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Jungle Evaluation for Efficient Term Rewriting *

Berthold Hoffmann and Detlef Plump **

Abstract
Jungles are acyclic hypergraphs that represent sets of terms over a signature so that equal
subterms can be shared.
Term rewrite rules can be translated into jungle evaluation rules having the property that
each evaluation step performs several term rewrite steps simultaneously.
It is shown that the translation preserves termination. Confluent and terminating term
rewriting systems are translated into confluent and terminating jungle evaluation systems
which are complete in the sense that each term normal form is represented by some jungle
normal form.
Moreover, jungle evaluation can be speeded up by additional hypergraph rules that fold
equal terms without loosing termination and confluence. Using these folding rules, even
non-linear term rewriting systems can be modelled.

1 Introduction

Term rewriling is an interesting way of “computing by replacement” which is used in various ar-
eas of computer science: For the interpretation of functional and logical programming languages (cf.
[Der 85, [0’D 87], [Pey 87]), for theorem proving (cf. [Hsi 85]), and for executing algebraic specifica-
tions of abstract data types and checking properties of specifications like consistency and completeness
(cf. [EM 85}, [FGIM 835], [Pad 83]).
In classical implementations terms are represented by frees, and rewriting is realized by subtree re-
placement. Unfortunately, this way of rewriting may be very expensive, both in time and space: The
application of a rule may require large subterms to be copied, and for each copy of a term, the result
must be computed anew,
In this paper, we investigate an improved model for implementing term rewriting where these sources
of inefficiency are avoided:
e Terms are represented by acyclic hypergraphs rather than by trees. These hypergraphs are called
jungles, a name coined in [Plu 86] and [HKP 88]. In jungles, multiple occurrences of terms can
be shared.

o Rewriting is perforined by hypergraph replacement, specified by eveluation rules according to
the algebraic theory of graph grammars (see, e.g., [Ehr 79]). By applying these evaluation rules,
new references to existing subterms are introduced instead of copying subterms completely.

o Additional hypergraph rules for folding multiple occurrences of subterms allow each term in a
jungle to be represented uniquely, so that its result is computed at most once.

1.1 Example {Computation of Fibonacci Numbers)
Consider the term rewrite rules

fib(0) — ©
fib(succ(0)) — suce(0)
fib(succ(succ(x))) — fib(succ(x))+ £ib(x)

**This work is supported by the Commission of the European Communities under Contract 390 (PROSPEC-
TRA Project) in the ESPRIT Programme.
** Fachbereich Mathematik und Informatik, Universiti{ Bremen, Postfach 330 440, D-2800 Bremen 33.
Usenet: {hof,det}¥informatik.uni-Bremen.DE
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specifying a function £ib that computes fibonacci numbers, based on natural numbers with the con-
stant 0, successor function succ, and addition +.

For computing the fibonacci number of 4, term rewriting starts as follows:

fib(succ?(0)) — £ib(succ®(0)) + fib(succ?(0))
—  fib(succ?(0)) + fib(succ(0)) + fib(succ?(0))...

In both steps, the arguments of £ib are copied. The resulting term contains two copies of £ib(succ?(0));
each of themn must be rewritten anew. As a consequence, rewriting a term fib(succ™(0)) to normal
form requires time and space exponential in n.

Figure 1 shows the corresponding jungle evaluation steps, followed by one folding step. After the
folding step, £ib(succ?(0)) and its subterms are represented just once in the jungle, and thus have
to be evaluated at most once. By performing evaluation and folding steps in this order, the rewriting
of a term f£ib(succ”(0)) to normal form requires only 2 number of steps, and space linear in n (see
section 4). n]

fib
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Figure 1: Jungle evaluation steps followed by a folding step

The first graph grammar approach to the evaluation of functional expressions has been undertaken
by Ehrig, Rosen, and Padawitz ([ER 76], [Pad 82]). However, they use an extension of the algebraic
theory of graph grammars having the drawback that most of the results for “standard graph gram-
mars” are not applicable. The graph reduction approaches of Staples [Sta 80) and Barendregt et. al.
[BEGKPS 87] use formalisms of graph rewriting for which no general theory is available.

