order to extend Gram-Schmidt orthogonalisation to vec-

tors of analytic functions, this paper has first investigated the

normalisation of such a vector. We have shown that on the

unit circle, the magnitude spectrum Ð the Euclidean norm for

specific frequency values Ð of an analytic vector may possess

an isolated number of spectral zeros, but yet it is always

possible to find an analytic solution to the normalisation

process. This includes the case of an odd number of spectral

zeros on the interval 0 ≤ Ω < 2π, which requires a phase

correction in order to avoid fractional delays for the solution.

An algorithm with proven convergence has been presented.

The normalisation can then lead to an analytic extension

of the Gram-Schmidt procedure when applied to the columns

of an analytic matrix A(z). Provided that this matrix has full

spatial rank, i.e. the determinant detA(ejΩ) only has isolated

zeros, the analytic Gram-Schmidt procedure leads to analytic

QR decompositions, whose existence we have therefore estab-

8This includes some simple computational tricks, such as replacing time
domain convolutions by multiplications in the DFT domain [53].



lished. An algorithm for this analytic QR decomposition has

also been presented and shown to converge.

In examples and simulations, we demonstrate aspects of

the approach and benchmarked it against existing polynomial

QR methods. Time domain methods do not produce results

with compact support, and have a computational requirement

that does not scale well with the spatial dimension M . We

have improved on an existing DFT domain algorithm by

covering all possibilities, particularly when spectral zeros of

the matrix determinant coincide with DFT bins. The approach

can be applied to a number of problems, ranging e.g. from

broadband MIMO communications [16], [18], [19] to the

orthogonalisation or completion of polynomial matrices for

the blocking matrix design in broadband beamformers [7].
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