In [Hof 83] and {Plu 86], the authors started an approach to model term rewriting by standard graph
grammars. H-J. Kreowski, A. Habel, and D. Plump continued this work in [HKP 88], where hyper-
graphs are used instead of graphs, in order to make the technical treatment easier.

With this paper, we carry forth this research by using a slightly more general class of hypergraph
grammars which allows for a translation of term rewrite rules into evaluation rules without need for
“indirect pointers” or additional identity operations. We investigate general conditions for termination
and confluence of jungle evaluation.

The paper is organised as follows:

In section 2, we recall the definition of jungles and state basic results about the relationship between
jungles and terms. Rules for folding multiple representations of terms are introduced which allow to
compute minimal jungle representations for sets of terms. In section 3, we construct jungle evaluation
rules for modelling term rewriting. It is shown that these rules perform multiple parallel term rewrite
steps and compute normal forms with respect to term rewriting. In particular, it is demonstrated
that termination of term rewriting carries over to jungle evaluation. The corresponding result for
confluence holds if the given term rewriting system is terminating. In section 4, we make some
preliminary observations concerning the efficiency of our model of term rewriting and discuss briefly
open problems and possible applications of our approach.
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In the appendix, hypergraphs and hypergraph derivations are reviewed.

We assume familiarity with basic notions of term rewriting as signature, term, substitution, subterm
replacement, ete. (see for instance [EM 85], [HO 80}, [Klo 87]). All proofs omitted in this paper can
be found in the technical report [HP 88].
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2 Jungles and Their Relationship to Terms

To realize sharing of cornmon subterms, terms have to be represented by graph-like structures. We use
the “Berlin-approach” of graph grammars (see e.g. [Ehr 79}) as a formal framework for the description
of graph transformations. However, in the papers of Ehrig, Rosen, and Padawitz on function evaluation
([ER 76], [Pad 82]) this approach is modified in order to allow certain changes of node labels. Qur
intention is to avoid these modifications to have the results of the “Berlin approach” available.
We represent operation symbols as edges rather than as nodes. Under this requirement functional
expressions are more adequately represented by hypergraphs than by graphs since an operation symbol
of arity n can be represented as one hyperedge whereas in the graph case n+1 edges together with a
node are needed.
The adaptation of notions and results of graph grammar theory to the hypergraph case is straight-
forward due to the one-to-one correspondence between bipartite graphs and hypergraphs. The basic
notions concerning hypergraphs and hypergraph derivations are summarized in the appendix.
This chapter starts with the definition of jungles given in [HKP 88] and shows in which way jungles
represent terms. For each jungle there is a fully collapsed jungle representing the same terms most
efficiently: multiple occurrences of (sub-)terms are represented only once. This fully collapsed jungle
is uniquely determined up to isomorphism and can be generated from the given jungle by application
of folding rules.
2.1 General Assumption
Let SIG = (85, OP) be an arbitrary, but fixed signature. All hypergraphs considered in the following
are hypergraphs over 5IG, i.e., nodes are labeled with sorts from S and hyperedges are labeled with
operation symbols from OP. u]
2.2 Definition (Jungle)
A hypergraph G is a jungle {over SIG) if

1. G is acyclic, !

2. outdegreeg(v) < 1 for each v € Vg,

3. the labeling of G is compatible with SIG, i.e., for each e € Eg,
mg{e)=op: 81...s;r — 5 implies I (sg(e)) = s and IL{tg(e)) = s1... 5.

Remarks
1. Each hyperedge in a jungle labeled with an operation symbol op : s; ... s — s has a single source
node labeled with s and a sequence of k (not necessarily distinct) target nodes labelled with sy, ..., 8x.
The sequence of target nodes is empty if op is a constant symbol.
2. Each subhypergraph of a jungle is a jungle, too. Such a subhypergraph is called a subjungle. O
2.3 Example

Let SIG contain asort nat and operation symbols 0 ; —snat, suce, fib : nat — nat, + : nat nat —nat,
Then the following hypergraph is a jungle over SIG.

! A hypergraph is said to be acyclic if its underlying bipartite graph is acyclic.
2The outdegree of a node v in a hypergraph G is defined to be the outdegree of v in the underlying bipartite
graph. Le., outdegreeg(v) = Z #(v,sc(e)) where #(v, sg(e)) denotes the number of occurrences of v

e€Eg
in the string sg(e).
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Nodes are drawn as circles and hyperedges as boxes, both with their labels written inside. A line
without arrow-head connects a hyperdege with its unique source node, while arrows point to the
target nodes (if there are any). The arrows are arranged from left to right in the order given by the
target mapping. a
In addition to the graph-theoretic definition 2.2, the set of all jungles can be characterized by a
set of generating hypergraph rules: each jungle can be constructed from the empty hypergraph by
application of these rules. The interested reader may consult [HKP 88] where this characterization is
used to establish a structural induction principle and an efficient parsing algorithm for jungles. Here
we are not concerned with these topics but proceed with the relationship between jungles and terms.

Let us consider a jungle G where each node has an outgoing hyperedge. Then for each node v in G
we can construct a term fermg(v) by descending along the hyperedges and collecting the hyperedge
labels, starting with the unique hyperedge outgoing from v. This procedure terminates since G is
acyclic and yields a unique term since all nodes in G have outdegree one. Vice versa, given a variable-
free term £ it is straightforward to construct a jungle representing ¢ {e.g. by using the well-known tree
representation for terms).

However, since we want to translate term rewrite rules into jungle rewrite rules we also have to rep-
resent variables in jungles. The problem is that variables cannot be represented as labels because the
application of hypergraph rules is based on hypergraph morphisms which preserve labels. Moreover,
in the case of multiple occurrences of a variable z in the left-hand side of a jungle rewrite rule we
would have to make sure that all instantiations of z are equal before we apply the rule.

Our solution is to use nodes without outgoing hyperedges as variables. Such a variable z can be
mapped to any jungle node v by a hypergraph morphism provided that « and v are labeled with the
same sort. Since variables are nodes rather than labels, each variable in a jungle occurs only once.
(The consequences for the handling of non-left-linear term rewrite rules are discussed in chapter 3.)

2.4 Definition (Variables of a Jungle)
Let G be a jungle. Then VARg = {v € Vi | outdegreeg(v) = 0} is the set of all varighlesin G. D

2.5 Lemma (Terms Represented by a Jungle)
Let G be a jungle. Then

v ifve VARg,
termg(v) = mg{e) if there is e € Eg with sg{e) =v and t5{e) = A,
mg(e)(termg(vy), ..., lermg(vy,)) if there is e € Fg with sg(e) = v and ig(e) = v, ..
defines a function termg : Vg — Ts;6(VARG). 3 o
Notation
The set termg(Vg) of all terms represented by a jungle G is denoted by TERM g. o

3Given a variable set X, T's7g(X) denotes the set of all terms over X.
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2.6 Example
Below we show the jungle G of example 2.3 together with its node names and list the terms represented
by G. (We write terms with binary operators in infix notation.)

termg(a) = x40+ succ(x+0)
termg(b) = fib(succ(x+0))
termg(c) = succ(x+0)
termg(d) = fib(x+0)
termg(e) = x40

termg(f) = 0

termg(x) = x

0

When comparing two different jungles it is natural to ask whether these jungles represent the same
terms. The following definition provides the set of all jungles with an equivalence relation.

2.7 Definition (Equivalence)

Two jungles G and H are called equivalentif TERM g = TERM . o
To represent a set T of terms by a jungle one may choose between equivalent jungles which represent
T more or less redundantly. In fact each equivalence class of jungles representing a set of terms with at
least one nonvariable term contains arbitrary large jungles. However, each equivalence class contains
smallest jungles in which each two different nodes represent different terms.

2.8 Definition (Fully Collapsed Jungle)

A jungle G is said to be fully collapsed if for all vy, v5 € Vg, termg(vi) = termg(ve) implies v, = vy
(ie., if termg is an injective function). 8]
It turns out that fully collapsed jungles are, up to isomorphism, unique representatives of their equiv-
alence classes.

2.9 Uniqueness Theorem

Equivalent fully collapsed jungles are isomorphic. o
Given a jungle, we want to generate the equivalent fully collapsed jungle by application of special
hypergraph rules, called folding rules. To explain the idea behind these rules, consider a jungle G and
two hyperedges e;, ez in G which have the same labels and target nodes but different sources. Then
sg(e1) and sg(ez) represent the same term. Identifying both source nodes and both edges yields a
jungle equivalent to G.

2.10 Definition (Folding)

The set FO of folding rules contains the following hypergraph rules: 4

For each constant a b 2 b a=b
symbol ¢ :— s: @ @ « @ @ —>
] O

*The notation a=b expresses that the nodes a and b are identified by the right-hand morphism.
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For each operation
symbolop:sy...5r — st

Let G, H be jungles. Then a direct derivation G =F=o> H is called a folding step and a derivation G %3» H
is called a folding. O

2.11 Example (Folding)
Below we show the folding rule for the operation symbol £ib. (Here and in the following examples we
desist from indicating node labels. By default all nodes are assumed to be labeled with “nat”).

a b a t.> a=b
-

An application of this rule is shown in figure 2. The left and right occurrences of the folding rule are
drawn with dashed hyperedges and unfilled nodes. a]

Figure 2: A folding step

By the definition of folding rules it is clear that applying a folding rule to a jungle always yields a
jungle and, since each folding step deletes an edge, that each sequence of folding steps terminates.
Moreover, given jungles G, Hy, Hy, and folding steps Hy %G ﬁ)}Hz there always is a jungle X such

that H; = X <= H.
FC~ FO
2.12 Theorem (Properties of Folding Steps)
1. F=O> preserves jungles and is terminating and strongly confluent,
2. A jungle G is fully collapsed if and only if there is no folding rule applicable to G. ]

Given a jungle G, we know from the above theorem that the algorithm apply folding rules as long as
possible terminates with a fully collapsed jungle H. Since folding preserves terms, ¢ H is the unique
fully collapsed jungle equivalent to G.

5Given hypergraphs G and H, we write G2 H if G=> H ot G = H.
Here we already assume that folding steps do not rename variaples. This is stated explicitly in assump-
tion 3.6.
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3 Jungle Evaluation

3.1 General Assumption
For the rest of this paper, TR denotes an arbitrary, but fixed term rewriting system” and — its rewrite
relation. 0
We want to construct a hypergraph rule p = (L «— K — R) that, when applied to some jungle G,
performs rewriting according to a given term rewrite rule { — r. How must p be defined?
The left-hand side L shall represent / in such a way that whenever there is a jungle L' representing !/,
there is a hypergraph morphism L — L’ (since then p is applicable to each jungle containing L' as a
subhypergraph). Therefore L has to be as little collapsed as possible.
The gluing hypergraph K contains those parts of L which are preserved by the application of p.
We want to preserve all arguments of the topmost operation in I since these terms may be also the
arguments of other operation symbols in G.
Finally, the right-hand side R has to represent r as well as the preserved subterms of {. We choose R
to be fully collapsed since then R is the smallest jungle meeting this requirement.
3.2 Deflnition (Evaluation Rule and Evaluation Step)
Let [ —r be a rewrite rule in TR. A hypergraph rule (L — K LA R)8 is called an evaluation rule for
I —r if the following conditions are satisfied:

1. L is a variable-collapsed tree® with termg{root.) = 1.

2. K is the subhypergraph of L obtainéd by removing the edge with source rootp.

3. Ris afully collapsed jungle such that TERM g contains all subterms of r and all proper subterms

of . 10
r if v =rooty,

termg(v) otherwise .

For each jungle G, a direct derivation G'= H through an evaluation rule is called an evaluation step.
o

4. For each v € Vi, termp(by (v)) = {

The application of evaluation rules to jungles always yields jungles again.

3.3 Theorem (Evaluation Steps Preserve Jungles)

Let G be a jungle and G=> H be an evaluation step. Then H is a jungle, too. ]
3.4 Example (Jungle Evaluation)

Figure 3 below shows an evaluation rule for the recursive rewrite rule of £ib given in the introduction.

L 4
£ib
¢
BE L B
'y' L
| succ I | succ l
n n

Figure 3: Evaluation rule for fib(succ(succ(n)))-—-£fib(suce(n))+fib(n)

In figure 4 the application of this evaluation rule to a jungle is depicted. (Figure 1 in the introduction
shows two applications of the same rule.) The term at the root b of the occurrence of the rule is

"I.e., each rewrite rule I —r in TR consists of two terms I and r of equal sort such that I is not a variable
and all variables in r occur already in I.

8«[ s K” denotes the inclusion of X into L.

®Le., there is 2 unique node oot in L with indegrees(rootz) = 0 and for each node v with indegree; (v) >
1 we have v € VAR,.

19Where a subterm t of I is called properift # 1.
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t-g_l
isucc:s £ib 1

b mgm e b g =

Srhemypmslamy
Tsuccii £ib +

l-_:--l I.-..r.-l

Figure 4: Application of the evaluation rule of figure 3 to a jungle

rewritten according to the underlying term rewrite rule. Terms at nodes which refer {o b are rewritten
as often as they refer to b (e.g., the term at a is rewritten twice). Terms at all other nodes are not
changed. O

To be able to formally describe the effect of an evaluation step G = H on the terms represented by G
we define a node mapping from Vg to Vy.

3.5 Definition {Track)
1. Let d: G=> H be an evaluation step or a folding step, given by the diagram

Since by v is bijective, pushout properties imply that c; v is bijective, too. We define track, : Vg — Vi
by tracka = cav o ¢i}, Where iy : Ve — Vp is the inverse of ¢; v .

2. Letd: G ™ Gy=>Gy=...=2 G = H be a derivation given by an isomorphism f : G — Gy
and evaluation or folding steps d; : Gi=Gi4y for i = 0,...,n — 1. Then tracks is defined by
tracky = trackg,_, o...otracks, o fy. =]

For each hypergraph derivation G= H the hypergraph H is uniquely determined only up to isomor-
phism. In particular, the variables of a jungle may be renamed by derivations. To avoid a cumbersome
handling with variable renamings we want to assume that derivations over evaluation and folding rules
do not rename the variables in a jungle. This is not a severe restriction since for each such derivation
G H one can rename the nodes of H to obtain an isomorphic jungle H’ such that G = H' satisfies
the following assumption.

3.6 General Assumption
Let d : G= H be a derivation over evaluation and folding rules. Then we assume track,(z) = = for
each variable z in G. )

By the following soundness theorem, evaluation steps perform term rewriting on the terms represented
by a jungle. In general, a single evaluation step G =p>H corresponds to multiple applications of the

rewrite rule underlying p to several terms in TERM ;.

3.7 Theorem (Soundness of Evaluation Steps)
Let p be an evaluationruleand d: G _-’.)t» H be an evaluation step. Then for each v € Vg,

termg(v) 2 termpy (trackq(v))!*

112 denotes the n-fold composition of —.
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where n is the number of paths'? from v to the root of the occurrence of p in G. o

In the following we want to manipulate jungles by application of both evaluation rules and folding
rules.

3.8 Definition (Jungle Reduction)

Let d : G=> H be an evaluation or a folding step. Then d is called a reduction step. A derivation
consisting of reduction steps is said to be a reduction.

A jungle G is called reduced if there is no reduction step G= H. o

3.9 Theorem (Normalization of Reduction)
A jungle G is reduced if and only if G is fully collapsed and all terms in TERM ¢ are normal forms!3.
o

We want to emphasize that folding is necessary for the above result. More precisely, the statement
a jungle G is evaluated if and only if all lerms in TERM g are normal forms does not hold as long
as TR contains non-left-linear rewrite rules. As an example, consider the rewrite rule £(x,x) — ¢
and a corresponding evaluation rule p. The rewrite rule is applicable to the term f(c,c) while p can
be applied to a jungle representing £(c,c) only if both occurrences of ¢ are represented by the same
node. The reason is that both occurrences of the variable x are represented by a single node in the
left-hand side of p.

It should be noted that in general jungle reduction cannot compute all normal forms of a term: Let
h be an operation symbol and ¢ — d and ¢ — e be rewrite rules with constant symbols ¢, d, and
8. Then the fully collapsed jungle representing h(c,c) can only be reduced to jungles representing
h{d,d) or h{e,e) although h(d,e) and h{e,d) are further normal forms of h(c,¢).

In the following we look for conditions under which jungle reduction is terminating and confluent!4
It turns out that termination of term rewriting carries over to jungle reduction without restriction.

3.10 Termination Theorem

If term rewriting is terminating, then jungle reduction is terminating, too. O
It would be nice if confluence would carry over from term rewriting to jungle reduction as smoothly
as termination does. However, this is not the case, as the following example shows.

Let ¢ — £(d), ¢ — £(e), and £(d) — £{e) be rewrite rules for an operation symbol £ and constant
symbols ¢, d, and e. Figure 5 demonstrates that term rewriting is confluent, whereas jungle reduction
yields distinct normal forms. This is because the argument d is removed when applying the rewrite

c
/(_-\‘ = =t —g
f(e) £(d)
K £

Figure 5: Non-confluence caused by garbage

rule £(d) — f(e), while the corresponding subjungle (drawn with dashed box and unfilled circle) is
preserved by the reduction. This subjungle is garbage with respect to the term rewriting performed.
In the following, we distinguish certain nodes in a jungle as “points of interest” and consider reductions
that keep track of these points.

3.11 Definition (Pointed Jungle and Essential Jungle)

1. A pointed jungle is a pair (G, Pg) where G is a jungle and Pg C Vz. We may denote a pointed
jungle only by its jungle component.

2. Let G be a pointed jungle. Then the essential jungle G* is the subjungle of G consisting of all
nodes and edges that are reachable from the nodes in Pg. 8]
Given a pointed jungle G, we consider the nodes and edges in G — G* as garbage. Tt is possible to
remove garbage from jungles explicitely by garbage collecting rules (which are the inverses of the jungle

12A pathin a hypergraph is a path in the underlying bipartite graph.

13A term £ is a normal form if no rewrite rule in TR is applicable to .

MLet A be a set and — be a binary relation or A. — is called terminating if there is no infinite chain
@y —az — a3 ~+... We say ~ is confluent if for all a,a;,a; € A, a1 <~ a2 a, implies that there is a’ € A
such that a; —a' < aj.
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generating rules defined in [HKP 88]). Here we just require that reductions preserve the distinguished
nodes.

3.12 Definition (Pointed Reduction)

Let (G, Pg) and (H,Py) be pointed jungles. Then a reduction d : G= H is said to be pointed if
Py = tracks(Pg). We write G =3 H if d is pointed. 0
With the notions just introduced, we are able to state that reduction is confluent “up to garbage” if
term rewriting is terminating and confluent. Termination is needed because reduction is not confluent
for some non-terminating but confluent term rewriting systems (cf. [HP 88] for an example).

3.13 Confluence Theorem

Let — be terminating and confluent and let H; =G =30H2 be pointed reductions. Then there are
pointed reductions H; = X; and H; =>e X such that X? = X3. o

4 Discussion and Outlook

The results of the previous sections can be used to show the correctness of the following procedure
for computing normal forms of arbitrary terminating and confluent term rewriting systems.

4.1 Computing Term Normal Forms by Jungle Evaluation
Let TR be a terminating and confluent term rewriting system.

In order to compute the normal form of some term £, proceed as follows:
1. Choose a pointed jungle (G, {p}) with termg(p) = t.

2. Construct a pointed reduction d : G=e H by applying evaluation and folding rules as long as
possible.

3. Deliver u = termy(tracks(p)) as a result.
By the termination theorem 3.10, step 2 terminates with H reduced, so u is a normal form according
to the normalization theorem 3.9. Moreover, the soundness theorem 3.7 yields ¢ = u. Thus u is the
unique normal form of ¢ since -+ is confluent. a

4.2 Example (Efficiency of Evaluating Fibonacci Numbers)
Consider again the term rewrite rules for computing Fibonacci numbers shown in example 1.1.

We compare the efficiency of term rewriting and jungle reduction in terms of the steps needed to
obtain normal forms. The Fibonacci number of 4 is computed in 9 term rewriting steps:

fib(succ?(0)) fib(succ®(0)) + fib(succ?(0))

fib(succ?(0)) + fib(succ(0)) + fib(succ?(0))

fib{succ(0)) + £ib(0) + fib(succ(0)) + fib(succ?(0))
fib{succ(0)) + £ib(0) + fib(succ(0)) + fib(succ(0)) + £1b{0)
succ(0) + 0 + succ(0) + succ(0) + 0

e L1

In general the number of steps for rewriting a term fib(succ™(0)) grows exponentially with n, more
precisely with ¢”, where ¢ = {14+/5)/2 & 1.6180 is the golden ratio. The size of the terms also Erows
exponentially.

A jungle reduction sequence corresponding to the above rewrite sequence is used as a running example
throughout this paper. Figure 1 shows the first two evaluation steps and the first folding, while figure 4
shows the third evaluation step. Figure 2 shows the second folding step. Two applications of the non-
recursive evaluation rules (which are not shown here) finish the reduction. Thus, only 5 evaluation
steps and 2 folding steps are needed.

If, as in this example, the recursive fib-rule is always applied to the biggest argument and folding is
done as early as possible, computing £ib{succ™(0)) requires only n + 1 evaluation steps and n — 1
folding steps, i.e. the number of reduction steps grows only linearly with n. 0

4.3 Outlook
The work presented here should be continued in various directions:

The procedure described in 4.1 is still rather general in that reduction steps are performed in a
completely arbitrary order. This freedom can be used to develop strategies for constructing optimal
reductions.
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We can consider parallel jungle reduction. Since we have used a standard type of graph grammars
where parallelism has been studied, it should be rather easy to proceed in that direction.

Also, we would like to investigate jungle rules which cannot be modelled by term rewriting, e.g. jungle
rules with more than one root on their left-hand sides. The folding rules are a first step into that
direction. Such rules can perform simultaneous replacement of several patterns which share variables.
Furthermore, we would like to obtain precise measures for the complexity of jungle reduction to
compare it with the complexity of term rewriting. In particular, we are interested to find out how
efficient folding rules can be implemented and how much folding gains in practical implementations.
Finally, we are confident that our approach can be used to model the interpretation of functional
programming languages adequately. It seems as if graph rewriting is one of the key concepts for
developing efficient interpreters and compilers for functional languages (cf. [Pey 87]).

5 Appendix: Hypergraphs and Hypergraph Derivations

This appendix summarizes all notions concerning hypergraphs and hypergraph derivations that are
needed for our purposes.

We adopt the hypergraph definition given in [HKP 88). However, we consider a kind of hypergraph
replacement which corresponds to the general case of graph replacement in the algebraic approach of
graph grammars (see [Ehr 79]). The notions of graph grammar theory (which can be found, e.g., in
[Ehr 79] and [Kre 87]) are adapted to the hypergraph case.

5.1 Hypergraphs

1. Let C = (Cy, Cg) be a pair of sets, called node resp. edge labels.

2. A hypergraph G = (Vg, Eg, s, t6, e, mg) over C consists of a finite set Vi of nodes, a finite set
Eg of hyperedges (or edges for short), two mappings sg : Eg — V¢ and tg : Eg — V&, assigning a
string of source nodes and a string of target nodes to each hyperedge, and two mappings Ig : Vg — Cy
and mg : Eg — Cg, assigning labels to nodes and hyperedges.

3. Given an edge e in a hypergraph G, NODES ¢ (e) denotes the set of all nodes occurring in sg(e)
and {g(e).

4. Let G, H be hypergraphs. G is called a subhypergraph of H, denoted by G C H, if Vg C Vg, Eg C
Ey and sg,1g,lg, and mg are restrictions of the corresponding mappings of H.

Pemark

Each hypergraph corresponds to a bipartite graph and vice versa: To transform a hypergraph into
a bipartite graph (called the underlying bipartite graph), the hypergraph nodes become graph nodes
of the one sort and the hyperedges become nodes of the other sort; for each hyperedge e with source
string s(e) and target string ¢(e) one constructs [s(e)| + |t(e)| edges. Conversely, given a bipartite
graph, nodes of one sort are taken as hypergraph nodes and nodes of the other sort as hyperedges.

5.2 Hypergraph Morphisms

1. Let G, H be hypergraphs. A pair of mappings f = (fv : Vo — Vu,

fe 1 Eg — Ey) is a hypergraph morphism from G to H, denoted by f : G — H, if sy o fg = f{ 0 s¢,
tnofg = fyolg,luofv =lg, and myo fg = mg. fis called injective (surjective, bijective) if both
fv and fg are injective (surjective, bijective).

2. A bijective hypergraph morphism is called an isomorphism. Two hypergraphs G and H are
1somorphic, denoted by G & H, if there exists an isomorphism from G to H.

3. Let f: G — H be a hypergraph morphism and U C G. Then fy(Vy) and fe(Ey) determine a
subhypergraph of H which is denoted by f(U).

5.3 Hypergraph Pushouts

Let b: K — B and d : K — D be two hypergraph morphisms. Then a hypergraph H together with
two hypergraph morphisms h: B — H and ¢ : D — H is called a pushout (or gluing) of b and d if the
following conditions are satisfied:

Commutativity
hob=-—cod.

Universal Property
For all hypergraphs H’ and hypergraph morphisms A’ : B — H' and ¢ : D — H' with
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R ob = ¢ o d there exists a unique hypergraph morphism f : H — H' such that foh = A’ and
foe=d.

If H together with & and ¢ is a pushout of b and d we also call the following diagram a pushout:

K —- B
4} la
D 5 H

Remarks
1. The hypergraph H is determined uniquely up to isomorphism by the pushout properties.
2. For the construction of hypergraph pushouts we refer to [HP 88] (see also [Ehr 79] for the graph
case).
5.4 Hypergraph Raules
A hypergraph rule p is a pair of hypergraph morphisms of the form p=(L «+ K — R). L,R, and K
are called the left-hand side, the right-hand side, and the gluing hypergraph of p, respectively.
5.5 Hypergraph Derivations
1. Let G, H be hypergraphs, p = (L — K — R) be a hypergraph rule, and ¢ : L — G be a hypergraph
morphism. Then G directly derives H through p and g, denoted by G -;_-;>H , if there are two pushouts
of the following form: '

L «~ K — R

sl ! ia

G —~ D —- H
g{L) and h(R) are called the left resp. right occurrence of p.
2. Let G, H be hypergraphs and P be a set of hypergraph rules. Then a derivation from G to H over
P, denoted by G _—I}H , is a sequence of direct derivations of the form G & Gy ?Gl ? ?Gn =H

1 2 n

where py,...,pn € P.
5.6 Gluing Condition

Let G be a hypergraph and p = (L gl R) be a hypergraph rule. Given a hypergraph morphism
g : L — G there exists a pushout

A L e
gt (0 |
G «— D

if and only if the gluing condition is satisfied which consists of the following two conditions:
Contact Condition

Foralle € EG b E,(L) : NODESG(E)Q Vg(L) g Vg(b;(K))'
Identification Condition

For all z,y € L% : z # y and g(z) == g(y) implies z,y € b1 (K).
Remark
in general there may be several nonisomorphic hypergraphs D such that (%) becomes a pushout.
However, if b; is injective, then D is determined uniquely up to isomorphism.
5.7 Hypergraph Derivations
Let G be a hypergraph, p = (L bkl R) be a hypergraph rule and ¢ : L — G be 3 hypergraph
morphism such that the gluing condition is satisfied. Then the following construction yields a direct
derivation G ;:; H.

(1) D = G~ (g(L) — g(b1(K))) is a subhypergraph of G. 1

(2) D — @G is the inclusion of D into G.

{3) d: K — D is defined for each z € K by d(z) = g(b1(z)).

(4) H together with h: R — H and ¢: D — H is the pushout of b : K — Rand d: K — D.

18«y,y € L” is a short notation for “z,y € Vy or 7,y € E1” and is used when nodes and edges have not to
be distinguished.

16 More precisely, D is the subhypergraph with Vp = Vg — (Vatzy — Vigoyexey) and Ep = Eg — (Ey1y ~
Ego,(xcn)-
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